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Preface

From July 4 to July 29, 2005, the Ecole de Physique hosted a summer school
on Mathematical Statistical Physics (MSP). The present volume contains de-
tailed notes of the lectures that were delivered.

Preparations for the school started as early as 2000. Les Houches had hosted
two successful summer schools on MSP – in 1972 and in 1984 – both of which
had been instrumental for the developement of the field by bringing together
some of the most promising young researchers and presenting them with in-depth
lectures on the frontiers of research of the time. The success of these schools
can to some extent be measured by the large fraction of their students who later
pursued highly successful careers in research in MSP.

In view of the many and rapid developments in MSP since then, it was felt
that the time was ripe to provide the current young generation with what might
ambitiously be called a “road map” of MSP for the next ten years.

In consultation with a number of senior colleagues this idea gradually fo-
cussed into a concrete programme. In the Fall of 2002 the plan for the school
was proposed to the director and the board of the Ecole de Physique Téorique,
who decided in the Spring of 2003 to accept our proposal and to schedule the
school for the Summer of 2005.

The program of the summer school consisted of 14 lecture series delivered by
18 lecturers on the following topics:
• Random matrices
• Conformal random geometry
• Spin glasses
• Metastability and ageing in disordered systems
• Population models in genetics
• Simulation of statistical mechanical models
• Topics from non-equilibrium statistical mechanics
• Random walk in random environment
• Gibbs versus non-Gibbs
• Granular media and sandpile models
• Quantum entropy and quantum information
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• Coding theory viewed from statistical mechanics
• Topology of complex networks
• Statistical mechanics in cell biology

Kurt Johansson gave an in-depth overview of recent developments in the the-
ory of random matrices and their relation to determinantal processes. The ex-
citing topic of spin glasses was covered by three speakers: Francesco Guerra
presented the latest view on the rigorous approach to mean-field spin-glass mod-
els, which has led to the proof of the validity of the Parisi solution; Giorgio Parisi
explained different approaches to computing the number of metastable states
in spin-glass models; Chuck Newman discussed what we currently know about
short-range spin glasses.

Moving from the equilibrium properties of disordered systems to their dynam-
ical behaviour, Alain-Sol Sznitman gave a survey of random walks in random en-
vironments and, in particular, reported on how diffusive behaviour can be proven
in dimension d ≥ 3. Gerard Ben Arous lectured on the phenomenon of ageing
that is frequently encountered in the dynamical behaviour of complex disordered
systems, emphasizing its universal aspects.

The fact that modern coding theory has close connections to spin-glass theory
was highlighted in Andrea Montanari’s lectures, while Nilanjana Datta provided
an extensive introduction into the intricacies of quantum information theory.

Biology is becoming an important area for application of ideas and methods
from probability theory and statistical physics. This was explained in the two
lecture series by Alison Etheridge and Andreas Greven, on models from popu-
lation genetics. Massimo Vergassola complemented this relation via his lectures
on genetic regulatory networks.

Conformal invariance in two-dimensional random geometry has been one of
the most remarkable areas where theoretical physics and probability theory have
joined forces to discover and describe the rich structure of scaling limits, given
by conformal field theory, respectively, the stochastic Löwner evolution. This
was reflected in the lectures by Bertrand Duplantier, from the statistical physics
point of view, and by Wendelin Werner, from the point of view of probability
theory.

Classical non-equilibrium statistical mechanics remains a challenging field, as
was evident from the lectures by Christian Maes. Frank Redig covered a different
angle of non-equilibrium behavior in his course on sand-pile models. Roberto
Fernández gave an introduction to the theory of infinite-volume Gibbs measures,
emphasizing how and when random fields are or are not Gibbs measures.

Alan Sokal gave an overview on the potential and the pitfalls of Markov Chain
Monte Carlo methods for the numerical analysis of Gibbs measures.

Albert-Laszlo Barabasi showed the omni-presence of scale-free graphs and
networks in many areas of science and technology.
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The present volume collects the Lecture Notes of these courses, with the ex-
ception of those delivered by A.-L. Barabasi and M. Vergassola, that unfortu-
nately could not be submitted.

The school was attended by 52 students, composed of graduate students and post-
doctoral fellows in about equal proportion, and an additional 5 senior researchers.

The atmosphere at the school was extremely lively. During spontaneous even-
ing sessions solicited by the participants students learned about key questions
and basic techniques, supplementing some of the more advanced problems that
were treated during the lectures. In addition, the students ran their own informal
seminar, in which many of them gave a short presentation about their work.

A number of institutions have generously contributed to the funding of the
summer school:

1. Random Dynamics in Spatially Extended Systems (RDSES), a scientific pro-
gramme running under the European Science Foundation (2002-2006) involv-
ing 13 European countries, which covered half of the costs.

2. Centre National de la Recherche Scientifique (CNRS), the French national
science foundation.

3. National Science Foundation (NSF) of the United States, which supported the
participation of some 10 young researchers from North-America.

4. The Ecole Physique itself, which put part of its resources into running the
activities and providing fellowships for a number of students coming from far.

We are grateful to all those who were involved in making this summer school
a success, in particular, to the secretaries and the local staff for making the stay
a most pleasant one. Finally, we thank Barbara Gentz for providing the pho-
tographs that illustrate this volume.

A. Bovier, F. Dunlop, A. van Enter, F. den Hollander, and J. Dalibard
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Informal Seminars

The Informal Seminars were a series of talks given by participants of the Sum-
mer School, organized by Rafael Greenblatt or Jérémie Bouttier. Below follows
the list of speakers and titles.

• Bernardo de Lima, On the truncation of percolation systems with long-range
interactions

• Tomasz Schreiber, Phase separation phenomenon for polygonal Markov
fields in the plane

• Patrik Ferrari, Stochastic growth on a flat substrate and GOE Tracy-Widom
distribution

• Zachariah Dietz, Optimization results for a certain class of non-stationary
chains

• Barbara Gentz, The effect of noise on slow-fast systems

• Oliver Diaz, Central limit theorem for 1d dynamical systems with weak ran-
dom noise

• Noemi Kurt, Entropic repulsion for some Gaussian fields

• Thomas Richthammer, Conservation of continuous symmetries in 2d Gibb-
sian point processes

• Nils Berglund, Stochastic resonance, stochastic exit problem and climate
models

• Pascal Meurs, Thermal Brownian motors

• Lenka Zdeborová, Kasteleyn-like approach to 3D Ising model and connec-
tion with conformal theory

• Yvon Vignaud, Interfaces in the 3D Ising model and correlation inequalities

• John Imbrie, Branched polymers and dimensional reduction

• Shannon Starr, A ferromagnetic ordering of energy levels theorem

• Stefan Grosskinsky, Condensation in the Zero-Range Process

• Vladislav Vysotsky, On energy and clusters in stochastic systems of gravi-
tating sticky particles

• Huamei Dong, Droplet formation/dissolution in the 2D Ising model
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• Arnaud Le Ny, Stochastic evolution of the Curie-Weiss Ising model: CWR-
FIM and non-Gibbsianness

• Patrick Hogan, Correlations in geometrically frustrated spin systems

• Jérémie Bouttier, Random 2D planar lattices and trees

• Vincent Vargas, Local limit theorem for directed polymers in random media

• Olivier Zindy, A weakness in strong localization for Sinai’s walk

• Magdalena Musat, Non-commutative martingale inequalities

• Spyridon Michalakis, Spin chains as perfect quantum channels

• Grégory Maillard, Parabolic Anderson Model with symmetric simple exclu-
sion branching

• Nicolas Petrélis, Localization of a polymer close to an interface

Posters

• Jean-Baptiste Bardet, Large deviations for coupled map lattices

• Vincent Deveaux, Partially oriented models

• Kalle Kytölä, On SLE and conformal field theory

• Xin Yao, On the cluster-degree of the scale-free networks

xx
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1. Introduction

Eigenvalues of random matrices have a rich mathematical structure and are a
source of interesting distributions and processes. These distributions are natural
statistical models in many problems in quantum physics, [15]. They occur for
example, at least conjecturally, in the statistics of spectra of quantized models
whose classical dynamics is chaotic, [4]. Random matrix statistics is also seen in
the statistics of zeros of L-functions in number theory, [23].

In recent years we have seen a new development where probability distribu-
tions from random matrix theory appear as limit laws in models of a statistical
mechanical nature, namely in certain random growth and random tiling prob-
lems. This came as a surprise and has added a new side to random matrix theory.
It clearly shows that the limit probability measures coming out of random matrix
theory are natural limit probability distributions.

Only very special models, which are exactly solvable in a certain sense, can
be analyzed. In these notes we will survey two models, random domino tilings
of the Aztec diamond and a one-dimensional local random growth model, the
corner growth model. We will also discuss relations between these two models.
Underlying the exact solvability of the models is the fact that they can be mapped
to families of non-intersecting paths and that these in turn lead to determinantal
point processes. Point processes with determinantal correlation functions have
emerged as an interesting class of point processes, with a rich structure and many
interesting examples, [33].

2. Point processes

2.1. General theory

We will need some general facts about point processes, but we will only survey
those aspects that will be directly relevant for the present exposition, see [9]. Let
� be a complete separable metric space and let N (�) denote the space of all
counting measures ξ on � for which ξ(B) < ∞ for every bounded B ⊆ �. We
say that ξ is boundedly finite. A counting measure is a measure ξ whose values
on bounded Borel sets in � is a non-negative integer. Typically � will be R,

5
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Z, some subset of these or the disjoint union of several copies of R or Z. We
can define a σ -algebra F on N (�) by taking the smallest σ -algebra for which
A→ ξ(A) is measurable for all Borel sets A in �.

If B is a bounded set ξ(B) is finite and we can write

ξ |B =
ξ(B)∑
i=1

δxi , (2.1)

for some x1, . . . , xξ(B) ∈ �. Note that we can have xi = xj for i �= j , i.e. a
multiple point. We say that ξ is simple if ξ({x}) ≤ 1 for all x ∈ �. The counting
measure ξ can be thought of as giving a point or particle configuration in �. A
point process on � is a probability measure P on N (�). The point process is
simple if P(ξ simple) = 1.

If the function φ : �→ C has support in the bounded Borel set B we write

∏
i

(1+ φ(xi)) =
ξ(B)∏
i=1

(1+ φ(xi)), (2.2)

where x1, . . . , xξ(B) are defined by (2.1). If ξ(B) = 0, then the right hand side of
(2.2) is = 1 by definition. Note that if |φ(x)| < 1 for all x ∈ � we have∏

i

(1+ φ(xi)) = exp

(∫
�

log(1+ φ(x))dξ(x)

)
. (2.3)

A natural way to investigate a point process is to consider expectations of
products of the form (2.2). If we take for instance φ = exp(−ψ) − 1, ψ ≥ 0
with bounded support, we get the so called Laplace functional. We can write

∏
i

(1+ φ(xi)) =
∞∑
n=0

1

n!
∑

xi1 �=···�=xin
φ(xi1) . . . φ(xin), (2.4)

where the sum is over all n-tuples of distinct points in the process and we include
all permutations of the n points, which we compensate for by dividing by n!. We
want to include all permutations since there is no ordering of the points in the
process. If we have a multiple point of multiplicity k it should be counted as k

distinct points occupying the same position. The n = 0 term in (2.4) is = 1 by
definition. Since φ has bounded support, the second sum in (2.4) is actually finite
almost surely. We can construct a new point process �n in �n for each n ≥ 1,
by setting

�n =
∑

xi1 �=···�=xin
δ(xi1 ,...,xin )

, (2.5)
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i.e. each n-tuple of points in the original point process ξ , including all permuta-
tions of the points, gives rise to a point in the new process.

We define a measure Mn on �n by setting

Mn(A) = E [�n(A)], (2.6)

for each bounded Borel set A ⊆ �n, i.e. Mn(A) is the expected number of n-
tuples of distinct points that fall in A. Here we assume that the process is such
that all the Mn, n ≥ 1, are well-defined, Mn(A) < ∞ for bounded A. The
measure Mn is an intensity measure for n-tuples of distinct points in the original
process. The formula (2.4) can now be written

∏
i

(1+ φ(xi)) =
∞∑
n=0

1

n!
∫
�n

n∏
j=1

φ(xj )�n(d
nx). (2.7)

Assume that ∞∑
n=0

||φ||n∞
n! Mn(B

n) <∞, (2.8)

where the bounded set B contains the support of φ. Since,

∞∑
n=0

1

n!E
⎡⎣∣∣∣∣∣∣
∫
�n

n∏
j=1

φ(xj )�n(d
nx)

∣∣∣∣∣∣
⎤⎦ ≤ ∞∑

n=0

||φ||n∞
n! Mn(B

n)

it follows from Fubini’s theorem that

E

[∏
i

(1+ φ(xi))

]
=
∞∑
n=0

1

n!
∫
�n

n∏
j=1

φ(xj )Mn(d
nx). (2.9)

Consider the case when φ is a simple function

φ(x) =
m∑

j=1

ajχAj
(x) (2.10)

with A1, . . . , Am disjoint, measurable subsets of a bounded set B. Note that since
the Aj ’s are disjoint we have

1+ tφ(x) =
m∏

j=1

(1+ taj )
χAj

(x)
,
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where |t | ≤ 1, and hence

∏
i

(1+ tφ(xi)) =
m∏

j=1

(1+ taj )
ξ(Aj ). (2.11)

Set 1/n!=0 if n < 0. Then, by the binomial theorem,

m∏
j=1

(1+ taj )
ξ(Aj ) =

m∏
j=1

ξ(Aj )∑
nj=0

ξ(Aj )!
nj !(ξ(Aj )− nj )! (taj )

nj

=
∞∑

n1,...,nm=0

m∏
j=1

(taj )
nj

nj !
m∏

j=1

ξ(Aj )!
(ξ(Aj )− nj )!

=
∞∑
n=0

tn

n!
∑

n1+···+nm=n

(
n

n1 . . . nm

) m∏
j=1

a
nj

j

m∏
j=1

ξ(Aj )!
(ξ(Aj )− nj )! .

(2.12)

If t, a1, . . . , am are all positive, it follows from Fubini’s theorem that

E

[∏
i

(1+ tφ(xi))

]

=
∞∑
n=0

tn

n!
∑

n1+···+nm=n

(
n

n1 . . . nm

) m∏
j=1

a
nj

j E

⎡⎣ m∏
j=1

ξ(Aj )!
(ξ(Aj )− nj )!

⎤⎦ . (2.13)

On the other hand, by (2.9),

E

[∏
i

(1+ tφ(xi))

]
=
∞∑
n=0

tn

n!
∫
�n

n∏
k=1

⎛⎝ m∑
j=1

ajχAj
(xk)

⎞⎠Mn(d
nx)

=
∞∑
n=0

tn

n!
∑

n1+···+nm=n

(
n

n1 . . . nm

) m∏
j=1

a
nj

j Mn(A
n1
1 × . . . Anm

m ) (2.14)

Hence, for any bounded, disjoint Borel sets A1, . . . , Am in �, and ni , 1 ≤ i ≤ m,
such that 1 ≤ ni ≤ n and n1 + · · · +mm = n,

Mn(A
n1
1 × · · · × Anm

m ) = E

[
m∏

i=1

(ξ(Ai))!
(ξ(Ai)− ni)!

]
. (2.15)

This can be used as an alternative definition of the measure Mn. If X is a random
variable, E (Xk) is the k: th moment of X, and E (X(X − 1) . . . (X − k + 1)) is
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the k’th factorial moment of X. For this reason Mn is called the factorial moment
measure since, by (3.8), can be defined using joint factorial moments.

In many cases there is a natural reference measure λ on � like Lebesgue
measure on R or the standard counting measure on Z. We can then ask if the
factorial moment measure Mn has a density with respect to λn on �n.

Definition 2.1. If Mn is absolutely continuous with respect to λn on �n, i.e.

Mn(A1, . . . , An) =
∫
A1×···×An

ρn(x1, . . . , xn)dλ(x1) . . . dλ(xn) (2.16)

for all Borel sets Ai in �, we call ρn(x1, . . . , xn) the n’th correlation function or
correlation density. They are also called product densities.

We will be dealing with point processes for which all correlation functions
exist. In many cases if we are given the correlation functions (ρn)n≥1 the process
is uniquely determined. As can be guessed from above, the uniqueness problem
is closely related to the classical moment problem.

In the case of a simple point process on R we can get some intuition for the
correlation functions as follows. Let Ai = [yi, yi +�yi], 1 ≤ i ≤ n, be disjoint
intervals. If the �yi are small we expect there to be either one or no particle in
each Ai . Hence, typically, the product ξ(A1) . . . ξ(An) is 1 if there is exactly one
particle in each Ai and 0 otherwise. From (2.16) we then expect

ρn(y1, . . . , yn) = lim
�yi→0

P[one particle in each [yi, yi +�yi], 1 ≤ i ≤ n]
�y1 . . . �yn

.

(2.17)
Note that ρn(y1, . . . , y1) is not a probability density. The function ρ1(y) is the
density of particles at y, but since we have many particles the event of finding
a particle at y1 and the event of finding a particle at y2 are not disjoint even if
y1 �= y2. We should think of ρn(y1, . . . , y1) as particle densities not probabil-
ity densities. It follows from the argument above that if we have a simple point
process on Z (or some other countable or finite set), then ρn(y1, . . . , yn) is ex-
actly the probability of finding particles at y1, . . . , yn.

The next proposition follows from (2.8) and (2.9). The condition (2.18) below
implies (2.8) and we get (2.9), which is exactly (3.12) by the definition of the
correlation functions.

Proposition 2.2. Consider a point process all of whose correlation functions
exist. Let φ be a complex-valued, bounded, measurable function with bounded
support. Assume that the support of φ is contained in the bounded, measureable



10 K. Johansson

set B and that

∞∑
n=0

||φ||n∞
n!

∫
Bn

ρn(x1, . . . , xn)d
nλ(x) <∞. (2.18)

Then,

E

[∏
j

(1+ φ(xj ))

]
=
∞∑
n=0

1

n!
∫
�n

n∏
j=1

φ(xj )ρn(x1, . . . , xn)d
nλ(x). (2.19)

Here the product in the expectation in the left hand side is defined by (2.2).

We can think of the left hand side of (2.19) as a generating function for the
correlation functions. Below we will see that (2.19) is useful for computing in-
teresting probabilities. The condition (2.18) is not intended to be optimal but it
will suffice for our purposes.

We also have a kind of converse of proposition 2.2.

Proposition 2.3. Let (un)n≥1 be a sequence of measurable functions un : �n→
R. Assume that for any simple, measurable function φ with bounded support, our
point process satisfies

E

[∏
i

(1+ φ(xi))

]
=
∞∑
n=0

1

n!
∫
�n

n∏
j=1

φ(xj )un(x1, . . . , xn)dλ
n(x), (2.20)

with a convergent right hand side. Then all the correlation functions ρn, n ≥ 1,
exist and ρn = un.

Proof. Arguing as above in (2.13) and (2.14) we see that

Mn(A
n1
1 × · · · × Anm

m ) = E

⎡⎣ m∏
j=1

ξ(Aj )!
(ξ(Aj )− nj )!

⎤⎦
=
∫
A

n1
1 ×···×Anm

m

uN(x1, . . . , xn)d
nλ(x). (2.21)

This proves the proposition by the definition of the correlation functions and
(2.15).

Proposition 2.2 is useful when we want to compute gap probabilities, i.e. the
probability that there is no particle in a certain set. If B is a bounded, measurable
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set and (2.18) holds with φ = −χB , then

P[no particle in B] = E

[∏
j

(1− χB(xj ))

]

=
∞∑
n=0

(−1)n

n!
∫
Bn

ρn(x1, . . . , xn)d
nλ(x) (2.22)

Below we will be interested in processes on R, or a subset of R, which have a
last or rightmost particle. Consider a point process ξ on R. If there is a t such
that ξ(t,∞) <∞, we say that ξ has a last particle. This will then be true for all
t , since ξ(A) <∞ for any bounded set. If x1 ≤ · · · ≤ xn(ξ) are the finitely many
particles in (t,∞), we define xmax(ξ) = xn(ξ), the position of the last particle.
The distribution function P[xmax(ξ) ≤ t] is called the last particle distribution.
If E [ξ(t,∞)] <∞ for some t ∈ R, then ξ has a last particle almost surely.

Proposition 2.4. Consider a point process ξ on R or a subset of R, all whose
correlation functions exist, and assume that

∞∑
n=0

1

n!
∫
(t,∞)n

ρn(x1, . . . , xn)d
nλ(x) <∞ (2.23)

for each t ∈ R. Then the process ξ has a last particle and

P[xmax(ξ) ≤ t] =
∞∑
n=0

(−1)n

n!
∫
(t,∞)n

ρn(x1, . . . , xn)d
nλ(x). (2.24)

Proof. It follows from the n = 1 term in (2.23) that E [ξ(t,∞)] <∞ and hence
the process has a last particle almost surely. Take t < s. Proposition 2.2 implies
that

P[no particle in (t, s)] =
∞∑
n=0

(−1)n

n!
∫
(t,s)n

ρn(x1, . . . , xn)d
nλ(x).

We see from (2.23) and the dominated convergence theorem that we can let s →
∞ and obtain (2.24).

Let us consider some examples of point processes.

Example 2.5. A classical and basic example of a point process is the Poisson
process on R with density ρ(x), where ρ is locally L1. Let A1, . . . , Am be dis-
joint, bounded sets in R. Then ξ(Ai) are independent Poisson random variables
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with parameter
∫
Ai

ρ(x)dx, 1 ≤ i ≤ m. Hence with φ as in (2.10),

E

[∏
i

(1+ φ(xi))

]
=

m∏
j=1

E

[ m∏
j=1

(1+ aj )
ξ(Aj )

]

=
m∏

j=1

⎛⎝ ∞∑
k=0

(1+ aj )
k

k!

(∫
Aj

ρ(x)dx

)k

e
− ∫

Aj
ρ(x)dx

⎞⎠ = e
∫
R
φ(x)ρ(x)dx

=
∞∑
n=0

1

n!
∫

Rn

n∏
j=1

φ(xj )

n∏
j=1

ρ(xj )d
nx.

It follows from proposition 2.3 that the correlation functions are given by

ρn(x1, . . . , xn) = ρ(x1) . . . ρ(xn),

which reflects the independence of particles at different locations. If ρ(x) is
integrable in [t,∞) the process has a last particle almost surely and

P[xmax(ξ) ≤ t] =
∞∑
n=0

(−1)n

n!
∫
(t,∞)n

ρ(x1) . . . ρ(xn)d
nλ(x)

= exp

(
−
∫ ∞
t

ρ(x)dx

)
. (2.25)

Example 2.6. If uN(x1, . . . , xN) is a symmetric probability density on RN , then
(x1, . . . , xN) → ∑N

i=1 δxi maps the probability measure with density uN to a
finite point process on R. The correlation functions are given by

ρn(x1, . . . , xn) = N !
(N − n)!

∫
RN−n

uN(x1, . . . , xN)dxn+1 . . . dxN . (2.26)

i.e. they are multiples of the marginal densities. This is not difficult to see using
proposition 2.3. When point processes defined in this way are studied (2.26) is
often taken as the definition of the correlation functions.

Example 2.7. Let HN be the space of all N × N Hermitian matrices. This
space can be identified with RN2

, since we have N2 independent real numbers.
If μN is a probability measure on HN and {λ1(M), . . . , λN(M)} denotes the set
of eigenvalues of M ∈ HN , then

HN 
 M →
N∑

j=1

δλj (M) (2.27)
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maps μN to a finite point process on R.
If dM is Lebesgue measure on HN , then

dμN(M) = 1

ZN

e−TrM2
dM (2.28)

is a Gaussian probability measure on HN called the GUE (Gaussian Unitary
Ensemble). It can be shown, [26], that for any symmetric, continuous function
on RN with compact support∫

HN

f (λ1(M), . . . , λN(M))dμN(M) =

=
∫

RN

f (x1, . . . , xN)uN(x1, . . . , xN)dNx,

where

uN(x1, . . . , xN) = 1

ZNN !
∏

1≤i<j≤N
(xi − xj )

2
N∏

j=1

e
−x2

j (2.29)

is the induced eigenvalue measure on RN . Hence the point process on R defined
by (2.29) has correlation functions given by (2.26).

We will show below that the correlation functions for the GUE eigenvalue
process have a particularly nice determinantal form. This leads us to introduce
so-called determinantal processes.

2.2. Determinantal processes

Determinantal processes are characterized by the fact that their correlation func-
tions have a certain determinantal form.

Definition 2.8. Consider a point process ξ on a complete separable metric space
�, with reference measure λ, all of whose correlation functions ρn exist. If there
is a function K : �×�→ C such that

ρn(x1, . . . , xN) = det(K(xi, xj ))
n
i,j=1 (2.30)

for all x1, . . . , xn ∈ �, n ≥ 1, then we say that ξ is a determinantal point
process. We call K the correlation kernel of the process.

We can view the correlation kernel K as an integral kernel of an operator K

on L2(�, λ),

Kf (x) =
∫
�

K(x, y)f (y)dλ(y) (2.31)
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provided the right hand side is well-defined.
Consider a determinantal process on �. Let φ ∈ L∞(�, λ) have bounded

support in B. Then by proposition 2.2

E

[∏
j

(1+ φ(xj ))

]
=
∞∑
n=0

1

n!
∫
�n

n∏
j=1

φ(xj ) det(K(xi, xj ))
n
i,j=1d

nλ(x)

=
∞∑
n=0

1

n!
∫
Bn

n∏
j=1

φ(xj ) det(K(xi, xj ))
n
i,j=1d

nλ(x) (2.32)

provided
∞∑
n=0

||φ||n∞
n!

∫
Bn

det(K(xi, xj ))
n
i,j=1d

nλ(x) <∞. (2.33)

The estimate (2.33) can usually be proved using Hadamard’s inequality.
The expansion (2.32) can be taken as the definition of the Fredholm deter-
minant det(I + χBKχBφ)L2(�) = det(I + Kφ)L2(B). Here Kφ is the opera-
tor on L2(B) with kernel K(x, y)φ(y). There are other ways of defining
the Fredholm determinant for so called trace class operators, namely det(I +
Kφ))L2(B) =

∏
i (1 + λi), where {λi} are all the eigenvalues of the operator

Kφ on L2(B). If K(x, y)φ(y) defines a trace class operator on L2(B) and
TrKφ = ∫

B
K(x, x)dλ(x), then theses two definitions agree. See [14] for more

on Fredholm determinants.

Proposition 2.9. Consider a determinantal point process ξ on a subset � of R

with a hermitian correlation kernel K(x, y), i.e. K(y, x) = K(x, y). Assume
that K(x, y) defines a trace class operator K on L2(t,∞) for each t ∈ R, and
that

TrK =
∫ ∞
t

K(x, x)dλ(x) <∞. (2.34)

Then ξ has a last particle almost surely and

P[xmax(ξ) ≤ t] = det(I −K)L2(t,∞). (2.35)

Proof. This follows from proposition 2.4 and the above discussion provided we
can prove (2.33). Since correlation functions are non-negative and K(y, x) =
K(x, y), the matrix (K(xi, xj )) is positive definite. In that case Hadamard’s



Random matrices and determinantal processes 15

inequality says that det(K(xi, xj ))1≤i,j≤n ≤∏n
j=1 K(xj , xj ). Hence

∞∑
n=0

Cn

n!
∫
(t,∞)n

det(K(xi, xj ))1≤i,j≤ndnλ(x) ≤
∞∑
n=0

Cn

n!
(∫ ∞

t

K(x, x)dλ(x)

)n

= exp

(
C

∫ ∞
t

K(x, x)dλ(x)

)
,

by (2.34).

Consider for example the Airy kernel,

A(x, y) =
∫ ∞

0
Ai (x + t)Ai (y + t)dt. (2.36)

This is a Hermitian kernel and
∫∞
t

A(x, x)dx < ∞ for any real t . It can be
shown that A(x, y)χ(t,∞) is the kernel of a trace class operator, and that there is a
point process ξ on R, the Airy kernel point process, which is determinantal with
kernel A(x, y). This follows from general theory, see [33]. We have

FTW(t)
.= P[xmax(ξ) ≤ t] = det(I − A)L2(t,∞). (2.37)

The distribution function FTW(t) for the last particle in the Airy kernel point
process is a natural scaling limit of certain finite determinantal point processes.
We call it the Tracy-Widom distribution, [36].

We will now look at some general ways of getting finite determinantal point
processes. It is possible to get interesting infinite point processes by looking at
scaling limits of these. These limiting point processes are typically of a few stan-
dard types, e.g. the Airy kernel point process is obtained when we scale around
the last particle in some finite point processes on R. These infinite point processes
are natural scaling limits and it is an interesting problem to understand how uni-
versal they are. In section 4 we will see the Airy kernel point process arising as a
scaling limit of a finite point process associated with a random domino tiling of
the so-called Aztec diamond. It also occurs as the scaling limit of GUE around
the largest eigenvalue, see example 2.12.

The following determinantal identity, we will call the generalized Cauchy-
Binet identity. If we take � = {1, . . . ,M}, λ as counting measure on �, φi(k) =
aik and ψi(k) = bik , M ≥ N , we get the classical Cauchy-Binet identity.

Proposition 2.10. Let (�,B, λ) be a measure space, and let φj , ψj , 1 ≤ i, j ≤
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N , be measurable functions such that φiψj is integrable for any i, j . Then,

det

(∫
�

φi(x)ψj (x)dλ(x)

)
1≤i,j≤N

= 1

N !
∫
�N

det(φi(xj ))1≤i,j≤N det(ψi(xj ))1≤i,j≤NdNλ(x). (2.38)

Proof. This is a computation,

det

(∫
�

φi(x)ψj (x)dλ(x)

)
1≤i,j≤N

=
∫
�N

det(φi(xi)ψj (xi))1≤i,j≤NdNλ(x)

=
∫
�N

N∏
i=1

φi(xi) det(ψj (xi))1≤i,j≤NdNλ(x)

=
∫
�N

N∏
i=1

φi(xσ(i)) det(ψj (xσ(i)))1≤i,j≤NdNλ(x)

=
∫
�N

sgn (σ )

N∏
i=1

φi(xσ(i)) det(ψj (xi))1≤i,j≤NdNλ(x)

= 1

N !
∫
�N

∑
σ∈SN

sgn (σ )

N∏
i=1

φi(xσ(i)) det(ψj (xi))1≤i,j≤NdNλ(x).

The first equality follows immediately using the definition of the determinant. In
the third we have permuted the variables using an arbitrary permutation σ ∈ SN ,
and in the fourth equality we used the antisymmetry of the determinant. The last
equality follows since the integral is independent of σ . The final expression is
exactly what we want by the definition of the determinant.

Consider now the measure

uN(x)dNλ(x) = 1

N !ZN

det(φi(xj ))1≤i,j≤N det(ψi(xj ))1≤i,j≤NdNλ(x)

(2.39)
on �N , where

ZN = 1

N !
∫
�N

det(φi(xj ))1≤i,j≤N det(ψi(xj ))1≤i,j≤NdNλ(x), (2.40)

and we assume that ZN �= 0. If uN(x) ≥ 0, then (2.39) is a probability measure
on �N . It follows from the generalized Cauchy-Binet identity (2.38) that ZN =
detA, where A = (aij )1≤i,j≤N , and

aij =
∫
�

φi(x)ψj (x)dλ(x). (2.41)
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Proposition 2.11. Let (�,B, λ) be a measure space and let φi, ψi be as in propo-
sition 2.10. Assume that ZN given by (2.40) is �= 0. Then the matrix A defined
by (2.41) is invertible and we can define

KN(x, y) =
N∑

i,j=1

ψi(x)(A
−1)ij φj (y). (2.42)

If g ∈ L∞(X), we have the following identity

∫
�N

N∏
j=1

(1+ g(xj ))uN(x)dNλ(x) =

=
N∑

n=0

1

n!
∫
�n

n∏
j=1

g(xj ) det(KN(xi, xj ))1≤i,j≤ndnλ(x), (2.43)

with uN(x) given by (2.39).

Proof. That A is invertible follows from the fact that detA = ZN �= 0 by (2.38).
The proof of (2.43) is based on the determinant expansion

det(I + C) =
N∑

n=0

1

n!
N∑

i1,...,in=1

det(Cir is )1≤r,s≤n, (2.44)

where C is an arbitrary N × N -matrix, and the formula (2.38). The identity
(2.44) is a consequence of multilinearity of the determinant and expansion along
columns. It follows from (2.38) and (2.41) that

∫
�N

N∏
j=1

(1+ g(xj ))uN(x)dNλ(x)

= det(ajk +
∫
�
φj (x)ψk(x)g(x)dλ(x))

det(ajk)

= det

(
δjk +

N∑
i=1

(A−1)ji

∫
�

φi(x)ψk(x)g(x)dλ(x)

)

= det

(
δjk +

∫
�

fj (x)hk(x)dλ(x)

)
, (2.45)

where fj (x) = ∑N
i=1(A

−1)jiφi(x) and hk(x) = g(x)ψk(x). Using (2.44) we
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see that the last expression in (2.45) can be written

N∑
n=0

1

n!
N∑

i1,...,in=1

det

(∫
�

fij (x)hik (x)dλ(x)

)
1≤j,k≤n

=
N∑

n=0

1

n!
N∑

i1,...,in=1

1

n!
∫
�n

det(fij (xk))1≤j,k≤n det(hij (xk))1≤j,k≤ndnλ(x)

=
N∑

n=0

1

n!
∫
�n

det

(
N∑
i=1

fi(xj )hi(xk)

)
1≤j,k≤n

dnλ(x),

where we have used the identity (2.38) in the two last equalities. Since

N∑
j=1

fj (x)hj (x) = g(x)

N∑
i,j=1

ψj (x)(A
−1)jiφi(y)

we are done.

Assume now that � is a complete separable metric space. If uN(x) ≥ 0,
then (2.39) is a probability measure on �N and the map �N 
 (x1, . . . , xN)→∑N

j=1 δxj maps this to a point process ξ on �. It follows from proposition 2.3
and the identity (2.43) that ξ is a determinantal point process with correlation
functions given by (2.42). Although (2.42) gives an explicit formula for the cor-
relation kernel it is rather complicated. In particular, if we want to study a scaling
limit as N → ∞, we have to be able to find the inverse of the N × N -matrix
A in a useful form. Sometimes it is possible to do row operations in the two
determinants in (2.39) so that the matrix A becomes diagonal and hence trivial to
invert.

Example 2.12. (The orthogonal polynomial method). Consider the GUE eigen-
value measure (2.29). The density can be written as

uN(x1, . . . , xN) = 1

ZNN ! det(xj−1
i e−x2

i /2)2
1≤i,j≤N . (2.46)

If pj (x) is an arbitrary polynomial of degree j , j = 0, 1, . . . , then by doing row
operations in the determinant we see that

uN(x1, . . . , xN) = 1

Z′NN ! det(pj−1(xi)e
−x2

i /2)2
1≤i,j≤N . (2.47)
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It now follows from proposition 2.11 that the GUE eigenvalue process has deter-
minantal correlation functions. The elements in the matrix A are given by

aij =
∫

R

pi−1(x)pj−1(x)e
−x2

dx. (2.48)

It is clear that it is very natural to choose pj to be the j th normalized Hermite
polynomial so that aij = δij . The correlation kernel is then given by

KN(x, y) =
N−1∑
j=0

pj (x)pj (y)e
−(x2+y2)/2. (2.49)

We obtain the Airy kernel point process in the large N limit when we scale
around the largest eigenvalue of an N × N random matrix from the GUE. More
precisely, let λ(N)

1 ≥ λ
(N)
2 ≥ · · · ≥ λ

(N)
N be the eigenvalues and set

xj =
√

2Nλ
(N)
j − 2N

N1/3
,

j ≥ 1. Under the GUE eigenvalue measure ξN = ∑N
j=1 δxj becomes a point

process and in the limit N →∞ this process converges to the Airy kernel point
process. The proof is based on the fact that we can investigate the scaling limit
of the correlation kernel (2.49) using asymptotics of Hermite polynomials. Also,
if λmax(N) (= λ

(N)
1 ) denotes the largest eigenvalue then proposition 2.9 can be

used to show that

lim
N→∞P

[√
2Nλmax(N)− 2N

N1/3
≤ t

]
= FTW(t).

From this example, which has several generalizations, we see that orthogonal
polynomial asymptotics is important in studying the asymptotics of the eigenval-
ues in some random matrix ensembles.

2.3. Measures defined by products of several determinants

There is a useful extension of proposition 2.11 to the case when the measure is
given by a product of several determinants. Later we will see that such measures
arise naturally in interesting problems. Actually both our main models will be of
this type. Let X be a complete separable metric space with a Borel measure μ

and fix m, n ≥ 1. Furthermore, let φr,r+1 : X × X → C, r = 1, . . . , m − 1 be
given measurable transition functions, and φ0,1 : X0 ×X→ C, φm,m+1 : X ×
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Xm+1 → C given initial and final transition functions. Here X0 and Xm=1 are
some given sets, which could be X or {1, . . . , n} for example. We will consider
measures on (Xn)m of the form

pn,m(x)dμ(x) = 1

(n!)mZn,m

wn,m(x)dμ(x)

.= 1

(n!)mZn,m

det(φ0,1(x
0
i , x

1
j ))

m−1∏
r=1

det(φr,r+1(x
r
i , x

r+1
j ))

× det(φm,m+1(x
m
i , xm+1

j ))dμ(x), (2.50)

where
x = (x1, . . . , xm) ∈ (Xn)m, xr = (x1, . . . , x

r
n), dμ(x) = ∏m

r=1
∏n

j=1 dμ(xr
j )

and x0 ∈ Xn
0 , xm+1 ∈ Xn

m+1 are fixed points. Here,

Zn,m = 1

(n!)m
∫
(Xn)m

wn,m(x)dμ(x) (2.51)

and we assume that Zn,m �= 0. If pn,m(x) ≥ we get a probability measure on
(Xn)m. Set � = {1, . . . , m} ×X. If we map xr

j to (r, xr
j ) ∈ �, x gives N = mn

points in � with exactly n points in {r} × X for each r . In this way we get a
point process ξ on � from the probability measure (2.50). Let ν denote counting
measure on {1, . . . , m}. We will use λ = ν × μ as our reference measure on
�. When m = 1 we can take X0 = Xm+1 = {1, . . . , n}, φ0,1(i, x) = φi(x)

and φm,m+1(x, j) = ψj(x) to obtain the measure (2.39), so the present setting
generalizes the one considered above. Our aim is to show that this more general
setting also leads to a determinantal process. Variants of this type of setting have
been developed in [11], [12], [13] and [21].

Given two transition functions φ,ψ we define their composition by
φ ∗ ψ(x, y) = ∫

X
φ(x, z)ψ(z, y)dμ(z). Set

φr,s(x, y) = (φr,r+1 ∗ · · · ∗ φs−1,s)(x, y),

when r < s and φr,s ≡ 0 if r ≥ s. We assume that the transition functions are
such that all functions φr,s , 0 ≤ r < s ≤ m + 1 are well-defined. This will
imply that the integral in (2.51) is convergent as can be seen by expanding the
determinants. Set A = (aij ), where

ai,j = φ0,m+1(x
0
i , x

m+1
j ). (2.52)

Repeated use of the generalized Cauchy-Binet identity (2.38) gives Zn,m =
detA. Since we assume that Zn,m �= 0, we see that A is invertible. Set

Kn,m(r, x; s, y) = K̃n,m(r, x; s, y)− φr,s(x, y), (2.53)
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where r, s ∈ {1, . . . , m}, x, y ∈ X and

K̃n,m(r, x; s, y) =
n∑

i,j=1

φr,m+1(x, x
m+1
i )(A−1)ij φ0,s (x

0
j , y). (2.54)

We can now formulate the main result for measures of the form (2.50).

Proposition 2.13. We use the notation above. Let g :�→C belong to L∞(�, λ)

with support in a Borel set B ⊆ �. Let ψ(r, x; s, y) = χB(x)φr,s(x, y)g(s, y),
0 ≤ r, s ≤ m + 1, where we omit χB(x) if r = 0 and g(s, y) if s = m + 1.
Assume that ψ defines a trace class operator, also denoted by ψ , on L2(�, λ)

which satisfies Trψ = ∫
�
ψ(z; z)λ(z). Then∫

(Xn)m

m∏
r=1

n∏
j=1

(1+ g(r, xr
j ))pn,m(x)dμ(x) = det(I + χBKn,mg)L2(�,λ)

=
∞∑
k=0

1

k!
∫
�k

k∏
j=1

g(zj ) det(Kn,m(zi; zj ))1≤i,j≤kdkλ(z). (2.55)

It follows from proposition 2.3 that the point process ξ on � is determinantal
with correlation kernel Kn,m(z1; z2), z1, z2 ∈ �.

Proof. The kernel K̃n,m given by (2.54) has finite rank and by assumption ψ is
trace class. Hence χBKn,mg is trace class and the Fredholm determinant det(I +
χBKn,mg) is well defined. Since also Tr (χBKn,mg) = ∫

�
(χBKn,mg)(z; z)dλ(z),

this Fredholm determinant has an expansion as given in the theorem, [14]. Write

Zn,m[g] = 1

(n!)m
∫
(Xn)m

m∏
r=1

n∏
j=1

(1+ g(r, xr
j ))wn,m(x)dμ(x),

so that Zn,m[0] = Zn,m = detA. Repeated use of the generalized Cauchy-Binet
identity (2.38) gives

Zn,m[g] = det

(∫
Xm

φ0,1(x
0
i , t1)

m∏
r=1

(1+ g(r, tr ))

×
m−1∏
r=1

φr,r+1(tr , tr+1)φm,m+1(tm, xm+1
j )dmμ(t)

)
1≤i,j≤n

.

We can write
m∏

r=1

(1+ g(r, tr )) = 1+
m∑

�=1

∑
1≤r1<···<r�≤m

g(r1, tr1) . . . g(r�, tr� )
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and thus

Zn,m[g] = det

⎛⎝aij +
m∑

�=1

∑
1≤r1<···<r�≤m

∫
X�

d�μ(t)φ0,r1(x
0
i , t1)g(r1, t1)

×
�−1∏
s=1

φrs,rs+1(ts , ts+1)g(rs+1, ts+1)φr�,m+1(t�, x
m+1
j )

)
. (2.56)

By definition φr,s = 0 if r ≥ s and hence we can remove the ordering of the ri’s
in (2.56). We obtain

Zn,m[g]
Zn,m[0] = det

(
δi,j +

n∑
k=1

(A−1)ik

m∑
�=1

m∑
r1,...,r�

∫
X�

d�μ(t)φ0,r1(x
0
k , t1)g(r1, t1)

×
�−1∏
s=1

ψ(rs, ts; rs+1, ts+1)φr�,m+1(t�, j)

)

= det

(
δi,j +

n∑
k=1

(A−1)ik

∫
�

dλ(r, x)

∫
�

dλ(s, y)φ0,r (x
0
k , x)g(r, x)

×
(

m∑
�

ψ∗(�−1)(r, x; s, y)
)

φs,m+1(y, x
m+1
j )

)
, (2.57)

where ψ∗0(r, x; s, y) = δr,sδ(x − y) and recursively

ψ∗�(r, x; s, y) =
∫
�

ψ(r, x; u, t)ψ∗(�−1)(u, t; s, y)dλ(u, t)

for � ≥ 1.
Set

b(i; r, x) =
n∑

k=1

(A−1)ikφ0,r (x
0)k, x)g(r, x)

c(r, x; j) =
∫
�

(
m∑
�

ψ∗(�−1)(r, x; s, y)
)

ψs,m+1(y, x
m+1
j )dλ(s, y)

and let b : L2(�, λ) → �2(n), c : �2(n) → L2(�, λ) denote the corresponding
operators. Then, by (2.57),

Zn,m[g]
Zn,m[0] = det(δij + (bc)(i, j))1≤i,j≤n = det(I + cb)L2(�,λ).
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Now,

cb =
(

m∑
�=1

ψ∗(�−1)

)
(χBK̃g).

(The insertion of the χB does not change anything.) By assumption ψ is a trace
class operator and using φr,s ≡ 0 if r ≥ s, we see that it is nilpotent, ψ∗� ≡ 0 if
� ≥ m. Hence det(I − ψ) = 1. Consequently,

Zn,m[g]
Zn,m[0] = det(I − ψ) det

(
I +

(
m−1∑
�=0

ψ∗(�)
)
(χBK̃g)

)
= det(I − ψ + χBK̃g) = det(I + χBKg),

and we are done.

3. Non-intersecting paths and the Aztec diamond

3.1. Non-intersecting paths and the LGV theorem

A natural way to obtain measures of the form (2.39) and (2.50) is from non-
intersecting paths. This is a consequence of the Lindström-Gessel-Viennot the-
orem in the discrete setting, [35], and the Karlin-McGregor theorem in the case
of non-colliding continuous Markov processes in one-dimension. In our applica-
tions below we will use the discrete setting so we will concentrate on that.

Let G = (V ,E) be a directed acyclic graph with no multiple edges. A directed
path π from a vertex u to a vertex v in G is a sequence of vertices x1, . . . , xm in
G such that xixi+1, the edges in the path, are directed edges in G, x1 = u and
xm = v. The set of all directed paths from u to v will be denoted by �(u, v).
If u1, . . . , un and v1, . . . , vn are vertices in G, then �(u, v), u = (u1, . . . , un),
v = (v1, . . . , vn), denotes the set of all directed paths (π1, . . . , πn), where πi is
a directed path from ui to vi , 1 ≤ i ≤ n. We say that two directed paths intersect
if they share a common vertex. The families of paths in �(u, v) that do not have
any intersections with each other is denoted by �n.i.(u, v), and those that have at
least one intersection by �w.i.(u, v). If σ ∈ Sn is a permutation of {1, . . . , n} we
will write vσ for (vσ(1), vσ(2), . . . , vσ(n)).

Let w : E → C be a given function, called the weight function, w(e) is
the weight of the edge e in G. The weight of a path is w(π) = ∏

e∈π w(e),
i.e. the product of the weights over all edges in the path. The weight of paths
(π1, . . . , πn) from u to v is w(π1, . . . , πn) = w(π1) . . . w(πn). If S ⊆ �(u, v),
then the weight of the set S is

W(S) =
∑

(π1,...,πn)∈S
w(π1, . . . , πn). (3.1)
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The total weight of all paths between two vertices u and v will be denoted by

φ(u, v) = W(�(u, v)) =
∑

p∈�(u,v)

w(π). (3.2)

We will call φ(u, v) the transition weight from u to v. Here we are assuming that
the sum in the right hand side of (3.2) is convergent. We could also regard the
weights as formal variables in some ring and (3.3) as an identity in that ring.

We can now formulate the Lindström-Gessel-Viennot (LGV) theorem which
relates weights of non-intersecting paths and determinants.

Theorem 3.1. Let G be a directed, acyclic graph and v = (u1, . . . , un), v =
(v1, . . . , vn) two n-tuples of vertices in G such that �n.i.(u, vσ ) �= ∅ only if
σ = id. Then,

W(�n.i.(u, v)) = det(φ(ui, vj ))
n
i,j=1. (3.3)

Proof. ([35]). Expand the determinant in the right hand side of (3.3). By (3.1)
and (3.2),

det(φ(ui, vj )) =
∑
σ∈Sn

sgn (σ )φ(u1, vσ(1)) . . . φ(un, vσ(n))

=
∑
σ∈Sn

sgn (σ )

n∏
i=1

W(�(ui, vσ(i))) =
∑
σ∈Sn

sgn (σ )

n∏
i=1

⎛⎝ ∑
πi∈�(ui,vσ(i))

w(πi)

⎞⎠
=

∑
σ∈Sn

sgn (σ )
∑

π∈�(u,vσ )

w(π1, . . . , πn)

=
∑
σ∈Sn

∑
π∈�n.i.(u,vσ )

sgn (σ )w(π1, . . . , πn)

+
∑
σ∈Sn

∑
π∈�w.i.(u,vσ )

sgn (σ )w(π1, . . . , πn)

.= S1 + S2.

By assumption �n.i.(u, vσ ) = ∅ unless σ = id, and hence S1 = W(�n.i.(u, v)).
It remains to show that S2 = 0.

Choose a fixed total order of the vertices, and let ω denote the first vertex in
this order which is a point of intersection between the paths π1, . . . , πn. Let πi

and πj be the two paths with smallest indices which intersect ω. Define a map

(σ, π1, . . . , πn)→ (σ ′, π ′1, . . . , π ′n) (3.4)
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as follows. Set π ′k = πk for k �= i, j , and if

πi = uix1 . . . xαωxα+1 . . . xβvσ(i)

πj = ujy1 . . .γ ωyγ+1 . . . yδvσ(j)

then

πi = uix1 . . . xαωyγ+1 . . . yδvσ(j)

πj = ujy1 . . .γ ωxα+1 . . . xβvσ(i).

Also, we set σ ′ = σ ◦ (i, j), where (i, j) denotes the transposition of i and j .
Clearly, w(π1, . . . , πn) = w(π ′1, . . . , π ′n) and sgn (σ ) = −sgn (σ ′).

If we can show that (3.4) is an involution, then S2 = 0 follows since

S2 =
∑
σ ′∈Sn

∑
π ′∈�w.i.(u,vσ )

sgn (σ ′)w(π ′1, . . . , π ′n)

= −
∑
σ∈Sn

∑
π∈�w.i.(u,vσ )

sgn (σ )w(π1, . . . , πn) = −S2.

That (3.4) is an involution is clear if (π ′1, . . . , π ′n) has the same first intersection
point as (π1, . . . , πn). Since only πi and πj were changed a new intersection
point has to occur between them. Assume that xm is the new intersection point
which is smallest in the total ordering. We must then have xm = x�, where one of
m and � lies in {1, . . . , α} and the other in {α + 1, . . . , β}, say m lies in the first
set. But then xm . . . x� in πi is a cycle, which is impossible since we assumed
that G is acyclic. Hence (3.4) defines an involution.

We will see below that a combination of proposition 2.11 or proposition 2.13
with the LGV-theorem will lead us to interesting determinantal point processes
in certain models.

3.2. The Aztec diamond

In this section we will discuss random domino tilings of a region called the Aztec
diamond. The model can equivalently be thought of as a dimer model on a certain
graph, [24]. A typical tiling of the Aztec diamond has the interesting feature
that parts of it are completely regular, whereas the central part looks more or
less random. In fact there is a well defined random curve which separates the
regular regions from the irregular region, and it is this curve that will be our main
interest. It turns out that the tiling can be described using non-intersecting paths
in a certain directed graph, and these paths will lead to a description of a random
tiling by a determinantal point process using the results of the previous section.
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The Aztec diamond, An, of size n is the union of all lattice squares [m,m +
1]× [�.�+1], m, � ∈ Z, that lie inside the region {(x1, y1) ; |x1|+ |y1| ≤ n+1}.
A domino is a closed 1 × 2 or 2 × 1 rectangle in R2 with corners in Z2, and
a tiling of An by dominos is a set of dominos whose interiors are disjoint and
whose union is An. Let T (An) denote the set of all domino tilings of he Aztec
diamond. The basic coordinate system used here will be referred to as coordinate
system I (CS-I).

We can color the unit squares in the Aztec diamond in a checkerboard fashion
so that the leftmost square in each row in the top half is white. Depending on how
a domino covers the colored squares we can distinguish four types of dominos.
A horizontal domino is an N-domino if its leftmost square is white, otherwise it
is an S-domino. Similarly, a vertical domino is a W-domino if its upper square
is white, otherwise it is and E-domino. Two dominos are adjacent if they share
an edge of a square, and a domino is adjacent to the boundary if it shares an
edge with ∂An. We can now define four regions where the tiling has a regular
brick wall pattern. The north polar region (NPR) is defined to be the union of
those N-dominos that are connected with the boundary by a sequence of adjacent
N-dominos, the last one of which is adjacent to the boundary.

Let T ∈ T (An) be a tiling of the Aztec diamond and let v(T ) denote the
number of vertical dominos in T . We define the weight of T by letting vertical
dominos have weight a and horizontal dominos weight 1, so that the total weight
is av(T ). If a > 0, which we assume, we get a probability measure on T (An) by
normalizing this weight. When a = 1 we pick the tiling uniformly at random.

A tiling of the Aztec diamond with dominos can be described by a family
of non-intersecting paths. These paths can be obtained by drawing paths on the
different types of dominos. On an N-domino we draw no path. On a W-domino
placed so that it has corners at (0, 0) and (1, 2) we draw a line from (0, 1/2) to
(1, 3/2), and on an E-domino in the same position we draw a line from (0, 3/2)
to (1, 1/2). Finally, on and S-domino, placed so that it has its corners at (0, 0)
and (2, 1), we draw a line from (0, 1/2) to (2, 1/2). It is straightforward to see
that these paths form a family of non-intersecting paths from Ar = (−n − 1 +
r,−r + 1/2) to Br = (n + 1 − r,−r + 1/2), r = 1, . . . , n. The top path, from
A1 to B1, can be viewed as a function t → Xn(t), |t | ≤ n, and we will call it
the NPR-boundary process, since the north polar region is exactly the part of the
domino tiling that lies completely above Xn(t), see fig. 1.

These non-intersecting paths do not immediately, using the LGV-theorem,
lead to a measure of the form (2.50). In order to obtain a measure of this form we
have to transform the paths. We will only outline how this is done, see [22] for all
the details. Introduce a new coordinate system (CS-II) with origin at (−n,−1/2)
and axes eII = (1, 1), fII = (−1, 1) in CS-I, which gives the coordinate trans-
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Fig. 1. An NPR-boundary process.

formation {
x1 = x2 − y2 − n

y1 = x2 + y2 − 1/2.
(3.5)

In CS-II the non-intersecting paths go from Aj = (0,−j + 1) to Bj = (n+ 1−
j,−n), 1 ≤ j ≤ n, and have three types of steps (1, 0), (0,−1) and (1,−1),
see fig. 2. We can view them as non-intersecting paths in an appropriate directed
graph G. The weight on the domino tiling can be transported to a weight on the
non-intersecting paths by letting the steps (1, 0), (0,−1) have weight a and the
step (1,−1) weight 1. Take N ≥ n and set Aj = (0, 1− j) and Cj = (n,−n+
1 − j), 1 ≤ j ≤ N , see fig. 3. It is not so difficult to see that if π1, . . . , πN

are non-interesecting paths from A1, . . . , AN to C1, . . . , CN , then πk has to go
through Bk , 1 ≤ k ≤ n. Furthermore the paths from Bk to Ck , 1 ≤ k ≤ n,
and the paths from Bk to Ck , n < k ≤ N , only have steps (1,−1). Hence
adding the paths from Ak to Ck , n < k ≤ N , has no effect on the correspondence
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with domino tilings in the Aztec diamond or the weight, and we can just as well
consider this extended system of paths.

A1 B1

A2 B2

A3 B3

A4 B4

A5 B5

A6 B6

A7 B7

y2

x2

Fig. 2. CS-II and non-intersecting paths descibing the tiling.

Each path πk from Ak to Ck has a first and a last vertex, which could coincide,
on each vertical line x2 = k, 1 ≤ k ≤ n. In order to get a measure of the type we
want we have to double the vertical lines so that the first and the last vertices on
each vertical line ends up on different vertical lines. These first and last vertices
will form the point process we are interested in. We can also shift the paths so
that the initial and final points, which are fixed, end up at the same height. The
result can be seen in fig. 4. These non-intersecting paths which connect (0, 1−j)

to (2n, 1 − j), 1 ≤ j ≤ N , lie in a new directed graph G′. The steps from even
to odd columns are (1, 0) with weight 1 or (1, 1) with weight a, the steps from
odd to even columns are (1, 0) with weight 1, and we also have steps (0,−1)
with weight a in the even columns. With this choice of weights we still have a
weight preserving bijection with the original domino tiling of An. The associated
particles, which we think of as a point process, are indicated in fig. 4. The NPR-
boundary process corresponds to the top path in this picture.

The paths π1, . . . , πN just described connecting (0, j − 1) to (2n, 1 − j),
1 ≤ j ≤ N , see fig. 4, can be thought of as being built up from 2n transition
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A1

C1

...

A2

C2

...

A3

C3

...

A4

C4

...

A5

C5

...

A6

C6

...

A7

C7

...

A8

C8...

...

Fig. 3. The non-intersecting paths in the graph G.

steps. We have points xr
1, . . . , x

r
N on line r which connect via non-intersecting

paths to points xr+1
1 , . . . , xr+1

N on line r + 1. Let φr,r+1(x, y) be the transition
weight to go from x on the line r to y on the line r + 1. It follows from the
discussion above that

φ2i,2i+1(x, y) =

⎧⎪⎨⎪⎩
a if y − x = 1

1 if y − x = 0

0 otherwise

(3.6)

and

φ2i−1,2i (x, y) =
{
a−(y−x) if y − x ≤ 0

0 otherwise
(3.7)

From the LGV-theorem we see that the weight of all non-intersecting paths from
xr ∈ Zn on line r to xr+1 ∈ Zn on line r + 1 is

det(φr,r+1(x
r
i , x

r+1
j ))1≤i,j≤n. (3.8)

Note that the initial and final configurations are fixed x0
i = 1− i = x2n

i , 1 ≤ i ≤
N . The weight of the whole configuration of non-intersecting paths is then

2n−1∏
r=0

det(φr,r+1(x
r
i , x

r+1
j ))1≤i,j≤n. (3.9)
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...
...

...
...

...
...

...
...

...
...

...
...

...
...

...

Fig. 4. The non-intersecting paths in the graph G′ corresponding to the tiling in figure 3.2. The
particles in the determinantal process are the circled dots.

and normalizing we obtain a probability measure of the form (2.50). We know
that the associated point process with points (r, xr

j ), 1 ≤ r ≤ 2n − 1, 1 ≤
j ≤ N , has determinantal correlation functions with correlation kernel given by
(2.53). For reasons that will become clear below we will call this correlation
kernel the extended Krawtchouk kernel. In order to make use of this kernel for
asymptotic computations we have to be able to compute the inverse matrix A−1

in (2.54) in some way, and obtain a more useful formula. This will be discussed
in the beginning of the section 4. The fluctuations of the NPR-boundary process
are described by the fluctuations of the particles x1

1 , . . . , x
2n−1
1 , which are the

last particles on each vertical line. If we consider a particular line, say line r ,
then the points xr

1, . . . , x
r
N form a determinantal point process and we can obtain

the distribution function for xr
1, the last particle, from proposition 2.9. We will

discuss the limit theorem that can be obtained in the section 4.

3.3. Relations to other models

The north polar region can be investigated in a different way, which is related to
the corner growth model that will be studied in section 4. This is based on the
so called shuffling algorithm, [10], [16], which is an algorithm for generating a
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random tiling of An where vertical tiles have weight a and horizontal tiles weight
1. Here is a description of the shuffling procedure following [16]. For a proof that
it actually works, see [10]. The shuffling algorithm generates a random tiling of
An starting from a random tiling of An−1. We can tile A1 by either two vertical
dominos, with probability q = a2/(1 + a2), or two horizontal dominos, with
probability 1 − q = 1/(1 + a2). Assume now that we have generated a random
tiling T of An−1 according to the probability measure where the probability of
T is proportional to av(T ). Two horizontal dominos sharing a side of length two
form a bad pair if the lower one is an N-domino and the upper one an S-domino,
two vertical dominos sharing a side of length two are a bad pair if the left one is
an E-domino and the right one a W-domino. Start by removing all bad pairs in
An−1. Next, move all remaining N-, S-, E- and W-dominos one step up, down,
right and left respectively. After these steps what remains to fill An are 2 × 2-
blocks. In the final step we fill each of these 2 × 2-blocks with a vertical pair
with probability q and a horizontal pair with probability 1 − q. This procedure
will generate a random tiling of An where each vertical domino has weight a and
horizontal domino weight 1. If we draw the non-intersecting paths in a somewhat
different way to what was done above, this shuffling algorithm can be translated
into a certain multilayer polynuclear growth (PNG) model, see [20].

How does the north polar region evolve during the shuffling algorithm? It is
clear from the description of the algorithm that it can only grow. The growth will
be directly related to the so called corner growth model which we first define. We
will return to this model in section 5. Let λ = (λ1, λ2, λ3, . . . ) be a partition, i.e.
λi , i ≥ 1 are non-negative integers, λ1 ≥ λ2 ≥ λ3 ≥ . . . and there is an � ≥ 0
such that λi = 0 if i ≥ �. The smallest such � is called the length, �(λ), of the
partition. We say that λ is a partition of the integer N = λ1 + λ2 + . . . , written
λ � N . To the partition λ we associate the following set of integer points in the
first quadrant, the shape of λ,

S(λ) = {(i, j) ∈ Z2+ ; 1 ≤ i ≤ λj , j ≥ 1}. (3.10)

We can also define the filled-in shape of λ

S(λ) = S(λ)+ [−1, 0]2 (3.11)

a subset of [0,∞)2. The shape S(λ) is one way of drawing the Young or Ferrer
diagram associated to λ. The set S(λ) ∪ (R2 \ (0,∞)2) has corners in certain
places. These are positions where you can add a unit square to S(λ) so that it still
corresponds to a partition. Starting with the empty shape corresponding to λ =
(0, 0, 0, . . . ) we grow larger shapes by adding at succesive times 1, 2, . . . unit
squares independently at each corner with probability 1− q, where 0 < q < 1 is
fixed. We call this growth model the corner growth model, [31], [16], [18]. Let
SCG(n) denote the random shape obtained at time n.
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Consider now the evolution of the NPR under the shuffling algorithm. Put a
point in the center of each N-domino in the NPR in An. Viewed from the co-
ordinate system (CS-III) with origin at (0, n + 3/2) and axes eIII = (−1,−1),
fIII = (1,−1) in CS-I, these points form a random shape SAz(n) of some par-
tition λ. Analysis of the shuffling algorithm shows that SCG(n) and SAz(n) are
equal in law if q = a2/(1 + a2) as above. Hence results for the NPR in the
Aztec diamond can be translated into results about the random shape in the cor-
ner growth model and vice-versa.

Note that the waiting time before a corner point is added is a geometric random
variable starting at 1. Let G∗(M,N) denote the time when the point (M,N) ∈
Z2+ is added to the square. It follows from the corner geometry that before the
point (M,N) is added to the shape the points (M − 1, N) and (M,N − 1) must
already have been added. Let w(i, j), i, j ≥ 1 denote independent geometric
random variables starting at 0,

P[w(i, j) = m] = (1− q)qm, (3.12)

m ≥ 0, and define recursively

G(M,N) = max(G(M − 1, N),G(M,N − 1))+ w(M,N). (3.13)

It follows from the lack of memory property of the geometric distribution that

G∗(M,N) = G(M,N)+M +N − 1. (3.14)

Consequently, we have

SCG(n) = {(M,N) ∈ Z2+ ; G(M,N)+M +N − 1 ≤ n}. (3.15)

There is a translation of the growth rule (3.13) into a PNG-type model, see [30],
[20], [21]. This polynuclear growth model is not the same as the one coming
from the shuffling procedure above.

There is also a translation of the corner growth model into a totally asym-
metric simple exclusion process (TASEP) in discrete time, [31], [16], [18]. This
connection was used in [16] to prove the so called arctic circle theorem. The
complement of the four polar regions in a tiling of the Aztec diamond is called
the temperate region, and is the region where the tiling is more or less random.
The arctic circle theorem says that, in the case of a uniform random tiling of
An, the boundary of the temperate region scaled down by n, converges almost
surely to a circle. When the weight a �= 1 we get an ellipse instead. This can
be translated to a limit of G(M,N)/N as M,N → ∞, M/N → const > 0
(time constant). In section 4 we will see how the representation of the random
tiling as a determinantal process allows us to get precise information about the
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fluctuations of the arctic ellipse or, equivalently, of the NPR-boundary process.
This then also leads to precise limit theorems for G(M,N).

The quantity G(M,N) also has a last-passage time interpretation, which fol-
lows from the recursion (3.13). An up/right path π from (1, 1) to (M,N) is a
sequence of points (ik, jk), 0 ≤ k ≤ M + N − 1, such that (i0, j0) = (1, 1),
(iM+N−1, jM+N−1) = (M,N) and (ik+1, jk+1) − (ik, jk) = (1, 0) or (0, 1).
Viewed from a coordinate system rotated 45◦ it is a simple random walk path.
We have that

G(M,N) = max
π

∑
(i,j)∈π

w(i, j), (3.16)

where the maximum is over all up/right paths from (1, 1) to (M,N).
There is an interesting limit of G(N,N) as N → ∞ if we choose the para-

meter q = α/N2. With this choice of q it is not hard to see, [19], that among
the w(i, j), 1 ≤ i, j ≤ N , in each row and column there will be at most a sin-
gle 1, and in the whole square all numbers will be ≤ 1 with probability→ 1 as
N → ∞. In the limit N → ∞ the set {(i, j) ; 1 ≤ i, j ≤ N , w(i, j) ≥ 1}
scaled down by N will converge to a Poisson process in [0, 1]2 with intensity α.
The number n of points in [0, 1]2 is a Po(α) random variable. Let x1 < · · · < xn
and y1 < . . . yn be the x- and y-coordinates of these points. The coordinates of
the points in the Poisson process can then be written (xj , yσ(j)), j = 1, . . . , n,
where σ ∈ Sn is a permutation of {1, . . . , n}. The uniformity of the Poisson
process implies that σ will be a uniform random permutation from Sn. Denote
by L(α) the length of the longest increasing subsequence in this permutation. We
say that σ(i1), . . . , σ (i�) is an increasing subsequence in σ if i1 < · · · < i� and
σ(i1) < · · · < σ(i�). If we look back at (3.15) we see that we should have

G(N,N)→ L(α) (3.17)

in distribution as N → ∞. Hence, we may be able to use results for random
tilings of the Aztec diamond also to study the problem of the distribution of the
length of the longest increasing subsequence in a random permutation.

4. Asymptotics

4.1. Double contour integral formula for the correlation kernel

In order for the formulas (2.53) and (2.54) for the correlation kernel of the de-
terminantal process defined by (2.50) to be useful we have to find a different
representation. In particular we need some way of computing the inverse matrix
A−1. When A is a Toeplitz matrix it may be possible to do this, at least ap-
proximately, by using a Wiener-Hopf factorization of the symbol for A. For the
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models that we will consider A actually is a Toeplitz matrix and we will be able
to find nice formulas.

The space X in (2.50) will now be Z, and we will also take X0 = Xm+1.
Hence x ∈ (Zn)m. Let fr(z), z = eiθ , be a function in L1(T) with Fourier
coefficients f̂r (n), n ∈ Z. Assume that the transition weights φr,r+1 in (2.50) are
given by

φr,r+1(x, y) = f̂r (y − x), (4.1)

0 ≤ r ≤ m, x, y ∈ Z. Then, for r < s,

φr,s(x, y) = f̂r,s(y − x), (4.2)

where

fr,s(z) =
s−1∏
�=r

f�(z). (4.3)

We see that aij = f̂0,m+1(x
m+1
j − x0

i ) = f̂0,m+1(i − j), since xm+1
j = x0

j =
1 − j . The matrix A is thus a Toeplitz matrix with symbol a(z) = f0,m+1(z),
A = Tn(a), where Tn(a) = (â(i − j))1≤i,j≤n. A computation, [21], shows that

∑
x,y∈Z

K̃n,m(r, x; s, y)zxw−y = z

w
fr,n+1

(
1

z

)
f0,s

(
1

w

) n∑
i,j=1

z−i (T −1
n (a))ijw

j .

(4.4)
Let T (a) = (â(i − j))i,j≥1 denote the infinite Toeplitz matrix with symbol a.

We say that a ∈ L1(T) has a Wiener-Hopf factorization, if it can be written a =
a+a− on T, where a+(z) = ∑∞

n=0 a+n zn, a−(z) = ∑∞
n=0 a−n z−n, (a+n ), (a−n ) ∈

�1. We can extend a+ to |z| ≤ 1 and a− to {|z| ≥ 1} ∪ {∞}. We also require that
a+ and a− have no zeros in these regions and that a has winding number zero
with respect to the origin. Also, suppose that∑

n∈Z
|n|α|ân| <∞, (4.5)

for some α > 0. Then, Tn(a) is invertible for n sufficiently large and∣∣(T −1
n (a))jk−(T (a−1+ )T (a−1− ))jk

∣∣ ≤ C min((n+1−k)−α, (n+1−j)−α) (4.6)

for some constant C, 1 ≤ j, k ≤ n.
If fr is analytic in 1−ε < |z| < 1+ε for some ε > 0, and has a Wiener-Hopf

factorization as defined above, then a(z) = f0,m+1(z) will have a Wiener-Hopf
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factorization and (4.5) will be satisfied. Hence we can use (4.6) to compute the
inverse of the Toeplitz matrix. Combined with (4.4) this yields

lim
n→∞

∑
x,y∈Z

K̃n,m(r, x; s, y)zxw−y = z

z− w
F(z,w), (4.7)

for 1− ε < |w| < 1 < |z| < 1+ ε, where

F(z,w) =
m∏
t=r

f−t
(

1

z

) s−1∏
t=0

f+t
(

1

w

) r−1∏
t=0

f+t
(

1

z

)−1 m∏
t=s

f−t
(

1

w

)−1

. (4.8)

Hence,

lim
n→∞ K̃n,m(r, x; s, y) = K̃m(r, x; s, y)
.= 1

(2πi)2

∫
γr2

dz

z

∫
γr1

dw

w

wy

zx

z

z− w
F(z,w), (4.9)

where γr is a circle with radius r and center 0, 1 − ε < r1 < r2 < 1 + ε. We
obtain

lim
n→∞Kn,m(r, x; s, y) = −φr,s(x, y)+ K̃m(r, x; s, y) .= Km(r, x; s, y). (4.10)

From (4.2) and (4.8) it follows that

φr,s(x, y) = 1

2π

∫ π

−π
ei(y−x)θF (eiθ , eiθ )dθ. (4.11)

The integral formula (4.9) gives Km(r, x; s, y) if r ≥ s. Using (4.11) and the
residue theorem we see that it also gives Km(r, x; s, y) for r < s if we take
1 − ε < r2 < r1 < 1 + ε. These integral formulas are good representations of
the correlation kernel if we want to investigate its asymptotics.

4.2. Asymptotics for the Aztec diamond

In our discussion of the Aztec diamond we saw that adding more paths from
Ak to Ck for k > n had no effect on the probability measure since all these
paths are fixed. Hence, we can take the limit N → ∞ in the correlation kernel
KN,n(r, x; s, y) coming from the measure (3.9) with transition functions (3.6),
(3.7), without changing anything. We get a determinantal process on 2n − 1
copies of Z where the configuration is always frozen below the level −(n − 1).
We will thus be able to use the formula (4.9). Assume that 0 < a < 1. The
case a = 1 can be handled by considering the limit a → 1 and using continuity.
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Set f2i (z) = az + 1 and f2i+1(z) = (1 − a/z)−1. Then (4.1) holds and all the
conditions on fr above are satisfied, f+2i (z) = az+1, f−2i (z) = f+2i+1(z) = 1 and
f−2i+1(z) = (1− a/z)−1. Denote the generating function in (4.8) by Fn,r,s(z, w)

to indicate the dependence on n, r, s, 0 < r, s < 2n. We obtain,

Fn,2r−ε1,2s−ε2(z, w) = (1− aw)n−s+ε2(1+ a/w)s

(1− az)n−r+ε1(1+ a/z)r
, (4.12)

with εi ∈ {0, 1}. The Aztec diamond particle process is a determintal process
with kernel

KKr,n(r, x; s, y) = −φr,s(x, y)+ 1

(2πi)2

∫
γr2

dz

z

∫
γr1

dw

w

wy

zx

z

z− w
Fn,r,s(z, w),

(4.13)
where a < r2 < 1/a, 0 < r1 < r2. Here, by (4.11),

φr,s(x, y) = 1

(2πi)

∫
γr

dz

z
zy−xFn,r,s(z, z) (4.14)

We will call the kernel (4.13) the extended Krawtchouk kernel. The reason for this
name is that it can be expressed in terms of Krawtchouk polynomials, see [22] for
all the details. Here we will only consider the case r = s. Let pk(x; q, n) be the
normalized Krawtchouk polynomial, i.e. it is a polynomial of degree k satisfying
the orthogonality condition

n∑
x=0

pj (x; q, n)pk(x; q, n)
(
n

x

)
qx(1− q)n−x = δjk,

0 ≤ j, k ≤ n, on {0, . . . , n}. Define the Krawtchouk kernel,

KKr,n,r,q(x, y)

r−1∑
k=0

pk(x; q, n)pk(y; q, n)

×
[(

n

x

)
qx(1− q)n−x

(
n

y

)
qy(1− q)n−y

]1/2

.

It can then be shown, [22], using the contour integral formula for pj (x; q, n) that

KKr,n(2(n−r)+1, x−r+1; 2(n−r)+1, y−r+1) = KKr,n,r,q (x, y), (4.15)

where q = a2/(1+ a2).
Note the similarity between the Krawtchouk kernel and the Hermite kernel

(2.49). The same argument that showed that the point process defined by (2.29)
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has determinantal correlation functions with kernel (2.49) shows that the proba-
bility measure, the Krawtchouk ensemble,

un,r (x1, . . . , xr ) = 1

Zn,r

∏
1≤i<j≤r

(xi − xj )
2

n∏
j=1

(
n

xj

)
qxj (1− q)n−xj (4.16)

on {0, . . . , n}r defines a determinantal process on {0, . . . , n}with correlation ker-
nel (4.15). Probability measures of the form (2.29) and (4.16), i.e. a Vander-
monde determinant squared times a product of single particle weights are called
orthogonal polynomial ensembles and go back to the early work of Gaudin and
Mehta, [26]. The Krawtchouk ensemble is an example of a discrete orthogonal
polynomial ensemble, [19].

The NPR-boundary process is related to the top particles xr
max = max xr

j in
the Aztec diamond particle process. If we look first at a single line r we see that
xr

max is the last particle in a point process on Z given by the xr
i . It follows from

proposition 2.9 and (4.15) that

P[x2(n−r)+1
max ≤ t − r + 1] = det(I −KKr,r,n,qχ(t,∞))�2(Z) (4.17)

for any t ∈ R. Looking at the geometry of the Aztec diamond and how the non-
intersecting paths were defined we see that the NPR-boundary process Xn(t) is
obtained by joining the points (in CS-I) Q(j) = (2j − x

2j
max − n, x

2j
max − 1/2),

P(j) = (2j − x
2j
max − n, x

2j−1
max − 1/2), 1 ≤ j ≤ n with straight lines. Hence,

(4.17) can be used to investigate Xn(t).
We see that asymptotics for the Krawtchouk kernel will give us asymptotics

for the NPR-boundary process. The relation between the NPR-boundary process
and the corner growth model discussed above yields

P[G∗(M,N) ≤ n] = PKr,n[x2(n−M)+1
max ≤ n+ 1−M −N ]. (4.18)

Combining (4.17) and (4.18) and using (3.14) we find

P[G(M,N) ≤ t] = det(I −KKr,M,t+M+N−1,q )�2({t+M+1,t+M+2,... }) (4.19)

t ∈ Z, see also [20].
We will not discuss the asymptotic analysis in any detail, but only give the

results and outline the main structure of the proofs. From (4.13), (4.15) and
Cauchy’s theorem we see that the Krawtchouk kernel has the representation

KKr,r,n,q(x, y) = 1

(2πi)2

∫
�

dz

z

∫
γ

dw

w

z

z− w

zn−x

wn−y
(1− aw)r(w + a)n−r+1

(1− az)r (z+ a)n−r+1
,

(4.20)
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where � is given by t → α2 + it , t ∈ R and γ is a circle with radus α1 centered
at the origin, 0 < α1 < α2 < 1/a.

We want to show that close to the rightmost particle the Krawtchouk kernel,
appropriately scaled, converges to the Airy kernel given by (2.36) so that in the
scaling limit close to the edge of the Krawtchouk ensemble we get the Airy kernel
point process. The last particle in the Krawtchouk ensemble, and hence the last
particle in the Aztec diamond point process restricted to a line, will in the limit
fluctuate according to the Tracy-Widom distribution. In order to show this it is
useful to have a double contour integral representation of the Airy kernel. Using
the formula

Ai (x) = 1

2π

∫
Im z=η

eiz
3/3+ixzdz, (4.21)

with η > 0, for the Airy function in (2.36) we obtain

A(x, y) = 1

(2πi)2

∫
Im z=η

dz

∫
Imw=η

dw
eixz+iyw+i(z3+w3)/3

i(z+ w)
. (4.22)

In discussing asymptotic results for the Krawtchouk kernel we will for simplicity
only consider the case a = 1 and the part of the NPR-boundary that lies above a
neighbourhood of x1 = 0.

Theorem 4.1. Set β = 2−3/2(
√

2 + 1) and γ = 2−3/2(
√

2 − 1). If r = γ n,
x = βn+ 2−5/6n1/3ξ and y = βn+ 2−5/6n1/3η, then

2−5/6n1/3(
√

2− 1)x−yKKr,r,n,1/2(x, y)→ A(ξ, η) (4.23)

as n → ∞, uniformly for ξ, η in a compact set in R. Also, if Xmax denotes the
rightmost particle in the Krawtchouk ensemble with q = 1/2, r = γ n, then

P[Xmax ≤ βn+ 2−5/6n1/3ξ ] → FTW(ξ) (4.24)

as N →∞ for every ξ .

Proof. (Sketch) [22]. The integral (4.20) can be written (a = 1, which corre-
sponds to q = 1/2),

KKr,r,n,1/2(x, y) = 1

(2πi)2

∫
�

dz

z

∫
γ

dw

w

z

z− w
enf (z)−nf (w) g(z)

g(w)
, (4.25)

where enf (z) represents the leading order behaviour of the integrand and

f (z) = (1− β) log z− γ log(1− z)− (1− γ ) log(z+ 1).
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We want to apply a steepest descent argument to this integral. The saddle point
condition f ′(z) = 0 gives βz2+ (2γ −1)z+1−β = 0, which has a double root
if (γ − 1/2)2 + β2 − β = 0. This can also be written,

(1− β − γ )2 + (β − γ )2 = 1/2. (4.26)

We see that the β, γ in the theorem satisfy (4.26) and hence we have an Airy-type
steepest descent problem in (4.25). If we carry out the argument in detail we find
that

2−5/6n1/3(
√

2− 1)x−y

(2πi)2

∫
�

dz

z

∫
γ

dw

w

z

z− w
enf (z)−nf (w) g(z)

g(w)

→ 1

(2πi)2

∫
Im z=η

dz

∫
Imw=η

dw
eixz+iyw+i(z3+w3)/3

i(z+ w)

as N →∞. Together with (4.22) this gives (4.23).
We can also use (4.25) to derive estimates of the Krawtchouk kernel. By

proposition 2.9, the left hand side of (4.24) can be written as a Fredholm expan-
sion, and (4.23) toghether with the estimates can be used to show that this Fred-
holm expansion converges to the Fredholm expansion for the TW-distribution
(2.37).

The equation (4.26) is actually the equation for the arctic circle. If we look at
the relation (4.17) between x

2(n−r)+1
max and the position of the last particle in the

Krawtchouk ensemble, and translate this back to our original coordinate system
(CS-I) we obtain x2

1 + y2
1 = 1/2, which is the equation for the arctic circle. If

we instead of a = 1 we took 0 < a < 1, the equation for the arctic ellipse is
x2

1/p+y2
1/q = 1, q = a2/(1+a2), p = 1−q, which can be obtained similarly.

From (4.17) and the relation between xr
max and the NPR-boundary process we

obtain
P[Xn(0) ≤ n/

√
2+ 2−5/6n1/3ξ ] → FTW(ξ) (4.27)

as n→∞. We will consider a generalization of (4.27) in theorem 4.3.
From (4.25) and (4.19) (up to some technical details) we also obtain, in the

case q = 1/2,

lim
N→∞P[G(N,N) ≤ 2(

√
2+ 1)N + 21/6(

√
2+ 1)4/3N1/3ξ ] = FTW(ξ). (4.28)

We will discuss a more general result in section 5. The full result theorem 5.3
can also be proved starting from (4.19), (4.20) and (4.22).

Since we have the formula (4.13) for the extended Krawtchouk kernel we
should also be able to derive simultaneous distributions for the last particles xr

max



40 K. Johansson

for several lines, and hence study the convergence of the NPR-boundary process
to a limiting stochastic process. Using (4.15) the limit (4.23) can be can be trans-
lated into a limit formula for KKr,n(2r + 1, x; 2s + 1, y) when r = s. We now
want to generalize this to the case r �= s. The limiting correlation kernel will be
the so called extended Airy kernel. It is defined by

A(τ, ξ ; σ, η) =
{∫∞

0 e−λ(τ−σ)Ai (ξ + λ)Ai (η + λ)dλ, if τ ≥ σ

− ∫ 0
−∞ e−λ(τ−σ)Ai (ξ + λ)Ai (η + λ)dλ, if τ < σ .

(4.29)

Note that A(τ, ξ ; τ, η) = A(ξ, η). Using (4.21) it is again possible to rewrite this
as a double contour integral. In fact,

A(τ, x; σ ; y) = 1

(2πi)2

∫
Im z=η

dz

∫
Imw=η

dw
eixz+iyw+i(z3+w3)/3

σ − τ + i(z+ w)
. (4.30)

where η > 0 and 2η + τ − σ < 0 in the case σ > τ .
It can be shown, [30], [21], that there is a stochastic process, the Airy process,

τ → A(τ ) with continuous sample paths almost surely such that

P[A(τ1) ≤ ξ1, . . . ,A(τm) ≤ ξm] = det(I − fAf )L2({τ1,...,τm}×R), (4.31)

where A is the extended Airy kernel and f (τj , x) = χ(ξj ,∞)(x), 1 ≤ j ≤ m.
We can now show the following theorem. The proof is similar to that of theo-

rem 4.1 but somewhat more involved. It is based on (4.13) and (4.30), see [22].

Theorem 4.2. Define the rescaled variables ξ, η, τ, σ by 2r = n(1 + 1/
√

2) +
2−1/6τn2/3, 2s = n(1+ 1/

√
2)+ 2−1/6σn2/3, x = n/

√
2+ 2−5/6(ξ − τ 2)n1/3

and y = n/
√

2+ 2−5/6(η − τ 2)n1/3. Take a = 1. Then,

lim
n→∞(

√
2)x−y+2(s−r)eξτ−ησ−τ 3/3+σ 3/3KKr,n(2r, x; 2s, y) = A(τ, ξ ; σ, η),

(4.32)
uniformly for ξ, η, τ, σ in compact sets.

We can now give a theorem that says that the appropriately rescaled NPR-
boundary process converges to the Airy process.

Theorem 4.3. Let Xn(t) be the NPR-boundary process and A(τ ) the Airy process,
and let the weight a for vertical dominos = 1, so that we have a uniform random
tiling of the Aztec diamond. Then,

Xn(2−1/6n2/3τ)− n/
√

2

2−5/6n1/3
→ A(τ )− τ 2, (4.33)

as n→∞, in the sense of convergence of finite-dimensional distributions.
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Proof. (Sketch), [22]. The joint distribution of the left hand side of (4.33) for
different times τ can be expressed in terms of the joint distribution of maxk≥1 xr

k

with appropriate r . The fact that xr
k form a determinantal process whose kernel

is the extended Krawtchouk kernel gives that the joint distribution is a Fredholm
determinant involving this kernel. The limit (4.32) and some estimates can be
used to show that this Fredholm determinant converges to a Fredholm determi-
nant like (4.31) involving the extended Airy kernel. This Fredholm determinant
will give the joint distribution of the right hand side of (4.33).

4.3. Asymptotics for random permutations

As above we let L(α) denote the length of the longest increasing subsequence in
a uniform random permutation from SN where N is an independent Poisson(α)
random variable. From (3.17) we know that G(N,N)→ L(α) in distribution as
N →∞ if q = α/N2. Thus by (4.19),

P[L(α) ≤ n] = lim
N→∞P[G(N,N) ≤ n]

= lim
N→∞ det(I −KKr ,N,n+2N−1,α/N2)�2({n+N,n+N+1,... }). (4.34)

Let aN be given by a2
N/(1 + a2

N) = α/N2, so that essentially aN = √α/N .
Then, by (4.20),

KKr ,N,n+2N−1,α/N2(x +N, y +N)

= 1

(2πi)2

∫
γr2

dz

z

∫
γr1

dw

w

z

z− w

wy+1

zx+1

(1− aNw)N(1+ aN/w)N+n

(1− aNz)N(1+ aN/z)N+n
,

where aN < r1 < r2 < 1/aN . Here we can let N →∞ and obtain

lim
N→∞KKr ,N,n+2N−1,α/N2(x +N, y +N)

= 1

(2πi)2

∫
γr2

dz

z

∫
γr1

dw

w

1

1− w/z

wy+1

zx+1
e−
√
α(w−1/w)+√α(z−1/z)

=
∞∑
k=0

(
1

2π

∫ π

−π
ei(k+y+1)θ−2

√
αi sin θ dθ

)(
1

2π

∫ π

−π
e−i(k+x+1)θ+2

√
αi sin θdθ

)

=
∞∑
k=1

Jx+k(2
√
α)Jy+k(2

√
α)

.= Bα(x, y). (4.35)

The second equality follows by expanding (1−w/z)−1 in a geometric series. The
kernel Bα(x, y) on �2(Z) is called the discrete Bessel kernel. The limits (4.34)
and (4.35) and some estimates of the Krawtchouk and discrete Bessel kernels
now yield the following theorem, [5], [19].
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Theorem 4.4. Let N be a Poisson(α) random variable and pick independently a
permutation σ from SN with the uniform distribution. Denote by L(α) the length
of the longest increasing subsequence in σ . Then,

P[L(α) ≤ n] = det(I − Bα)�2({n,n+1,... }). (4.36)

The formula (4.36) can be used to prove a limit theorem for L(α). This theo-
rem was first proved in [1] using a completely different approach.

Theorem 4.5. With L(α) as in the previous theorem we have

P

[
L(α)− 2

√
α

α1/6
≤ t

]
= FTW(t) (4.37)

as α→∞.

Proof. (Sketch). The Bessel functions have the following asymptotics

α1/6J2
√
α+ξα1/6(2

√
α)→ Ai (ξ) (4.38)

uniformly for ξ in a compact interval as α→∞. This, together with appropriate
estimates, gives

α1/6Bα(2
√
α + ξα1/6, 2

√
α + ηα1/6)→

∫ ∞
0

Ai (ξ + t)Ai (η+ t)dt = A(ξ, η)

(4.39)
as α→∞. Thus, by (4.36),

lim
α→∞P

[
L(α)− 2

√
α

α1/6
≤ t

]
= det(I − A)L2(t,∞) = FTW(t). (4.40)

If �N(σ ) denotes the length of the longest increasing subsequence in a uniform
random permutation from SN , a de-Poissonization argument, [17], [1], makes it
possible to deduce

lim
N→∞P

[
�N(σ )− 2

√
N

N1/6
≤ t

]
= FTW(t), (4.41)

from the previous theorem.
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5. The corner growth model

5.1. Mapping to non-intersecting paths

In this section we will give another approach to the corner growth model by
mapping it to non-intersecting paths in a different way than that related to the
Aztec diamond.

Consider a right/down path λ from (0, L) to (K, 0), i.e. a sequence of points in
Z2, Pj (λ) = (xj , yj ), j = 0, . . . , K +L, such that P0(λ) = (0, L), PK+L(λ) =
(K, 0) and Pj+1(λ)−Pj (λ) = (1, 0) or (0,−1). We use the same notation, λ, as
for a partition since there is a unique associated partition, λk = max{xj ; yj =
k − 1}. Note that λ1 = K and �(λ) = L.

Let w(i, j), (i, j) ∈ Z2+, be independent geometric random variables with
parameter aibj , 0 ≤ ai, bj < 1,

P[w(i, j) = m] = (1− aibj )(aibj )
m, (5.1)

m ≥ 0. Also, we set w(0, j) = w(j, 0) = 0, j ≥ 0. Define as previously, (3.13),

G(i, j) = max(G(i − 1, j),G(i, j − 1))+ w(i, j), (5.2)

(i, j) ∈ Z2+, where G(i, 0) = G(0, i) = 0, i ≥ 0.
Given a partition, or right/down path λ, set W(λ) = (w(i, j))(i,j)∈S(λ), where

S(λ) is the shape of λ as defined previously. If λ = (M, . . . ,M, 0, . . . ) with
�(λ) = N , then W(λ) is the M × N -matrix (w(i, j))1≤i≤M,1≤j≤N . We want
to map W(λ) to a family of non-intersecting paths in a weighted graph G(λ), in
such a way that the top path gives the values (G(Pj (λ)))

K+L
j=0 of G(i, j) along

the right/down path.
Corresponding to (5.1) we define the weight of W(λ) by∏

(i,j)∈S(λ)
(aibj )

w(i,j). (5.3)

We also want the mapping to the non-intersecting paths to be weight-preserving
so that we can use the paths to study G(M,N).

The directed graph G(λ) is defined as follows. The vertices are {−L,−L +
1, . . . , K} × Z, and the undirected edges connect (i, j), (i + 1, j) for i =
−L, . . . , K − 1, j ∈ Z (horizontal edges) and (i, j), (i, j + 1) for i = −L +
1, . . . , K , j ∈ Z (vertical edges). The step Pj (λ)Pj+1(λ) in the right/down path
λ is a right-step if Pj (λ) = (i − 1, x) and Pj+1(λ) = (i, x). In that case the
vertical edges with first coordinate−L+ j +1 are directed from (−L+ j +1, k)
to (−L + j + 1, k + 1), k ∈ Z, i.e upwards, and are given the weight ai (up-
edges). The step Pj (λ)Pj+1(λ) is a down-step if Pj (λ) = (x, i) and Pj+1(λ) =
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(x, i − 1). In that case the vertical edges with first coordinate −L + j + 1 are
directed from (−L + j + 1, k) to (−L + j + 1, k − 1), k ∈ Z, i.e downwards,
and are given the weight bi (down-edges). All horizontal edges are directed to
the right.

To a path π in G(λ) from (−L, 1− j) to (K, 1− j), for some j ≥ 1, we can
associate points Qi(π) = (i − L, xi), 0 ≤ i ≤ K + L. We let Qi(π) be the
last vertex in the directed path with first coordinate −L + i. If the edges on the
vertical line x = −L + i are up-edges then xi ≥ xi−1, if they are down-edges,
then xi ≤ xi−1. We have x0 = xL+L = 1− j .

We can now formulate a theorem which gives the mapping from W(λ) to
non-intersecting paths in G(λ). To our knowledge this theorem has not appeared
in its present form in the literature so we will give a proof in section 5. For
an investigation of the behaviour along right/down paths in the Poissonian case
see [6].

Theorem 5.1. Let λ be a partition giving a right/down path (Pj (λ))
K+L
j=0 , L =

�(λ), K = λ1, from (0, L) to (K, 0). There is a one-to-one weight preserving
mapping from W(λ) with weight (5.3) to non-intersecting paths (π1, π2, . . . ) in
the weighted directed graph G(λ), where πj goes from (−L, 1−j) to (K, 1−j),
j ≥ 1. The path πj consists only of horizontal edges if j ≥ min(K,L). If
Qi(π1) = (i − L, xi), 0 ≤ i ≤ K + L, are the points associated to the top path
π1, then xi = G(Pi(λ)).

To the paths π1, π2, . . . we can associate a point configuration (r, xr
j ), −L ≤

r ≤ K , j ≥ 1, by letting Qi(πj ) = (i = L, xi−L
j ). Note that x−Lj = xK

j = 1−j ,
j ≥ 1 are fixed. Also, xr

j = 1 − j , −L ≤ r ≤ K , if j > min(K,L). Hence
theorem 5.1 maps W(λ) with probability measure (5.1) to a point process in
{−L + 1, . . . , K − 1} × Z. By the general formalism presented above this will
be a determinantal point process.

Theorem 5.2. Let λ be a partition, a right/down path from (L, 0) to (0,K),
L = �(λ), K = λ1. The probability measure (5.1) on W(λ) can be mapped to a
determinantal point process on {−L+ 1, . . . , K − 1} × Z. Set

f+r (z) = 1− ai

1− aiz
, f−r (z) = 1 (5.4)

if the edges on x = r + 1 are up-edges with weight ai , and

f−r (z) = 1, f−r (z) = 1− bi

1− bi/z
(5.5)
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if the edges on x = r + 1 are down-edges with weight bi , −L ≤ r < K . The
correlation kernel is then given by

Kλ(r, x; s, y) = −φr,s(x, y)+ 1

(2πi)2

∫
γr2

dz

z

∫
γr1

dw

w

wy

zx

z

z− w
Fλ(z,w),

(5.6)
where max(bi) < r1 < r2 < min(1/ai),

Fλ(z,w) =
K−1∏
t=r

f−t
(

1

z

) s−1∏
t=−L

f+t
(

1

w

) r−1∏
t=−L

f+t
(

1

z

)−1 K−1∏
t=s

f−t
(

1

w

)−1

,

(5.7)
φr,s ≡ 0 if r ≥ s and

φr,s(x, y) = 1

2π

∫ π

−π
ei(y−x)Fλ(e

iθ , eiθ )dθ (5.8)

if r < s.

Proof. (Sketch) The transition weight to go from (r, x) to (r + 1, y) in G(λ) is

φr,r+1(x, y) =
{
a
y−x
i if y ≥ x

0 if y < x
(5.9)

if the vertical edges on the line r + 1 are up-edges with weight ai , and

φr,r+1(x, y) =
{
b
x−y
i if ≥ y

0 if x < y
(5.10)

if they are down-edges with weight bi . It follows from theorem 5.1 and the
LGV-theorem that the probability measure on the point configuration is given by
(2.50). Hence it has determinantal correlation functions by proposition 2.13. We
have φr,r+1(x, y) = f̂r (y − x), where fr = f+r f−r . The matrix A in (2.54)
is a Toeplitz matrix and we can use the Wiener-Hopf factorization technique in
section 4 to see that the correlation kernel is given by (5.6), compare (4.9).

5.2. The Schur and Plancherel measures

Take λ = (N, . . . , N, 0, . . . ), �(λ) = N . Then we have only up-edges to the left
of the origin and down-edges to the right of the origin. Furthermore G(N,N) =
maxj≥1 x0

j . Restrict the attention to the point process x0
j , j ≥ 1, above the origin.

This is then a determinantal point process with correlation kernel

KN(x, y) = 1

(2πi)2

∫
γr2

dz

z

∫
γr1

dw

w

wy

zx

z

z− w

N∏
j=1

(1− aj /z)(1− bjw)

(1− aj /w)(1− bj z)
.

(5.11)
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Consider now the case ai = √q, 1 ≤ i ≤ N , bi = √q, 1 ≤ i ≤ M , bi = 0, M <

i ≤ N , where M ≤ N . The kernel can then be expressed in terms of Meixner
polynomials, [18], and is called the Meixner kernel. If we scale appropriately
around the last particle this kernel has the Airy kernel as its scaling limit and
proceeding as we did for the Krawtchouk ensemble we can prove the following
theorem, [18]

Theorem 5.3. Let 0 < q < 1 and consider G(M,N) defined by (5.2), where
w(i, j) are i.i.d. geometric random variables with parameter q. Then, for γ ≥ 1,

lim
N→∞P

[
G([γN ], N)−Nω(γ, q)

N1/3σ(γ, q)
≤ s

]
= FTW(s)

for any s ∈ R, where

ω(γ, q) = (1+√qγ )2

1− q
− 1,

σ (γ, q) = q−1/6γ−1/6

1− q
(
√
γ +√q)2/3(1+√qγ )2/3.

The probability measure on the points x0
1 > · · · > x0

N (M = N ) is the so-
called Schur measure, [28]. The points x0

1 > · · · > x0
N can be related to a

partition μ by x0
i = μi − i + 1 so we can also think about the Schur measure as

a measure on partitions. This is the probability measure on partitions μ that we
obtain if we map (w(i, j)), an N×N matrix, w(i, j) as in (5.1), to a pair of semi-
standard Young tableaux with shape μ using the RSK-correspondence, [32]. We
will not prove this here. In the present case all the vertical edges to the left of the
origin and at the origin in the directed graph are up-edges, whereas those to the
right of the origin are down-edges. The non-intersecting paths pass through the
points μi − i + 1, 1 ≤ i ≤ N , above the origin. By the LGV-theorem the Schur
measure can thus be written

pS(μ) = 1

ZN

det(φ(1− j, μi − i + 1)) det(ψ(1− j, μi − i + 1)), (5.12)

where

φ(u, v) =
∑

1≤i1<···<iv−u≤N
ai1 . . . aiv−u = hv−u(a1, . . . , aN),

ψ(u, v) =
∑

1≤i1<···<iv−u≤N
bi1 . . . biv−u = hv−u(b1, . . . , bN)
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Here hk(a1, . . . , aN) is the k’th complete symmetric polynomial. The symmetric
polynomial

sμ(a1, . . . , aN) = det(hμi−i+j (a1, . . . , aN)) (5.13)

is the Schur polynomial labelled by μ. The Schur measure can thus be written

pS(μ) = 1

ZN

sμ(a1, . . . , aN)sμ(b1, . . . , bN), (5.14)

which explains the name. The normalization is, [32],

ZN =
∑
μ

sμ(a1, . . . , aN)sμ(b1, . . . , bN) =
N∏

i,j=1

1

1− aibj
. (5.15)

It follows from above that, under the Schur measure,
∑

i≥1 δλi−i is a determinan-
tal point process on Z with correlation kernel (5.11).

If we restrict our attention to the case when W = (w(i, j))1≤i,j≤N is a per-
mutation matrix, then G(N,N) = �N(σ ) is exactly the length of the longest
increasing subsequence in the permutation corresponding to W . Restricting to
a permutation matrix means that we want to have exactly one up-step of size
1 on each line with up-edges and exactly one down-step of size 1 on each line
with down-edges. If the height configuration at the origin is μi − i + 1, i ≥ 1,
�N(σ ) = μ1, the corresponding measure on partitions μ is

PPlan ,N [μ] = 1

N ! [a1 . . . aNb1 . . . bN ]sμ(a)sμ(b), (5.16)

where [a1 . . . aNb1 . . . bN ] means that we take the coefficient of the monomial
a1 . . . aNb1 . . . bN in sμ(a)sμ(b). This measure is called the Plancherel measure,
and is also given by f 2

μ/N !, where fμ is the number of standard Young tableaux
with shape μ. We saw above that when studying the problem of the length of
the longest increasing subsequence in a uniform random permutation from SN

it was natural to let N be a Poisson(α) random variable. We thus consider the
Poissonized Plancherel measure,

Pα
PP[μ] =

∞∑
N=0

αN

N ! PPlan ,N [μ], (5.17)

where PPlan ,N [μ] = 0 if N is not a partition of N .

Theorem 5.4. ([5], [19]). Under the map μ → ∑
i≥1 δμi−i , the Poissonized

Plancherel measure is mapped to a determinantal point process with correlation
kernel Bα(x, y), the discrete Bessel kernel, given by (4.35).
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Proof. (Sketch). Suppose that g : Z→ C has support in [−L,∞) ∪ Z for some
L ≥ 0. By (5.14)–(5.17),

∑
μ

∞∏
j=1

(1+ g(μj − j))Pα
PP[μ]

=
∞∑

N=0

αN

(N !)2
[a1 . . . aNb1 . . . bN ]

N∏
i,j=1

1

1− aibj

∑
μ

∞∏
j=1

(1+ g(μj − j))pS(μ).

(5.18)

Now, since the Schur measure has determinantal correlation functions we know
that ∑

μ

∞∏
j=1

(1+ g(μj − j))pS(μ)

=
∞∑
k=0

1

k!
∑
x∈Zk

k∏
j=1

g(xj ) det(KN(xi + 1, xj + 1))1≤i,j≤k, (5.19)

where KN is given by (5.11). Inserting (5.19) into (5.18) a rather long computa-
tion, which we omit, gives

∑
μ

∞∏
j=1

(1+ g(μj − j))Pα
PP[μ] = det(I + Bαg)�2(Z),

which proves the theorem by proposition 2.3.

5.3. A discrete polynuclear growth model

Consider now the right/down path which is given by λ = (N,N−1, . . . , 1, 0, . . . )
and choose ai = bi = √q. set G(i + 1/2, j + 1/2) = G(i, j), i, j ≥ 0, and

h(x, t) = G

(
t + x + 1

2
,
t − x + 1

2

)
(5.20)

for x ∈ Z, t ≥ 0, |x| ≤ t and h(x, t) = 0 if |x| > t . We see that h(x,N),
x = −N, . . . , N are exactly the values of G(i, j) along the right down path λ.
Set ω(x, t) = 0 if t − x is even or if |x| > t , and

ω(x, t) = w

(
t + x + 1

2
,
t − x + 1

2

)
(5.21)
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otherwise. From (5.2) it follows that

h(x, t + 1) = max(h(x − 1, t), h(x, t), h(x + 1, t))+ ω(x, t + 1). (5.22)

We think of h(x, t) as the height above x at time t . This growth model is a
discrete polynuclear growth model, [25]. It is different from the one related to
the shuffling procedure in the Aztec diamond. It follows from theorem 5.2 that
the height fluctuations above [ct], 0 ≤ c < 1 at time t are of order t1/3 for large
t and are described by the Tracy-Widom distribution. But we actually know the
whole extended kernel (5.6) for λ = (N,N − 1, . . . ) and hence we can study
x → h(x, t), |x| ≤ t , as a process. This was done in [30] for the Poissonian limit
of the model corresponding to random permutations, where we have an extended
discrete Bessel kernel.

If we consider the process at time 2N −1, and look at even x, we are studying
the process u→ G(N+u,N−u), |u| < N . The appropriate scaling limit of the
kernel (5.6) will again be the extended Airy kernel, similarly to what we got when
we studied the NPR-boundary process. We have the following theorem, [21],
which we will not prove. Basically we have again to investigate the convergence
of the extended kernel (5.6) to the extended Airy kernel using the saddle-point
method. We define the rescaled process HN(t) by

G(N + u,N − u) = 2
√
q

1−√q
N + dN1/3HN

(
1−√q

1+√q
dN−2/3u

)
, (5.23)

where

d = (
√
q)1/3(1+√q)1/3

1− q
. (5.24)

We extend it to a continuous process defined for all times by linear interpolation.

Theorem 5.5. We have HN(t)→ A(t) − t2, where A(t) is the Airy process, in
the sense of convergence of finite-dimensional distributions.

From (3.16) we know that G(N,N) is a certain point-to-point last passage
time. It is also natural to consider a point-to-line last passage time,

Gpl(N) = max|u|<N
G(N + u,N − u), (5.25)

i.e. we take the maximum of
∑

(i,j)∈π over all up/right paths from (1, 1) to the
line x + y = 2N . A maximal path will be like a directed polymer with one free
end. From (5.23) we see that it is natural to consider the maximum of the process
HN(t). To do so we need a stronger form of convergence then in theorem 5.5.
The next theorem is proved in [21].
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Theorem 5.6. There is a continuous version of the Airy process A(t) and
HN(t)→ A(t)−t2 as N →∞ in the weak star topology of probability measures
on C(−T , T ) for any fixed T .

It is proved in [3] that

P

[
Gpl(N)− 2

√
q(1−√q)−1N

dN1/3
≤ s

]
→ F1(s) (5.26)

as N → ∞, where F1 is the largest eigenvalue, Tracy-Widom law, for the
Gaussian Orthogonal Ensemble (GOE). This law is different from FTW , which is
often denoted by F2, [37]. We will not give its explicit form here. If we combine
this result with theorem 5.6 we see that

F1(s) = P

[
sup
t∈R

(A(t)− t2) ≤ s
]
. (5.27)

It would be interesting to have a more direct approach to this result.
The maximal path in the point-to-line last passage problem is not necessarily

unique so there could be several possible endpoints on the line. Set

KN = inf
{
s ; sup

t≤s
HN(t) = sup

t∈R
HN(t)

}
, (5.28)

and similarly for the limiting process

K = inf
{
s ; sup

t≤s
(A(t)− t2) = sup

t∈R
(A(t)− t2)

}
. (5.29)

If we could show that the process t → A(t)− t2 has a unique point of maximum
almost surely it would follow that KN → K , and the law of K would be the law
of transversal fluctuations of the endpoint of a maximal path in a point-to-line
problem. However, the above argument gives us no clue what this law could be.
For all we know it could be Gaussian.

5.4. Proof of theorem 5.1

The procedure is very close to the Robinson-Schensted-Knuth correspondence.
See [27] for a related analysis.

We have to define the paths π1, π2, . . . . Set w(0)(i, j) = w(i, j). Assume
that we have defined w(k)(i, j) for some k ≥ 0, i, j ≥ 0. Set G(k)(0, j) =
G(k)(j, 0) = 0, j ≥ 0, and

G(k)(i, j) = max(G(k)(i − 1, j),G(k)(i, j − 1))+ w(k)(i, j), (5.30)
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i, j ≥ 1, so that G(0)(i, j) = G(i, j). Also, define

w(k+1)(i, j) = min(G(k)(i − 1, j),G(k)(i, j − 1))−G(k)(i − 1, j − 1). (5.31)

This defines w(k)(i, j) and G(k)(i, j) recursively for all k ≥ 0, i, j ≥ 1.
The path πk goes between the points (−L+ j,G(k−1)(Pj (λ))− k + 1), j =

0, . . . , K + L and respects the direction of the edges in G(λ).

Claim 5.7. We have that w(k)(i, j) = 0 if 0 ≤ i ≤ k or 0 ≤ j ≤ k.

To prove the claim we use induction on k. The claim is true by definition if
k = 0. Now, if w(k)(i, j) = 0 for 0 ≤ i ≤ k or 0 ≤ j ≤ k, then G(k)(i, j) = 0
for 0 ≤ i ≤ k or 0 ≤ j ≤ k. If k ≤ k + 1 or j ≤ k + 1, then i − 1 ≤ k or
j − 1 ≤ k. Hence, G(k)(i − 1, j) = 0 or G(k)(i, j − 1) = 0, so w(k+1)(i, j) = 0
by (5.31). This proves claim 5.7.

Claim 5.8. The paths π1, π2, . . . in G(λ) do not intersect.

We first prove that

min(G(k)(i − 1, j),G(k)(i, j − 1)) ≥ G(k+1)(i, j) (5.32)

for all i, j ≥ 1, k ≥ 0. If (i, j) = (1, 1), then (5.32) is clearly true since
G(k+1)(1, 1) = 0 for all k ≥ 0 by claim 5.7. Assume (A) that (5.32) holds for 1 ≤
i, j ≤ m. If i = m+1 and j = 1, then (5.32) holds because G(k+1)(m+1, 1) = 0
by claim 5.7. Assume (B) that (5.32) holds for i = m + 2, 1 ≤ j < n, where
n ≤ m. We want to prove (5.32) for i = m+ 1, j = n. By (5.30) and (5.31) the
inequality (5.32) with i = m+ 1, j = n is equivalent to

min(G(k)(m+ 1, n− 1),G(k)(m, n))

≥ max(G(k+1)(m, n),G(k+1)(m+ 1, n− 1))

+min(G(k)(m+ 1, n− 1),G(k)(m, n))−G(k)(m, n− 1)

i.e.

G(k)(m, n− 1) ≥ max(G(k+1)(m, n),G(k+1)(m+ 1, n− 1)). (5.33)

By assumption (A), G(k)(m, n − 1) ≥ G(k+1)(m, n) and by assumption (B)
G(k)(m, n− 1) ≥ G(k+1)(m+ 1, n− 1), so (5.33) holds.

By induction (5.32) also holds for i = m+ 1, 1 ≤ j ≤ m. A similar argument
shows that (5.32) holds for 1 ≤ i ≤ m, j = m + 1. It remains to consider the
case (i, j) = (m+ 1,m+ 1). The (5.32) is equivalent to

G(k)(m,m) ≥ max(G(k+1)(m,m+ 1),G(k+1)(m+ 1,m)) (5.34)
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by (5.30) and (5.31). Now i = m, j = m + 1 in (5.32) gives G(k)(m,m) ≥
G(k+1)(m,m + 1), and i = m + 1, j = m in (5.32) gives G(k)(m,m) ≥
G(k+1)(m + 1,m). Hence (5.34) holds and we have shown that (5.32) holds
for 1 ≤ i, j ≤ m+ 1 and hence holds for all i, j ≥ 1 by induction.

We can use (5.32) to prove claim 5.8. Consider an up-step Pj (λ) to Pj+1(λ),
Pj (λ) = (i − 1, x), Pj+1(λ) = (i, x). The path πk then goes from (−L +
j,G(k−1)(Pj (λ)) − k + 1) to (−L + j + 1,G(k−1)(Pj+1(λ)) − k + 1) via the
points (−L+j+1,m), where G(k−1)(Pj (λ))−k+1 ≤ m ≤ G(k−1)(Pj+1(λ))−
k + 1. Non-intersection between πk and πk+1 holds if G(k−1)(Pj (λ))− k + 1 >

G(k)(Pj+1(λ))− k or G(k−1)(i − 1, x) ≥ G(k)(i, x), which follows from (5.32).
A down-step is treated analogously. This proves claim 5.8.

Claim 5.9. The path πk is horizontal if k > min(K,L).

Assume that K ≤ L and k > K . the path πk goes through the points
(−L + j,G(k−1)(Pj (λ)) − k + 1). here Pj (λ = (x, y) where x ≤ K . Now,
G(k−1)(x, y) = 0 if x or y is < k by claim 5.7, so πk goes through the points
(−L+ j,−k + 1) and is horizontal.

Claim 5.10. Set W(k)(λ) = (w(k)(i, j))(i,j)∈S(λ) and define the weight of
W(k)(λ) to be ∏

(i,j)∈S(λ)
(aibj )

w(k)(i,j).

Then, the weight of W(k−1)(λ) is equal to the weight of W(k)(λ) times the weight
of πk in G(λ) for all k ≥ 1.

Let 1 ≤ i ≤ K . In the weight of W(k−1)(λ), ai enters as

a

∑m
j=1 w(k−1)(i,j)

i

if the up-step with weight ai is the step from (i−1,m) to (i,m) in the right/down
path λ. The up-step has size G(k−1)(i, m)−G(k−1)(i−1,m) so we want to show
that

G(k−1)(i, m)−G(k−1)(i − 1,m)+
m∑

j=1

w(k)(i, j) =
m∑

j=1

w(k−1)(i, j). (5.35)

Now, by (5.30) and (5.31),

w(k−1)(i, j) = G(k−1)(i, j)−max(G(k−1)(i − 1, j),G(k−1)(i, j − 1))

−w(k)(i, j) = G(k−1)(i − 1, j − 1)−min(G(k−1)(i − 1, j),G(k−1)(i, j − 1)).
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Adding these two inequalities and summing over j we obtain

m∑
j=1

(w(k−1)(i, j)− w(k)(i, j)) =
m∑

j=1

[G(k−1)(i, j)−G(k−1)(i − 1, j)]

−
m−1∑
j=0

[G(k−1)(i, j)−G(k−1)(i− 1, j)]=G(k−1)(i, m)−G(k−1)(i − 1,m− 1),

so we have established (5.35). The argument for bi is analogous and we have
proved claim 5.10.

To prove the theorem it remains to show that the mapping from W(λ) to
(π1, π2, . . . ) is one-to-one and weight preserving. That the map is weight pre-
serving follows by claim 5.9 and repeated use of claim 5.10. We have to show
that the map is invertible, i.e. given (π1, π2, . . . ) we can reconstruct W(λ).

If k > min(K,L), then W(k)(λ) = 0 by claim 5.7. Assume that we know
W(k)(λ) for some k ≥ 1. We want to show that we can reconstruct W(k−1)(λ).
Repeating this we eventually get W(0)(λ) = W(λ).

Let λ be a partition of N and let λ = λ0 > λ1 > · · · > λN−1 > λN = ∅ be a
sequence of partitions such that we get λk from λk−1 be removing one point on
the boundary. (We have a path from λ to ∅ in the Young lattice, [32].) Assume
that we know all the values of G(k−1)(m, n) for (m, n) along the boundary of
λj . From πk we know all the values of G(k−1)(m, n) along the boundary of
λ0 = λ. Let (m, n) be the point on the boundary of λj that we remove when
we go to λj+1. Since λj+1is also a partition, (m − 1, n) and (m, n − 1) must
also be points along the boundary of λj . Hence, we know G(k−1)(m− 1, n) and
G(k−1)(m, n − 1). We can now get w(k−1)(m, n) from (5.30). Since we know
w(k)(m, n) we can also get G(k−1)(m − 1, n − 1) from (5.31). hence we know
the values of G(k−1)(m, n) along the boundary of λj+1. Proceeding in this way
we succesively get the numbers w(k−1)(m, n) for (m, n) ∈ S(λ). This completes
the proof of theorem 5.1.
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Overview

The goal of these lectures is to give a self-contained account of recent devel-
opments concerning the theory of continuous two-dimensional and conformally
invariant structures. These object are conjectured – and in some cases they are
proved – to arise as scaling limits of various critical models from statistical
physics in the plane. These include percolation, the Ising model, the Potts mod-
els, the O(N) models, self-avoiding walks, loop-erased and Hamiltonian random
walks, the uniform spanning trees. We shall briefly define these models in our
first lecture.

I will try to put the emphasis on one ongoing line of research rather than re-
peating some earlier courses and lectures on the subject. In particular, I will nei-
ther spend much time describing the definition of Schramm-Loewner Evolutions
(SLE) nor discuss details of the aspects of the theory that have been developed
prior to 2002 as this material is already available in the form of lecture notes
(including by myself) [14,38,40], survey papers for theoretical physicists [6,12],
and now even in an excellent book [15]. The list of references of the present notes
are therefore by no means complete (I just listed the papers that are directly rele-
vant to the content of the notes, as well as some historical or survey-type papers)
and it should not be considered as a “selection” of recent papers on the subject.
One could mention many nice recent papers by M. Bauer, R. Bauer, Bernard,
Dubédat, Friedrich, Makarov, Schramm, Sheffield, Wilson, Zhan etc. that are not
listed here.

Sections one and three of the present lectures/notes are going to be more clas-
sical (discrete models, SLE definition), while the second and fourth one will
present recent or ongoing research.

In the first one, I will mostly describe some discrete lattice-based models orig-
inating in the physics literature, and state precisely the conformal invariance con-
jectures. They roughly say that when the mesh-size of the lattice vanishes, the
models have (scaling) limits, and that these limits are conformally invariant. It is
important to recall that in most cases, but with certain important exceptions, these
conjectures are not proved (even on a heuristic level), and that they rely mostly
on numerical evidence, and (now) on the existence of nice continuous models
that they would converge to. One of the “fronts” on which mathematicians are
working is to try to prove these conjectures and one can hope for progress in the
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future. The problem is to work on specific discrete models, to understand some of
their properties that enable to control their large-scale behavior. This important
question will however not be the main focus of these lectures.

Instead, motivated by the quest for the understanding of the large-scale proper-
ties and scaling limits of these models, we shall present some random continuous
objects (random loops, random curves, families of random loops) and state vari-
ous results that show that IF the conformal invariance conjectures hold, then these
continuous models are the only possible scaling limits of the discrete models.

In particular, in the second lecture, I will construct an important (infinite)
measure supported on the set of self-avoiding loops in the plane, and show that
it is the unique conformally invariant measure that satisfies a so-called restric-
tion property. The discrete analog of this property is satisfied for boundaries of
random walk loops, percolation cluster boundaries, self-avoiding loops. Hence,
our conformally invariant measure is the unique possible conformally invariant
scaling limit of these different discrete models. The restriction property can be
interpreted as an invariance under the action of a certain semi-group of confor-
mal maps. The results presented in this lecture are derived in [41] and inspired
by ideas developed with Greg Lawler and Oded Schramm in [21, 22, 25].

In the third lecture, I will focus on the law of one curve (for instance an inter-
face), and the ideas behind the definition of SLE via iterations of random confor-
mal maps, and survey some of the consequences. This will be reminiscent of the
above-mentioned more detailed papers/lecture notes/books on SLE. It can serve
as an introduction to SLE for those who are not acquainted to it. The readers who
are may want to skip this third section.

In the fourth lecture, I shall focus on random continuous families of non-
overlapping loops that possess a certain (natural in view of the discrete models)
conformal invariance property introduced in [35]. These are (now) called the
“Conformal loop-ensembles” (CLE in short). I shall define this property and
discuss some of its first consequences. This will lead rather naturally to the de-
finition of the Brownian loop-soup and to the idea that the outer boundaries of
“subcritical” loop-soups provide examples of CLEs (and in fact these are all the
possible CLEs). Note that this part is “almost SLE independent”. We will con-
clude these lectures by presenting briefly the Gaussian Free Field (GFF in short)
and some of its properties. Scott Sheffield, together with Oded Schramm [33,34],
is currently studying the “geometry” of this generalized random function in terms
of SLE curves, and it turns out that one can find (in a deterministic way) CLEs
inside the Gaussian Free Field, and that conversely, the field can be recovered by
the CLE. Hence, there is a link between GFF, CLEs, loop-soups and SLEs.
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1. Some discrete models

In this section, we shall describe quickly various discrete systems that are conjec-
tured to be conformally invariant in the scaling limit. All these discrete systems
have been introduced in the physics literature. They live on (finite or infinite por-
tions) of a planar lattice. To fix ideas, we will assume that the lattice that we use
is the square lattice, or the triangular lattice, or its dual – the honeycomb lattice,
even if the conjectures should be valid for a large class of planar periodic lattices
(it is however a delicate issue to guess precisely what this class should precisely
be). We will in fact define only two types of measures:
• Infinite measures on the set of connected subsets of the lattice (for instance
polygons). These measures will be translation-invariant (and therefore clearly
infinite).
• Probability measures on “configurations” in a given finite portion of the lattice
(i.e. in a given domain).
We will first describe each of these models separately, and then, in the final sub-
section, we shall state a precise version of the (sometimes proved) conformal
invariance conjecture.

1.1. Self-avoiding walks and polygons

We say that a nearest-neighbor path of length N started from the origin, and
with no double point is a self-avoiding path of length N (on the chosen lat-
tice). The number of such walks will be denoted by AN . It is easy to see that
AN+M ≤ ANAM and that AN ≥ cN for some c > 1 (by counting the number
of “north-east” paths that are anyway self-avoiding), and this implies immedi-
ately that there exists λ > 1 such that limN→∞(AN)1/N = λ. In other words,
the number of self-avoiding walks of length N on the considered lattice behaves
roughly like λN . It is easy to see that λ is a lattice-dependent constant.

The length of a walk is not a quantity that is well-suited to conformal invari-
ance. One can therefore look for self-avoiding walks with prescribed end-points
but varying length, as described for instance in [21]. Another interesting possibil-
ity is to consider self-avoiding polygons instead: We say that a nearest-neighbor
path (w0, . . . wN) of length N is a self-avoiding polygon of length N if w0 = wN

and if it is otherwise self-avoiding. Again, it is not difficult to see that for the
same constant μ as before, the number A′N of self-avoiding polygons of length
N with w0 = 0 behaves like λN+o(1) as N →∞.

We are from now on going to identify two polygons w and w′ of length N

if for some n0, wn0+n = w′n for all n (and w is extended into a N -periodic
function). In other words, there is no special marked point (i.e. no root) on a
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Fig. 1. A self-avoiding polygon on the square lattice

self-avoiding polygon. Hence, A′N is the number of self-avoiding polygons of
length N that pass through the origin.

We define the measure μsap on the set of self-avoiding polygons on the lattice
in such way that for any given self-avoiding polygon w of length N = N(w),

μsap({w}) = λ−N.

This is clearly an translation-invariant infinite measure. Note that in order to
define this measure, one does not need to specify any marked points or any pre-
scribed domain.

1.2. Random walk loops

Suppose that each point on the lattice has d neighbors (i.e. d = 3, 4, 6 respec-
tively on the hexagonal, square and triangular lattices). A loop is a nearest-
neighbor path w = (w0, w1, . . . , wn = w0) of a certain length n, such that w0 =
wn, and as before, we identify two loops modulo shift of the time-parametrization.
The difference with the self-avoiding loops is that w is allowed to have multiple
points.

Now, define the measure μrwl on the set of loops that puts a weight d−n
to each loop of length n (for all n > 0). Again, this is a translation-invariant
measure.

1.3. Site-percolation

For each site of the considered infinite lattice, toss a coin independently: With
probability p the site is declared open, and with probability 1− p, it is declared
vacant. Then, one is interested in the connectivity properties of the set of open
sites. One can consider the “connected components” of open sites. A connected
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component C is a connected family of open sites, such that all the sites neighbor-
ing C are closed.

For planar graphs, and at least for nice lattices, such as the ones that we shall
concentrate on, one can prove (e.g. [10]) that there exists a critical value pc such
that:
• If p ≤ pc, then with probability one, there is no infinite connected component
of open sites.
• If p > pc, then with probability one, there is a unique infinite connected
component of open sites.
We will from now focus solely on the critical case where p = pc. Then, one
can prove (via the so-called Russo-Seymour-Welsh arguments, which are, by
the way, not established for all planar lattices – one needs symmetry conditions
that are however fulfilled in the cases that we are considering, see [13]) that the
probability of existence of open connected components at any scale is bounded
away from zero and from one. More precisely, if A and B are two non-empty
open sets (at positive distance from each other) in the plane, then, there exists
ε > 0 such that for any sufficiently large N , the probability P(NA,NB) that
there exists a connected component of open sites that intersects both NA and
NB satisfies ε < P (NA,NB) ≤ 1− ε.

The percolation probability measure defines a random collection of disjoint
clusters of open sites (Cj , j ∈ J ). All clusters are finite, but there exist clusters
at any scale because of Russo-Seymour-Welsh type arguments.

Define the infinite measure μpcl on the set of possible clusters such that

μpcl({C}) = P(C ∈ {Cj , j ∈ J }).
In other words, for any family C of clusters, then μpcl(C) is the expected number
of percolation clusters that occur and belong to C for one realization. Another
possible direct description of μpcl is

μpcl({C}) = p#C
c (1− pc)

#∂C,

where ∂C is the set of sites that are at unit distance of C.
One can equivalently describe a cluster via the collection of its “boundaries”.

For instance, its outer boundary is a path that goes through all points of the cluster
that are accessible from infinity.

The value of the critical probability is lattice-dependent. The triangular lattice
is special: A simple symmetry argument shows intuitively (and this can be made
rigorous, e.g. [13]) that for this lattice pc = 1/2. In this case, the outer boundary
of a cluster can be viewed as a self-avoiding loop drawn on a hexagonal grid. The
measure μpcl defines a measure on outer boudaries of clusters that we call μperco.
The μperco mass of a given self-avoiding loop is the probability that it is the outer
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Fig. 2. A critical percolation cluster on the square lattice (pic. by Vincent Beffara)

boundary of a cluster. Hence, for a self-avoiding loop w on the hexagonal lattice,
if k(w) is the number of its neighboring hexagons,

μperco(l) = 2−k(w).

It is also possible to define another version of percolation, where this time, the
edges of the graph are independently declared to be open or closed with proba-
bility p. One can then also define a critical probability pc, clusters of open sites
and their boundaries. In this case, it turns out that the square lattice is special in
that pc = 1/2.

1.4. The Ising model

We are now going to consider a system similar to the site percolation described
above. In the statistical physics language, this is the Ising model without external
magnetic field – and everybody in this audience probably knows it. To define it,
it is convenient to focus on a finite portion of the infinite lattice. One can think of
this graph as the intersection of a (large but bounded) open subset D of the plane
with the lattice.

Each site x can take one of two colors (or spins): σ(x) can be equal to 1 or to 2
(a configuration σ is therefore a function that assigns to each site x a color σ(x)).
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Two neighbors prefer however to have the same color: For each configuration σ ,
we define the Hamiltonian

H(σ) =
∑
x≡y

1σ(x) �=σ(y)

where the sum is over all pairs of neighboring sites x and y in the (finite) consid-
ered graph.

For each value of the positive parameter β, we are now going to define a
probability measure Pβ on the set of configurations:

Pβ(σ ) = 1

Zβ

exp{−βH(σ)},

where the partition function Zβ is defined to be Zβ =∑
σ exp{−βH(σ)} so that

Pβ is indeed a probability measure.
When β is small, the interaction between spins at neighboring sites is small,

but if β is large, it is strong. In fact, when β = 0 then one just has percolation
with p = 1/2, and in the β → ∞ limit, all sites have almost surely the same
color.

It turns out that for very large graphs (and this can be rigorously stated in
different ways – for instance in the limit when the graph tends to fill the infinite
lattice), one observes different behaviors depending on the value of the parameter
β.

One can note at this point (this is for instance clear from the relation with
percolation at p = 1/2 for very small β) that for general lattices, the existence
or not of very large (infinite) clusters of sites of the same color (we shall say
monochromatic clusters) is not necessarily the suitable or natural observable to
study. We shall however come back to this in the context of the O(N) models,
where one sticks to the triangular lattice.

Physically, for the Ising model, the most relevant quantity is not related to
the connectivity property of the configuration, but rather to the “correlation func-
tions”. The simplest such function is the two-point function, which is simply the
correlation between the values of the spin at two different sites x and y:

Fβ(x, y) = Pβ(σ (x) = σ(y))− 1/2.

Since σ(x) and σ(y) are easily shown to be “positively correlated”, one has that
F > 0.

When β is small, then the correlation function tends exponentially fast to zero
(when the sites are fixed and the mesh-size of the lattice goes to zero – or when
the lattice is fixed and the distance between the sites increases). When β is too
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large, then in fact F is bounded away from zero. This corresponds intuitively to
the idea that one of the two colors “wins” and occupies more sites than the other.
The critical value of β is the one that separates these two phases. In fact, it can
be shown on the square lattice (this is Onsager’s calculation) that at this critical
value, F decays like a certain power law in terms of the mesh-size of the lattice.

1.5. The Potts models

The Potts model is a natural generalization of the Ising model: This time, a site
can choose between a given number q ≥ 2 of colors. The Hamiltonian and the
probability measures Pβ are then defined exactly in the same way as for the Ising
model (and when q = 2, the Potts model is exactly the Ising model).

One is then interested in the correlation functions

Fβ(x, y) = Pβ(σ (x) = σ(y))− 1/q.

Again, one observes a supercritical phase (where on color “wins”) and a subcrit-
ical phase (with exponentially decaying correlations). However, when q is large,
it is believed (in fact it is proved for very large q) that at the critical value of β,
one still has one “winning color”. Hence, the critical model will exhibit inter-
esting large-scale properties only for small values of q. The conjecture is that in
two dimensions, this will hold up to q = 4.

For both the Ising model and the Potts model, we have just described the
model with so-called “free” boundary conditions. It is possible to condition the
probability measure by constraining the sites on the boundary of the domain to
take a given color or given colors (one can divide the boundary into two or more
parts and assign a color to each part). At the critical value, and on a large scale,
these boundary conditions are important and their influence does not really “dis-
appear” (of course this notion depends on what one is looking at...) in the scaling
limit.

1.6. FK representations of Potts models

We just mentioned that the notion of “Ising clusters” or “Potts clusters” was not
so natural when the lattice is not the triangular lattice. One can however relate
properties of the Potts models to connectivity properties of another model, which
is a dependent percolation model, introduced by Fortuin and Kasteleyn in the
60’s, also sometimes known as the random-cluster model. This is a probability
measure on configuration on “edges” of a graph: Each edge of a finite graph can
be declared open or closed. So, each configuration ω has a number o(ω) of open
edges, a number c(ω) of closed edges, and it defines k(ω) different open clusters
(i.e. sets of sites connected by open edges).
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The FK percolation measure with parameters p ∈ (0, 1) and q > 0 is defined
as

P(ω) = 1

Zp,q

po(ω)(1− p)c(ω)qk(ω),

where as before, Z is the normalizing constant.
When q = 1, this is just the percolation on edges mentioned before. In fact,

when q is an integer, this FK measure is closely related to the (free) Potts model
with the same q. It is indeed easy to check that if one first chooses ω according
to the FK measure, then colors each of the k(ω) clusters independently by one of
the q colors, then the obtained coloring has exactly the law of a Potts model, for
a given β(p). In particular, this implies that

F(x, y) = P(σ(x) = σ(y))− 1/q = P(x ↔ y)+ P(x �↔ y)/q − 1/q

= (1− 1/q)P (x ↔ y)

where the symbol↔ refers to the connectivity properties of ω and F is the two-
point function of the Potts model. Hence, when q is fixed, one can relate the
phase-transition of the Potts model to a phase-transition in terms of connectivity
properties of the random cluster measure (letting p vary) for very large graphs.
Note however that while the Potts models made sense only for integer values of
q, this FK percolation allows any positive real value of q.

The conjecture is that in two dimensions, as for the Potts models, at the critical
value pc, the measure exhibits nice large-scale properties up to q = 4 only.

When q → 0+ and p = pc(q), the model converges to the “uniform spanning
tree”. This is the uniform distribution on the set of configurations with one single
cluster (all sites are connected) but no open cycle (i.e. the graph is a tree). This is
a combinatorially rich model, that can be constructed using “loop-erased random
walks” or domino tilings (there is a bijection between the set of domino tilings
and the set of uniform spanning trees) for which other tools (explicit determinant
computations for correlations) are also available.

An interesting property of the FK model in the plane is its “duality”. If one
looks at the dual graph ω∗ of a sample ω of an FK model, then ω∗ also follows an
FK probability measure, on the dual graph. In particular, this leads to the notion
of “wired” boundary conditions, where all vertices on the exterior boundary of a
finite planar graph are identified, see e.g. [11]: The dual of the “free” FK model
is the “wired” one.

1.7. The O(N) models

This is a model that makes use of specific properties of hexagonal/triangular lat-
tices. We shall focus here on the honeycomb lattice, where each site has exactly
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Fig. 3. An O(N) configuration

three incoming edges, and each face has six sides, which is the dual of the regular
triangular lattice. A configuration c on (a portion) of the lattice will be a family
of disjoint finite self-avoiding loops on this lattice. For each configuration, there
are l(c) loops, and the total cumulated length of the loops is L(c) (counted in
number of steps). We assign to each configuration c, a probability proportional
to Nl(c)θL(c), where N > 0 and θ < 1 are two parameters of the model. The
partition function is then

Z =
∑
c

Nl(c)θL(c)

where the sum is over all admissible configurations (in general all possible con-
figurations in a given finite portion of the lattice).

It is worthwhile noticing that when N = 1, one can view the loops as the
phase separation lines of the Ising model on a triangular lattice, with θ related
to the parameter β of the Ising model by exp(−β) = θ . Also, when N → 0,
one can relate a conditioned version of the O(N) measure, to some features of
the measure on self-avoiding loops (just condition on the existence of at least
one loop and let N → 0). For general integer N , the O(N) model is remi-
niscent of the N + 1-Potts model on the triangular lattice, but there is the im-
portant additional constraint that no small triangle has corners of three different
colors.

It is conjectured that when N is not too large and fixed (N ≤ 2 in fact), the
O(N) model undergoes a phase transition when θ varies. And, at a critical value
θc(N), one observes an interesting large-scale phenomena (actually the phase
where θ > θc is interesting too), see e.g. [12, 29]. Nienhuis conjectured that
θc(N) is equal to 1/

√
2+√2−N . In patricular, the constant λ describing the

number of self-avoiding walks on that lattice should be 1/θ(0+) =
√

2+√2.
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Hence, for all N ≤ 2, one has discrete probability distributions on families of
disjoint self-avoiding loops in a domain, that are conjectured to behave “nicely”
in the scaling limit.

1.8. Conformal invariance

Let us first concentrate on the “probability measures” on configurations. For all
previous critical models, let us consider a fixed open subset D of the complex
plane. For each small δ, one considers a suitable discrete approximation of D by
a subset of the graph δG. We call Dδ this graph.

We have for each δ a probability measure on configurations of disjoint loops
(for the O(N) models) or clusters (for the FK percolation) in Dδ .

The conformal invariance conjecture for these probability measures is that
(for each D):
• (i) These probability measures converge when δ → 0, toward a probability
measure PD on “continuous configurations” in the domain D. One plausible
notion of convergence is for instance, for each ε > 0, the convergence of any
continuous (in the Hausdorff metric) functional that depends only of those clus-
ters/loops of diameter greater than ε.
• (ii) If � is a conformal map defined on D, then the law of the image of PD

under the conformal map � is identical to P�(D).
At this point, it is time to recall a few definitions and facts about conformal

maps, and in particular Riemann’s mapping theorem.
• If D and D′ are two simply connected domains in the plane, we say that � :
D→ D′ is a conformal map from D onto D′ if it is an angle-preserving bijection
from D onto D′ (angle preserving for instance means that the images of two
smooth curves that intersect with angle α are two smooth curves that intersect
with angle α – it is easy to see that this is equivalent to say that at each point, �
is differentiable in the complex sense).
• There exists a three-dimensional family of conformal maps from the unit disc
onto itself: These are the Moebius transformations, that one can explicitly de-
scribe and for which one can directly check that they are conformal maps. It is
also easy to check that they are no other such maps.
• For any two simply connected open proper subsets D and D′ of the complex
plane, one can find angle-preserving bijections (i.e. conformal maps) from D

onto D′. In fact, there exists a three-dimensional family of such maps (this fol-
lows from the previous item). This is Riemann’s mapping theorem. Its proof can
be found in any complex analysis textbook.

Hence, the conformal invariance conjecture implies in particular that the prob-
ability measure PD is invariant under the group of conformal maps from D onto
itself.
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Fig. 4. The image of a loop under a conformal map (sketch).

In the case of the infinite translation-invariant measures on loops, clusters or
self-avoiding loops, the conformal invariance conjecture goes similarly: Consider
the measures on the lattice with mesh-size δ, and define the measures μD,δ as the
restrictions of these measures to those loops/clusters that stay in Dδ . Then, these
measures are conjectured to converge weakly to a measure μD on subsets of D,
and this limiting measure should be conformally invariant.

Among these conjectures, only the following have at present been proved:
• The measure on random walk loops converges to a continuous measure on
Brownian loops, and it follows from the conformal invariance of planar Brown-
ian motion – known since Paul Lévy – that the measure on Brownian loops is
conformally invariant [26]. See also [23] for convergence issues.
• Critical percolation on the triangular lattice (recall that this is the special case
where pc = 1/2) has been proved by Smirnov [36] to be conformally invariant.
This implies the conformal invariance conjecture for the measure μperc, see [4].
• The q = 0+ limit of the FK percolation model (the uniform spanning tree) has
been proved [20] to converge to a conformally invariant object (here one needs
to keep track of the paths in the tree, the Hausdorff topology is not well-suited).

In particular, it is still a challenge to prove conformal invariance of self-
avoiding walks, percolation on other lattices, FK percolation and Ising/Potts
models.

Let us at this point make a general comment on the theory of conformal maps:
A conformal map can be viewed as acting globally on a domain, and this is the
point of view that we are going to emphasize in these lectures. On the other
hand, a conformal map � defined on D is holomorphic at every point z0 of D,
and it admits a series expansion �(z0 + h) = ∑

n≥0 anh
n in the neighborhood

of z0. This local description of � can also be very useful for instance, if one
composes conformal maps. Very very loosely speaking, “conformal field theory”
that had been successfully developed by theoretical physicists to understand the
scaling limit of the above-mentioned critical models, uses more this local aspect
of conformal maps.
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Also, it is important to mention that a closely related issue is the “universality
conjecture”: If one considers the same model (say, the critical Potts model for
q = 3) on two different lattices (say the square and the triangular), then the
limiting continuous measure should be the same in the two cases, despite the fact
that the critical value of the parameter p (resp. θ or β) is lattice-dependent. As
we shall see in the current lectures, this can in fact be viewed as a (non-trivial)
consequence of the conformal invariance conjecture, since we will show that only
a limited number of conformal invariant possible scaling limits do exist.

2. A “conformal Haar measure” on self-avoiding loops

2.1. Preliminaries

A standard way to state Riemann’s mapping theorem goes as follows: If D and D′
are two simply connected subsets of C, that are not equal to C, and that contain
the origin, then there exists a unique conformal map from D onto D′ such that
�(0) = 0, and �′(0) is a positive real. Note that when D′ ⊂ D, this derivative
�′(0) is necessarily smaller than one. In some sense, this number is a way to
measure “how smaller D′ is compared to D, seen from 0”.

Let us now focus on the set G of conformal maps � from the unit disc U

onto a subset D of U with 0 ∈ D, such that �(0) = 0 and �′(0) > 0. For
an = �(n)(0)/n!, one can write �(z) = �′(0)z +∑

n≥2 anz
n for any z ∈ U.

Clearly, one can compose two such conformal maps �1 and �2, and �1 ◦�2 is
also a conformal map from U onto a subset of U containing the origin. The set C
is therefore a semi-group of conformal maps.

Of course, the semi-group G is not commutative, and it is “infinite-dimen-
sional”. Note that characterizing the set G in terms of the coefficients an is not
a straightforward task (“can one see for which an’s, the series is univalent –
i.e. injective – on the unit disc?”), see for instance the questions related to the
Bieberbach conjecture and its proof by de Branges. This is a typical instance of
the difficulty to relate local features of the conformal map (the series expansion)
to its global features.

2.2. A conformal invariance property

We are looking for a measure on self-avoiding loops in the plane μ. For any open
domain D, we define μD as the measure μ restricted to the set of loops that stay
in D. We require the following property:

(∗) For any simply connected set D and any conformal map � : D → �(D),
one has � ◦ μD = μ�(D).
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In other words, we want the measures μD to be conformally invariant. As we
shall see, this will turn out to be a rather strong constraint.

First of all, the measure μD (and μ therefore also) must be an infinite measure
(if μ �= 0). This is just because for any D′ ⊂ D, the total mass of μD′ and that
of μD must be identical (because D and D′ are conformally invariant). Also, the
measure μ must be scale-invariant and translation-invariant.

Let us now focus on μU. This is now a measure on the set of loops in the unit
disc. Consider a map � ∈ G. �−1 is a conformal map from a subset D of U onto
U. One can therefore define the measure �−1μU as the image of the measure
μD under �−1. Then, the conformal invariance condition is in fact equivalent to
the condition that for all � ∈ G, �−1μU = μU. Hence, (∗) means that μU is
invariant under the action of the semi-group G.

2.3. Uniqueness

Lemma 2.1. Up to multiplication by a positive real, there exists at most one
measure μ satisfying condition (∗).

Proof. We proceed in several steps:
• Because of conformal invariance, the whole measure μ is characterized by
μU. Indeed, for any simply connected domain D, μD is conformally equivalent
to μU, and the knowledge of all μD’s characterizes μ.
• Because of conformal invariance, the measure μU is in fact characterized by
the measure μU,0 which is defined to be μU restricted to those loops in U that
disconnect the origin from the boundary of the disc. Indeed, by conformal invari-
ance, μU,z is conformally equivalent to μU,0 and the knowledge of all μU,z’s
characterizes μU.
• In fact, the knowledge of the quantities

μU,0({w : w ⊂ �(U)})

where � ∈ G characterizes μU,0 (these events form an intersection-stable family
of events that generate the σ -field that one uses).
In conclusion, we see that the measure μ is in fact characterized by the quantities,

a(�) = μ({w : w ⊂ U, 0 is inside w,w �⊂ �(U)})

for � ∈ G. Because of conformal invariance again, we see also that

a(�1 ◦�2) = a(�1)+ a(�2).
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Fig. 5. �1 ◦�2

Indeed,

μ({w : w ⊂ U, 0 is inside w,w �⊂ �1 ◦�2(U)})
= μ({w : w ⊂ U, 0 is inside w,w �⊂ �1(U)})
+ μ({w : w ⊂ �1(U), 0 is inside w,w �⊂ �1 ◦�2(U)})

= a(�1)+ μ({w : w ⊂ U, 0 is inside w,w �⊂ �2(U)})
= a(�1)+ a(�2)

Let us now define the conformal maps ϕt ∈ G from the unit disc respectively
onto the slit discs U \ [1− xt , 1), where xt is chosen in such a way that ϕ′t (0) =
exp(−t). Then, clearly, ϕt+s = ϕt ◦ ϕs . This is due to the combination of two
facts: Because of symmetry, ϕt ◦ ϕs is necessarily one of the ϕu’s for some u,
and because of the chosen normalization in terms of the derivative at the origin,
u = s + t . Hence, it follows easily that for some positive constant c, a(ϕt ) = ct .

Because of rotational invariance, for the same constant c, a(ϕz,t ) = ct where
ϕz,t ∈ G is this time the conformal map from U onto U \ [(1− xt )z, z) for a fixed
z ∈ ∂U.

But, Loewner’s theory (we will give more details about this in a second) tells
us that any conformal map � ∈ G can be approximated by iterations of many
such maps ϕzn,tn . It is then not difficult to conclude (as in [21] in a slightly
different context) that necessarily a(�) is equal to c log 1/�′(0) for all � ∈ G.
Hence, up to this multiplicative constant c, there exists at most one candidate for
a measure μ satisfying (∗). This will conclude the proof of the Lemma.

It remains to recall a few facts from Loewner’s coding of slit domains: Sup-
pose that � is a conformal map in G from U into a set U \ γ [0, T ], where γ

is a smooth simple curve in U \ {0} with γ (0) ∈ ∂U. We can choose the time-
parametrization of γ in such a way that for each t ≤ T , the derivative at zero
of the conformal map φt in G from U into U \ γ [0, t] is exp(−t). In particular,
�′(0) = exp(−T ). It turns out to be a little more convenient to work with the
inverse maps ψt = φ−1

t from U into U \ γ [0, t].
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Divide the path γ [0, T ] into a large number N of portions γ [jT /N,

(j + 1)T /N]. One can then view �−1 = ψT as the iteration of N confor-
mal maps ψN

1 , . . . , ψN
N , where the map ψN

j is the conformal map from U \
ψ(j−1)T /N(γ [(j − 1)T /N, jT /N ]) back onto U, such that ψN

j maps the ori-
gin onto itself and has a positive derivative at the origin. When N is large,
ψ(j−1)T /N(γ [(j −1)T /N, jT /N ]) is a small curve in U starting at the boundary
point w(j,N) = w(j−1)T /N = ψ(j−1)T /N(γ ((j − 1)T /N))). Let us now, for
each fixed N and all j , replace this small curve by a straight slit [w(j,N), (1 −
xT/N)w(j,N)], and define the corresponding conformal map ψ̃N

j . And also,
define

�̃ = �̃T ,N = ψ̃N
1 ◦ . . . ◦ ψ̃N

N .

It turns out that in fact, if one focuses at the behavior of the conformal maps ψ

away from the unit circle – say their restriction to U/2, ψ̃N
j does approximate

ψN
j up to an error of order N−2. In particular, if one iterates these N terms,

one has an error term of the order of N−1. Hence, when N tends to infinity, the
conformal map �̃ converges (in some suitable sense) towards the conformal map
�. This argument leads to the following two consequences:
• �̃ ′(0)→ � ′(0) when N →∞.
• a(�̃−1)→ a(�−1) when N →∞.
But, since �̃ is the iteration of N conformal maps that remove straight slits, we
know that a(�̃−1) = c log� ′(0).. Hence, a(�̃) is indeed equal to c log 1/�′(0)
for such a slit map �.

Finally, one can note that it is possible to approximate any map � ∈ G by such
slit maps: For each � ∈ G and each δ > 0, define the domain Dδ = �((1−δ)U).
It has an analytic boundary, that can be obtained via the iteration of slit maps.
Furthermore, when δ → 0, both the derivative at the origin and the functional a
behave continuously. Hence, the formula for a(�) turns out to be valid for all
� ∈ G.

We now have to check whether there exists a measure μ for which the formula
a(�) = c log(1/�′(0)) holds.

Fig. 6. The conformal map ϕz,t
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2.4. Existence

Via Brownian loops: Recall that the Brownian loop measure is conformally
invariant. This is the scaling limit of the measure on random walks loops. It is
known since [3] that a planar Brownian loop has no cut-points. In particular, the
boundary of the unbounded connected component of its complement is a self-
avoiding loop in the plane. The measure on these loops induced by the Brownian
loop-measure is therefore conformally invariant. Hence, this proves the existence
of a measure μ satisfying (∗), since this outer boundary of the Brownian loop
does the job!

Let us briefly give a proper direct definition of the Brownian loop measure
[26]: It will be defined via a product measure. Let dz denote the Lebesgue
measure in C, dT the Lebesgue measure on R+, and dP (γ ) the law of a planar
Brownian bridge of time-length one starting and ending at the origin (that is a
standard Brownian motion conditioned to be back at the origin at time 1). Note
that by scaling and translation, it is possible to transform the standard loop γ into
a loop γ of length T starting and ending at z: γ z,T (t) = z + √T γ (t/T ). As
before, we then define γ̄ z,T from γ z,T by identifying two loops if they can be
obtained one from the other by time-shift.

Now, if we work under the product measure

dz⊗ dT

2πT 2
⊗ P(dγ ),

then the measure of γ̄ z,T is the Brownian loop measure M . It will sometimes
be convenient to work with multiples cM of M , that we call the Brownian loop
measure with intensity c.

Via percolation clusters: Recall the discrete measure on critical percolation
clusters μpcl on the triangular lattice and the measure μperco on their outer con-
tours. We will be focusing here on the latter. When it is defined on the triangular
lattice of mesh-size δ, we denote it by μδ

perco. It is a measure on the set of discrete
self-avoiding loops.

Camia and Newman [4] showed how to use Smirnov’s result [36] to deduce
results of the following type: The limit μ0

perco of μδ
perco exists and is conformally

invariant. This scaling limit can be in fact described by the SLE process with
parameter 6 that we will describe in the next section. It is easy to see that it is not
supported on the set of self-avoiding loops. Some nearby points on the discrete
scale become double points in the scaling limits. However, the obtained path
is still a compact loop, and one can define its outer boundary and this one is a
self-avoiding loop.

It is in fact not very difficult (using some a priori estimates on five-arm expo-
nents etc.) to see that the measure ν on self-avoiding loops that is defined in this
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Fig. 7. A Brownian loop

way is also the scaling limit of discrete “outer perimeters of clusters” obtained
by not entering fjords of width equal to the mesh-size of the lattice.

Hence, critical percolation in its scaling limit also defines a measure ν on
self-avoiding loops that satisfies (∗).
Consequence. It therefore follows from the preceding considerations that:
• For some constant c, the measure ν on outer boundaries of percolation clusters
is identical to the measure of outer boundaries of Brownian loops defined under
cM .
• If the measure on self-avoiding loops has a scaling limit when the mesh-size
of the lattice goes to zero, then it is also a multiple of μ.

This is probably the simplest and most transparent proof of the equivalence
between percolation cluster boundaries, Brownian motion boundaries, and the
conjectural scaling limit of self-avoiding walks. This equivalence had been ob-
tained in a different form in [17, 21, 25], for instance to derive [17] via SLE
calculations (and this is the only existing rigorous proof of this fact at this point)
the multi-fractal spectrum of the boundary of a Brownian motion with respect to
harmonic measure, and in particular its Hausdorff dimension 4/3. In our setup,
it shows that the measure μ is supported on self-avoiding loops of Hausdorff
dimension 4/3.

Let us also note from [37] that the whole measure μ is described by a sample
of a single Brownian motion. By looking at the shapes of all connected com-
ponents of the complement of a sample of a Brownian motion (or a Brownian
loop), ordered according to their area (in decreasing order), one can reconstruct
the integral of any nice function of the shape with respect to the measure μ.
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Fig. 8. A large percolation cluster on the triangular grid (pic. by P. Nolin)

Let us now summarize the results of this lecture/section (see [41] for more
details):

Theorem 2.2. Up to multiplication by a positive constant, there exists a unique
conformally invariant measure on self-avoiding loops in the plane. It can be
equivalently described as a measure on boundaries of Brownian loops, or via
scaling limits of percolation clusters.

Fig. 9. Sample of the outer perimeter (pic. by P. Nolin)

A consequence of the study of SLE defined in the next section is in fact that
this measure can be defined by SLE means as well, and that it is supported on the
set of loops that have Hausdorff dimension 4/3 (see [18]).

We will not go into details here, but this measure and the Brownian loop mea-
sure allow to reinterpret in a simple way most nice conformally invariant quanti-
ties introduced, such as Schwarzian derivatives etc. and possibly also to introduce
new and natural invariants.

Let us however stress an important property of the measure μ:
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Theorem 2.3. The measure μ on self-avoiding loops is invariant under the inver-
sion z �→ 1/z. More generally, it satisfies the property (∗) even for non-simply
connected domains D.

This is not a straightforward result. While the Brownian loop measure M

can easily be shown to be invariant under the inversion z �→ 1/z, the “outside
boundary” of the loop (the boundary of the connected component of its com-
plement that contains infinity) becomes the “interior boundary” (the boundary
of the connected component of its complement that contains the origin) and the
fact that Brownian “interior boundaries” and “outer boundaries” are the same is
rather surprising. This result has various consequences that are explored in [41].
In particular, it allows to work on any Riemann surface, and to make the theory
(loop-soups etc.) work on them.

3. Schramm-Loewner Evolutions

3.1. Definition

We now give a brief introduction to the SLE process. The reader acquainted to it
may want to skip this section.

Suppose that one wishes to describe the law of a random continuous curve
γ in a simply connected domain D, that joins two boundary points A and B.
Typically, this curve would be the scaling limit of an interface in a discrete grid-
based model. For instance:
• For the infinite measures on paths that we have considered (scaling limit of
percolation boundaries, Brownian loops, conjectured self-avoiding loops), one
way to get such a measure is to start with the discrete measure, and to restrict
the class of loops to those that contain one chosen part of the boundary of D

between A and B. In other words, the loop will consist of a path inside D from
A to B, and it then goes back to B along the boundary of D. Then, renormalize
this (finite) measure in order to get a probability measure. So, this path can be
viewed as a conditioned version of the loop measure.
• In the FK representation of the Potts models, use the following boundary condi-
tions: On one of the two parts of (the discretization of) ∂D, take “free” boundary
conditions as before, but identify all vertices on the other part as a single vertex
(this is the “wired” boundary condition). Then the path that one is interested in in
the outer contour of the cluster that is attached to the wired part of the boundary.
This is indeed a path from A to B in D.

We are going to assume that this law on continuous curves from A to B in D

satisfies the following two properties that we shall refer to as 1. and 2.:
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1. The law of γ is invariant under the (one-dimensional) family of conformal
maps from D onto itself that leave A and B unchanged.
If this property holds, then for any D′, A′, B ′ as before, it is possible to define
the law of a random curve that joins A′ and B ′ in D′, by taking the conformal
image of the law in D (the law of this conformal image is independent of the
actual choice of the conformal map because of 1.). By construction, the law of
this random curve is then conformally invariant in the sense described before
(for any triplet D,A,B it defines a law PD,A,B on curves joining A to B in
D, and for any conformal map �, � ◦ PD,A,B = P�(D),�(A),�(B)). Note that
it is not really difficult to find a random curve satisfying 1.: Take D to be
the upper half-plane H, A = 0, B = ∞. Then, any random curve γ that is
scale-invariant in law would do (the conformal maps form H onto itself that
preserve 0 and∞ are just the multiplications by a positive constant).

2. The “Markovian property”: Suppose that the curve is parametrized “from A

to B” and that we know how γ begins (i.e. we know γ [0, t] say). What is the
(conditional) law of the future of γ ? It is exactly the law PDt ,γt ,B , where Dt

is the connected component of D \ γ [0, t] that has B on its boundary (when
γ is a simple curve, then Dt is simply D \ γ [0, t]).
It is very natural to combine these two properties. In most of the relevant dis-

crete models that are conjectured to be conformal invariant, one can find natural
curves in these models (interfaces etc.) that do satisfy a discrete analogue of 2. In
particular, critical interfaces in nearest-neighbor interaction models are expected
to satisfy both 1. and 2.

Schramm [31] pointed out that there are not that many possible random curves
with these two properties. They form a one-dimensional family and are the so-
called SLE curves (SLE stands for Schramm –or Stochastic– Loewner Evolu-
tions). These random curves can be described and constructed via iterations of
random conformal maps.

Let us now sketch the basic idea behind the construction of SLEs: Suppose
for instance that D is the unit square and that A and B are two opposite corners.
For convenience, let us focus on the case where the random curve γ is simple.
Construct first the path γ up to some time t . Define then the unique conformal
map ft from D \ γ [0, t] onto D such that: ft (γ (t)) = A, ft (B) = B and
f ′t (B) = 1. The image of the path γ [0, t] under ft becomes now a part of the
boundary of D (that contains A).

Suppose now that we continue the path γ after time t . Then, the image of
this additional stretch under ft is a simple path in D that joins ft (γ (t)) = A to
ft (B) = B. The combination of the properties 1. and 2. implies immediately
that the conditional law of γ̃ := ft (γ [t,∞)) (given γ [0, t]) is PD,A,B (because
the conditional law of γ [t,∞) is PDt ,γ (t),B and conformal invariance holds).
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Fig. 10. The conformal map ft .

In particular, this conditional law is independent of γ [0, t]. Hence, γ [0, t] and
γ̃ [0, t] are independent and have the same law.

Now, the conformal map f2t is clearly obtained by composing the two inde-
pendent identically distributed maps f̃t (corresponding to γ̃ [0, t]) and ft . Sim-
ilarly, for any N > 1, fNt is obtained by iterating N independent copies of ft .
It is therefore very natural to encode the curve γ via these conformal maps ft so
that the Markovian property translates into independence of the “increments” of
ft .

In fact, for any t , ft itself can be viewed as the iteration of N independent
copies of ft/N . Hence, for any small ε, the knowledge of the law of fε yields
the law of γ at any time that is a multiple of ε. This leads to the fact that the
knowledge of the law of fε for infinitesimal ε in fact characterizes the law of the
entire curve γ .

It turns out that there is just “one possible direction” in which fε can move on
infinitesimal level, and this implies that there exists just a one-dimensional family
of possible laws for fε , each one corresponding to a certain speed of motion in
this direction. This leads to the one-dimensional family of possible SLE curves.

More precisely, suppose now that D is the upper half-plane, and that A = 0
and B = ∞. Then, the conformal map ft has a Laurent expansion at infinity:

ft (z) = z+ a0(t)+ a1(t)/z+ o(1/z).

It is easy to see that a1(t) is positive, increasing continuously with t , and that it is
therefore natural to use a time-parametrization for which a1(t) increases linearly
(in this way, f2t is indeed obtained as the iteration of two independent copies
of ft ); for historical reasons, the convention is to take a1(t) = 2t . Then, the
Markovian property implies immediately that a0(t) is a (real-valued) symmetric
Markov process, with independent increments. This yields that a0(t) = β(κt)

for some constant κ ≥ 0 where β is a standard real-valued Brownian motion.
Furthermore, one can recover γ if one knows only a0(t): One has to solve (for

each fixed z) the stochastic differential equation

dft (z) = da0(t)+ 2

ft (z)
dt (3.1)
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Fig. 11. The path disconnects x (sketch)

and see that γt = f−1
t (A). It is not easy but can be proved [30] that this procedure

indeed defines (for any fixed κ) almost surely a path γ .
Some of the SLE curves can be shown to have special properties that can be

related to the special features of the corresponding discrete models: The inde-
pendence properties of percolation correspond to the “locality” property of SLE6
derived and studied in [16, 17]. The special properties of self-avoiding walks
correspond to the restriction property of SLE8/3, see e.g. [21, 22].

With this description of the SLE curve via the previous stochastic differen-
tial equation, it is not difficult to compute directly the value of critical expo-
nents [16, 17, 19] that should for instance describe the multi-fractal spectrum of
harmonic measure on these curves (and in particular compute their dimension).
As a look at the proof in [1] will probably convince you, there is then still sub-
stantial work before one is allowed to state rigorously that these numbers are
indeed the dimensions of the curves (this last issue is not addressed in the theo-
retical physics papers devoted to this subject where the values of these exponents
were first predicted – see Duplantier’s notes [8] and the references therein).

As mentioned in our introduction, we will not go into this part of SLE theory
(the interested reader may want to consult [14, 15, 38]) and focus on more recent
progress. But, we ought to mention here some basic facts about SLE curves
(these “basic” facts are by no means easy to prove): The fractal dimension of the
SLEκ curve (see Rohde-Schramm [30] for the upper bound and Beffara [1] for
the involved lower bound) is almost surely 1+κ/8 when κ < 8. When κ ≥ 8 the
curve becomes space-filling [30] and has Hausdorff dimension 2. This already
show that these random curves can have different sometimes surprising fractal
structures. There is also an important phase transition at the value κ = 4: The
SLE curves are simple (without double points) when κ ≤ 4, and they have double
points as soon as κ > 4; see [30].

3.2. Computing with SLE

Let us now show why these two phase transitions at κ = 4 and κ = 8 show
up. We give a slightly non-rigorous description of this derivation in order to
be as transparent as possible for those who are not used to stochastic analysis,
but all the following steps can easily be made rigorous using standard stochastic
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Fig. 12. The event E(x, y) when x < 0 < y (sketch)

calculus considerations (see [16]). The purpose of the following paragraphs is to
illustrate how to perform SLE calculations.

The first thing to do is to see what the fact that ft (z) hits zero at some time
t0 (for a fixed z) means in terms of the SLE curve γ . Recall that the conformal
map ft maps the tip of the curve γt to 0, and that it is a conformal map from (the
unbounded connected component of) H \ γ [0, t] normalized at infinity. Hence,
intuitively, if ft (z) is close to zero, then it means that “seen from infinity” γt and
z are very close in H \ γ [0, t]. In fact, what happens is that ft (z) hits 0 when the
curve γ [0, t] disconnects z from infinity in H. For instance, if x is a positive real,
then ft (x) hits the origin when γ [0, t] hits the interval [x,∞).

Let us now consider two reals x and y. y will be positive, and x < y (we will
decide later if we choose x to be positive or negative). Then define

Zt = ft (y)

ft (y)− ft (x)
.

Since f0 is the identity map, Z0 = y/(y − x). It immediately follows from (3.1)
that d(ft (y)− ft (x)) = (2/ft (y)− 2/ft (x))dt and that

dZt = da0(t)

ft (y)− ft (x)
+ 2(ft (y)+ ft (x))

ft (x)ft (y)(ft (y)− ft (x))
.

This means that for very small t , the law of Zt can be well-approximated by

Z0 +
√
κtN

y − x
+ 2t (y + x)

xy(y − x)
(3.2)

where N is a standard Gaussian random variable with mean 1 (recall that a0(t)

is a Brownian motion with speed κ).
Now let us consider the event E(x, y) that ft (x) hits zero strictly before ft (y)

hits zero. This means that the curve γ disconnects x from infinity strictly before
it disconnects y from infinity. Because of scale-invariance of the SLE curve, the
probability of E(x, y) is a function of y/x only, or equivalently, it is a function
of y/(y − x) = Z0. Let us call G(Z0) this function so that

P(E(x, y)) = G(y/(y − x)).
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Furthermore, if we see the curve γ up to a little time t , and look at the image
of the curve by ft , then we see that E(x, y) happens if and only if ft ◦ γ [t + ·)
disconnects ft (x) from infinity strictly before ft (y). The Markovian condition
then says that this (conditioned) probability is exactly G(Zt). This implies in
particular that for small times t , G(Z0) = E(G(Zt )). If we Taylor-expand G(Zt)

at second order using (3.2) and take the expectation (note that E(N ) = 0 and
E(N 2) = 1), we see that

E(G(Zt )) ∼ G(Z0)+ 2(x + y)

xy(y − x)
G′(Z0)t + κt

2(y − x)2
G′′(Z0)+ o(t).

But this quantity is equal to G(Z0). This implies readily that

(y − x)−2
[
κ

2
G′′(Z0)+ 2

(
1

Z0
+ 1

Z0 − 1

)
G′′(Z0)

]
= 0.

Since this is true for all possible Z0, we see that G is a solution of the second
order equation

G′′(z)
G′(z)

= −4

κ

(
1

z
+ 1

z− 1

)
i.e. that for some constant c,

|G′(z)| = c(z|z− 1|)−4/κ . (3.3)

Let us now concentrate on the case where x < 0 < y. Here E(x, y) means
that the SLE started from the origin hits (−∞, x) before it does hit (y,∞). Of
course, this makes sense only if the curve γ hits the real axis again at positive
times. If this is the case, it is easy to see that P(x, y) goes to 0 when y → 0 (and
x is fixed), and to 1 when x → 0 (and y is fixed). Hence, G is a function defined
on [0, 1] satisfying (3.3) with the boundary values G(0) = 0 and G(1) = 1. This
means that for z ∈ [0, 1],

G(z) = c

∫ z

0

du

(u(1− u))4/κ

where c = ∫ 1
0 (u(1 − u))−4/κdu. This formula makes sense only if κ > 4

(otherwise the integrals diverge). This corresponds to the fact that an SLE with
parameter κ hits the real axis again only if κ > 4. Using the Markovian condition,
this turns out to be equivalent to the fact that γ is a simple curve only when κ ≤ 4.

We now turn our attention to the case where 0 < x < y. This time, the
event E(x, y) means that the curve γ does hit the interval (x, y) (this clearly is
interesting only when κ > 4 as otherwise this probability is 0). The variable z
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Fig. 13. The event E(x, y) when 0 < x < y (sketch)

is now in [1,∞). The boundary condition at z = 1 is again that G(1) = 1. We
therefore get that for z > 1,

G(z) = c

∫ ∞
z

du

(u(u− 1))4/κ

where c = ∫∞
1 (u(u− 1))−4/κdu. We see that we have this time a problem when

κ ≥ 8 because the integral diverges at infinity. This corresponds to the fact that
in this case, the curve is space-filling and hits almost the point x before y, so that
P(E(x, y)) is always 1. Otherwise, the previous formula for G holds.

It is easy to note that G(2) = 1/2 only when κ = 6. Indeed, if G(2) = 1, then
it means that ∫ 2

1

du

(u(u− 1))4/κ
=
∫ ∞

2

du

(u(u− 1))4/κ
.

A simple change of variables (write v = 1+ (u−1)−1) shows that the right-hand
side is equal to

∫ 2
1 (u(u − 1))−4/κu12/κ−2du. Hence, this identity holds if and

only if κ = 6.
On the other hand, we know a priori that for discrete percolation in the up-

per half-plane in the triangular lattice, the probability of an open crossing from
[0, 1] to [2,∞) is 1/2 (because the complement of this event is the existence of a
closed crossing from [1, 2] to (−∞, 0 which has the same probability by symme-
try). Hence, SLE6 is the unique possible scaling limit of critical percolation inter-
faces. The formula for G in this case is known as Cardy’s formula. Smirnov [36]
has in fact proved that on the triangular lattice the crossing probabilities indeed
converge to G in the scaling limit. This, together with the construction of the
measure ν in the previous section as outer boundaries of percolation clusters in
the scaling limit, suggest that there is a direct relation between SLE6 and the
measure ν (and this is indeed the case and it can be shown directly using SLE6’s
locality property and the ideas developed in [22]). Similarly, SLE8/3, which is
conjectured to be the scaling limit of self-avoiding walks (see [21] for a detailed
discussion) is also directly related to the measure ν. This is why SLE compu-
tations for κ = 8/3 and κ = 6 lead to information about the measure μ on
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self-avoiding loops (dimension and multifractal spectrum of harmonic measure
for these curves etc).

4. Conformal loop-ensembles

4.1. Definition

In the second section/lecture, we were interested in measures supported on the
set of (single) loops in the plane, motivated by the discrete measures on loops
introduced at the beginning. We have identified the unique possible scaling limit
of these measures, under the (sometimes proved) conformal invariance conjec-
ture. This measure corresponds in the physics literature to models with “zero
central charge” (this uses vocabulary from the closely related representation the-
ory). This means that the probabilistic objects that one considers “do not feel the
boundary” of the domain that they live in.

We now wish to understand the possible scaling limits of the probability mea-
sures on configurations for the O(N) models. In the present section, we shall
define a “conformal Markov property” that they should satisfy. Then, we will
identify and describe the probability measures that do possess this property. This
part is based on joint ongoing work with Scott Sheffield [35] (that uses ideas and
results from [39] on loop-soup clusters and [33] on the Gaussian Free Field).

Let us fix a simply connected domain D, say that D is equal to the unit disc
U. We say that a simple configuration of loops is a family � = (γj , j ∈ J ) of
self-avoiding loops in D such that J is at most countable, the loops are disjoint,
and no two loops are nested. In other words, each point z ∈ D is either
• Inside exactly one loop.
• On exactly one loop.
• Inside no loop.
The term “simple” refers to the fact that we require the loops to be non-nested
and disjoint.

Consider a simply connected subset D′ of D. For convenience, suppose that
∂D ∩ ∂D′ �= ∅. There are two types of loops in �. Those that stay in this
smaller domain D′ and those that do exit D′. We will call J̃ (D′) and I (D′) the
corresponding subsets of J . In other words:

J̃ (D′, �) = {j ∈ J : γj ⊂ D′}
I (D′, �) = {j ∈ J : γj �⊂ D′}

We also define D̃ = D̃(�,D,D′) the random domain that is obtained by remov-
ing from D′ all the interiors of the loops γj , j ∈ I (D′). In other words, for each
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Fig. 14. Sketch of a CLE

γj that does intersect ∂D′ (these are the loops filled in black in Figure 15), we re-
move all the interior of γj from D′. Hence, the boundary of D̃ consists of points
of ∂D and of points of the loops γj , j ∈ I (D′), but it contains no point that is
inside of a loop.

Note that D̃ is a (random) domain that can have several connected components
(for instance if a loop γj goes in and out of D′ several times) and that the loops
γj for j ∈ J̃ are in the domain D̃.

Suppose now that PU is the law of a random simple configuration of loops in
the unit disc. Assume that PU is invariant under any conformal transformation
from U onto itself. Then it is possible to define a law PD on simple configurations
of loops in a simply connected domain D �= C by taking the conformal image of
PU. More generally, for each open domain D in the complex plane, we define PD

by taking independent such configurations in each of the connected components
of D.

Definition. We say that � is a simple conformal loop-ensemble if it is a random
simple configurations of loops in U such that:
• Its law PU is invariant under any conformal map from U onto itself.
• For any D′ as above, the conditional law of (γj , j ∈ J̃ ) given (γj , j ∈ I (D′))
is P

D̃
.

It is easy to check that indeed, if the scaling limit of an O(N) model exists and
is conformally invariant, then the law of its outermost loops should satisfy this
property. In particular, if one considers the critical Ising model on the triangular
lattice, with 1/+ boundary conditions (i.e. all sites on ∂D are conditioned to have
spin 1/+), then in the scaling limit, the outermost loops surrounding clusters of
spin 2/− should be a CLE.
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Fig. 15. Sketch of the CLE and the domain D̃.

For the FK configurations, one would have to concentrate on the critical FK
measure with “free” boundary conditions, i.e. all edges touching the boundary
of the discrete approximation of D are declared to be closed. Then, assuming
conformal invariance, the scaling limit should satisfy a similar property, but this
time, the loops are allowed to touch each other (i.e. two loops can have “touching
points” even if they are not allowed to cross). We will here restrict ourselves to
the “simple” case.

4.2. First properties

Suppose that � is such a simple CLE. Suppose also that � is non-trivial i.e.
P(� �= ∅) > 0. For convenience, we are going to assume that each loop has zero
Lebesgue measure.

Then:
• Almost surely, � consists of an unbounded countable set of loops. This follows
from the fact that the cardinality of J and the cardinality of J̃ have the same law.
• For each fixed point z ∈ D, z is almost surely inside one loop of �. To see
this, let us define the event A that z is surrounded by a loop. First, since � is not
always empty, conformal invariance implies that one can find D′ with z ∈ D′,
such that with positive probability, there exists a loop surrounding z in I (D′).
Suppose now that this is not the case, then the conditional probability of A is still
p because one can start again in D̃. This yields that P(A) = 1.
• The previous statement implies that almost surely, the inside of the loops have
full Lebesgue measure, and that the Lebesgue measure of the set of points that
are outside of all loops is zero.
Loosely speaking, a CLE defines a fractal-type swiss cheese.
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We are now going to describe how to (try to) define another CLE out of two
independent CLEs. Suppose that �1 and �2 are two independent CLEs (that
do not necessarily have the same law). Then �1 ∪ �2 consists of a countable
family of loops (γ̃j , j ∈ J̃1 ∪ J̃2), but these loops are not disjoint: The loops of
�1 do intersect countably many loops of �2 and vice-versa. We then define the
connected components Cl, l ∈ L of the union of all these loops. Maybe there are
several disjoint such connected components. In this case, one defines their outer
boundaries lj , j ∈ L (i.e. lj is the outer boundary of Cl). This would be a set of
disjoint loops, but they might be nested. So we finally keep only the outermost
loops of this family in order to have a simple configuration of loops. It is then
not difficult to see that:

Lemma 4.1. If these outermost boundaries of unions of independent CLEs form
a simple configuration of loops, then it is itself a CLE.

This lemma shows that in some sense, the set of CLE laws is a semi-group.
Any two CLEs can be combined into a “sparser” CLE (with larger loops). This
raises for instance the questions of whether a given CLE can itself be viewed as
the “sum” of two independent CLEs with the same law. If so, then is any CLE
infinitely divisible (“can it be viewed as an infinite sum of infinitesimal CLEs?”)?

4.3. The loop-soup construction

If one starts to think about what such an infinitesimal CLE might be, it turns out
that it should be related to the infinite measure μ on self-avoiding loops that we
have discussed in an earlier lecture. This leads to the following construction:

Consider a positive constant c, and fix the domain D = U. Define a Poisson
point process of loops with intensity cμD (recall that μD is μ restricted to those
self-avoiding loops that stay in D). This is a random countable (and overlapping)
collection G of self-avoiding loops (gk, k ∈ K) in D. Its law is characterized by
the following two facts (if N(A) denotes the random number of loops of G that
belong to a collection A of loops):
• For any two disjoint (and measurable) families of loops A and B, N(A) and
N(B) are independent.
• For any (measurable) family of loops A, N(A) is a Poisson random variable
with mean cμD(A).
It is easy to see (using the additivity properties of Poisson random variables)
that Poisson point processes exist. Furthermore, if Gc and Gc′ are two such
independent Poisson point processes associated to the constants c and c′, then
Gc ∪ Gc′ is a Poisson point process associated to the constant c2 = c + c′.
In fact, one can construct on the same probability space realizations Gc of the
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Poisson point processes for each c > 0 in such a way that Gc has intensity cμD

and Gc1 ⊂ Gc2 for all c2 > c1.
One way to think of this is that it rains loops in D with intensity μD . Gc is

then the family of loops that did fall on D before time c. It is called the loop-soup
with intensity c in D. It is almost the same as the Brownian loop-soup constructed
in [26], except that here, it “rains” self-avoiding loops instead of Brownian loops.

When c is large, the set of points in D that is not surrounded by any of the
loops of Gc is almost surely empty: This follows rather easily from the scale-
invariance of the measure μ: Take a small δ > 0 and define Dδ = {z ∈ D :
d(z, ∂D) > δ}. For each n ≥ 1, cover Dδ by a family Dn of O(4n) discs of
radius δ2−n. For each such disc d , one can find at least n concentric disjoint
annuli of aspect ratio 2 in D \ d . Hence, for a positive constant a,

P(d is not surrounded by a loop in D) ≤ e−acn.

For large c, eac > 4. Then,

P(∃z ∈ Dδ : z is not surrounded by a loop in D)

≤ P(∃d ∈ Dn : d is not surrounded by a loop in D)

≤
∑
d∈Dn

P (d is not surrounded by a loop in D)

≤ O(4n)× e−acn.

But, if we take c large enough, this last quantity tends to zero as n→∞. Hence
(for large c) almost surely, all points in Dδ (and therefore also in D) are sur-
rounded by a loop in the loop-soup. If we now consider the connected com-
ponents of ∪kgk , this implies that for large c, there is just one such connected
component.

On the other hand, when c is very small, things are different:

Lemma 4.2. When c is small (but positive), then there almost surely exist a
countable family of clusters of loops.

In order to prove this, one can couple the loop-soup with the following well-
known fractal percolation model. (In fact, the proof is very close in spirit to that
of the corresponding one for multi-scale Poisson percolation in [28], Chapter 8.)

Consider the unit square [0, 1]2. For each n, we will divide it into 4n squares
of side-length 2−n. To each such square C, associate a Bernoulli random variable
X(C) equal to one with probability p. We assume that all X(C)’s are indepen-
dent. Then, define

M = [0, 1]2 \
⋃

C : X(C)=0

C.
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Fig. 16. The set M (sketch).

This is the fractal percolation model introduced by Mandelbrot in [27]. It is
very easy to see that the area of M is almost surely zero as soon as p > 0. Chayes,
Chayes and Durrett [7] have shown that this model exhibits a first-order phase
transition: There exists a pc, such that for all p ≥ pc, M connects two opposite
sides of the unit square with positive probability, whereas for all p < pc, the
set is a.s. disconnected (note that in fact, if p ≤ 1/4, then M is almost surely
empty – one can just compare the process with a subcritical branching process).
Note that at the critical probability, M still has non-trivial connected components.

Now, let us consider a loop-soup with intensity c in the unit square. This is
just the conformal image of the loop-soup in U. For each loop g, let d(g) denote
its diameter, and define n(g) in such a way that d(g) ∈ [2−n(g)−1, 2−n(g)). Note
that g can intersect at most 4 different dyadic squares with side-length 2−n. We
each dyadic square C of side-length 2−n, we now define

X̃(C) = 1− 1∃g : n(g)=n and C∩g �=∅.

The variables X̃(C) are of course not independent: When C and C′ are adja-
cent and have the same side-length 2−n, then it can happen X̃(C) = X̃(C′) = 0
because a loop g with n(g) = n intersects them both. But it is easy to see
that they are positively correlated. In particular, this implies that it is possi-
ble to couple the family (X̃(C)) with a family of independent Bernoulli ran-
dom variables X(C) such that for each C, X̃(C) ≥ X(C) almost surely, and
P(X̃(C) = 1) = P(X(C) = 1). Because of the scale-invariance of the Poisson
point process, we see that for some constant b,

P(X̃(C) = 1) ≥ exp(−bc)
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Fig. 17. A loop and its four corresponding squares (sketch)

for all C (the inequality is just due to the squares adjacent to the boundary of the
unit square that play aslightly different role).

Hence, we see that the loop-soup percolation process is dominated by a
Mandelbrot-percolation model (remove each square independently with proba-
bility 1− p = 1− exp(−bc)). In other words, if instead of removing the loops,
we remove the squares of the corresponding side-length that they intersect, we
wtill remove less squares than in the corresponding fractal percolation model.
When p ≥ pc, we know that the remaining domains contains paths and loops
with positive probability. Hence, so does the complement of the filled loops, as
soon as exp(−bc) ≥ pc (and this is certainly the case for very small c).

One can then upgrade this argument to conclude that this complement in fact
almost surely contains paths, and loops.

Note that this argument in fact shows that for any ε > 0, one can find c small
enough such that the probability that (if one considers the loop-soup of intensity
c in the unit square), there exists a separating path from the top to the bottom of
the square, that stays in the middle-strip [1/3, 2/3] × [0, 1] is greater than 1− ε.
This can then be used to prove that for small c, all clusters of loops are a.s. at
positive distance from each other and from the boundary.

If we now consider a domain D′ ⊂ D, and a loop-soup in D for such a small
c. The family of loop-soup cluster outer boundaries are denoted by � = (γj , j ∈
J ). Then, for each open subset D0 of D′, we see that conditionally on D0 ⊂ D′� ,
the law of the loops gk that stay in D0 is just that of a loop-soup in D0 (this is
because of the Poissonian nature of the loop-soup). Since this is true for all D0
and using the conformal invariance of the measure μD , one can deduce that in
fact, the family � is a CLE.
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Theorem 4.3. There exists c0 > 0 such that:
• For all c > c0, there exists just one loop-soup cluster.
• For each c ≤ c0, the joint law of the outer boundaries of loop-soup clusters
defines a CLE.

One just has to prove that at the critical value c0, one still has several loop-soup
clusters. This can be proved in an analogous way as the corresponding result for
Mandelbrot percolation in [28].

Note that if c1 and c2 are chosen in such a way that c1+c2 ≤ c0, then the CLE
defined for the loop-soup with intensity c1 + c2 can be defined starting from two
independent CLEs corresponding to loop-soups with intensity c1 and c2 just as
defined in Lemma 4.1. Hence, the conditions of this lemma are sometimes true...

This loop-soup construction shows that CLEs do exist. It is of course natural to
ask whether there exist other CLEs. Also, one might wish to study the geometry
of the loops in a CLE.

Note that the scaling limits of O(N) models are not simple families of loops
(one allows nested ones). However, if the scaling limit of the outermost loops in a
domain exist and are conformally invariant, and are therefore a CLE, then one can
construct the scaling limits of the inner ones by iteratively define “independent”
CLEs inside each of the outermost loops and so on. This defines a “nested CLE”.

4.4. The Gaussian free field

The following is a very heuristic description of the rich ongoing work by Oded
Schramm and Scott Sheffield, and by Scott Sheffield alone on the relation be-
tween SLE and the Gaussian free field. More details will be found in their up-
coming papers [33, 34].

4.4.1. Definition
Consider a simply connected domain D in the plane such that D �= C. The
Gaussian free field � in D (with Dirichlet boundary condition) is a Gaussian
process (i.e. a Gaussian vector in an infinite-dimensional space) that can be
viewed as a random generalized function h in D. It is not really a function
because h is not defined at points, but for each smooth compactly supported
function f in D, �(f ) is a centered Gaussian random variable, with covariance

E(�(f )2) =
∫
D×D

d2xd2yf (x)f (y)GD(x, y)

where GD(x, y) denotes the Green’s function in D. Since, GD(x, x) = ∞, one
can not make sense of �(δx) (which would then be h(x)). However, it is often
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useful to think of �(f ) as a generalized Gaussian function h with covariance
given by GD , so that

�(f ) =
∫
D

h(x)f (x)d2x.

The Gaussian Free field (GFF in short) inherits conformal invariance properties
from the conformal invariance of the Green’s function.

One equivalent way to define things is to consider the Hilbert space HD of
generalized functions in D with zero boundary conditions endowed with the
norm

(h, h)D =
∫
D

|∇h(x)|2d2x

(i.e. the completion of some space of smooth functions with respect to this norm).
Then, � is simply a Gaussian process in this space such that the covariance of
h ∈ HD is (h, h)D (see [32]). Then, clearly, the energy is conformally invariant
i.e. (h ◦�−1, h ◦�−1)�(D) = (h, h)D .

One important additional property of the GFF is its “Markovian property”.
A basic version of this property follows rather directly from the properties of
Gaussian processes (and the fact that in this Gaussian spaces setup, independence
and orthogonality are the same). Suppose for instance that γ denotes a smooth
deterministic loop (or a simple curve joining two boundary points) in D. Let D1
and D2 denote the two connected components of D \ γ . One can decompose the
space HD into three orthogonal subspaces of generalized functions:
• The spaces HD1 and HD2 of (generalized) functions in D1 and D2 with Dirich-
let boundary conditions on their boundaries.
• The space Hγ of (generalized) functions in D, that are harmonic in D1, in D2
and have Dirichlet boundary conditions on ∂D.
In other words, one decomposes h into its value on γ (extended in a harmonic
way on the complement of γ ) and then the two contributions in D1 and D2.
For a Gaussian free field, these three generalized distributions are therefore in-
dependent. Hence, if one conditions on the values hγ of h on (an infinitesimal
neighborhood of) γ , then the field in D1 and D2 are conditionally independent
and obtained by taking the sums of a GFF in D1 (resp. D2) with the harmonic
extension of hγ .

Hence, the GFF possesses both a conformal invariance property and a Markov-
ian type property. If one thinks of it in terms of a generalized surface, if one could
define some “geometric” curves/loops, like level lines, these would be candidates
for SLEs/CLEs.

4.4.2. “Cliffs” as level lines
Suppose that D = H. Then, consider the field F obtained by taking the sum
of a GFF in H with the deterministic harmonic function F0 on H that takes the
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boundary value λ on R+ and 0 on R− i.e. F0(z) = λ
π

arg(z). When η is a simple
curve from 0 to∞ in H, then we call H− and H+ the two connected components
of H \ η (in such a way that R+ ⊂ ∂H+). Then:

Theorem 4.4 ([33]). Almost surely, for one well-chosen value of λ, there exists
a unique simple curve η (which is a measurable function of F ) from the origin
to ∞ in H such that the respective conditional laws (given γ ) of F and F − λ

in the two connected components H− and H+ are that of independent Gaussian
free fields F− and F+ with Dirichlet boundary conditions. Furthermore, the law
of η is that of an SLE with parameter 4.

In other words, if one chooses the height-gap λ well, then one can follow a
“cliff” with height-gap λ from the origin to infinity. The proof of this result is
far from obvious. An important step is to make sense of the Markovian property
for “random curves that are defined by the field themselves” that Schramm and
Sheffield call local sets of the Gaussian free field (instead of deterministic curves
γ as in the last subsection).

It is however possible to make a little calculation that explains why SLE with
parameter κ = 4 shows up. Indeed, recall the SLE equation (3.1). If we for-
mally expand d(log ft (z)) taking into account the second order terms due to the
quadratic variation of a0, we get that

d(log ft (z)) = dft (z)

ft (z)
− κ

2f 2
t (z)

dt = da0(t)

ft (z)
+ 2− κ/2

f 2
t (z)

dt

so that log ft (z) is a martingale only when κ = 4. Such a property has to be
true along the cliff η because the expected height of z given η[0, t] would then
be proportional to arg(ft (z)).

This theorem shows that it is indeed possible to construct geometrically de-
fined curves in a GFF. In fact, it turns out that one can not only define such “flat
cliffs” but also cliffs with varying height (depending on the winding of the curve)
that we shall not describe here. Hence, a realization of the GFF contains (simul-
taneously) a huge quantity of such geometrically defined curves.

It is therefore natural to try to find CLEs in a GFF. This indeed turns out to
be possible. The simplest ones are the “loop versions” of the curves defined in
the last theorem. Intuitively, if one draws all the loops in a GFF corresponding to
cliffs between height 0 (on the outside of the loop) and ±λ (on the inside of the
loop), the Markovian property of the GFF should imply that the obtained family
of loops is a CLE.

In [35], we plan to write up the proof of the fact that the simple CLEs that
one can define in a GFF are the same (in law) as those defined via loop-soups in
the previous section. This will show that the critical value of c in Theorem 4.3
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as c0 = 1, and describe the outer boundaries of CLEs as SLE-type loops with
parameter κ = κ(c) ∈ (8/3, 4] where c = (κ − 8/3)(6− κ)/(2κ). Furthermore,
the CLEs defined in the previous section are the only simple CLEs, and therefore
the only possible conformally invariant scaling limits of the O(N) models.
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1. Preamble

In these Lecture Notes1, a comprehensive description of the universal fractal
geometry of conformally-invariant (CI) scaling curves or interfaces, in the plane
or half-plane, is given. They can be considered as complementary to those by
Wendelin Werner.2

The present approach focuses on deriving critical exponents associated with
interacting random paths, by exploiting an underlying quantum gravity (QG)
structure. The latter relates exponents in the plane to those on a random lattice,
i.e., in a fluctuating metric, using the so-called Knizhnik, Polyakov and Zamolod-
chikov (KPZ) map. This is accomplished within the framework of random matrix
theory and conformal field theory (CFT), with applications to well-recognized
geometrical critical models, like Brownian paths, self-avoiding walks, percola-
tion, and more generally, the O(N) or Q-state Potts models, and Schramm’s
Stochastic Löwner Evolution (SLEκ ).3

Two fundamental ingredients of the QG construction are: the relation of bulk
to Dirichlet boundary exponents, and additivity rules for QG boundary confor-
mal dimensions associated with mutual-avoidance between sets of random paths.
These relation and rules are established from the general structure of correlation
functions of arbitrary interacting random sets on a random lattice, as derived from
random matrix theory.

The additivity of boundary exponents in quantum gravity for mutually-avoiding
paths is in contradistinction to the usual additivity of exponents in the standard
complex plane C or half-plane H, where the latter additivity corresponds to the
statistical independence of random processes, hence to possibly overlapping ran-
dom paths. Therefore, with both additivities at hand, either in QG or in C (or H),
and the possibility of multiple, direct or inverse, KPZ-maps between the random
and the complex planes, any entangled structure made of interacting paths can be
resolved and its exponents calculated, as explained in these Notes.

1These Notes are based on my previous research survey article published in Ref. [1], augmented
by introductory sections, explanatory figures and some new material. Supplementary technical Ap-
pendices can be found in Ref. [1], or in the extended version of the present Lectures on the Cornell
University Library web site, arXiv.org.

2W. Werner, Some Recent Aspects of Random Conformally Invariant Systems [2]; see also [3].
3For an introduction, see the recent book by G. F. Lawler [4].
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From this, non-intersection exponents for random walks or Brownian paths,
self-avoiding walks (SAW’s), or arbitrary mixtures thereof are derived in partic-
ular.

Next, the multifractal function f (α, c) of the harmonic measure (i.e., electro-
static potential, or diffusion field) near any conformally invariant fractal bound-
ary or interface, is obtained as a function of the central charge c of the associated
CFT. It gives the Hausdorff dimension of the set of frontier points wα , where the
potential varies with distance r to the said point as rα . From an electrostatic point
of view, this is equivalent to saying that the frontier locally looks like a wedge of
opening angle 0 ≤ θ ≤ 2π , with a potential scaling like rπ/θ , whence α = π/θ .
Equivalently, the electrostatic charge contained in a ball of radius r centered at
wα , and the harmonic measure, i.e., the probability that an auxiliary Brownian
motion started at infinity, first hits the frontier in the same ball, both scale like rα .

In particular, we shall see that Brownian paths, SAW’s in the scaling limit, and
critical percolation clusters all have identical spectra corresponding to the same
central charge c = 0. This result therefore states that the frontiers of a Brownian
path or of the scaling limit of a critical percolation cluster are just identical with
the scaling limit of a self-avoiding walk (or loop).

Higher multifractal functions, like the double spectrum f2(α, α
′; c) of the

double-sided harmonic measure on both sides of an SLE, are similarly obtained.
As a corollary, the Hausdorff dimension DH of a non-simple scaling curve

or cluster hull, and the dimension DEP = supαf (α, c) of its simple frontier
or external perimeter, are shown to obey the (superuniversal) duality equation
(DH − 1)(DEP − 1) = 1

4 , valid for any value of the central charge c.
For the SLEκ process, this predicts the existence of a κ → κ ′ = 16/κ duality

which associates simple (κ ′ ≤ 4) SLE paths as external frontiers of non-simple
paths (κ > 4) paths. This duality is established via an algebraic symmetry of the
KPZ quantum gravity map. An extended dual KPZ relation is thus introduced
for the SLE, which commutes with the κ → κ ′ = 16/κ duality.

Quantum gravity allows one to “transmute” random paths one into another,
in particular Brownian paths into equivalent SLE paths. Combined with duality,
this allows one to calculate SLE exponents from simple QG fusion rules.

Besides the set of local singularity exponents α introduced above, the sta-
tistical description of the random geometry of a conformally invariant scaling
curve or interface requires the introduction of logarithmic spirals. These provide
geometrical configurations of a scaling curve about a generic point that are con-
formally invariant, and correspond to the asymptotic logarithmic winding of the
polar angle ϕ at distance r , ϕ = λ ln r, r → 0, of the wedge (of opening angle
θ = π/α) seen above.

In complex analysis and probability theory, this is best described by a new
multifractal spectrum, the mixed rotation harmonic spectrum f (α, λ; c), which
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gives the Hausdorff dimension of the set of points possessing both a local log-
arithmic winding rate λ and a local singularity exponent α with respect to the
harmonic measure.

The spectrum f (α, λ; c) of any conformally invariant scaling curve or inter-
face is thus obtained as a function of the central charge c labelling the associated
CFT, or, equivalently, of the parameter κ for the SLEκ process. Recently, these
results have been derived rigorously, including their various probabilistic senses,
from first principle calculations within the SLE framework, thus vindicating the
QG approach.

The Lecture Notes by Wendelin Werner in this volume [2] are based on the
rigorous construction of conformal ensembles of random curves using the SLE.
Bridging the gap between these physics and mathematics based approaches should
constitute an interesting project for future studies.

A first step is the reformulation of the probabilistic SLE formalism in terms of
standard conformal field theory.4 A second one would be a more direct relation
to standard models and methods of statistical mechanics in two dimensions like
the Coulomb gas and Bethe Ansatz ones.5 The natural emergence of quantum
gravity in the SLE framework should be the next issue.

Let us start with a brief history of conformal invariance in statistical physics
and probability theory.

2. Introduction

2.1. A brief conformal history

Brownian paths, critical phenomena, and quantum field theory
Brownian motion is the archetype of a random process, hence its great impor-
tance in physics and probability theory [8]. The Brownian path is also the arche-
type of a scale invariant set, and in two dimensions is a conformally-invariant
one, as shown by P. Lévy [9]. It is therefore perhaps the most natural random
fractal [10]. On the other hand, Brownian paths are intimately linked with quan-
tum field theory (QFT). Intersections of Brownian paths indeed provide the ran-
dom geometrical mechanism underlying QFT [11]. In a Feynman diagram, any
propagator line can be represented by a Brownian path, and the vertices are inter-
section points of the Brownian paths. This equivalence is widely used in polymer
theory [12,13] and in rigorous studies of second-order phase transitions and field
theories [14]. Families of universal critical exponents are in particular associated

4For an introduction, see M. Bauer and D. Bernard [5], and J. Cardy, SLE for Theoretical Physi-
cists, [6].

5See, e.g., W. Kager and B. Nienhuis [7].



108 B. Duplantier

with non-intersection probabilities of collections of random walks or Brownian
paths, and these play an important role both in probability theory and quantum
field theory [15–18].

A perhaps less known fact is the existence of highly non-trivial geometri-
cal, actually fractal (or multifractal), properties of Brownian paths or their sub-
sets [10]. These types of geometrical fractal properties generalize to all universal-
ity classes of, e.g., random walks (RW’s), loop-erased random walks (LERW’s),
self-avoiding walks (SAW’s) or polymers, Ising, percolation and Potts models,
O(N) models, which are related in an essential way to standard critical phenom-
ena and field theory. The random fractal geometry is particularly rich in two
dimensions.

Conformal invariance and Coulomb gas
In two dimensions (2D), the notion of conformal invariance [19–21], and the in-
troduction of the so-called “Coulomb gas techniques” and “Bethe Ansatz” have
brought a wealth of exact results in the Statistical Mechanics of critical mod-
els (see, e.g., Refs. [22] to [51]). Conformal field theory (CFT) has lent strong
support to the conjecture that statistical systems at their critical point, in their
scaling (continuum) limit, produce conformally-invariant (CI) fractal structures,
examples of which are the continuum scaling limits of RW’s, LERW’s, SAW’s,
critical Ising or Potts clusters. A prominent role was played by Cardy’s equa-
tion for the crossing probabilities in 2D percolation [43]. To understand confor-
mal invariance in a rigorous way presented a mathematical challenge (see, e.g.,
Refs. [52–54]). In the particular case of planar Brownian paths, Benoît Mandel-
brot [10] made the following famous conjecture in 1982: in two dimensions, the

Fig. 1. A planar Brownian path and its external frontier.
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external frontier of a planar Brownian path has a Hausdorff dimension

DBrown. fr. = 4

3
, (2.1)

identical to that found by B. Nienhuis for a planar self-avoiding walk [24]. This
identity has played an important role in probability theory and theoretical physics
in recent years, and will be a central theme in these Notes. We shall understand
this identity in the light of “quantum gravity”, to which we turn now.

SAW in plane - 1,000,000 steps

Fig. 2. A planar self-avoiding walk (Courtesy of T. Kennedy).

Quantum gravity and the KPZ relation
Another breakthrough, not widely noticed at the time, was the introduction of
“2D quantum gravity” (QG) in the statistical mechanics of 2D critical systems. V.
A. Kazakov gave the solution of the Ising model on a random planar lattice [55].
The astounding discovery by Knizhnik, Polyakov, and Zamolodchikov of the
“KPZ” map between critical exponents in the standard plane and in a random
2D metric [56] led to the relation of the exponents found in Ref. [55] to those
of Onsager (see also [57]). The first other explicit solutions and checks of KPZ
were obtained for SAW’s [58] and for the O(N) model [59–61].

Multifractality
The concepts of generalized dimensions and associated multifractal (MF) mea-
sures were developed in parallel two decades ago [62–65]. It was later realized
that multifractals and field theory have deep connections, since the algebras of
their respective correlation functions reveal striking similarities [66].
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A particular example is given by classical potential theory, i.e., that of the
electrostatic or diffusion field near critical fractal boundaries, or near diffusion
limited aggregates (DLA). The self-similarity of the fractal boundary is indeed
reflected in a multifractal behavior of the moments of the potential. In DLA, the
potential, also called harmonic measure, actually determines the growth process
[67–70]. For equilibrium statistical fractals, a first analytical example of multi-
fractality was studied in ref. [71], where the fractal boundary was chosen to be
a simple RW, or a SAW, both accessible to renormalization group methods near
four dimensions. In two dimensions, the existence of a multifractal spectrum for
the Brownian path frontier was established rigorously [72].

In 2D, in analogy to the simplicity of the classical method of conformal trans-
forms to solve electrostatics of Euclidean domains, a universal solution could be
expected for the distribution of potential near any CI fractal in the plane. It was
clear that these multifractal spectra should be linked with the conformal invari-
ance classification, but outside the realm of the usual rational exponents. That
presented a second challenge to the theory.

2.2. Conformal geometrical structures

Brownian intersection exponents
It was already envisioned in the mid-eighties that the critical properties of pla-
nar Brownian paths, whose conformal invariance was well-established [9], could
be the opening gate to rigorous studies of two-dimensional critical phenomena.6

The precise values of the family ζL governing the similar non-intersection prop-
erties of L Brownian paths were later conjectured from conformal invariance and
numerical studies in Ref. [73] (see also [74,75]). They correspond to a CFT with
central charge c = 0. Interestingly enough, however, their analytic derivation
resisted attempts by standard “Coulomb-gas” techniques.

Spanning trees and LERW
The related random process, the “loop-erased random walk”, introduced in Ref.
[76], in which the loops of a simple RW are erased sequentially, could also be
expected to be accessible to a rigorous approach. Indeed, it can be seen as the

6It is perhaps interesting to note that P.-G. de Gennes originally studied polymer theory with the
same hope of understanding from that perspective the broader class of critical phenomena. It turned
out to be historically the converse: the Wilson-Fisher renormalization group approach to spin models
with O(N) symmetry yielded in 1972 the polymer critical exponents as the special case of the N → 0
limit [12]. Michael Aizenman, in a seminar in the Probability Laboratory of the University of Paris
VI in 1984, insisted on the importance of the ζ2 exponent governing in two dimensions the non-
intersection probability up to time t , P2(t) ≈ t−ζ2 , of two Brownian paths, and promised a good
bottle of Bordeaux wine for its resolution. A Château Margaux 1982 was finally savored in company
of M. Aizenman, G. Lawler, O. Schramm, and W. Werner in 2001.
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backbone of a spanning tree, and the Coulomb gas predictions for the associated
exponents [77, 78] were obtained rigorously by determinantal or Pfaffian tech-
niques by R. Kenyon [79], in addition to the conformal invariance of crossing
probabilities [80]. They correspond to a CFT with central charge c = −2.

Conformal invariance and Brownian cascade relations
The other route was followed by W. Werner [81], joined later by G. F. Lawler,
who concentrated on Brownian path intersections, and on their general conformal
invariance properties. They derived in particular important “cascade relations”
between Brownian intersection exponents of packets of Brownian paths [82], but
still without a derivation of the conjectured values of the latter.

2.3. Quantum gravity

QG and Brownian paths, SAW’s and percolation
In the Brownian cascade structure of Lawler and Werner the author recognized
the emergence of an underlying quantum gravity structure. This led to an an-
alytical derivation of the (non-)intersection exponents for Brownian paths [83].
The same QG structure, properly understood, also gave access to exponents of
mixtures of RW’s and SAW’s, to the harmonic measure multifractal spectra of
the latter two [84], of a percolation cluster [85], and to the rederivation of path-
crossing exponents in percolation of Ref. [86]. Mandelbrot’s conjecture (2.1)
also follows from

DBrown. fr. = 2− 2ζ 3
2
= 4

3
. (2.2)

It was also observed there that the whole class of Brownian paths, self-avoiding
walks, and percolation clusters, possesses the same harmonic MF spectrum in
two dimensions, corresponding to a unique central charge c = 0. Higher MF
spectra were also calculated [87]. Related results were obtained in Refs. [88,89].

General CI curves and multifractality
The general solution for the potential distribution near any conformal fractal in
2D was finally obtained from the same quantum gravity structure [90]. The exact
multifractal spectra describing the singularities of the harmonic measure along
the fractal boundary depend only on the so-called central charge c, the parameter
which labels the universality class of the underlying CFT7.

7Another intriguing quantum gravity structure was found in the classical combinatorial problem
of meanders [91].
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Duality
A corollary is the existence of a subtle geometrical duality structure in bound-
aries of random paths or clusters [90]. For instance, in the Potts model, the
external perimeter (EP) of a Fortuin-Kasteleyn cluster, which bears the electro-
static charge and is a simple (i.e., double point free) curve, differs from the full
cluster’s hull, which bounces onto itself in the scaling limit. The EP’s Hausdorff
dimension DEP, and the hull’s Hausdorff dimension DH obey a duality relation:

(DEP − 1)(DH − 1) = 1

4
, (2.3)

where DEP ≤ DH. This generalizes the case of percolation hulls [92], elucidated
in Ref. [86], for which: DEP = 4/3,DH = 7/4. Notice that the symmetric
point of (2.3), DEP = DH = 3/2, gives the maximum dimension of a simple
conformally-invariant random curve in the plane.

2.4. Stochastic Löwner evolution

SLE and Brownian paths
In mathematics, O. Schramm, trying to reproduce by a continuum stochastic
process both the conformal invariance and Markov properties of the scaling limit
of loop-erased random walks, invented during the same period in 1999 the so-
called “Stochastic Löwner Evolution” (SLE) [93], a process parameterized by an
auxiliary one-dimensional Brownian motion of variance or “diffusion constant”
κ . It became quickly recognized as a breakthrough since it provided a powerful
analytical tool to describe conformally-invariant scaling curves for various values
of κ . The first identifications to standard critical models were proposed: LERW
for κ = 2, and hulls of critical percolation clusters for κ = 6 [93].

More generally, it was clear that the SLE described the continuum limit of
hulls of critical cluster or loop models, and that the κ parameter is actually in one-
to-one correspondence to the usual Coulomb gas coupling constant g, g = 4/κ .
The easiest way [94] was to identify the Gaussian formula for the windings about
the tip of the SLE given by Schramm in his original paper, with the similar one
found earlier by H. Saleur and the author from Coulomb gas techniques for the
windings in the O(N) model [34] (see, e.g., [95] and section 9.2 below).

Lawler, Schramm and Werner were then able to rigorously derive the Brown-
ian intersection exponents [96], as well as Mandelbrot’s conjecture [97] by re-
lating them to the properties of SLEκ=6. S. Smirnov was able to relate rig-
orously the continuum limit of site percolation on the triangular lattice to the
SLEκ=6 process [98], and derived Cardy’s equation [43] from it. Other well-
known percolation scaling behaviors follow from this [99, 100]. The scaling
limit of the LERW has also been rigorously shown to be the SLEκ=2 [101],
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as anticipated in Ref. [93], while that of SAW’s is expected to correspond to
κ = 8/3 [95, 102, 103].

Duality for SLEκ

The SLEκ trace essentially describes boundaries of conformally-invariant ran-
dom clusters. For κ ≤ 4, it is a simple path, while for κ > 4 it bounces onto
itself. One can establish a dictionary between the results obtained by quantum
gravity and Coulomb gas techniques for Potts and O(N) models [90], and those
concerning the SLE [95] (see below). The duality equation (2.3) then brings in a
κκ ′ = 16 duality property [90, 95, 104] between Hausdorff dimensions:

[DEP(κ)− 1] [DH(κ)− 1] = 1

4
, κ ≥ 4, (2.4)

where
DEP(κ) = DH(κ ′ = 16/κ), κ ′ ≤ 4

gives the dimension of the (simple) frontier of a non-simple SLEκ≥4 trace as the
Hausdorff dimension of the simple SLE16/κ trace. Actually, this extends to the
whole multifractal spectrum of the harmonic measure near the SLEκ , which is
identical to that of the SLE16/κ [90, 95]. From that result was originally stated
the duality prediction that the frontier of the non-simple SLEκ≥4 path is locally a
simple SLE16/κ path [90, 95, 104].

The SLE geometrical properties per se are an active subject of investiga-
tions [105]. The value of the Hausdorff dimension of the SLE trace, DH(κ) =
1 + κ/8, has been obtained rigorously by V. Beffara, first in the case of per-
colation (κ = 6) [106], and in general [107], in agreement with the value pre-
dicted by the Coulomb gas approach [24, 32, 90, 95]. The duality (2.4) predicts
DEP(κ) = 1 + (κ/8)ϑ(4 − κ) + (2/κ)ϑ(κ − 4) for the dimension of the SLE
frontier [90, 95].

The mixed multifractal spectrum describing the local rotations (windings) and
singularities of the harmonic measure near a fractal boundary, introduced some
time ago by Ilia Binder [108], has been obtained for SLE, by a combination of
Coulomb gas and quantum gravity methods [109].

2.5. Recent developments

At the same time, the relationship of SLEκ to standard conformal field theory
has been pointed out and developed, both in physics [110, 111] and mathematics
[112–114].

A two-parameter family of Stochastic Löwner Evolution processes, the so-
called SLE(κ, ρ) processes, introduced in Ref. [112], has been studied further
[115], in particular in relation to the duality property mentioned above [116]. It
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can be studied in the CFT framework [117, 118], and we shall briefly describe
it here from the QG point of view. Quite recently, SLE(κ, ρ) has also been de-
scribed in terms of randomly growing polygons [119].

A description of collections of SLE’s in terms of Dyson’s circular ensembles
has been proposed [120]. Multiple SLE’s are also studied in Refs. [121–123].

Percolation remains a favorite model: Watts’ crossing formula in percola-
tion [124] has been derived rigorously by J. Dubédat [125,126]; the construction
from SLE6 of the full scaling limit of cluster loops in percolation has been re-
cently achieved by F. Camia and C. Newman [127–129], V. Beffara has recently
discovered a simplification of parts of Smirnov’s original proof for the triangu-
lar lattice [130], while trying to generalize it to other lattices [131]. It is also
possible that the lines of zero vorticity in 2D turbulence are intimately related to
percolation cluster boundaries [132].

Another proof has been given of the convergence of the scaling limit of loop-
erased random walks to SLE(κ = 2) [133]. The model of the “harmonic ex-
plorer” has been shown to converge to SLE(κ = 4) [134]. S. Smirnov seems to
have been able very recently to prove that the critical Ising model corresponds to
SLE3, as expected8 [135].

Conformal loop ensembles have recently gained popularity. The “Brownian
loop soup” has been introduced [136, 137], such that SLE curves are recovered
as boundaries of clusters of such loops [138, 139].

Defining SLE or conformally invariant scaling curves on multiply-connected
planar domains is an active subject of research [140–143]. Correlation functions
of the stress-energy tensor, a main object in CFT, has been described in terms of
some probabilities for the SLE process [144].

The Airy distribution for the area of self-avoiding loops has been found in
theoretical physics by J. Cardy [145], (see also [146–148]), while the expected
area of the regions of a given winding number inside the Brownian loop has been
obtained recently by C. Garban and J. Trujillo Ferreras [149] (see also [150]).

The conformally invariant measure on self-avoiding loops has been constructed
recently [151], and is described in Werrner’s lectures.

Gaussian free fields and their level sets, which play a fundamental role in
the Solid-On-Solid representation of 2D statistical models, are currently investi-
gated in mathematics [152]. The interface of the discrete Gaussian free field has
been shown to converge to SLE4 [153]. When a relation between winding and
height is imposed, reminiscent of a similar one in Ref. [34], other values of κ are
reached [154].

The multifractal harmonic spectrum, originally derived in Ref. [90] by QG,
has been recovered by more standard CFT [155]. The rigorous mathematical so-

8Ilia Binder, private communication.
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lution to the mixed multifractal spectrum of SLE has been obtained very recently
in collaboration with Ilia Binder [156] (see also [157]).

On the side of quantum gravity and statistical mechanics, boundary correlators
in 2D QG, which were originally calculated via the Liouville field theory [158,
159], and are related to our quantum gravity approach, have been recovered from
discrete models on a random lattice [160, 161]. In mathematics, progress has
been made towards a continuum theory of random planar graphs [162], also in
presence of percolation [163, 164]. Recently, powerful combinatorial methods
have entered the same field [165–168]. However, the KPZ relation has as yet
eluded a rigorous approach. It would be worth studying further the relationship
between SLE and Liouville theories.

The Coulomb gas approach is still invaluable for discovering and analyzing
the proper statistical models relevant to a given critical phenomenon. An example
is that of the tricritical point of the O(N) model, recently elucidated by Guo,
Nienhuis and Blöte [169]. (See also [40, 170].)

Readers interested in general surveys of the SLE in relation to statistical me-
chanics are referred to Refs. [1, 5–7].

2.6. Synopsis

The aim of the present Notes is to give a comprehensive description of conformal-
ly-invariant fractal geometry, and of its underlying quantum gravity structure. In
particular, we show how the repeated use of KPZ maps between the critical expo-
nents in the complex plane C and those in quantum gravity allows the determina-
tion of a very large class of critical exponents arising in planar critical statistical
systems, including the multifractal ones, and their reduction to simple irreducible
elements. Within this unifying perspective, we cover many well-recognized geo-
metrical models, like RW’s or SAW’s and their intersection properties, Potts and
O(N) models, and the multifractal properties thereof.

We also adapt the quantum gravity formalism to the SLEκ process, revealing
there a hidden algebraic duality in the KPZ map itself, which in turn translates
into the geometrical κ → κ ′ = 16/κ duality between simple and non-simple
SLE traces. This KPZ algebraic duality also explains the duality which exists
within the class of Potts and O(N) models between hulls and external frontiers.

In section 3 we first establish the values of the intersection exponents of ran-
dom walks or Brownian paths from quantum gravity. In section 4 we then move
to the critical properties of arbitrary sets mixing simple random walks or Brown-
ian paths and self-avoiding walks, with arbitrary interactions thereof.

Section 5 deals with percolation. The QG method is illustrated in the case
of path crossing exponents and multifractal dimensions for percolation clusters.
This completes the description of the universality class of central charge c = 0.
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We address in section 6 the general solution for the multifractal potential dis-
tribution near any conformal fractal in 2D, which allows one to determine the
Hausdorff dimension of the frontier. The multifractal spectra depend only on the
central charge c, which labels the universality class of the underlying CFT.

Another feature is the consideration in section 7 of higher multifractality,
which occurs in a natural way in the joint distribution of potential on both sides
of a random CI scaling path (or more generally, in the distribution of potential
between the branches of a star made of an arbitrary number of CI paths). The
associated universal multifractal spectrum then depends on several variables.

Section 8 describes the more subtle mixed multifractal spectrum associated
with the local rotations and singularities along a conformally-invariant curve, as
seen by the harmonic measure [108, 109]. Here quantum gravity and Coulomb
gas techniques must be fused.

Section 9 focuses on the O(N) and Potts models, on the SLEκ , and on the cor-
respondence between them. This is exemplified for the geometric duality existing
between their cluster frontiers and hulls. The various Hausdorff dimensions of
O(N) lines, Potts cluster boundaries, and SLE’s traces are given.

Conformally invariant paths have quite different critical properties and obey
different quantum gravity rules, depending on whether they are simple paths or
not. The next sections are devoted to the elucidation of this difference, and its
treatment within a unified framework.

A fundamental algebraic duality which exists in the KPZ map is studied in
section 10, and applied to the construction rules for critical exponents associated
with non-simple paths versus simple ones. These duality rules are obtained from
considerations of quantum gravity.

We then construct an extended KPZ formalism for the SLEκ process, which
is valid for all values of the parameter κ . It corresponds to the usual KPZ for-
malism for κ ≤ 4 (simple paths), and to the algebraic dual one for κ > 4 (non-
simple paths). The composition rules for calculating critical exponents involving
multiple random paths in the SLE process are given, as well as short-distance
expansion results where quantum gravity emerges in the complex plane. The de-
scription of SLE(κ, ρ) in terms of quantum gravity is also given. The exponents
for multiple SLE’s, and the equivalent ones for O(N) and Potts models are listed.

Finally, the extended SLE quantum gravity formalism is applied to the cal-
culation of all harmonic measure exponents near multiple SLE traces, near a
boundary or in open space.

Supplementary material can be found in a companion article [1], or in the ex-
tended version of these Notes. An Appendix there details the calculation, in quan-
tum gravity, of non-intersection exponents for Brownian paths or self-avoiding
walks. Another Appendix establishes the general relation between boundary and
bulk exponents in quantum gravity, as well as the boundary additivity rules. They
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Fig. 3. Non-intersecting planar random walks crossing an annulus from r to R, or a half-annulus in
the half-plane H.

follow from a fairly universal structure of correlation functions in quantum grav-
ity. These QG relations are actually sufficient to determine all exponents without
further calculations. The example of the O(N) model exponents is described in
detail in Ref. [1] (Appendix B).

The quantum gravity techniques used here are perhaps not widely known in
the statistical mechanics community at-large, since they originally belonged to
string or random matrix theory. These techniques, moreover, are not yet within
the realm of rigorous mathematics. However, the correspondence extensively
used here, which exists between scaling laws in the plane and on a random Rie-
mann surface, appears to be fundamental and, in my opinion, illuminates many of
the geometrical properties of conformally-invariant random curves in the plane.

3. Intersections of random walks

3.1. Non-intersection probabilities

Planar case
Let us first define the so-called (non-)intersection exponents for random walks
or Brownian motions. While simpler than the multifractal exponents considered
above, in fact they generate the latter. Consider a number L of independent
random walks B(l), l = 1, · · · , L in Z2 (or Brownian paths in R2 = C), starting
at fixed neighboring points, and the probability

PL (t) = P
{
∪Ll, l′=1, l �=l′(B

(l)[0, t] ∩ B(l′)[0, t]) = ∅
}
, (3.1)
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that the intersection of their paths up to time t is empty [15, 18]. At large times
one expects this probability to decay as

PL (t) ≈ t−ζL, (3.2)

where ζL is a universal exponent depending only on L. Similarly, the probability
that the Brownian paths altogether traverse the annulus D (r, R) in C from the
inner boundary circle of radius r to the outer one at distance R (Fig. 3) scales as

PL (R) ≈ (r/R)2ζL , (3.3)

These exponents can be generalized to d dimensions. Above the upper critical
dimension d = 4, RW’s almost surely do not intersect and ζL (d ≥ 4) = 0. The
existence of exponents ζL in d = 2, 3 and their universality have been proven
[75], and they can be calculated near d = 4 by renormalization theory [18].

Boundary case
A generalization was introduced for L walks constrained to stay in the half-plane
H with Dirichlet boundary conditions on ∂H , and starting at neighboring points
near the boundary [73]. The non-intersection probability P̃L (t) of their paths is
governed by a boundary critical exponent ζ̃L such that

P̃L (t) ≈ t−ζ̃L . (3.4)

One can also consider the probability that the Brownian paths altogether traverse
the half-annulus D (r, R) in H, centered on the boundary line ∂H, from the inner
boundary circle of radius r to the outer one at distance R (Fig. 3). It scales as

P̃L (R) ≈ (r/R)2ζ̃L . (3.5)

“Watermelon” correlations
Another way to access these exponents consists in defining an infinite measure on
mutually-avoiding Brownian paths. For definiteness, let us first consider random
walks on a lattice, and “watermelon” configurations in which L walks B

(l)
ij , l =

1, . . . , L, all started at point i, are rejoined at the end at a point j , while staying
mutually-avoiding in between. Their correlation function is then defined as [73]

ZL =
∑
B(�)

ij

l=1,...,L

μRW
−|B| ∝ |i − j |−4ζL , (3.6)

where a critical fugacity μ−1
RW is associated with the total number |B| = ∣∣∪Ll=1B

(l)
∣∣

of steps of the walks. When μRW is equal to the lattice connectivity constant (e.g.,



Conformal random geometry 119

4 for the square lattice Z2), the corresponding term exactly counterbalances the
exponential growth of the number of configurations. The correlator then decays
with distance as a power law governed by the intersection exponent ζL.

In the continuum limit one has to let the paths start and end at distinct but
neighboring points (otherwise they would immediately re-intersect), and this cor-
relation function then defines an infinite measure on Brownian paths. (See the
Lecture Notes by W. Werner.)

An entirely similar boundary correlator Z̃L can be defined, where the L paths
are constrained to start and end near the Dirichlet boundary. It then decays as a

power law: Z̃L ∝ |i − j |−2ζ̃L , where now the boundary exponent ζ̃L appears.

Conformal invariance and weights
It was first conjectured from conformal invariance arguments and numerical sim-
ulations that in two dimensions [73]

ζL = h
(c=0)
0,L = 1

24

(
4L2 − 1

)
, (3.7)

and for the half-plane

2ζ̃L = h
(c=0)
1,2L+2 =

1

3
L (1+ 2L) , (3.8)

where h
(c)
p,q denotes the Kač conformal weight

h(c)
p,q =

[(m+ 1)p −mq]2 − 1

4m(m+ 1)
, (3.9)

of a minimal conformal field theory of central charge c = 1 − 6/[m(m+ 1)],
m ∈ N∗ [20]. For Brownian motions c = 0, and m = 2.

Disconnection exponent
A discussion of the intersection exponents of random walks a priori requires a
number L ≥ 2 of them. Nonetheless, for L = 1, the exponent has a meaning:
the non-trivial value ζ1 = 1/8 actually gives the disconnection exponent gov-
erning the probability that an arbitrary point near the origin of a single Brown-
ian path remains accessible from infinity without the path being crossed, hence
stays connected to infinity. On a Dirichlet boundary, ζ̃1 retains its standard value
ζ̃1 = 1, which can be derived directly, e.g., from the Green function formalism.
It corresponds to a path extremity located on the boundary, which always stays
accessible due to Dirichlet boundary conditions.
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Fig. 4. A random planar triangulated lattice. (Courtesy of Ivan Kostov.)

3.2. Quantum gravity

Preamble
To derive the intersection exponents above, the idea [83] is to map the original
random walk problem in the plane onto a random lattice with planar geometry, or,
in other words, in presence of two-dimensional quantum gravity [56]. The key
point is that the random walk intersection exponents on the random lattice are
related to those in the plane. Furthermore, the RW intersection problem can be
solved in quantum gravity. Thus, the exponents ζL (Eq. (3.7)) and ζ̃L (Eq. (3.8))
in the standard complex plane or half-plane are derived from this mapping to a
random lattice or Riemann surface with fluctuating metric.

Introduction
Random surfaces, in relation to string theory [171], have been the subject and
source of important developments in statistical mechanics in two dimensions. In
particular, the discretization of string models led to the consideration of abstract
random lattices G, the connectivity fluctuations of which represent those of the
metric, i.e., pure 2D quantum gravity [172]. An example is given in figure 4.

As is nowadays well-known, random (planar) graphs are in close relation to
random (large) matrix models. Statistical ensembles of random matrices of large
sizes have been introduced in 1951 by E. Wigner in order to analyze the statistics
of energy levels of heavy nuclei [173], leading to deep mathematical develop-
ments [174–177].

In 1974, G. ’t Hooft discovered the so-called 1/N expansion in QCD [178]
and its representation in terms of planar diagrams. This opened the way to solving
various combinatorial problems by using random matrix theory, the simplest of
which is the enumeration of planar graphs [179], although this had been done
earlier by W. T. Tutte by purely combinatorial methods [180]. Planarity then
corresponds to the large-N limit of a N ×N Hermitian matrix theory.
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Fig. 5. A set of random lines on the regular triangular lattice and its counterpart on the random
triangular lattice. (Courtesy of I. K.)

An further outstanding idea was to redefine statistical mechanics on random
planar lattices, instead of doing statistical mechanics on regular lattices [55]. One
can indeed put any 2D statistical model (e.g., Ising model [55], self-avoiding
walks [58], or O(N) loop model [59–61]) on a random planar graph G (fig-
ure 5). A new critical behavior will emerge, corresponding to the confluence
of the criticality of the infinite random surface G with the critical point of the
original model.

It is also natural to consider boundary effects by introducing random graphs
with the disk topology, which may bear a statistical model (e.g., a set of random
loops as despicted in Figure 6). An interesting boundary (doubly) critical behav-
ior of the statistical model in presence of critical fluctuations of the metric can
then be expected.

Another outstanding route was also to use ’t Hooft’s 1/N expansion of random
matrices to generate the topological expansion over random Riemann surfaces in
terms of their genus [181].

All these developments led to a vast scientific literature, which of course can
not be quoted here in its entirety! For a detailed introduction, the reader is re-
ferred to the 1993 Les Houches or Altenberg lectures by F. David [182, 183], to
the 2001 Saclay lectures by B. Eynard [184], and to the monograph by J. Amb-
jorn et al. [185]. Among more specialized reviews, one can cite those by G. ’t
Hooft [186], by Di Francesco et al. [187] and by I. Kostov [188].

The subject of random matrices is also widely studied in mathematics. In
relation to the particular statistical mechanics purpose of describing (infinite)
critical random planar surfaces, let us simply mention here the rigorous existence
of a measure on random planar graphs in the thermodynamical limit [162].

Let us finally mention that powerful combinatorial methods have been devel-
opped recently, where planar graph ensembles have been shown to be in bijection
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Fig. 6. A set of random loops near the bounday of a randomly triangulated disk. (Courtesy of I. K.)

with random trees with various adornments [165], leading to an approach alter-
native to that by random matrices [166–168].

A brief tutorial on the statistical mechanics of random planar lattices and their
relation to random matrix theory, which contains the essentials required for un-
derstanding the statistical mechanics arguments presented here, can be found in
Refs. [182, 183].

KPZ relation
The critical system “dressed by gravity” has a larger symmetry under diffeomor-
phisms. This allowed Knizhnik, Polyakov, and Zamolodchikov (KPZ) [56] (see
also [57]) to establish the existence of a fundamental relation between the con-
formal dimensions �(0) of scaling operators in the plane and those in presence
of gravity, �:

�(0) = Uγ (�) = �
�− γ

1− γ
, (3.10)

where γ , the string susceptibility exponent, is related to the central charge of the
statistical model in the plane:

c = 1− 6γ 2/ (1− γ ) , γ ≤ 0. (3.11)

The same relation applies between conformal weights �̃(0) in the half-plane H

and �̃ near the boundary of a disk with fluctuating metric:

�̃(0) = Uγ

(
�̃
) = �̃

�̃− γ

1− γ
. (3.12)

For a minimal model of the series (3.9), γ = −1/m, and the conformal
weights in the plane C or half-plane H are �

(0)
p,q := h

(c)
p,q .
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Fig. 7. A randomly triangulated surface and its natural dual graph made of of “ϕ3” trivalent vertices.
The set of random loops illustrates the possiblity to define an arbitrary statistical model on the trivalent
graph. (Courtesy of I. K.)

Random walks in quantum gravity
Let us now consider as a statistical model random walks on a random graph. We
know [73] that the central charge c = 0, whence m = 2, γ = −1/2. Thus the
KPZ relation becomes

�(0) = Uγ=−1/2 (�) = 1

3
�(1+ 2�) := U(�), (3.13)

which has exactly the same analytical form as equation (3.8)! Thus, from this
KPZ equation one infers that the conjectured planar Brownian intersection ex-
ponents in the complex plane C (3.7) and in H (3.8) must be equivalent to the
following Brownian intersection exponents in quantum gravity:

�L = 1

2

(
L− 1

2

)
, (3.14)

�̃L = L. (3.15)

Let us now sketch the derivation of these quantum gravity exponents [83]. A
more detailed argument can be found in Ref. [1].

3.3. Random walks on a random lattice

Random graph partition function
For definiteness, consider the set of planar random graphs G, built up with, e.g.,
“ϕ3”-like trivalent vertices tied together in a random way (Fig. 7). By duality,
they form the set of dual graphs of the randomly triangulated planar lattices con-
sidered before.

The topology is fixed here to be that of a sphere (S) or a disk (D). The
partition function of planar graphs is defined as

Z(β, χ) =
∑
G(χ)

1

S(G)
e−β|G|, (3.16)
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where χ denotes the fixed Euler characteristic of graph G; χ = 2 (S) , 1 (D);
|G| is the number of vertices of G, S (G) its symmetry factor (as an unlabelled
graph).

The partition function of trivalent random planar graphs is generated in a Her-
mitian M-matrix theory with a cubic interaction term e−βTrM3. In particular,
the combinatorial weights and symmetry factors involved in the definition of par-
tition function (3.16) can be properly understood from that matrix representation
(see, e.g., [182, 183]).

The partition sum converges for all values of the parameter β larger than some
critical βc. At β → β+c , a singularity appears due to the presence of infinite
graphs in (3.16)

Z (β, χ) � reg. part+ (β − βc)
2−γstr(χ) , (3.17)

where γstr(χ) is the string susceptibility exponent, which depends on the topol-
ogy of G through the Euler characteristic. For pure gravity as described in
(3.16), the embedding dimension d = 0 coincides with the central charge c = 0,
and [189]

γstr(χ) = 2− 5

4
χ, (c = 0). (3.18)

In particular γstr(2) = − 1
2 for the spherical topology, and γstr(1) = 3

4 . The string
susceptibility exponent appearing in KPZ formula (3.10) is the planar one

γ = γstr(χ = 2).

A particular partition function will play an important role later, that of the
doubly punctured sphere. It is defined as

Z[ ] := ∂2

∂β2
Z(β, χ = 2) =

∑
G(χ=2)

1

S(G)
|G|2 e−β|G|. (3.19)

Owing to (3.17) it scales as

Z[ ] ∼ (β − βc)
−γstr(χ=2) . (3.20)

The restricted partition function of a planar random graph with the topology of a
disk and a fixed number n of external vertices (Fig. 8),

Gn(β) =
∑

n−leg planar G

e−β|G|, (3.21)
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Fig. 8. A planar random disk with n external legs.

can be calculated through the large−N limit in the random N ×N matrix theory
[179]. It has the integral representation

Gn (β) =
∫ b

a

dλ ρ (λ, β) λn, (3.22)

where ρ (λ, β) is the spectral eigenvalue density of the random matrix, for which
the explicit expression is known as a function of λ, β [179]. The support [a, b] of
the spectral density depends on β. For the cubic potential e−βTrM3 the explicit
solution is of the form (see, e.g., [183])

ρ(λ, β) = √[λ− a(β)][b(β)− λ] (c(β)− λ) : a(β) < b(β) ≤ c(β),

(3.23)
and is analytic in β as long as β is larger than the critical value βc. At this critical
point b(βc) = c(βc). As long as β > βc, the density vanishes like a square root
at endpoint b: ρ(λ, β) ∝ [b(β) − λ]1/2. At βc, the density has the universal
critical behavior:

ρ(λ, βc) ∝ [b(βc)− λ]3/2. (3.24)

Random walk partition functions
Let us now consider a set of L random walks B = {B(l)

ij , l = 1, . . . , L} on the
random graph G with the special constraint that they start at the same vertex
i ∈ G, end at the same vertex j ∈ G, and have no intersections in between. We
introduce the L-walk partition function on the random lattice [83]:

ZL(β, z) =
∑

planar G

1

S(G)
e−β|G|

∑
i,j∈G

∑
B

(l)
ij

l=1,...,L

z|B|, (3.25)

where a fugacity z is associated with the total number |B| = ∣∣∪Ll=1B
(l)
∣∣ of ver-

tices visited by the walks (Fig. 9). This partition function is the quantum grav-
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Fig. 9. L = 3 mutually-avoiding random walks on a random sphere or traversing a random disk.

ity analogue of the correlator, or infinite measure (3.6), defined in the standard
plane.

RW boundary partition functions
We generalize this to the boundary case where G now has the topology of a disk
and where the random walks connect two sites i and j on the boundary ∂G:

Z̃L(β, β̃, z) =
∑

disk G

e−β|G|e−β̃|∂G|
∑

i,j∈∂G

∑
B

(l)
ij

l=1,...,L

z|B|, (3.26)

where e−β̃ is the fugacity associated with the boundary’s length (Fig. 9).
The double grand canonical partition functions (3.25) and (3.26) associated

with non-intersecting RW’s on a random lattice can be calculated exactly [83].
One in particular uses an equivalent representation of the random walks by their
forward (or backward) trees, which are trees uniformly spanning the sets of vis-
ited sites. This turns the RW’s problem into the solvable one of random trees on
random graphs (see, e.g., [58]).

Random walks and representation by trees
Consider the set B(l) [i, j ] of the points visited on the random graph by a given
walk B(l) between i and j , and for each site k ∈ B(l) [i, j ] the first entry, i.e.,
the edge of G along which the walk (l) reached k for the first time. The union
of these edges form a tree T

(l)
i,j spanning all the sites of B(l) [i, j ], called the for-

ward tree. An important property is that the measure on all the trees spanning
a given set of points visited by a RW is uniform [190]. This means that we can
also represent the path of a RW by its spanning tree taken with uniform prob-
ability. Furthermore, the non-intersection property of the walks is by definition
equivalent to that of their spanning trees.
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Fig. 10. L = 3 mutually-avoiding random trees on a random sphere or traversing a random disk.

Bulk tree partition function
One introduces the L-tree partition function on the random lattice (Fig. 10)

ZL(β, z) =
∑

planar G

1

S(G)
e−β|G|

∑
i,j∈G

∑
T

(l)
ij

l=1,...,L

z|T |, (3.27)

where {T (l)
ij , l = 1, · · · , L} is a set of L trees, all constrained to have sites i

and j as end-points, and without mutual intersections; a fugacity z is in addition
associated with the total number |T | = ∣∣∪Ll=1T

(l)
∣∣ of vertices of the trees. In

principle, the trees spanning the RW paths can have divalent or trivalent vertices
on G, but this is immaterial to the critical behavior, as is the choice of purely
trivalent graphs G, so we restrict ourselves here to trivalent trees.

Boundary partition functions
We generalize this to the boundary case where G now has the topology of a disk
and where the trees connect two sites i and j on the boundary ∂G (Fig. 10)

Z̃L(β, z, z̃) =
∑

disk G

e−β|G|z̃|∂G|
∑

i,j∈∂G

∑
T

(l)
ij

l=1,...,L

z|T |, (3.28)

where z̃ ≡ e−β̃ is the fugacity associated with the boundary’s length.
The partition function of the disk with two boundary punctures will play an

important role. It is defined as

Z( ) =
∑

disk G

e−β|G|z̃|∂G| |∂G|2 (3.29)

= Z̃L=0(β, z̃),

and formally corresponds to the L = 0 case of the L-tree boundary partition
functions (3.28).
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Fig. 11. Random trees on a random surface. The shaded areas represent portions of random lattices
G with a disk topology (generating function (3.21,3.22)); L = 2 trees connect the end-points, each
branch giving a generating function T (3.30). Two possible topologies are represented: for the disk,
the dashed lines represent the boundary, whereas for the sphere the top and bottom dashed lines
should be identified with one another, as should the upper and lower grey patches.

Integral representation
The partition function (3.27) has been calculated exactly [58], while (3.28) was
first considered in Ref. [83]. The twofold grand canonical partition function is
calculated first by summing over the abstract tree configurations, and then gluing
patches of random lattices in between these trees. The rooted-tree generating
function is defined as T (x) = ∑

n≥1 xnTn, where T1 ≡ 1 and Tn is the number
of rooted planar trees with n external vertices (excluding the root). It reads [58]

T (x) = 1

2
(1−√1− 4x). (3.30)

The result for (3.27) is then given by a multiple integral:

ZL(β, z) =
∫ b

a

L∏
l=1

dλl ρ(λl, β)

L∏
l=1

T (zλl, zλl+1), (3.31)

with the cyclic condition λL+1 ≡ λ1. The geometrical interpretation is quite clear
(Fig. 11). Each patch l = 1, · · · , L of random surface between trees T (l−1),
T (l) contributes as a factor a spectral density ρ (λl) as in Eq. (3.22), while the
backbone of each tree T (l) contributes an inverse “propagator” T (zλl, zλl+1),
which couples the eigenvalues λl, λl+1 associated with the two patches adjacent
to T (l):

T (x, y) := [1− T (x)− T (y)]−1. (3.32)
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The integral representation of the boundary partition function (3.28) is

Z̃L(β, z, z̃) =
∫ b

a

L+1∏
l=1

dλl ρ(λl, β)

L∏
l=1

T (zλl, zλl+1)

× (1− z̃λ1)
−1(1− z̃λL+1)

−1, (3.33)

with two extra propagators L describing the two boundary segments:

L(z̃λ) := (1− z̃λ)−1. (3.34)

This gives for the two-puncture disk partition function (3.29)

Z( ) =
∫ b

a

dλ ρ(λ, β) (1− z̃λ)−2. (3.35)

Symbolic representation
The structure of ZL (3.31) and Z̃L (3.33) can be represented by using the sug-
gestive symbolic notation

ZL ∼
(∫

dλ ρ

)L

" T L, Z̃L ∼
(∫

dλ ρ

)L+1

" T L " L2, (3.36)

where the " symbol represents both the factorized structure of the integrands
and the convolution structure of the integrals. The formal powers also represent
repeated " operations. This symbolic notation is useful for the scaling analysis
of the partition functions. Indeed the structure of the integrals reveals that each
factorized component brings in its own contribution to the global scaling behavior
[1]. Hence the symbolic star notation directly translates into power counting,
in a way which is reminiscent of standard power counting for usual Feynman
diagrams.

One can thus write the formal power behavior

ZL ∼
(∫

dλ ρ " T
)L

, Z̃L ∼
(∫

dλ ρ " T
)L

"

∫
dλ ρ " L2. (3.37)

This can be simply recast as

Z̃L ∼ ZL "

∫
dλ ρ " L2. (3.38)

Notice that the last two factors precisely correspond to the scaling of the two-
puncture boundary partition function (3.35)

Z( ) = Z̃0 ∼
∫

dλ ρ " L2. (3.39)
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Scaling laws for partition functions
The critical behavior of partition functions ZL and Z̃L is characterized by the
existence of critical values of the parameters, βc where the random lattice size
diverges, zc where the number of sites visited by the random walks also diverges,
and z̃c where the boundary length diverges.

The analysis of singularities in the explicit expressions (3.31) and (3.33) can
be performed by using the explicit propagators T (3.32) & (3.30), L (3.34),
and the critical behavior (3.24) of the eigenvalue density ρ(λ, βc) of the ran-
dom matrix theory representing the random lattice. One sees in particular that
zc = 1/2b(βc) and z̃c = 1/b(βc).

The critical behavior of the bulk partition function ZL (β, z) is then obtained
by taking the double scaling limit β → β+c (infinite random surface) and z→ z−c
(infinite RW’s or trees), such that the average lattice and RW’s sizes respectively
scale as 9

|G| ∼ (β − βc)
−1, |B| ∼ |T | ∼ (zc − z)−1. (3.40)

We refer the reader to Appendix A in Ref. [1] for a detailed analysis of the sin-
gularities of multiple integrals (3.31) and (3.33). One observes in particular that
the factorized structure (3.37) corresponds precisely to the factorization of the
various scaling components.

The analysis of the singular behavior is performed by using finite-size scaling
(FSS) [58], where one must have

|B| ∼ |T | ∼ |G| 12 ⇐⇒ zc − z ∼ (β − βc)
1/2.

One obtains in this regime the global scaling of the full partition function [1,83]:

ZL (β, z) ∼ (β − βc)
L ∼ |G|−L. (3.41)

Notice that the presence of a global power L was expected from the factorized
structure (3.37).

The interpretation of partition function ZL in terms of conformal weights is
the following: It represents a random surface with two punctures where two con-
formal operators, of conformal weights �L, are located (here two vertices of L

non-intersecting RW’s or trees). Using a graphical notation, it scales as

ZL ∼ Z[ ] × |G|−2�L , (3.42)

where the partition function of the doubly punctured surface is the second deriv-
ative of Z(β, χ = 2) (3.19):

Z[ ] = ∂2

∂β2
Z(β, χ = 2). (3.43)

9Hereafter averages or expectation values like 〈|G|〉 are simply denoted by |G|.
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From (3.20) we find
ZL ∼ |G|γstr(χ=2)−2�L . (3.44)

Comparing the latter to (3.41) yields

2�L − γstr(χ = 2) = L, (3.45)

where we recall that γstr(χ = 2) = −1/2. We thus get the first announced result

�L = 1

2

(
L− 1

2

)
. (3.46)

Boundary scaling & boundary conformal weights
For the boundary partition function Z̃L (3.33) a similar analysis can be performed
near the triple critical point (βc, z̃c = 1/b(βc), zc), where the boundary length
also diverges. One finds that the average boundary length |∂G| must scale with
the area |G| in a natural way (see Appendix A in Ref. [1])

|∂G| ∼ |G|1/2. (3.47)

The boundary partition function Z̃L corresponds to two boundary operators of
conformal weights �̃L, integrated over the boundary ∂G, on a random surface
with the topology of a disk. In terms of scaling behavior we write:

Z̃L ∼ Z( )× |∂G|−2�̃L , (3.48)

using the graphical representation of the two-puncture partition function (3.29).

Bulk-boundary relation
The star representation in Eqs. (3.38) and (3.39) is strongly suggestive of a scal-
ing relation between bulk and boundary partition functions. From the exact ex-
pressions (3.31), (3.33) and (3.35) of the various partition functions, and the pre-
cise analysis of their singularities (see Appendix A in Ref. [1]), one indeed gets
the further scaling equivalence:

ZL ∼ Z̃L

Z( )
, (3.49)

where the equivalence holds true in terms of scaling behavior. It intuitively means
that carving away from the L-walk boundary partition function the contribution
of one connected domain with two boundary punctures brings one back to the
L-walk bulk partition function.
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Comparing Eqs. (3.48), (3.49), and (3.44), and using the FSS (3.47) gives

�̃L = 2�L − γstr(χ = 2). (3.50)

This relation between bulk and Dirichlet boundary behaviors in quantum gravity
is quite general [1] and will also play a fundamental role in the study of other crit-
ical systems in two dimensions. A general derivation can be found in Appendix
C of Ref. [1].

>From (3.46) we finally find the second announced result:

�̃L = L. (3.51)

Applying the quadratic KPZ relation (3.13) to �L (3.46) and �̃L (3.51) above
finally yields the values in the plane C or half-plane H

ζL = Uγ=−1/2 (�L) = 1

24

(
4L2 − 1

)
2ζ̃L = Uγ=−1/2

(
�̃L

) = 1

3
L (1+ 2L) ,

as announced.

3.4. Non-intersections of packets of walks

Definition

r

R

Fig. 12. Packets of n1 = 3, n2 = 3, and n3 = 2 independent planar random walks, in a mutually-
avoiding star configuration, and crossing an annulus from r to R.

Consider configurations made of L mutually-avoiding bunches l = 1, · · · , L,
each of them made of nl walks transparent to each other, i.e., nl independent
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RW’s [81]. All of them start at neighboring points (Fig. 12). The probability of
non-intersection of the L packets up to time t scales as

Pn1,··· ,nL
(t) ≈ t−ζ(n1,··· ,nL), (3.52)

and near a Dirichlet boundary (Fig. 13)

P̃n1,··· ,nL
(t) ≈ t−ζ̃ (n1,··· ,nL). (3.53)

The original case of L mutually-avoiding RW’s corresponds to n1 = · · · = nL =
1. Accordingly, the probability for the same L Brownian path packets to cross
the annulus D(r, R) in C (Fig. 12) scales as

Pn1,··· ,nL
(r) ≈ (r/R)2ζ(n1,··· ,nL) , (3.54)

and, near a Dirichlet boundary in H (Fig. 13), as

P̃n1,··· ,nL
(r) ≈ (r/R)2ζ̃ (n1,··· ,nL) . (3.55)

The generalizations of former exponents ζL, as well as ζ̃L, describing these L

packets can be written as conformal weights

ζ(n1, · · · , nL) = �(0) {nl}
in the plane C, and

2ζ̃ (n1, · · · , nL) = �̃(0) {nl}
in the half-plane H. They can be calculated from quantum gravity, via their
counterparts � {nl} and �̃ {nl}. The details are given in [1] (Appendix A). We
sketch here the main steps.

Boundary case
One introduces the analogue Z̃ {n1, · · · , nL} of partition function (3.26) for the
L packets of walks. In presence of gravity each bunch contributes its own nor-
malized boundary partition function as a factor, and this yields a natural general-
ization of the scaling equation (3.49) (see Appendix A in Ref. [1])

Z̃ {n1, · · · , nL}
Z( )

∼
L∏

l=1

"

{
Z̃ (nl)

Z( )

}
, (3.56)

where the star product is to be understood as a scaling equivalence. Given the
definition of boundary conformal weights (see (3.48)), the normalized left-hand

fraction is to be identified with |∂G|−2�̃{n1,··· ,nL}, while each normalized factor
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r

R

Fig. 13. Packets of n1 = 3, and n2 = 2 independent random walks, in a mutually-avoiding star
configuration, and crossing the half-annulus from r to R in the half-plane H.

Z̃ (nl) /Z( ) is to be identified with |∂G|−2�̃(nl). Here �̃(n) is the
boundary dimension of a single packet of n mutually transparent walks on the
random surface. The factorization property (3.56) therefore immediately implies
the additivity of boundary conformal dimensions in presence of gravity

�̃ {n1, · · · , nL} =
L∑

l=1

�̃(nl). (3.57)

In the standard plane C, a packet of n independent random walks has a trivial

Fig. 14. A packet of n independent random walks and its boundary conformal dimensions in the
half-plane, ζ̃ (n) ≡ �̃(0)(n) = n, and in quantum gravity, �̃(n) = U−1

γ=−1/2(n).

boundary conformal dimension �̃(0)(n) = n�̃(0)(1) = n, since for a single walk
�̃(0)(1) = 1, as can be seen using the Green function formalism. We therefore
know �̃(n) exactly, since it suffices to take the positive inverse of the KPZ map
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(3.13) to get (figure 14)

�̃(n) = U−1
γ=−1/2(n) =

1

4
(
√

24n+ 1− 1). (3.58)

One therefore finds:

�̃ {n1, · · · , nL} =
L∑

l=1

U−1
γ=−1/2(nl) =

L∑
l=1

1

4
(
√

24nl + 1− 1). (3.59)

Relation to the bulk

Fig. 15. In quantum gravity, conformal weights � {n1, · · · , nL} for non-intersecting packets in the
bulk (left) and �̃ {n1, · · · , nL} near a boundary (right) are related by equation (3.61).

One similarly defines for L mutually-avoiding packets of n1, · · · , nL inde-
pendent walks the generalization Z {n1, · · · , nL} of the bulk partition function
(3.25) for L walks on a random sphere. One then establishes on a random sur-
face the identification, similar to (3.49), of this bulk partition function with the
normalized boundary one (see Ref. [1], Appendix A):

Z {n1, · · · , nL} ∼ Z̃ {n1, · · · , nL}
Z( )

. (3.60)

By definition of quantum conformal weights, the left-hand term of (3.60) scales
as |G|−2�{n1,··· ,nL}+γstr(χ=2), while the right-hand term scales, as written above,

as |∂G|−2�̃{n1,··· ,nL}. Using the area to perimeter scaling relation (3.47), we thus
get the identity existing in quantum gravity between bulk and boundary confor-
mal weights, similar to (3.45):

2� {n1, · · · , nL} − γstr(χ = 2) = �̃ {n1, · · · , nL} , (3.61)

with γstr(χ = 2) = − 1
2 for pure gravity.
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Back to the complex plane
In the plane, using once again the KPZ relation (3.13) for �̃ {nl} and � {nl}, we
obtain the general results [83]

2ζ̃ (n1, · · · , nL) = �̃(0){n1, · · · , nL} = U
(
�̃ {n1, · · · , nL}

)
ζ(n1, · · · , nL) = �(0){n1, · · · , nL} = U (� {n1, · · · , nL}) ,

where we set U := Uγ=−1/2. One can finally write, using (3.58) and (3.59)

2ζ̃ (n1, · · · , nL) = U(x) = 1

3
x(1+ 2x) (3.62)

ζ(n1, · · · , nL) = V (x) := U

[
1

2

(
x − 1

2

)]
= 1

24
(4x2 − 1), (3.63)

x =
L∑

l=1

U−1(nl) =
L∑

l=1

1

4
(
√

24nl + 1− 1). (3.64)

Lawler and Werner first established the existence of two functions U and V sat-
isfying the “cascade relations” (3.62–3.64) by purely probabilistic means, using
the geometrical conformal invariance of Brownian motion [82]. The quantum
gravity approach explained this structure by the linearity of boundary quantum
gravity (3.57, 3.59), and yielded the explicit functions U and V as KPZ maps
(3.62–3.63) [83]. The same expressions for these functions have later been de-
rived rigorously in probability theory from the equivalence to SLE6 [96].

Particular values and Mandelbrot’s conjecture

Let us introduce the notation 1(L) =
L︷ ︸︸ ︷

1, 1, · · · , 1 for L mutually-avoiding walks
in a star configuration. Then the exponent ζ(2, 1(L)) describing a two-sided walk
and L one-sided walks, all mutually-avoiding, has the value

ζ(2, 1(L)) = V
[
LU−1(1)+ U−1(2)

] = V

(
L+ 3

2

)
= ζ

L+ 3
2
= 1

6
(L+ 1)(L+ 2).

For L = 1, ζ(2, 1) = ζL=5/2 = 1 correctly gives the exponent governing the
escape probability of a RW from a given origin near another RW [191]. (By
construction the second one indeed appears as made of two independent RW’s
diffusing away from the origin.)

For L = 0 one finds the non-trivial result

ζ(2, 1(0)) = ζL=3/2 = 1/3,
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which describes the accessible points along a RW. It is formally related to the
Hausdorff dimension of the Brownian frontier by D = 2 − 2ζ [192]. Thus we
obtain for the dimension of the Brownian frontier [83]

DBrown. fr. = 2− 2ζ 3
2
= 4

3
, (3.65)

i.e., the famous Mandelbrot conjecture. Notice that the accessibility of a point
on a Brownian path is a statistical constraint equivalent to the non-intersection of
“L = 3/2” paths.10 The Mandelbrot conjecture was later established rigorously
in probability theory by Lawler, Schramm and Werner [97], using the analytic
properties of the non-intersection exponents derived from the stochastic Löwner
evolution SLE6 [93].

4. Mixing random & self-avoiding walks

We now generalize the scaling structure obtained in the preceding section to
arbitrary sets of random or self-avoiding walks interacting together [84] (see
also [82, 88]).

4.1. General star configurations

Star algebra
Consider a general copolymer S in the plane C (or in Z2), made of an arbitrary
mixture of RW’s or Brownian paths (set B), and SAW’s or polymers (set P), all
starting at neighboring points, and diffusing away, i.e., in a star configuration.
In the plane, any successive pair (A,B) of such paths, A,B ∈ B or P , can be
constrained in a specific way: either they avoid each other (A ∩ B = ∅, denoted
A∧B), or they are independent, i.e., “transparent” and can cross each other (de-
noted A ∨ B) [84, 193]. This notation allows any nested interaction structure
[84]; for instance that the branches {P� ∈ P}�=1,...,L of an L-star polymer, all
mutually-avoiding, further avoid a collection of Brownian paths {Bk ∈ B}k=1,...,n,
all transparent to each other, which structure is represented by:

S =
(∧L

�=1
P�

)
∧
(∨n

k=1
Bk

)
. (4.1)

A priori in 2D the order of the branches of the star polymer may matter and is
intrinsic to the (∧,∨) notation.

10The understanding of the role played by exponent ζ3/2 = 1/3 emerged from a discussion in
December 1997 at the IAS at Princeton with M. Aizenman and R. Langlands about the meaning of
half-integer indices in critical percolation exponents.
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Conformal operators and scaling dimensions
To each specific star copolymer center S is attached a local conformal scaling
operator �S , which represents the presence of the star vertex, with a scaling di-
mension x (S) [27–29,84]. When the star is constrained to stay in a half-plane H,
with Dirichlet boundary conditions, and its core placed near the boundary ∂H, a
new boundary scaling operator �̃S appears, with a boundary scaling dimension
x̃ (S) [29]. To obtain proper scaling, one has to construct the partition functions
of Brownian paths and polymers having the same mean size R [28]. These par-
tition functions then scale as powers of R, with an exponent which mixes the
scaling dimension of the star core (x (S) or x̃ (S)), with those of star dangling
ends.

Partition functions
It is convenient to define for each star S a grand canonical partition function
[28, 29, 193], with fugacities z and z′ for the total lengths |B| and |P| of RW or
SAW paths:

ZR (S) =
∑

B,P⊂S
z|B|z′|P | 1R (S) , (4.2)

where one sums over all RW and SAW configurations respecting the mutual-avoi-
dance constraints built in star S (as in (4.1)), further constrained by the indicatrix
1R (S) to stay within a disk of radius R centered on the star. At the critical values
zc = μ−1

RW, z′c = μ−1
SAW, where μRW is the coordination number of the underlying

lattice for the RW’s, and μSAW the effective one for the SAW’s, ZR obeys a
power law decay [28]

ZR (S) ∼ R−x(S)−x• . (4.3)

Here x (S) is the scaling dimension of the operator �S , associated only with
the singularity occurring at the center of the star where all critical paths meet,
while x• is the contribution of the independent dangling ends. It reads x• =
‖B‖ xB,1+‖P‖ xP,1−2V , where ‖B‖ and ‖P‖ are respectively the total numbers
of Brownian or polymer paths of the star; xB,1 or xP,1 are the scaling dimensions
of the extremities of a single RW (xB,1 = 0) or SAW (xP,1 = 5

48 ) [24, 28]. The
last term in (4.3), in which V = ‖B‖ + ‖P‖ is the number of dangling vertices,
corresponds to the integration over the positions of the latter in the disk of radius
R.

When the star is constrained to stay in a half-plane with its core placed near
the boundary, its partition function scales as [28, 73]

Z̃R (S) ∼ R−x̃(S)−x• , (4.4)

where x̃ (S) is the boundary scaling dimension, x• staying the same for star ex-
tremities in the bulk.
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Fig. 16. L = 3 mutually- and self-avoiding walks on a regular (hexagonal) lattice.

SAW watermelon exponents
To illustrate the preceding section, let us consider the “watermelon” configura-
tions of a set of L mutually-avoiding SAW’s P(�)

ij , � = 1, · · ·L, all starting at the
same point i, and ending at the same point j (Fig. 16) [27, 28]. In a way similar
to (3.6) for RW’s, their correlator is defined as:

ZL =
∑
P(�)

ij

�=1,...,L

μSAW
−|P | ∝ |i − j |−2xL , (4.5)

where the sum extends on all mutually- and self-avoiding configurations, and
where μSAW is the effective growth constant of the SAW’s on the lattice, asso-
ciated with the total polymer length |P|. Because of this choice, the correlator
decays algebraically with a star exponent xL ≡ x(SL) corresponding, in the
above notations, to the star

SL =
(∧L

�=1
P�

)
(4.6)

made of L mutually-avoiding polymers.
A similar boundary watermelon correlator can be defined when points i and j

are both on the Dirichlet boundary [29], which decays with a boundary exponent
x̃L ≡ x̃(SL). The values of exponents xL and x̃L have been known since long
ago in physics from the Coulomb gas or CFT approach [27–29]

xL = 1

12

(
9

4
L2 − 1

)
, x̃L = 1

4
L

(
1+ 3

2
L

)
. (4.7)

As we shall see, they provide a direct check of the KPZ relation in the quantum
gravity approach [58].
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Fig. 17. L = 3 mutually- and self-avoiding walks on a trivalent random lattice.

4.2. Quantum gravity for SAW’s & RW’s

As in section 3, the idea is to use the representation where the RW’s or SAW’s
are on a 2D random lattice, or a random Riemann surface, i.e., in the presence of
2D quantum gravity [56, 58].

Example
An example is given by the case of L mutually- and self-avoiding walks, in the
by now familiar “watermelon” configuration (Fig. 17). In complete analogy to
the random walk cases (3.25) or (3.26) seen in section 3, the quantum gravity
partition function is defined as

ZSAW,L(β, z) =
∑

planar G

1

S(G)
e−β|G|

∑
i,j∈G

∑
�

(�)
ij

�=1,...,L

z|�|, (4.8)

where the sum extends over all configurations of a set �(�)
ij , � = 1, · · · , L of L

mutually-avoiding SAW’s with fugacity z on a random planar lattice G (fig. 17).
A similar boundary partition function is defined for multiple SAW’s traversing a
random disk G with boundary ∂G

Z̃SAW,L(β, β̃, z) =
∑

disk G

e−β|G|e−β̃|∂G|
∑

i,j∈∂G

∑
�

(�)
ij

�=1,...,L

z|�|. (4.9)

These partition functions, albeit non-trivial, can be calculated exactly [58].
Each path � ∈ {1, · · · , L} among the multiple SAW’s can be represented

topologically by a line, which seperates on G two successive planar domains
with the disk topology, labelled � − 1 and � (with the cyclic convention 0 ≡ L

on the sphere). For each polymer line �, let us then call m� the number of edges
coming from domain � − 1 and n� the number of those coming from domain �,
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that are incident to line �. Each disk-like planar domain � has therefore a total
number n�+m�+1 of outer edges, with an associated generating function (3.21),
(3.22)

Gn�+m�+1 (β) =
∫ b

a

dλ� ρ (λ�, β) λ�
n�+m�+1 . (4.10)

The combinatorial analysis of partition function (4.8) is easily seen to give, up to
a coefficient [58]

ZSAW,L(β, z) =
∞∑

m�,n�=0

z
∑∞

�=1 m�+n�

L∏
�=1

(
m�

m� + n�

)
Gn�+m�+1(β),

where the combination numbers
(

m�

m�+n�

)
count the number of ways to place

along polymer line � the sets of m� and n� edges that are incident to that line.
Inserting then for each planar domain � the integral representation (4.10), and
using Newton binomial formula for each line � we arrive at (L+ 1 ≡ 1)

ZSAW,L(β, z) =
∫ b

a

L∏
�=1

dλ� ρ (λ�, β)

L∏
�=1

1

1− z (λ� + λ�+1)
. (4.11)

The combinatorial analysis of the boundary partition function (4.9) gives in a
similar way

Z̃SAW,L(β, z) =
∫ b

a

L+1∏
�=1

dλ� ρ (λ�, β)

L∏
�=1

1

1− z (λ� + λ�+1)

× 1

1− z̃ (λ1)

1

1− z̃ (λL+1)
, (4.12)

where z̃ ≡ e−β̃ , and where the two last “propagators” account for the presence
of the two extra boundary lines.

From trees to SAW’s
At this stage, it is worth noting that the partition functions (4.11) and (4.12) for
self-avoiding walks on a random lattice can be recovered in a simple way from
the tree partition functions (3.31) and (3.33).

One observes indeed that it is sufficient to replace in all integral expressions
there each tree backbone propagator T (x, y) (3.32) by a SAW propagator

L(x, y) := (1− x − y)−1. (4.13)
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This corresponds to replace each rooted tree generating function T (x) (3.30)
building up the propagator T (x, y), by its small x expansion, T (x) = x + · · · .
The reason is that the latter is the trivial generating function of a rooted edge.
So each tree branching out of each tree backbone line in Fig. 11 is replaced by a
simple edge incident to the backbone, which thus becomes a simple SAW line.

SAW quantum gravity exponents
The singular behavior of (4.11) and (4.12) arises when the lattice fugacity e−β ,
boundary’s fugacity z̃ = e−β̃ and polymer fugacity z reach their respective crit-
ical values. The singularity analysis can be performed in a way entirely similar
to the analysis of the RWs’ quantum gravity partition functions in section 3. One
uses the remark made above that each tree propagator T (3.32), with a square
root singularity, is now replaced by a SAW propagator L (4.13) with a simple
singularity.

The result (3.41) for ZL for trees is then simply replaced by [58]

ZSAW,L ∼ (β − βc)
3L/4 , (4.14)

which amounts to the simple formal substitution L→ 3/4× L for passing from
RW’s to SAW’s. The rest of the analysis is exactly the same, and the fundamental
result (3.45) simply becomes

2�SAW,L − γstr(χ = 2) = 3

4
L, (4.15)

whith γstr(χ = 2) = γ = −1/2, whence

�SAW,L = 1

2

(
3

4
L− 1

2

)
. (4.16)

The boundary-bulk relation (3.50) remains valid:

�̃SAW,L = 2�SAW,L − γstr(χ = 2), (4.17)

so that one finds from the bulk conformal weight (4.16)

�̃SAW,L = 3

4
L. (4.18)

These are the quantum gravity conformal weights of a SAW L-star SL [58]:

�SAW,L ≡ �(SL) = 1

2

(
3

4
L− 1

2

)
, �̃SAW,L ≡ �̃(SL) = 3

4
L. (4.19)

We now give the general formalism which allows the prediction of the complete
family of conformal dimensions, such as (4.19) or (4.7).
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Scaling dimensions, conformal weights, and KPZ map
Let us first recall that by definition any scaling dimension x in the plane is twice
the conformal weight �(0) of the corresponding operator, while near a boundary
they are identical [19, 21]

x = 2�(0), x̃ = �̃(0). (4.20)

The general relation (3.13) for Brownian paths depends only on the central charge
c = 0, which also applies to self-avoiding walks or polymers. For a critical
system with central charge c = 0, the two universal functions:

U (x) = U
γ=− 1

2
(x) = 1

3
x (1+ 2x) , V (x) = 1

24

(
4x2 − 1

)
, (4.21)

with V (x) := U
( 1

2

(
x − 1

2

))
, generate all the scaling exponents. They transform

the conformal weights in bulk quantum gravity, �, or in boundary QG, �̃, into
the plane and half-plane ones (4.20):

�(0) = U(�) = V (�̃), �̃(0) = U(�̃). (4.22)

These relations are for example satisfied by the dimensions (4.7) and (4.19).

Composition rules
Consider two stars A,B joined at their centers, and in a random mutually-avoiding
star-configuration A ∧ B. Each star is made of an arbitrary collection of Brown-
ian paths and self-avoiding paths with arbitrary interactions of type (4.1). Their
respective bulk partition functions (4.2), (4.3), or boundary partition functions
(4.4) have associated planar scaling exponents x (A), x (B), or boundary expo-
nents x̃ (A), x̃ (B). The corresponding scaling dimensions in quantum gravity
are then, for instance for A:

�̃ (A) = U−1 (x̃ (A)) , � (A) = U−1
[

1

2
x (A)

]
, (4.23)

where U−1 (x) is the positive inverse of the KPZ map U

U−1 (x) = 1

4

(√
24x + 1− 1

)
. (4.24)

The key properties are given by the following propositions:
• In c = 0 quantum gravity the boundary and bulk scaling dimensions of a given
random path set are related by:

�̃(A) = 2�(A)− γstr(c = 0) = 2�(A)+ 1

2
. (4.25)
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This generalizes the relation (3.50) for non-intersecting Brownian paths.
• In quantum gravity the boundary scaling dimensions of two mutually-avoiding
sets is the sum of their respective boundary scaling dimensions:

�̃ (A ∧ B) = �̃ (A)+ �̃ (B) . (4.26)

It generalizes identity (3.57) for mutually-avoiding packets of Brownian paths.
The boundary-bulk relation (4.25) and the fusion rule (4.26) come from simple
convolution properties of partition functions on a random lattice [83, 84]. They
are studied in detail in Ref. [1] (Appendices A & C).

The planar scaling exponents x (A ∧ B) in C, and x̃ (A ∧ B) in H of the two
mutually-avoiding stars A ∧ B are then given by the KPZ map (4.22) applied to
Eq. (4.26)

x (A ∧ B) = 2V
[
�̃ (A ∧ B)

] = 2V
[
�̃ (A)+ �̃ (B)

]
(4.27)

x̃ (A ∧ B) = U
[
�̃ (A ∧ B)

] = U
[
�̃ (A)+ �̃ (B)

]
. (4.28)

Owing to (4.23), these scaling exponents thus obey the star algebra [83, 84]

x (A ∧ B) = 2V
[
U−1 (x̃ (A))+ U−1 (x̃ (B))

]
(4.29)

x̃ (A ∧ B) = U
[
U−1 (x̃ (A))+ U−1 (x̃ (B))

]
. (4.30)

These fusion rules (4.26), (4.29) and (4.30), which mix bulk and boundary
exponents, are already apparent in the derivation of non-intersection exponents
for Brownian paths given in section 3. They also apply to the O(N) model,
as shown in Ref. [1], and are established in all generality in Appendix C there.
They can also be seen as recurrence “cascade” relations in C between successive
conformal Riemann maps of the frontiers of mutually-avoiding paths onto the
half-plane boundary ∂H, as in the original work [82] on Brownian paths.

When the random sets A and B are independent and can overlap, their scaling
dimensions in the standard plane or half-plane are additive by trivial factorization
of partition functions or probabilities [84]

x (A ∨ B) = x (A)+ x (B) , x̃ (A ∨ B) = x̃ (A)+ x̃ (B) . (4.31)

This additivity no longer applies in quantum gravity, since overlapping paths get
coupled by the fluctuations of the metric, and are no longer independent. In
contrast, it is replaced by the additivity rule (4.26) for mutually-avoiding paths
(see Appendix C in Ref. [1] for a thorough discussion of this additivity property).

It is clear at this stage that the set of equations above is complete. It allows
for the calculation of any conformal dimensions associated with a star structure
S of the most general type, as in (4.1), involving (∧,∨) operations separated by
nested parentheses [84]. Here follow some examples.
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4.3. RW-SAW exponents

The single extremity scaling dimensions are for a RW or a SAW near a Dirichlet
boundary ∂H [26]11

x̃B (1) = �̃
(0)
B (1) = 1, x̃P (1) = �̃

(0)
P (1) = 5

8
, (4.32)

or in quantum gravity

�̃B (1) = U−1 (1) = 1, �̃P (1) = U−1
(

5

8

)
= 3

4
. (4.33)

Because of the star algebra described above these are the only numerical seeds,
i.e., generators, we need.

Consider packets of n copies of transparent RW’s or m transparent SAW’s.
Their boundary conformal dimensions in H are respectively, by using (4.31) and
(4.32), �̃(0)

B (n) = n and �̃
(0)
P (m) = 5

8m. The inverse mapping to the random
surface yields the quantum gravity conformal weights �̃B (n) = U−1 (n) and
�̃P (m) = U−1

( 5
8m

)
. The star made of L packets � ∈ {1, . . . , L}, each of them

made of n� transparent RW’s and of m� transparent SAW’s, with the L packets
mutually-avoiding, has planar scaling dimensions

�̃(0) {n�,m�} = U
(
�̃ {n�,m�}

)
(4.34)

�(0) {n�,m�} = V
(
�̃ {n�,m�}

)
, (4.35)

�̃ {n�,m�} =
∑L

�=1
U−1

(
n� + 5

8
m�

)
(4.36)

=
∑L

�=1

1

4

(√
24

(
n� + 5

8
m�

)
+ 1− 1

)
.

Take a copolymer star SL,L′ made of L RW’s and L′ SAW’s, all mutually-
avoiding

(∀� = 1, · · · , L, n� = 1,m� = 0; ∀�′ = 1, · · · , L′, n�′ = 0,m�′ = 1
)
.

In QG the linear boundary conformal weight (4.36) is �̃
(
SL,L′

) = L+ 3
4L
′. By

the U and V maps, it gives the scaling dimensions in H and C

�̃(0) (SL,L′
) = 1

3

(
L+ 3

4
L′
)(

1+ 2L+ 3

2
L′
)

�(0) (SL,L′
) = 1

24

[
4

(
L+ 3

4
L′
)2

− 1

]
,

11Hereafter we use a slightly different notation: x̃P (1) ≡ x̃1 in (4.7), and �̃P (1) ≡ �̃SAW,1 in
(4.19).
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recovering for L = 0 the SAW star-exponents (4.7) given above, and for L′ = 0
the RW non-intersection exponents in H and C obtained in section 3

2ζ̃L = �̃(0) (SL,L′=0
) = 1

3
L (1+ 2L)

ζL = �(0) (SL,L′=0
) = 1

24

(
4L2 − 1

)
.

Formula (4.36) encompasses all exponents previously known separately for
RW’s and SAW’s [28, 29, 73]. We arrive from it at a striking scaling equiva-
lence: When overlapping with other paths in the standard plane, a self-avoiding
walk is exactly equivalent to 5/8 of a random walk [84]. Similar results were
later obtained in probability theory, based on the general structure of “completely
conformally-invariant processes”, which correspond to c = 0 central charge con-
formal field theories [88, 96]. Note that the construction of the scaling limit of
SAW’s still eludes a rigorous approach, although it is predicted to correspond to
“stochastic Löwner evolution” SLEκ with κ = 8/3, equivalent to a Coulomb gas
with g = 4/κ = 3/2 (see section 9 below).

>From the point of view of mutual-avoidance, a “transmutation” formula be-
tween SAW’s and RW’s is obtained directly from the quantum gravity boundary
additivity rule (4.26) and the values (4.33): For mutual-avoidance, in quantum
gravity, a self-avoiding walk is equivalent to 3/4 of a random walk. We shall now
apply these rules to the determination of “shadow” or “hiding” exponents [115].

4.4. Brownian hiding exponents

Consider two packets made of m and n independent Brownian paths (or random
walks) diffusing in the half-plane away from the Dirichlet boundary ∂H, as rep-
resented in figure 18. Their left or right Brownian frontiers are selectively made
of certain paths.

For instance, one can ask the following question, corresponding to the top
left case in Fig. 18: What is the probability that the paths altogether diffuse up
to a distance R without the paths of the m packet contributing to the Brownian
frontier to the right? In other words, the m-packet stays in the left shadow of the
other packet, i.e., it is hidden from the outside to the right by the presence of this
other packet.

This probability decays with distance R as a power law

P ≈ R−x̃m,n ,

where x̃m,n can be called a shadow or hiding exponent [115].
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Fig. 18. Top: Two packets made of m and n independent Brownian paths, with three possible con-
straints for their Brownian frontiers: The right frontier is made only of paths of the n-packet; the
left and right frontiers are made exclusively of paths from the m-packet and n-packet, respectively;
both Brownian frontiers are made exclusively from paths of the n-packet, i.e., the second m-packet
is hidden by the former. Bottom: The conversion into equivalent problems for two sets of multiple
SAW’s, made separately of L(m) and L(n) mutually-avoiding SAW’s.

By using quantum gravity, the exponent can be calculated immediately as the
nested formula

x̃m,n = U

[
3

4
+ U−1

[
m+ U

(
U−1(n)− 3

4

)]]
.

Let us explain briefly how this formula originates from the transmutation of
Brownian paths into self-avoiding walks.

First we transform separately each Brownian m or n-packet into a packet of
L(m) or L(n) mutually-avoiding SAW’s (see figure 18, bottom left). According
to the quantum gravity theory established in the preceding section, one must have
the exact equivalence of their quantum gravity boundary dimensions, namely:

3

4
L(n) = U−1(n).

Then one discards from the L(n) SAW set its rightmost SAW, which will rep-
resent the right frontier of the original Brownian n-packet, since a Brownian
frontier is a self-avoiding walk (in the scaling limit). The resulting new set of
L(n) − 1 SAW’s is now free to overlap with the other Brownian m-packet, so
their boundary dimensions in the standard half-plane, m and U [ 34 (L(n) − 1)],
do add. To finish, the rightmost SAW left aside should not intersect any other
path. This corresponds in QG to an additive boundary dimension, equal to



148 B. Duplantier

3
4 + U−1[m + U [ 34 (L(n) − 1)]]. The latter is in turn transformed into a stan-
dard boundary exponent by a last application of KPZ map U , hence the formula
above, QED.

An explicit calculation then gives

x̃m,n = m+ n+ 1

4

√
24m+ (√

1+ 24n− 3
)2 − 1

4

(√
1+ 24n− 3

)
,

where the first term m+n of course corresponds to the simple boundary exponent
of independent Brownian paths, while the two extra terms reflect the hidding
constraint and cancel for m = 0, as it must.

The other cases in Fig. 18 can be treated in the same way and are left as
exercizes.

5. Percolation clusters

5.1. Cluster hull and external perimeter
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Fig. 19. A large percolation cluster, and its various scaling domains (Courtesy of J. Asikainen et
al. [194]).

Let us consider, for definiteness, site percolation on the 2D triangular lattice.
By universality, the results are expected to apply to other 2D (e.g., bond) perco-
lation models in the scaling limit. Consider then a very large two-dimensional
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incipient cluster C, at the percolation threshold pc = 1/2. Figure 19 depicts such
a connected cluster.

R

R

R

Fig. 20. An accessible site (•) on the external perimeter for site percolation on the triangular lattice.
It is defined by the existence, in the scaling limit, of three non-intersecting, and connected paths S3
(dotted lines), one on the incipient cluster, the other two on the dual empty sites. The entrances of
fjords ) close in the scaling limit. Point (•) is first reached by three independent RW’s, contributing
to H 3(•). The hull of the incipient cluster (thick continuous line along hexagons) avoids the outer
frontier of the RW’s (continuous line along hexagons). A Riemann map of the latter onto the real line
∂H reveals the presence of an underlying � = 3 path-crossing boundary operator, i.e, a two-cluster
boundary operator, with dimension in the half-plane x̃�=3 = x̃C

k=2 = 2. Both accessible hull and

Brownian paths have a frontier dimension 4
3 .

Hull
The boundary lines of a site percolation cluster, i.e., of connected sets of occupied
hexagons, form random lines on the dual hexagonal lattice (Fig. 20). (They are
actually known to obey the statistics of random loops in the O (N = 1) model,
where N is the loop fugacity, in the so-called “low-temperature phase”, or of
boundaries of Fortuin-Kasteleyn clusters in the Q = 1 Potts model [32].) Each
critical connected cluster thus possesses an external closed boundary, its hull, the
fractal dimension of which is known to be DH = 7/4 [32]. (See also [195].)
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In the scaling limit, however, the hull, which possesses many pairs of points at
relative distances given by a finite number of lattice meshes a, coils onto itself to
become a non-simple curve [92]; it thus develops a smoother outer (accessible)
frontier F(C) or external perimeter (EP).

External perimeter and crossing paths
The geometrical nature of this external perimeter has recently been elucidated
and its Hausdorff dimension found to equal DEP = 4/3 [86]. For a site w = (•)
to belong to the accessible part of the hull, it must remain, in the continuous
scaling limit, the source of at least three non-intersecting crossing paths, noted
S3 = P ∧ P̄1 ∧ P̄2, reaching to a (large) distance R (Fig. 20). (Recall the
notation A∧B for two sets, A, B, of random paths, required to be mutually non-
intersecting, and A ∨ B for two independent, thus possibly intersecting, sets.)
Each of these paths is “monochromatic”: one path P runs only through occupied
sites, which simply means that w belongs to a particular connected cluster; the
other two dual lines P̄i=1,2 run through empty sites, and doubly connect the ex-
ternal perimeter site w to “infinity” in open space [86]. The definition of the stan-
dard hull requires only the origination, in the scaling limit, of a “bichromatic”
pair of lines S2 = P ∧ P̄ , with one path running on occupied sites, and the dual
one on empty ones. Such hull points lacking a second dual line will not neces-
sarily remain accessible from the outside after the scaling limit is taken, because
their single exit path becomes a strait pinched by parts of the occupied cluster.
In the scaling limit, the hull is thus a self-coiling and conformally-invariant (CI)
scaling curve which is not simple, while the external perimeter is a simple CI
scaling curve.

The (bichromatic) set S3 of three non-intersecting connected paths in the per-
colation system is governed by a new critical exponent x (S3) (= 2/3) such that
DEP = 2 − x (S3), while a bichromatic pair of non-intersecting paths S2 has an
exponent x (S2) (= 1/4) such that DH = 2− x (S2) (see below).

5.2. Harmonic measure of percolation frontiers

Define H (w, a) := H (F ∩ B(w, a)) as the probability that a random walker,
launched from infinity, first hits the outer (accessible) percolation hull’s frontier
or external perimeter F(C) in the ball B(w, a) centered at point w ∈ F(C). The
moments Hn of H are averaged over all realizations of RW’s and C

Zn =
〈 ∑
w∈F/a

Hn (F ∩ B(w, a))

〉
. (5.1)

For very large clusters C and frontiers F (C) of average size R, one expects these
moments to scale as: Zn ≈ (a/R)τ(n).
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By the very definition of the H -measure, n independent RW’s diffusing away
or towards a neighborhood of a EP point w, give a geometric representation of
the nth moment Hn(w), for n integer. The values so derived for n ∈ N will be
enough, by convexity arguments, to obtain the analytic continuation for arbitrary
n’s. Figure 20 depicts such n independent random walks, in a bunch, first hitting
the external frontier of a percolation cluster at a site w = (•). The packet of
independent RW’s avoids the occupied cluster, and defines its own envelope as
a set of two boundary lines separating it from the occupied part of the lattice.
The n independent RW’s, or Brownian paths B in the scaling limit, in a bunch
denoted (∨B)n, thus avoid the set S3 of three non-intersecting connected paths
in the percolation system, and this system is governed by a new family of critical
exponents x (S3 ∧ n) depending on n. The main lines of the derivation of the
latter exponents by generalized conformal invariance are as follows.

5.3. Harmonic and path crossing exponents

Generalized harmonic crossing exponents
The n independent Brownian paths B, in a bunch (∨B)n, avoid a set S� := (∧P)�

of � non-intersecting crossing paths in the percolation system. The latter origi-
nate from the same hull site, and each passes only through occupied sites, or
only through empty (dual) ones [86]. The probability that the Brownian and per-
colation paths altogether traverse the annulus D (a, R) from the inner boundary
circle of radius a to the outer one at distance R, i.e., are in a “star” configuration
S� ∧ (∨B)n, is expected to scale for a/R→ 0 as

PR (S� ∧ n) ≈ (a/R)x(S�∧n) , (5.2)

where we used S� ∧ n = S� ∧ (∨B)n as a short hand notation, and where
x (S� ∧ n) is a new critical exponent depending on � and n. It is convenient
to introduce similar boundary probabilities P̃R (S� ∧ n) ≈ (a/R)x̃(S�∧n) for the
same star configuration of paths, now crossing through the half-annulus D̃ (a, R)

in the half-plane H.

Bichromatic path crossing exponents
For n = 0, the probability PR (S�) = PR (S� ∧ 0) ≈ (a/R)x� [resp. P̃R (S�) =
P̃R (S� ∧ 0) ≈ (a/R)x̃� ] is the probability of having � simultaneous non-intersec-
ting path-crossings of the annulus D (a, R) in the plane C [resp. half-plane H],
with associated exponents x� := x (S� ∧ 0) [resp. x̃� := x̃ (S� ∧ 0)]. Since these
exponents are obtained from the limit n → 0 of the harmonic measure expo-
nents, at least two paths run on occupied sites or empty sites, and these are the
bichromatic path crossing exponents [86]. The monochromatic ones are different
in the bulk [86, 196].
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5.4. Quantum gravity for percolation

c = 0 KPZ mapping
Critical percolation is described by a conformal field theory with the same van-
ishing central charge c = 0 as RW’s or SAW’s (see, e.g., [21, 197]). Using again
the fundamental mapping of this conformal field theory (CFT) in the plane C, to
the CFT on a fluctuating random Riemann surface, i.e., in presence of quantum
gravity [56], the two universal functions U and V only depend on the central
charge c of the CFT, and are the same as for RW’s, and SAW’s:

U (x) = 1

3
x (1+ 2x) , V (x) = U

[
1

2

(
x − 1

2

)]
= 1

24

(
4x2 − 1

)
, (5.3)

They suffice to generate all geometrical exponents involving mutual-avoidance
of random star-shaped sets of paths of the critical percolation system. Consider
two arbitrary random sets A,B, involving each a collection of paths in a star
configuration, with proper scaling crossing exponents x (A) , x (B), or, in the
half-plane, crossing exponents x̃ (A) , x̃ (B). If one fuses the star centers and
requires A and B to stay mutually-avoiding, then the new crossing exponents,
x (A ∧ B) and x̃ (A ∧ B), obey the same star fusion algebra as in (4.29) [83,84]

x (A ∧ B) = 2V
[
U−1 (x̃ (A))+ U−1 (x̃ (B))

]
x̃ (A ∧ B) = U

[
U−1 (x̃ (A))+ U−1 (x̃ (B))

]
, (5.4)

where U−1 (x) is the inverse function

U−1 (x) = 1

4

(√
24x + 1− 1

)
. (5.5)

This structure immediately gives both the percolation crossing exponents x�, x̃�
[86], and the harmonic crossing exponents x (S� ∧ n) (5.2).

Path crossing exponents
First, for a set S� = (∧P)� of � crossing paths, we have from the recurrent use
of (5.4)

x� = 2V
[
�U−1 (x̃1)

]
, x̃� = U

[
�U−1 (x̃1)

]
. (5.6)

For percolation, two values of half-plane crossing exponents x̃� are known by
elementary means: x̃2 = 1, x̃3 = 2 [53,86]. From (5.6) we thus find U−1 (x̃1) =
1
2U
−1 (x̃2) = 1

3U
−1 (x̃3) = 1

2 , (thus x̃1 = 1
3 [26]), which in turn gives

x� = 2V

(
1

2
�

)
= 1

12

(
�2 − 1

)
, x̃� = U

(
1

2
�

)
= �

6
(�+ 1) .
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We thus recover the identity [86] x� = x
O(N=1)
L=� , x̃� = x̃

O(N=1)
L=�+1 with the L-

line exponents of the associated O (N = 1) loop model, in the “low-temperature
phase”. For L even, these exponents also govern the existence of k = 1

2L span-
ning clusters, with the identity xCk = x�=2k = 1

12

(
4k2 − 1

)
in the plane, and

x̃Ck = x̃�=2k−1 = 1
3k (2k − 1) in the half-plane [32, 77, 198].

Brownian non-intersection exponents
The non-intersection exponents (3.7) and (3.8) of L Brownian paths seen in sec-
tion 3 are identical to the percolation path crossing exponents for

2ζL = x�, 2ζ̃L = x̃�, � = 2L, (5.7)

so we obtain a complete scaling equivalence between a Brownian path and two
percolating crossing paths, in both the plane and half-plane [85].

Harmonic crossing exponents
Finally, for the harmonic crossing exponents in (5.2), we fuse the two objects
S� and (∨B)n into a new star S� ∧ n, and use (5.4). We just have seen that
the boundary �-crossing exponent of S�, x̃�, obeys U−1 (x̃�) = 1

2�. The bunch
of n independent Brownian paths have their own half-plane crossing exponent
x̃ ((∨B)n) = nx̃ (B) = n as above. Thus we obtain

x (S� ∧ n) = 2V

(
1

2
�+ U−1 (n)

)
. (5.8)

Specializing to the case � = 3 finally gives from (5.3–5.5)

x (S3 ∧ n) = 2+ 1

2
(n− 1)+ 5

24

(√
24n+ 1− 5

)
.

5.5. Multifractality of percolation clusters

Multifractal dimensions and spectrum
In terms of probability (5.2), the harmonic measure moments (5.1) scale simply
as Zn ≈ R2PR (S�=3 ∧ n) [66], which leads to

τ (n) = x (S3 ∧ n)− 2. (5.9)

Thus

τ (n) = 1

2
(n− 1)+ 5

24

(√
24n+ 1− 5

)
(5.10)

and the generalized dimensions D (n) are:

D (n) = 1

n− 1
τ (n) = 1

2
+ 5√

24n+ 1+ 5
, n ∈ [− 1

24 ,+∞
)
, (5.11)
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Fig. 21. Universal generalized dimensions D(n) as a function of n, corresponding to the harmonic
measure near a percolation cluster, or to self-avoiding or random walks, and comparison with the
numerical data obtained by Meakin et al. (1988) for percolation.

valid for all values of moment order n, n ≥ − 1
24 . We shall see in section 6 that

these exponents τ(n) [85] are identical to those obtained for Brownian paths and
self-avoiding walks.

Comparison to numerical results
Only in the case of percolation has the harmonic measure been systematically
studied numerically, by Meakin et al. [199]. We show in Figure 21 the exact curve
D (n) (5.11) [85], together with the numerical results for n ∈ {2, . . . , 9} [199],
showing fairly good agreement.

Define now N (H) as the number of boundary sites having a given probability
H to be hit by a RW starting at infinity; the multifractal formalism yields, for
H → 0, a power law behavior

N (H) |H→0 ≈ H−(1+n∗), (5.12)

with an exponent given by the lowest possible value of n, n∗ = −1/24, where
D(n) reaches its maximal value: D(n∗) = 3

2 (see section 6).
The average number N (H) (5.12) has been also determined numerically for

percolation clusters in Ref. [200], and our prediction 1+ n∗ = 23
24 = 0.95833 . . .

compares very well with the numerical result 0.951±0.030, obtained for 10−5 ≤
H ≤ 10−4.

The dimension of the measure’s support is D (0) = 4
3 �= DH, where DH = 7

4
is the Hausdorff dimension of the standard hull, i.e., the complete outer bound-
ary of critical percolating clusters [32]. The value DEP = D(0) = 4

3 gives the
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dimension of the accessible external perimeter. A direct derivation of its exact
value has ben first given by Aizenman et al. [86]. The complement of the acces-
sible perimeter in the hull is made of deep fjords, which do close in the scaling
limit and are not probed by the harmonic measure. This is in agreement with the
instability phenomenon observed on a lattice by Grossman-Aharony for the hull
dimension [92].

A striking fact is the complete identity of the multifractal dimensions for per-
colation with those for random walks and self-avoiding walks, as we shall see
in the next section. Seen from outside, these three scaling curves are not distin-
guished by the harmonic measure. In fact they are the same, and one of the main
conclusions is that the external frontiers of a planar Brownian motion, or of a
critical percolation cluster are, in the scaling limit, identical to a critical self-
avoiding walk, with Hausdorff dimension D = 4

3 [84, 85]. In the same way, the
connected domain enclosed by a Brownian loop or by the frontier of a percolation
cluster are the same as the domain inside a closed SAW. (See also [2]).

As we have seen, this fact is linked to the presence of a single universal con-
formal field theory (with a vanishing central charge c = 0), and to the underlying
presence of quantum gravity, which organizes the associated conformal dimen-
sions. S. Smirnov [98] proved that critical site percolation on the triangular lattice
has a conformally-invariant scaling limit, and that the discrete cluster interfaces
(hulls) converge to the same stochastic Löwner evolution process (SLE6) as the
one involved for Brownian paths. This opened the way to a rigorous deriva-
tion of percolation exponents [99, 100], previously derived in the physics litera-
ture [23, 24, 26]. V. Beffara has thus been able to derive rigorously the values of
percolation Hausdorff dimensions DH [106] and DEP [97, 106], already exactly
known in physics [32, 86].

Double layer impedance
Let us finally consider the different, but related, problem of the double layer
impedance of a rough electrode. In some range of frequencies ω, the impedance
contains an anomalous “constant phase angle” (CPA) term (iω)−β , where β < 1.
From a natural RW representation of the impedance, a scaling law was proposed
by Halsey and Leibig: β = D(2)

D(0) (here in 2D), where D (2) and D (0) are the
multifractal dimensions of the H -measure on the rough electrode [201]. In the
case of a 2D porous percolative electrode, our results (5.11) give D (2) = 11

12 ,
D (0) = 4

3 , whence β = 11
16 = 0.6875. This compares very well with a numerical

RW algorithm result [200], which yields an effective CPA exponent β � 0.69,
nicely vindicating the multifractal description [201].12

12For a recent elaboration on the theory of Ref. [201], see also [202].
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In the next sections, we consider arbitrary conformally-invariant curves and
present a universal description of multifractal functions for them. They are de-
rived from conformal field theory and quantum gravity. The geometrical find-
ings are described in detail, including the cases of Brownian paths, self-avoiding
walks, Ising clusters, and Q = 4 Potts Fortuin-Kasteleyn clusters, which are
of particular interest. We also make explicit the relation between a conformally-
invariant scaling curve with CFT central charge c [90], and the stochastic Löwner
process SLEκ [93]. A fundamental geometric duality property for the external
boundaries in O(N) and Potts models, and SLE is obtained.

6. Conformally invariant frontiers and quantum gravity

6.1. Harmonic measure and potential near a fractal frontier

Introduction
The harmonic measure, i.e., the diffusion or electrostatic potential field near an
equipotential fractal boundary [70], or, equivalently, the electric charge appear-
ing on the frontier of a perfectly conducting fractal, possesses a self-similarity
property, which is reflected in a multifractal behavior. Cates and Witten [71]
considered the case of the Laplacian diffusion field near a simple random walk,
or near a self-avoiding walk, using renomalization group arguments near d = 4
dimensions. The associated exponents can be recast as those of star copolymers
made of a bunch of independent RW’s diffusing away from a generic point of the
absorber, similar to those introduced in section 4.

For a Brownian path, the very existence of a harmonic multifractal spectrum
has been first rigorously established in Ref. [72]. The exact solution to this prob-
lem in two dimensions was given in Ref. [84]. From a mathematical point of
view, it could in principle be derived from the results of refs. [82,88,96,97] taken
altogether. Here we consider the general case of a conformally invariant scaling
curve, using QG [90], while a rigorous approach is also possible [156, 157].

Harmonic measure
Consider a two-dimensional very large “absorber”, a conformally-invariant crit-
ical random cluster, hereafter generically called C. It can be for instance a per-
colation cluster, a random walk, a SAW, a Fortuin-Kasteleyn cluster in the Potts
model, etc. (The figures illustrate the case of a random walk or Brownian path.)

One defines the harmonic measure H (w) as the probability that a random
walker launched from infinity, first hits the outer “hull’s frontier” or accessible
frontier F := ∂C of C at point w ∈ ∂C. For a given point w ∈ ∂C, let B(w, r) be
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Fig. 22. Potential near a charged Brownian set and the equivalent Kakutani’s diffusion process.

the ball (i.e., disk) of radius r centered at w. Then H(∂C ∩ B(w, r)) is the total
harmonic measure of the points of the frontier inside the ball B(w, r).

Potential theory
One can also consider potential theory near the same fractal boundary, now
charged. One assumes the absorber to be perfectly conducting, and introduces
the harmonic potential H (z) at an exterior point z ∈ C, with Dirichlet bound-
ary conditions H (w ∈ ∂C) = 0 on the outer (simply connected) frontier ∂C, and
H(w) = 1 on a circle “at∞”, i.e., of a large radius scaling like the average size
R of ∂C (Fig. 22). As is well-known from a theorem due to Kakutani [203], H (z)

is identical to the probability that a random walker (more precisely, a Brownian
motion) started at z escapes to “∞” without having hit ∂C (Fig. 22).

The harmonic measure H (∂C ∩ B(w, r)) defined above then also appears as
the integral of the Laplacian of H in the disk B(w, r), i.e., the boundary charge
contained in that disk.

Multifractal local behavior
The multifractal formalism [62–65] further involves characterizing subsets ∂Cα

of sites of the frontier ∂C by a Hölder exponent α, such that the H -measure of
the frontier points in the ball B(w, r) of radius r centered at wα ∈ ∂Cα scales as

H (∂C ∩ B(wα, r)) ≈ (r/R)α . (6.1)

The Hausdorff or “fractal dimension” f (α) of the set ∂Cα is such that

Card ∂Cα ≈ Rf (α), (6.2)

and defines the multifractal spectrum of the harmonic measure.
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Fig. 23. Multifractal scaling of the potential (or of the harmonic measure) near a charged Brownian
set.

Local behavior of the potential
Similarly, one can consider the local behavior of the potential near point wα ∈
∂Cα ,

H (z→ w ∈ ∂Cα) ≈ (|z− w|/R)α , (6.3)

in the scaling limit a * r = |z−w| * R (with a the underlying lattice constant
if one starts from a lattice description before taking the scaling limit a→ 0).

Thus the potential scales with the same α-exponent as the harmonic measure
(6.1) around point wα , and f (α) = dim ∂Cα thus appears as the Hausdorff di-
mension of boundary points inducing the local behavior (6.3) (Fig. 23).13

Equivalent wedge angle
In 2D the complex potential ϕ(z) (such that the electrostatic potential H(z) =
,ϕ(z) and the field’s modulus |E(z)| = |ϕ′(z)|) for a wedge of angle θ , centered
at w (Fig. 24), is

ϕ(z) = (z− w)π/θ . (6.4)

13The local definitions of the exponent α and of f (α) as given in (6.1) and (6.2), or (6.3), are only
heuristic, since the way of taking limits was not explained. For any given point w on the boundary
of a random fractal object, in general no stable local exponents α exist, such that they are obtained
by a “simple limit” to the point. One then proceeds in another way (see, e.g., [108]). Define the set
∂Cα,η of points on the boundary ∂C, w = wα,η , for which there exists a decreasing series of radii

rj , j ∈ N tending towards 0, such that rα+η
j

≤ ω(w, rj ) ≤ r
α−η
j

. The multifractal spectrum f (α)

is then globally defined as the limit η→ 0 of the Hausdorff dimension of the set ∂Cα,η , i.e.,

f (α) = lim
η→0

dim
{
w : ∃ {rj → 0, j ∈ N} : rα+η

j
≤ ω(w, rj ) ≤ r

α−η
j

}
.
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Fig. 24. Wedge of angle θ .

By Eq. (6.3) a Hölder exponent α thus defines a local equivalent “electrostatic”
angle θ = π/α, and the MF dimension f̂ (θ) of the boundary subset with such θ

is
f̂ (θ) = f (α = π/θ). (6.5)

Harmonic moments
One then considers a covering of the frontier ∂C by balls B(w, r) of radius r , and
centered at points w forming a discrete subset ∂C/r of ∂C. We are interested in
the moments of the harmonic measure content H(w, r) := H(∂C ∩ B(w, r)) of
those balls, averaged over all realizations of C

Zn =
〈 ∑
z∈∂C/r

Hn (w, r)

〉
, (6.6)

where n is, a priori, a real number. For very large absorbers C and frontiers ∂C
of average size R, one expects these moments to scale as

Zn ≈ (r/R)τ(n) , (6.7)

where the multifractal scaling exponents τ (n) encode generalized dimensions

D (n) = τ (n)

n− 1
, (6.8)

which vary in a non-linear way with n [62–65]. Several a priori results are
known. D(0) is the Hausdorff dimension of the accessible frontier of the frac-
tal. By construction, H is a normalized probability measure, so that τ(1) = 0.
Makarov’s theorem [204], here applied to the Hölder regular curve describing the
frontier [205], gives the so-called information dimension τ ′ (1) = D (1) = 1.

The multifractal spectrum f (α) appearing in (6.2) is given by the symmetric
Legendre transform of τ (n):

α = dτ

dn
(n) , τ (n)+ f (α) = αn, n = df

dα
(α) . (6.9)
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r R

n

w

Fig. 25. Representation of moments (6.6) by a packet of n independent Brownian paths diffusing
away from a SAW, or equivalently from a Brownian frontier, from a short distance r to a large dis-
tance R.

Because of the statistical ensemble average (6.6), values of f (α) can become
negative for some domains of α [71].

6.2. Calculation of multifractal exponents from quantum gravity

Let us now give the main lines of the derivation of exponents τ (n), hence f (α),
via conformal invariance and quantum gravity [90]. The recent joint work with
I. A. Binder [156] on harmonic (mixed) spectra for SLE establishes rigorously
these multifractal results. (See also [157].)

Representation of moments by random walks
By the very definition of the H -measure, n independent RW’s or Brownian mo-
tions diffusing away from the absorber, i.e., from the cluster’s hull’s frontier ∂C,
and diffusing without hitting ∂C, give a geometric representation of the nth mo-
ment Hn, in Eq. (6.6) for n integer (Fig. 25). Convexity arguments yield the
analytic continuation to arbitrary n’s.

Recall the notation A ∧ B for two random sets required to traverse, without
mutual intersection, the annulus D (r, R) from the inner boundary circle of radius
r to the outer one at distance R, and A ∨ B for two independent, thus possibly
intersecting, sets. With this notation, one can define, as in Eq. (4.3), a grand
canonical partition function which describes the star configuration of the Brown-
ian paths B and cluster C: ∂C ∧ n := ∂C ∧ (∨B)n. At the critical point, it is
expected to scale for r/R→ 0 as

ZR (∂C ∧ n) ≈ (r/R)x(n)+··· , (6.10)
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where the scaling exponent

x (n) := x (∂C ∧ n) (6.11)

depends on n and is associated with the conformal operator creating the star
vertex ∂C ∧ n. The dots after exponent x(n) express the fact that there may
be an additional contribution to the exponent, independent of n, corresponding
to the entropy associated with the extremities of the random frontier (see, e.g.,
Eq. (4.3)).

By normalization, this contribution actually does not appear in the multifractal
moments. Since H is a probability measure, the sum (6.6) is indeed normalized
as

Zn=1 = 1, (6.12)

or in terms of star partition functions:

Zn = ZR (∂C ∧ n) /ZR (∂C ∧ 1) . (6.13)

The scaling behavior (6.10) thus gives

Zn ≈ (r/R)x(n)−x(1). (6.14)

The last exponent actually obeys the identity x(1) = x (∂C ∧ 1) = 2, which will
be obtained directly, and can also be seen as a consequence of Gauss’s theorem
in two dimensions [71]. Thus we can also write as in (5.2)

Zn = (R/r)2 PR (∂C ∧ n) , (6.15)

where PR (∂C ∧ n) is a (grand-canonical) excursion measure from r to R for the
random set ∂C ∧ n, with proper scaling PR ≈ (r/R)x(n). The factor (R/r)2 is
the area scaling factor of the annulus D(r, R).

Owing to Eqs. (6.7) (6.14) we get

τ (n) = x(n)− x (1) = x (n)− 2. (6.16)

Proper scaling dimensions
In the absence of diffusing Brownian paths, conformally invariant scaling curves
possess their own scaling dimensions. Typically, for a single scaling curve, like,
e.g., a self-avoiding path, there are three possible environments, corresponding
to the neighborhoods of the tip, with scaling dimension x1, of a point inside the
curve (x2), or of a boundary point (x̃1). In these notations, the subscript obviously
corresponds to the number of path components attached to the considered point
(Fig. 26). Generalizations are given by star exponents xL and x̃L, associated with
multiple paths, as in sections 4 or 10.4 below.

The Hausdorff dimension of the curve is related to the scaling dimension x2
in a well-known way: DH = 2− x2.
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Fig. 26. Scaling dimensions along a single conformally invariant curve.

Quantum gravity
To calculate exponents, we again use the fundamental mapping between the con-
formal field theory, describing a critical statistical system in the plane C or half-
plane H, and the same CFT in presence of quantum gravity [56–58]. Two uni-
versal functions U and V , which now depend on the central charge c of the CFT,
describe the KPZ map between conformal dimensions in bulk or boundary QG
and those in the standard plane or half-plane:

U (x) = Uγ (x) := x
x − γ

1− γ
, V (x) = Vγ (x) = 1

4

x2 − γ 2

1− γ
, (6.17)

with

Vγ (x) := Uγ

(
1

2
(x + γ )

)
. (6.18)

The parameter γ is the string susceptibility exponent of the random 2D surface
(of genus zero), bearing the CFT of central charge c [56]; γ is the solution of

c = 1− 6γ 2(1− γ )−1, γ ≤ 0. (6.19)

In order to simplify the notation, we shall hereafter in this section drop the sub-
script γ from functions U and V .

The function U maps quantum gravity conformal weights, whether in the bulk
or on a boundary, into their counterparts in C or H, as in (3.10) (3.12). The
function V has been tailored to map quantum gravity boundary dimensions to
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the corresponding conformal dimensions in the full plane C, as in (3.63) (3.64).
The positive inverse function of U , U−1, is

U−1 (x) = 1

2

(√
4(1− γ )x + γ 2 + γ

)
, (6.20)

and transforms the conformal weights of a conformal operator in C or H into the
conformal weights of the same operator in quantum gravity, in the bulk or on the
boundary.

Boundary additivity rule
Consider two arbitrary random sets A,B, with boundary scaling exponents x̃ (A),
x̃ (B) in the half-plane H with Dirichlet boundary conditions. When these two
sets are mutually-avoiding, the scaling exponent x (A ∧ B) in C, as in (6.11), or
x̃ (A ∧ B) in H have the universal structure [84, 85, 90]

x (A ∧ B) = 2V
[
U−1 (x̃ (A))+ U−1 (x̃ (B))

]
, (6.21)

x̃ (A ∧ B) = U
[
U−1 (x̃ (A))+ U−1 (x̃ (B))

]
. (6.22)

We have seen these fundamental relations in the c = 0 case above; they are
established for the general case in Ref. [1]. U−1 (x̃) is, on the random disk with
Dirichlet boundary conditions, the boundary scaling dimension corresponding to
x̃ in the half-plane H, and in Eqs. (6.21) (6.22)

U−1 (x̃ (A ∧ B)) = U−1 (x̃ (A))+ U−1 (x̃ (B)) (6.23)

is a linear boundary exponent corresponding to the fusion of two “boundary oper-
ators” on the random disk, under the Dirichlet mutual avoidance condition A∧B.
This quantum boundary conformal dimension is mapped back by V to the scaling
dimension in C, or by U to the boundary scaling dimension in H [90].

Exponent construction
For determining the harmonic exponents x(n) (6.11), we use (6.21) for A = ∂C
and B = (∨B)n.
•We first need the boundary (conformal) scaling dimension (b.s.d.) x̃2 := x̃ (∂C)
associated with the presence of the random frontier near the Dirichlet boundary
H. Since this frontier is simple, it can be seen as made of two non-intersecting
semi-infinite strands (Fig. 27). Its b.s.d. in quantum gravity thus obeys (6.23)

U−1 (x̃2) = 2U−1 (x̃1) , (6.24)

where x̃1 is the boundary scaling dimension of a semi-infinite frontier path orig-
inating at the boundary of H.
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Fig. 27. Illustration of the additivity rule (6.24): each of the two non-intersecting strands of a simple
random path defines its own boundary sector of the random disk near the Dirichlet boundary.

• As before, the packet of n independent Brownian paths has a boundary scaling
dimension x̃ ((∨B)n) = n.
• From (6.23) the QG boundary dimension of the whole set is (see Fig. 28):

�̃ := U−1 [x̃ (∂C ∧ n)
] = 2U−1 (x̃1)+ U−1 (n) . (6.25)

Its associated QG bulk conformal dimension is therefore � = 1
2 (�̃ + γ ). From

Eqs. (6.18) or (6.21) we finally find

x (n) = 2U(�) = 2V (�̃)

= 2V
[
2U−1 (x̃1)+ U−1 (n)

]
. (6.26)

The whole construction is illustrated in Fig. 28.
• The value of the QG b.s.d. of a simple semi-infinite random path is

U−1 (x̃1) = 1

2
(1− γ ). (6.27)

It is derived in section 10.2 below from the exponents of the O(N) model, or of
the SLE. It can be directly derived from Makarov’s theorem:

α(n = 1) = τ ′(n = 1) = dx

dn
(n = 1) = 1, (6.28)

which, applied to (6.26), leads to the same result. We thus finally get

x (n) = 2V
(
1− γ + U−1 (n)

) = 2U

(
1

2
+ 1

2
U−1 (n)

)
. (6.29)
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Fig. 28. The quantum gravity construction (6.24) (6.25) of exponents (6.26).

This result satisfies the identity: x(1) = 2U(1) = 2, which is related to Gauss’s
theorem, as mentioned above.

Multifractal exponents
• The multifractal exponents τ(n) (6.16) are obtained from (6.17–6.20) as [90]

τ (n) = x(n)− 2

= 1

2
(n− 1)+ 1

4

2− γ

1− γ

[√
4(1− γ )n+ γ 2 − (2− γ )

]
. (6.30)

Similar exponents, but associated with moments taken at the tip, later appeared
in the context of the SLE process (see II in Ref. [96], and [207]; see also [208]
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for Laplacian random walks.) The whole family will be given in section 10.6.
• The Legendre transform is easily performed to yield:

α = dτ

dn
(n) = 1

2
+ 1

2

2− γ√
4(1− γ )n+ γ 2

; (6.31)

f (α) = 1

8

(2− γ )2

1− γ

(
3− 1

2α − 1

)
− 1

4

γ 2

1− γ
α, (6.32)

α ∈ ( 1
2 ,+∞

)
.

It is convenient to express the results in terms of the central charge c with the
help of:

1

4

(2− γ )2

1− γ
= 25− c

24
; 1

4

γ 2

1− γ
= 1− c

24
. (6.33)

We finally find the
•Multifractal Exponents

τ (n) = 1

2
(n− 1)+ 25− c

24

(√
24n+ 1− c

25− c
− 1

)
, (6.34)

D (n) = τ (n)

n− 1
= 1

2
+
(√

24n+ 1− c

25− c
+ 1

)−1

, (6.35)

n ∈
[
n∗ = −1− c

24
,+∞

)
;

•Multifractal Spectrum

α = dτ

dn
(n) = 1

2
+ 1

2

√
25− c

24n+ 1− c
; (6.36)

f (α) = 25− c

48

(
3− 1

2α − 1

)
− 1− c

24
α, (6.37)

α ∈
(

1

2
,+∞

)
.
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Other multifractal exponents
This formalism immediately allows generalizations. For instance, in place of a
packet of n independent random walks, one can consider a packet of n indepen-
dent self-avoiding walks P , which avoid the fractal boundary. The associated
multifractal exponents x (∂C ∧ (∨P)n) are given by (6.29), with the argument n
in U−1(n) simply replaced by x̃ ((∨P)n) = nx̃ (P) = 5

8n [84]. These exponents
govern the universal multifractal behavior of the moments of the probability that
a SAW escapes from C. One then gets a spectrum f̄ (ᾱ) such that

f̄ (ᾱ = x̃ (P) α) = f (α = π/θ) = f̂ (θ),

thus unveiling the same invariant underlying wedge distribution as the harmonic
measure (see also [89]).

6.3. Geometrical analysis of multifractal spectra

Makarov’s theorem
The generalized dimensions D(n) satisfy, for any c, τ ′(n = 1) = D(n = 1) = 1,
or equivalently f (α = 1) = 1, i.e., Makarov’s theorem [204], valid for any sim-
ply connected boundary curve. From (6.35), (6.36) we also note a fundamental
relation, independent of c:

3− 2D(n) = 1/α = θ/π. (6.38)

We also have the superuniversal bounds: ∀c,∀n, 1
2 = D(∞) ≤ D(n) ≤ D(n∗) =

3
2 , corresponding to 0 ≤ θ ≤ 2π .

An invariance property of f (α)

It is interesting to note that the general multifractal function (6.37) can also be
written as

f (α)− α = 25− c

24

[
1− 1

2

(
2α − 1+ 1

2α − 1

)]
. (6.39)

Thus the multifractal function possesses the invariance symmetry

f (α)− α = f
(
α′
)− α′, (6.40)

for α and α′ satisfying the duality relation:

(2α − 1)(2α′ − 1) = 1, (6.41)
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or, equivalently α−1 + α′−1 = 2. When associating an equivalent electrostatic
wedge angle θ = π/α to each local singularity exponent α, one gets the comple-
mentary rule for angles in the plane

θ + θ ′ = π

α
+ π

α′
= 2π. (6.42)

Notice that by definition of the multifractal dimension f (α), Rf (α)−α is the total
harmonic measure content of points of type α or equivalent angle θ = π/α along
the multifractal frontier. The symmetry (6.40) thus means that this harmonic
content is invariant when taken at the complementary angle in the plane 2π − θ .
The basic symmetry (6.40) thus reflects that of the external frontier itself under
the exchange of interior and exterior domains.

It is also interesting to note that, owing to the explicit forms (6.35) of D(n)

and (6.36) of α, the condition (6.42) becomes, after a little algebra,

D(n)+D(n′) = 2. (6.43)

This basic interior-exterior symmetry, first observed [206] for the c = 0 result
of [84], is valid for any conformally invariant boundary.

Equivalent wedge distribution
The geometrical multifractal distribution of wedges θ along the boundary takes
the form:

f̂ (θ) = f
(π
θ

)
= π

θ
− 25− c

12

(π − θ)2

θ(2π − θ)
. (6.44)

Remarkably enough, the second term also describes the contribution by a wedge
to the density of electromagnetic modes in a cavity [209]. The simple shift in
(6.44), 25 → 25 − c, from the c = 0 case to general values of c, can then be
related to results of conformal invariance in a wedge [210]. The partition function
for the two sides of a wedge of angle θ and size R, in a CFT of central charge c,
indeed scales as [211]

Ẑ(θ, c) ≈ R−c(π−θ)2/12 θ(2π−θ). (6.45)

Thus, one can view the c dependance of result (6.44) as follows: the number

of sites, Rf̂ (θ,c), with local wedge angle θ along a random path with central

charge c, is the same as the number of sites, Rf̂ (θ,c=0), with wedge angle θ along
a self-avoiding walk (c = 0), renormalized by the partition function Ẑ(θ, c)

representing the presence of a c-CFT along such wedges:

Rf̂ (θ,c) ∝ Rf̂ (θ,c=0)/Ẑ(θ, c).
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Hausdorff dimension of the external perimeter
The maximum of f (α) corresponds to n = 0, and gives the Hausdorff dimension
DEP of the support of the measure, i.e., the accessible or external perimeter as:

DEP = supαf (α) = f (α(n = 0)) (6.46)

= D(0) = 3− 2γ

2(1− γ )
= 3

2
− 1

24

√
1− c

(√
25− c −√1− c

)
. (6.47)

This corresponds to a typical sigularity exponent

α̂ = α(0) = 1− 1

γ
=
(

1

12

√
1− c

(√
25− c −√1− c

))−1

= (3− 2DEP)
−1,

(6.48)
and to a typical wedge angle

θ̂ = π/α̂ = π(3− 2DEP). (6.49)

Probability densities
The probability P(α) to find a singularity exponent α or, equivalently, P̂ (θ) to
find an equivalent opening angle θ along the frontier is

P(α) = P̂ (θ) ∝ Rf (α)−f (α̂). (6.50)

Using the values found above, one can recast this probability as (see also [89])

P(α) = P̂ (θ) ∝ exp

[
− 1

24
lnR

(√
1− c

√
ω −
√

25− c

2
√
ω

)2]
, (6.51)

where

ω := α − 1

2
= π

θ
− 1

2
.

Universal multifractal data
The multifractal exponents τ(n) (Fig. 29) or the generalized dimensions D(n)

(Fig. 30) appear quite similar for various values of c, and a numerical simulation
would hardly distinguish the different universality classes, while the f (α) func-
tions, as we see in Fig. 31, do distinguish these classes, especially for negative
n, i.e. large α. In Figure 31 we display the multifractal functions f , Eq. (6.37),
corresponding to various values of −2 ≤ c ≤ 1, or, equivalently, to a number of
components N ∈ [0, 2], and Q ∈ [0, 4] in the O(N) or Potts models (see below).
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Fig. 29. Universal multifractal exponents τ(n) (6.34). The curves are indexed by the central charge c:
2D spanning trees (c = −2); self-avoiding or random walks, and percolation (c = 0); Ising clusters
or Q = 2 Potts clusters (c = 1

2 ); N = 2 loops, or Q = 4 Potts clusters (c = 1). The curves are
almost indistinguishable at the scale shown.

Needles
The singularity at α = 1

2 , or θ = 2π , in the multifractal functions f , or f̂ , cor-
responds to boundary points with a needle local geometry, and Beurling’s theo-
rem [212] indeed insures that the Hölder exponents α are bounded below by 1

2 .
This corresponds to large values of n, where, asymptotically, for any universality
class,

∀c, lim
n→∞D(n) = 1

2
. (6.52)

Fjords
The right branch of f (α) has a linear asymptote

lim
α→∞ f (α) /α = n∗ = −(1− c)/24. (6.53)

The α → ∞ behavior corresponds to moments of lowest order n → n∗, where
D(n) reaches its maximal value: ∀c,D(n∗) = 3

2 , common to all simply con-
nected, conformally-invariant, boundaries. Its linear shape is quite reminiscent
of that of the multifractal function of the growth probability as in the case of a
2D DLA cluster [213]. This describes almost inaccessible sites: Define N (H)

as the number of boundary sites having a given probability H to be hit by a RW
starting at infinity; the MF formalism yields, for H → 0, a power law behavior

N (H) |H→0 ≈ H−(1+n∗) (6.54)
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Fig. 30. Universal generalized dimensions D(n) (6.35). The curves are indexed as in Fig. 29 and are
almost indistinguishable at the scale shown.

with an exponent

1+ n∗ = 23+ c

24
< 1. (6.55)

RW’s, SAW’s and percolation
Brownian paths, scaling self-avoiding walks and critical percolation clusters all
correspond to CFT’s with c = 0, for which we find

τ (n) = 1

2
(n− 1)+ 5

24

(√
24n+ 1− 5

)
, (6.56)

D (n) = 1

2
+ 5√

24n+ 1+ 5
, n ∈

[
− 1

24
,+∞

)
, (6.57)

f (α) = 25

48

(
3− 1

2α − 1

)
− α

24
, α ∈

(
1

2
,+∞

)
, (6.58)

where we recognize in particular the percolation exponents (5.10, 5.11). We thus
have the general result:
In two dimensions, the harmonic multifractal exponents τ(n) and spectra f (α)

of a random walk, a critical percolation cluster, and a self-avoiding walk are
identical in the scaling limit.
The external frontier of a Brownian path and the accessible perimeter of a per-
colation cluster are identical to a self-avoiding walk in the scaling limit, with
Hausdorff dimension DEP = supαf (α, c = 0) = 4/3, i.e., the Mandelbrot con-
jecture.
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Fig. 31. Universal harmonic multifractal spectra f (α) (6.37). The curves are indexed by the central
charge c, and correspond to: 2D spanning trees (c = −2); self-avoiding or random walks, and
percolation (c = 0); Ising clusters or Q = 2 Potts clusters (c = 1

2 ); N = 2 loops, or Q = 4 Potts
clusters (c = 1). The maximal dimensions are those of the accessible frontiers. The left branches
of the various f (α) curves are largely indistinguishable, while their right branches split for large α,
corresponding to negative values of n.

Ising clusters
A critical Ising cluster (c = 1

2 ) possesses a multifractal spectrum with respect to
the harmonic measure:

τ (n) = 1

2
(n− 1)+ 7

48

(√
48n+ 1− 7

)
, (6.59)

f (α) = 49

96

(
3− 1

2α − 1

)
− α

48
, α ∈

(
1

2
,+∞

)
, (6.60)

with the dimension of the accessible perimeter

DEP = supαf (α, c = 1/2) = 11

8
. (6.61)

Q = 4 Potts clusters, and “ultimate Norway”
The limit multifractal spectrum is obtained for c = 1, which is an upper or lower
bound for all c’s, depending on the position of α with respect to 1:

f (α, c < 1) < f (α, c = 1), 1 < α,

f (α = 1, c) = 1, ∀c,
f (α, c < 1) > f (α, c = 1), α < 1.
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This MF spectrum provides an exact example of a left-sided MF spectrum, with
an asymptote f (α→∞, c = 1) → 3

2 (Fig. 31). It corresponds to singular

boundaries where f̂ (θ → 0, c = 1) = 3
2 = DEP, i.e., where the external perime-

ter is everywhere dominated by “fjords”, with typical angle θ̂ = 0. It is tempting
to call it the “ultimate Norway”.

The frontier of a Q = 4 Potts Fortuin-Kasteleyn cluster, or the SLEκ=4 pro-
vide such an example for this left-handed multifractal spectrum (c = 1) (see
section 9). The MF data are:

τ (n) = 1

2
(n− 1)+√n− 1, (6.62)

f (α) = 1

2

(
3− 1

2α − 1

)
, α ∈

(
1

2
,+∞

)
, (6.63)

with accessible sites forming a set of Hausdorff dimension

DEP = supαf (α, c = 1) = 3

2
, (6.64)

which is also the maximal value common to all multifractal generalized dimen-
sions D(n) = 1

n−1τ(n). The external perimeter which bears the electrostatic
charge is a non-intersecting simple path. We therefore arrive at the striking con-
clusion that in the plane, a conformally-invariant scaling curve which is simple
has a Hausdorff dimension at most equal to DEP = 3/2 [90]. The corresponding
Q = 4 Potts frontier, while still possessing a set of double points of dimension 0,
actually develops a logarithmically growing number of double points [214]. The
values of the various Hausdorff dimensions predicted for Potts clusters have been
verified in a nice numerical study [194, 214].

7. Higher multifractal spectra

It is interesting to note that one can define higher multifractal spectra as those
depending on several α variables [87]. A first example is given by the double
moments of the harmonic measure on both sides of a random path.

7.1. Double-sided spectra

Double-sided potential
When it is simple, i.e., double point free, a conformally scaling curve C can be
reached from both sides. Notice, however, that one can also address the case of
non-simple random paths, by concentrating on the double-sided potential near
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Fig. 32. Double distribution of potential H on both sides of a simple scaling curve (here a SAW). The
local exponents on both sides of point w = wα,α′ are α and α′. The Hausdorff dimension of such
points along the SAW is f2(α, α

′).

cut-points. For a Brownian path for instance, one can consider the subset of
pinching or cut-points, of Hausdorff dimension D = 2 − 2ζ2 = 3/4, where the
path splits into two non-intersecting parts. The path is then locally accessible
from both directions.

Taking Dirichlet boundary conditions on the random curve, one can then con-
sider the joint distribution of potential on both sides, such that the potential scales
as

H+
(
z→ w ∈ ∂Cα,α′

) ≈ |z− w|α, (7.1)

when approaching w on one side of the scaling curve, while scaling as

H−
(
z→ w ∈ ∂Cα,α′

) ≈ |z− w|α′ , (7.2)

on the other side (Fig. 32). The multifractal formalism now characterizes subsets
Cα,α′ of boundary sites w with two such Hölder exponents, α, α′, by their Haus-
dorff dimension f2

(
α, α′

) := dim
(
Cα,α′

)
. The standard one-sided multifractal

spectrum f (α) is then recovered as the supremum:

f (α) = supα′f2
(
α, α′

)
. (7.3)
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Equivalent wedges
As above, one can also define two equivalent “electrostatic” angles from singu-
larity exponents α, α′, as θ = π/α, θ ′ = π/α′ and the dimension f̂2(θ, θ

′) of the
boundary subset with such θ, θ ′ is then

f̂2(θ, θ
′) := f2(α = π/θ, α′ = π/θ ′). (7.4)

Double harmonic moments
As before, instead of considering directly the potential H, one can consider
equivalently the harmonic measure. Let H (w, r) := H(C ∩ B(w, r)) be the
harmonic measure (as seen from “infinity”) of the intersection of C and the ball
B(w, r) centered at point w ∈ C. Let us consider a covering of the path by such
balls centered at points forming a discrete subset C/r of C.

Define the double moments of the harmonic measure:

Zn,n′ =
〈 ∑
w∈C/r

[
H+(w, r)

]n [
H−(w, r)

]n′〉
, (7.5)

where H+(w, r) and H−(w, r) are respectively the harmonic measures on the
“left” or “right” sides of the random path. These moments are represented by
two packets of n and n′ independent Brownian paths diffusing away from the
fractal path (Fig. 33).

They have a multifractal scaling behavior

Zn,n′ ≈ (r/R)τ2(n,n′) , (7.6)

where the exponent τ2
(
n, n′

)
now depends on two moment orders n, n′. A Haus-

dorff dimension is given by the double Legendre transform:

α = ∂τ2

∂n

(
n, n′

)
, α′ = ∂τ2

∂n′
(
n, n′

)
,

f2
(
α, α′

) = αn+ α′n′ − τ2
(
n, n′

)
, (7.7)

n = ∂f2

∂α

(
α, α′

)
, n′ = ∂f2

∂α′
(
α, α′

)
.

It yields the dimension of the subset Cα,α′ of frontier points wα,α′ , where the
potential H scales as in Eqs. (7.1–7.2), or where the harmonic content of a ball
B(wα,α′ , r) scales as (r/R)α on one side, and (r/R)α

′
on the other.

>From definition (7.5) and Eq. (7.6), we recover for n′ = 0 the one-sided
multifractal exponents

τ (n) = τ2
(
n, n′ = 0

)
, (7.8)

and putting these values in the Legendre transform (7.7) yields identity (7.3), as
it must.
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Fig. 33. Representation of the double moments (7.5) by two packets of n and n′ independent Brown-
ian paths diffusing away from a SAW.

One and two-sided cases
In analogy to Eqs. (6.16), (6.26), the exponent τ2(n, n

′) is associated with a scal-
ing dimension x2(n, n

′), calculated in the quantum gravity formalism in a way
similar to (6.29) [1, 95]:

τ2(n, n
′) = x2(n, n

′)− 2

x2(n, n
′) = 2V

[
1− γ + U−1 (n)+ U−1 (n′)] . (7.9)

The two-sided multifractal spectrum is then obtained by a double Legendre trans-
form as [1, 95]

f2
(
α, α′

) = 25− c

12
− 1

2(1− γ )

[
1− 1

2

(
1

α
+ 1

α′

)]−1

− 1− c

24

(
α + α′

)
, (7.10)

α = 1√
4(1− γ )n+ γ 2

[
1+ 1

2

(√
4(1− γ )n+ γ 2 +

√
4(1− γ )n′ + γ 2

)]
,

(7.11)
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with a similar symmetric equation for α′. This doubly multifractal spectrum
possesses the desired property

supα′f2(α, α
′) = f (α),

where f (α) is (6.37) above. The domain of definition of the doubly multifractal
function f2 is independent of c and given by

1− 1

2

(
α−1 + α′−1

)
≥ 0, (7.12)

in accordance to Eq. (7.10). The domain of definition of distribution f̂2 is the
image of domain (7.12) in θ -variables:

θ + θ ′ ≤ 2π. (7.13)

The total electrostatic angle is thus less than 2π , which simply accounts for the
electrostatic screening of local wedges by fractal randomness, as expected.

Notice finally that there also exists a single-sided distribution [1]

f1(α) = 25− c

12
− 1

8(1− γ )

(
1− 1

2α

)
− 1− c

24
α, (7.14)

which corresponds to the potential distribution in the vicinity of the tip of a
conformally-invariant scaling path, and naturally differs from the usual f (α) =
supα′f2(α, α

′)) spectrum, which describes the potential on one side of the scaling
path.

Brownian and SAW’s double spectra
In the case of a Brownian path or a self-avoiding walk, one obtains [1, 95]

f2
(
α, α′

) = 25

12
− 1

3
a2
B,P

[
1− 1

2

(
1

α
+ 1

α′

)]−1

− 1

24

(
α + α′

)
,

aB = 3

2
(RW), aP = 1 (SAW).

These doubly multifractal spectra thus are different for RW’s and SAW’s. The
SAW spectrum corresponds to (7.10) for c = 0, γ = −1/2, and possesses the
required property

fP (α) := supα′f2,P (α, α′) = f (α),

where f (α) is (6.58) above. For a Brownian path, the one-sided spectrum

fB(α) := supα′f2,B(α, α′) = 51

48
− 49

48

1

2α − 1
− α

24
,
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such that fB(α) < f (α), gives the spectrum of cut-points along the Brownian
frontier. This set of Hausdorff dimension 3

4 < 1 is disconnected, and fB(α =
1) = 0, in contrast to Makarov’s theorem, f (α = 1) = 1, for any connected set
in the plane.

7.2. Higher multifractality of multiple path vertices

One can consider a star configuration SL of a number L of similar simple scaling
paths, all originating at the same vertex w. Higher moments can then be defined
by looking at the joint distribution of the harmonic measure contents in each
sector between the arms. We shall not describe this general case here, which can
be found in full detail in Ref. [1].

8. Winding of conformally invariant curves

Another important question arises concerning the geometry of the equipotential
lines near a random (CI) fractal curve. These lines are expected to rotate wildly,
or wind, in a spiralling motion that closely follows the boundary itself. The key
geometrical object is here the logarithmic spiral, which is conformally invariant
(Fig. 34). The MF description should generalize to a mixed multifractal spectrum,
accounting for both scaling and winding of the equipotentials [108].

In this section, we describe the exact solution to this mixed MF spectrum for
any random CI curve [109]. In particular, it is shown to be related by a scaling law
to the usual harmonic MF spectrum. We use the same conformal tools as before,
fusing quantum gravity and Coulomb gas methods, which allow the description
of Brownian paths interacting and winding with CI curves, thereby providing

Fig. 34. A double logarithmic spiral mimicking the local geometry of the two strands of the
conformally-invariant frontier path.
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a probabilistic description of the potential map near any CI curve. With I. A.
Binder, we have also obtained recently a rigorous derivation of this spectrum for
the SLE [156].

8.1. Harmonic measure and rotations

Consider again a (CI) critical random cluster, or scaling curve, generically called
C. Let H (z) be the potential at an exterior point z ∈ C, with Dirichlet boundary
conditions H (w ∈ ∂C) = 0 on the outer (simply connected) boundary ∂C of C,
and H(w) = 1 on a circle “at∞”, i.e., of a large radius scaling like the average
size R of C. As we have seen, the potential H (z) is identical to the probability
that a Brownian path started at z escapes to “∞” without having hit C.

Let us now consider the degree with which the curves wind in the complex
plane about point w and call ϕ(z) = arg (z − w). In the scaling limit, the mul-
tifractal formalism, here generalized to take into account rotations [108], char-
acterizes subsets ∂Cα,λ of boundary sites by a Hölder exponent α, and a rotation
rate λ, such that their potential lines respectively scale and logarithmically spiral
as

H
(
z→ w ∈ ∂Cα,λ

) ≈ rα,

ϕ
(
z→ w ∈ ∂Cα,λ

) ≈ λ ln r, (8.1)

in the limit r = |z − w| → 0. The Hausdorff dimension dim
(
∂Cα,λ

) = f (α, λ)

defines the mixed MF spectrum, which is CI since under a conformal map both
α and λ are locally invariant.

As above, we consider the harmonic measure H (w, r), which is the integral
of the Laplacian of H in a disk B(w, r) of radius r centered at w ∈ ∂C, i.e.,
the boundary charge in that disk. It scales as rα with the same exponent as in
(8.1), and is also the probability that a Brownian path started at large distance R

first hits the boundary at a point inside B(w, r). Let ϕ(w, r) be the associated
winding angle of the path down to distance r from w. The mixed moments of H
and eϕ , averaged over all realizations of C, are defined as

Zn,p =
〈 ∑
w∈∂C/r

Hn (w, r) exp (p ϕ(w, r))

〉
≈ (r/R)τ(n,p) , (8.2)

where the sum runs over the centers of a covering of the boundary by disks of
radius r , and where n and p are real numbers. As before, the nth moment of
H (w, r) is the probability that n independent Brownian paths diffuse along the
boundary and all first hit it at points inside the disk B(w, r). The angle ϕ(w, r)

is then their common winding angle down to distance r (Fig. 35).
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Fig. 35. Two-sided boundary curve ∂C and Brownian n-packet winding together from the disk of
radius r up to distances of order R, as measured by the winding angle ϕ(w, r) = arg(∂C ∧ n) as in
(8.2) and in (8.9).

The scaling limit in (8.2) involves multifractal scaling exponents τ (n, p) which
vary in a non-linear way with n and p. They give the multifractal spectrum
f (α, λ) via a symmetric double Legendre transform:

α = ∂τ

∂n
(n, p) , λ = ∂τ

∂p
(n, p) ,

f (α, λ) = αn+ λp − τ (n, p) ,

n = ∂f

∂α
(α, λ) , p = ∂f

∂λ
(α, λ) . (8.3)

Because of the ensemble average (8.2), f (α, λ) can become negative for some
α, λ.

8.2. Exact mixed multifractal spectra

The 2D conformally invariant random statistical system is labelled by its central
charge c, c ≤ 1 [19]. The main result is the following exact scaling law [109]:

f (α, λ) = (1+ λ2)f

(
α

1+ λ2

)
− bλ2, (8.4)

b := 25− c

12
≥ 2,

where f (α) = f (α, λ = 0) is the usual harmonic MF spectrum in the absence
of prescribed winding, first obtained in Ref. [90], and described in section 6,
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Eq. (6.37). It can be recast as:

f (α) = α + b − bα2

2α − 1
, (8.5)

b = 25− c

12
.

We thus arrive at the very simple formula for the mixed spectrum:

f (α, λ) = α + b − bα2

2α − 1− λ2
. (8.6)

Notice that by conformal symmetry

supλf (α, λ) = f (α, λ = 0),

i.e., the most likely situation in the absence of prescribed rotation is the same as
λ = 0, i.e. winding-free. The domain of definition of the usual f (α) (8.6) is
1/2 ≤ α [212], thus for λ-spiralling points Eq. (8.4) gives

1

2
(1+ λ2) ≤ α, (8.7)

in agreement with a theorem by Beurling [108, 212].
We have seen in section 6.3 the geometrical meaning to the exponent α: For

an angle with opening θ , α = π/θ , and the quantity π/α can be regarded as a
local generalized angle with respect to the harmonic measure. The geometrical
MF spectrum of the boundary subset with such opening angle θ and spiralling
rate λ reads from (8.6)

f̂ (θ, λ) ≡ f
(
α = π

θ
, λ
)
= π

θ
+ b − b

π

2

(
1

θ
+ 1

2π
1+λ2 − θ

)
.

As in (8.7), the domain of definition in the θ variable is

0 ≤ θ ≤ θ(λ), θ(λ) = 2π/(1+ λ2).

The maximum is reached when the two frontier strands about point w locally
collapse into a single λ-spiral, whose inner opening angle is θ(λ) [212].

In the absence of prescribed winding (λ = 0), the maximum DEP := DEP(0) =
supαf (α, λ = 0) gives the dimension of the external perimeter of the fractal clus-
ter, which is a simple curve without double points, and may differ from the full
hull [86, 90]. Its dimension (6.47) reads in this notation

DEP = 1

2
(1+ b)− 1

2

√
b(b − 2), b = 25− c

12
.
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Fig. 36. Universal multifractal spectrum f (α, λ) for c = 0 (Brownian frontier, percolation EP and
SAW), and for three different values of the spiralling rate λ. The maximum f (3, 0) = 4/3 is the
Hausdorff dimension of the frontier.

It corresponds to typical values α̂ = α(n = 0, p = 0) and θ̂ = π/α̂ = π(3 −
2DEP).

For spirals, the maximum value DEP(λ) = supαf (α, λ) still corresponds in
the Legendre transform (8.3) to n = 0, and gives the dimension of the subset of
the external perimeter made of logarithmic spirals of type λ. Owing to (8.4) we
immediately get

DEP(λ) = (1+ λ2)DEP − bλ2. (8.8)

This corresponds to typical scaled values

α̂(λ) = (1+ λ2)α̂, θ̂ (λ) = θ̂/(1+ λ2).

Since b ≥ 2 and DEP ≤ 3/2, the EP dimension decreases with spiralling rate, in
a simple parabolic way.

Fig. 36 displays typical multifractal functions f (α, λ; c). The example choosen,
c = 0, corresponds to the cases of a SAW, or of a percolation EP, the scaling lim-
its of which both coincide with the Brownian frontier [84, 85, 88]. The original
singularity at α = 1

2 in the rotation free MF functions f (α, 0), which describes
boundary points with a needle local geometry, is shifted for λ �= 0 towards
the minimal value (8.7). The right branch of f (α, λ) has a linear asymptote
limα→+∞ f (α, λ) /α = −(1− c)/24. Thus the λ-curves all become parallel for
α→+∞, i.e., θ → 0+, corresponding to deep fjords where winding is easiest.

Limit multifractal spectra are obtained for c = 1, which exhibit examples of
left-sided spectra, with a horizontal asymptote f (α→+∞, λ; c = 1) = 3

2 −
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Fig. 37. Left-sided multifractal spectra f (α, λ) for the limit case c = 1, the “ultimate Norway”
(frontier of a Q = 4 Potts cluster or SLEκ=4).

1
2λ

2 (Fig. 37). This corresponds to the frontier of a Q = 4 Potts cluster (i.e.,
the SLEκ=4), a universal random scaling curve, with the maximum value DEP =
3/2, and a vanishing typical opening angle θ̂ = 0, i.e., the “ultimate Norway”
where the EP is dominated by “fjords” everywhere [90, 95]. Fig. 38 displays the
dimension DEP(λ) as a function of the rotation rate λ, for various values of c ≤ 1,
corresponding to different statistical systems. Again, the c = 1 case shows the
least decay with λ, as expected from the predominence of fjords there.

8.3. Conformal invariance and quantum gravity

We now give the main lines of the derivation of exponents τ (n, p), hence f (α, λ)

[109]. As usual, n independent Brownian paths B, starting a small distance r

away from a point w on the frontier ∂C, and diffusing without hitting ∂C, give
a geometric representation of the nth moment, Hn, of the harmonic measure in
Eq. (8.2) for integer n (Fig. 35), extended by convexity to arbitrary n’s. Let us
introduce an abstract (conformal) field operator �∂C∧n characterizing the pres-
ence of a vertex where n such Brownian paths and the cluster’s frontier diffuse
away from each other in the mutually-avoiding configuration ∂C ∧ n [84, 85]; to
this operator is associated a scaling dimension x(n). To measure rotations using
the moments (8.2) we have to consider expectation values with insertion of the
mixed operator

�∂C∧nep arg(∂C∧n) −→ x (n, p) , (8.9)
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Fig. 38. Dimensions DEP(λ) of the external frontiers as a function of rotation rate. The curves
are indexed by increasing central charge c, and correspond respectively to: loop-erased RW (c =
−2; SLE2); Brownian or percolation external frontiers, and self-avoiding walk (c = 0; SLE8/3);

Ising clusters (c = 1
2 ;SLE3); Q = 4 Potts clusters (c = 1; SLE4).

where arg(∂C∧n) is the winding angle common to the frontier and to the Brown-
ian paths (see Fig. (35)), and where x(n, p) is the scaling dimension of the oper-
ator �∂C∧nep arg(∂C∧n). It is directly related to τ(n, p) by

x (n, p) = τ (n, p)+ 2. (8.10)

For n = 0, one recovers the previous scaling dimension

x(n, p = 0) = x(n), τ (n, p = 0) = τ (n) = x (n)− 2.

As in section 6, we use the fundamental KPZ mapping of the CFT in the plane
C to the CFT on a random Riemann surface, i.e., in presence of 2D quantum
gravity [56], and the universal functions U and V , acting on conformal weights,
which describe the map:

U (x) = x
x − γ

1− γ
, V (x) = 1

4

x2 − γ 2

1− γ
. (8.11)

with V (x) = U
( 1

2 (x + γ )
)
. As before, the parameter γ is the solution of c =

1− 6γ 2(1− γ )−1, γ ≤ 0.
For the purely harmonic exponents x(n), describing the mutually-avoiding set

∂C ∧ n, we have seen in Eqs. (6.29) and (6.24) that

x(n) = 2V
[
2U−1 (x̃1)+ U−1 (n)

]
, (8.12)
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where U−1 (x) is the positive inverse of U ,

2U−1 (x) =
√

4(1− γ )x + γ 2 + γ.

In (8.12), we recall that the arguments x̃1 and n are respectively the boundary
scaling dimensions (b.s.d.) (6.24) of the simple path S1 representing a semi-
infinite random frontier (such that ∂C = S1∧S1), and of the packet of n Brownian
paths, both diffusing into the upper half-plane H. The function U−1 transforms
these half-plane b.s.d’s into the corresponding b.s.d.’s in quantum gravity, the
linear combination of which gives, still in QG, the b.s.d. of the mutually-avoiding
set ∂C ∧ n = (∧S1)

2 ∧ n. The function V finally maps the latter b.s.d. into the
scaling dimension in C. The path b.s.d. x̃1 (6.24) obeys U−1 (x̃1) = (1− γ )/2.

It is now useful to consider k semi-infinite random paths S1, joined at a single

vertex in a mutually-avoiding star configuration Sk =
k︷ ︸︸ ︷

S1 ∧ S1 ∧ · · ·S1= (∧S1)
k .

(In this notation the frontier near any of its points is a two-star ∂C = S2.) The
scaling dimension of Sk can be obtained from the same b.s.d. additivity rule in
quantum gravity, as in (6.21) or (8.12) [90]

x(Sk) = 2V
[
k U−1 (x̃1)

]
. (8.13)

The scaling dimensions (8.12) and (8.13) coincide when

x(n) = x(Sk(n)) (8.14)

k(n) = 2+ U−1 (n)

U−1 (x̃1)
. (8.15)

Thus we state the scaling star-equivalence

∂C ∧ n⇐⇒ Sk(n), (8.16)

of two mutually-avoiding simple paths ∂C = S2 = S1 ∧ S1, further avoiding n

Brownian motions, to k(n) simple paths in a mutually-avoiding star configuration
Sk(n) (Fig. 39). This equivalence plays an essential role in the computation of the
complete rotation spectrum (8.9).

8.4. Rotation scaling exponents

The Gaussian distribution of the winding angle about the extremity of a scaling
path, like S1, was derived in Ref. [34], using exact Coulomb gas methods. The
argument can be generalized to the winding angle of a star Sk about its cen-
ter [215], where one finds that the angular variance is reduced by a factor 1/k2
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Fig. 39. Equivalence (8.15) between two simple paths in a mutually-avoiding configuration S2 =
S1 ∧S1, further avoided by a packet of n independent Brownian motions, and k(n) simple paths in a
mutually-avoiding star configuration Sk(n).

(see also [216]). The scaling dimension associated with the rotation scaling op-
erator �Sk

ep arg(Sk) is found by analytic continuation of the Fourier transforms
evaluated there [109]:

x(Sk;p) = x(Sk)− 2

1− γ

p2

k2
,

i.e., is given by a quadratic shift in the star scaling exponent. To calculate the
scaling dimension (8.10), it is sufficient to use the star-equivalence (8.15) above
to conclude that

x(n, p) = x(Sk(n);p) = x(n)− 2

1− γ

p2

k2(n)
,

which is the key to our problem. Using Eqs. (8.15), (8.12), and (8.11) gives the
useful identity:

1

8
(1− γ )k2(n) = x(n)− 2+ b,

with b = 1
2
(2−γ )2

1−γ = 25−c
12 . Recalling (8.10), we arrive at the multifractal result:

τ(n, p) = τ(n)− 1

4

p2

τ(n)+ b
, (8.17)

where τ(n) = x(n) − 2 corresponds to the purely harmonic spectrum with no
prescribed rotation.
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8.5. Legendre transform

The structure of the full τ -function (8.17) leads by a formal Legendre transform
(8.3) directly to the identity

f (α, λ) = (1+ λ2)f (ᾱ)− bλ2,

where f (ᾱ) ≡ ᾱn− τ(n), with ᾱ = dτ(n)/dn, is the purely harmonic MF func-
tion. It depends on the natural reduced variable ᾱ à la Beurling (ᾱ ∈ [ 1

2 ,+∞
)
)

ᾱ := α

1+ λ2
= dx

dn
(n) = 1

2
+ 1

2

√
b

2n+ b − 2
,

whose expression emerges explicitly from (8.12). Whence Eq. (8.4), QED.
It is interesting to consider also higher multifractal spectra [95]. For a confor-

mally-invariant scaling curve which is simple, i.e., without double points, like the
external frontier ∂C, here taken alone, define the universal function f2(α, α

′, λ)
which gives the Hausdorff dimension of the points where the potential varies
jointly with distance r as rα on one side of the curve, and as rα

′
on the other,

given a winding at rate λ. This function is

f2
(
α, α′; λ) = b − 1

2(1− γ )

(
1

1+ λ2
− 1

2α
− 1

2α′

)−1

− b − 2

2

(
α + α′

)
, (8.18)

and satisfies the generalization of scaling relation (8.4)

f2(α, α
′; λ) = (1+ λ2)f2(ᾱ, ᾱ

′; 0)− bλ2. (8.19)

9. O(N) & Potts models and the Stochastic Löwner Evolution

9.1. Geometric duality in O(N) and Potts cluster frontiers

O(N) model
The O(N) model partition function is that of a gas G of self- and mutually-
avoiding loops on a given lattice, e.g., the hexagonal lattice [24]:

ZO(N) =
∑
G

KNBNNP , (9.1)

where K and N are two fugacities, associated respectively with the total number
of occupied bonds NB , and with the total number of loops NP , i.e., polygons
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drawn on the lattice. For N ∈ [−2, 2], this model possesses a critical point
(CP), Kc, while the whole “low-temperature” (low-T ) phase, i.e., Kc < K , has
critical universal properties, where the loops are denser than those at the critical
point [24].

Potts model
The partition function of the Q-state Potts model [217] on, e.g., the square lattice,
with a second order critical point for Q ∈ [0, 4], has a Fortuin-Kasteleyn (FK)

representation at the CP [218]: ZPotts =∑
∪(C) Q

1
2NP , where the configurations

∪(C) are those of unions of FK clusters on the square lattice, with a total number
NP of polygons encircling all clusters, and filling the medial square lattice of
the original lattice [23, 24]. Thus the critical Potts model becomes a dense loop

model, with loop fugacity N = Q
1
2 , while one can show that its tricritical point

with site dilution [25] corresponds to the O(N) CP [77, 198]. The geometrical
clusters, made of like spins in the (critical) Potts model, have been argued to also
correspond to the tricritical branch of the Potts model with dilution, [219]. Their
frontiers are then the critical loops of the corresponding O(N) model with the
same central charge, in agreement with Refs. [77, 198].

Coulomb gas
The O(N) and Potts models thus possess the same “Coulomb gas” representa-
tions [23, 24, 77, 198]:

N = √
Q = −2 cosπg,

with g ∈ [1, 3
2 ] for the O(N) CP or tricritical Potts model, and g ∈ [ 12 , 1] for the

low-T O(N) or critical Potts models; the coupling constant g of the Coulomb
gas also yields the central charge:

c = 1− 6(1− g)2/g. (9.2)

Notice that from the expression (6.19) of c in terms of γ ≤ 0 one arrives at the
simple relation:

γ = 1− g, g ≥ 1; γ = 1− 1/g, g ≤ 1. (9.3)

The above representation for N = √Q ∈ [0, 2] gives a range of values −2 ≤
c ≤ 1; our results also apply for c ∈ (−∞,−2], corresponding, e.g., to the
O (N ∈ [−2, 0]) branch, with a low-T phase for g ∈ [0, 1

2 ], and CP for g ∈
[ 32 , 2].
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Hausdorff dimensions of hull subsets
The fractal dimension DEP of the accessible perimeter, Eq. (6.47), is, like c(g) =
c(g−1), a symmetric function of g and g−1 once rewritten in terms of g:

DEP = 1+ 1

2
g−1ϑ(1− g−1)+ 1

2
gϑ(1− g), (9.4)

where ϑ is the Heaviside distribution. Thus DEP is given by two different analytic
expressions on either side of the separatrix g = 1. The dimension of the full hull,
i.e., the complete set of outer boundary sites of a cluster, has been determined for
O(N) and Potts clusters [32], and is

DH = 1+ 1

2
g−1, (9.5)

for the entire range of the coupling constant g ∈ [ 12 , 2]. Comparing to Eq. (9.4),
we therefore see that the accessible perimeter and hull Hausdorff dimensions
coincide for g ≥ 1, i.e., at the O(N) CP (or for tricritical Potts clusters), whereas
they differ, namely DEP < DH , for g < 1, i.e., in the O(N) low-T phase, or for
critical Potts clusters. This is the generalization to any Potts model of the effect
originally found in percolation [92]. This can be directly understood in terms of
the singly connected sites (or bonds) where fjords close in the scaling limit. Their
dimension is given by [32]

DSC = 1+ 1

2
g−1 − 3

2
g. (9.6)

For critical O(N) loops, g ∈ (1, 2], so that DSC < 0, hence there exist no closing
fjords, thereby explaining the identity:

DEP = DH. (9.7)

In contrast, one has g ∈ [ 12 , 1) and DSC > 0 for critical Potts clusters and for the
O(N) low-T phase. In this case, pinching points of positive dimension appear in
the scaling limit, so that DEP < DH (Table 1).

Duality
We then find from Eq. (9.4), with g ≤ 1:

(DEP − 1) (DH − 1) = 1

4
. (9.8)

The symmetry point DEP = DH = 3
2 corresponds to g = 1, N = 2, or Q = 4,

where, as expected, the dimension DSC = 0 of the pinching points vanishes.
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Table 1

Dimensions for the critical Q-state Potts model; Q = 0, 1, 2 correspond to spanning trees, percola-
tion and Ising clusters, respectively.

Q 0 1 2 3 4

c −2 0 1/2 4/5 1
DEP 5/4 4/3 11/8 17/12 3/2
DH 2 7/4 5/3 8/5 3/2
DSC 5/4 3/4 13/24 7/20 0

For percolation, described either by Q = 1, or by the low-T O(N = 1) model
with g = 2

3 , we recover the result DEP = 4
3 , recently derived in Ref. [86]. For

the Ising model, described either by Q = 2, g = 3
4 , or by the O(N = 1) CP

with g′ = g−1 = 4
3 , we observe that the EP dimension DEP = 11

8 coincides,
as expected, with that of critical O(N = 1) loops, which in fact appear as EP’s.
This is a particular case of a further duality relation between the critical Potts and
CP O(N) models:

DEP (Q(g)) = DH
[
O
(
N(g′)

)]
, for g′ = g−1, g ≤ 1. (9.9)

In terms of this duality, the central charge takes the simple expression:

c = (3− 2g)(3− 2g′). (9.10)

Exactly the same duality exists between the frontiers of Potts FK and geometrical
clusters, as studied in Ref. [219].

9.2. Geometric duality of SLEκ

Stochastic Löwner evolution
An introduction to the stochastic Löwner evolution process (SLEκ ) can be found
in Refs. [4], [207], [3]. Here we consider the so-called chordal SLE in the com-
plex half-plane. A similar definition of radial SLE exists for the complex plane.

The trace γ [0, t] of this process γt is a conformally-invariant random path in
the half-plane H. The Riemann conformal map gt (z) : H\γ [0, t] → H, from the
slit half-plane to H itself, obeys the stochastic Löwner equation [93]

∂tgt (z) = 2

gt (z)− w(κ t)
,

where w(κt) is a one-dimensional Brownian motion on the real line R = ∂H,
with diffusion constant κ ∈ [0,∞). The map is normalized (“hydrodynamic”
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Fig. 40. The trace γ [0, t] of the chordal SLE process γt up to time t , and the Riemann map gt (z)

which maps the slit half-plane H\γ [0, t] to H. The image of γt is the Brownian motion w(κ t), (w is
standard one-dimensional Brownian motion).

normalization) and the curve parameterized with respect to time t (half-plane
capacity parametrization), so that gt (z) has the asymptotic behavior at infinity:

gt (z) = z+ 2t

z
+O(1/z2), z→∞,

for all t > 0.
The random path can be a simple or a non-simple path with self-contacts. The

SLEκ is parameterized by κ , which describes the rate of the auxiliary Brownian
motion along the boundary, which is the source for the process. When κ ∈ [0, 4],
the random curve is simple, while for κ ∈ (4, 8), the curve is a self-coiling
path [105]. For κ ≥ 8 the path is space filling.

The trace of this SLE process essentially describes the boundaries of (Potts)
clusters or hulls we have introduced above, or the random lines of the O(N)

model. The correspondence to the previous parameters, the central charge c, the
string susceptibility exponent γ , or the Coulomb gas constant g, is as follows.

In the original work by Schramm [93], the variance of the Gaussian winding
angle ϑ of the single extremity of a SLEκ of size R was calculated, and found to
be

〈ϑ2〉 = κ lnR.

In [34] we found, for instance for the extremity of a random line in the O(N)
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model, the corresponding angular variance

〈ϑ2〉 = (4/g) lnR,

from which we immediately infer the identity

κ = 4

g
. (9.11)

The low-temperature branch g ∈ [ 12 , 1) of the O(N) model, for N ∈ [0, 2),
indeed corresponds to κ ∈ (4, 8] and describes non-simple curves, while N ∈
[−2, 0], g ∈ [0, 1

2 ] corresponds to κ ≥ 8. The critical point branch g ∈ [1, 3
2 ],

N ∈ [0, 2] gives κ ∈ [ 83 , 4], while g ∈ [ 32 , 2], N ∈ [−2, 0] gives κ ∈ [2, 8
3 ]. The

range κ ∈ [0, 2) probably corresponds to higher multicritical points with g > 2.
Owing to Eq. (9.3) for γ , we have

γ = 1− 4

κ
, κ ≤ 4; (9.12)

γ = 1− κ

4
, κ ≥ 4. (9.13)

Duality
The central charge (6.19) or (9.2) is accordingly:

c = 1− 24
(κ

4
− 1

)2
/κ, (9.14)

an expression which of course is symmetric under the duality κ/4→ 4/κ = κ ′,
or

κκ ′ = 16, (9.15)

reflecting the symmetry under gg′ = 1 [90]. The self-dual form of the central
charge is accordingly:

c = 1

4
(6− κ)(6− κ ′). (9.16)

From Eqs. (9.5) and (9.4) we respectively find [90]

DH = 1+ 1

8
κ, (9.17)

DEP = 1+ 2

κ
ϑ(κ − 4)+ κ

8
ϑ(4− κ), (9.18)

the first result being later derived rigorously in probability theory [105, 107].
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For κ ≤ 4, we have DEP(κ) = DH(κ). For κ ≥ 4, the self-coiling scaling
paths obey the duality equation (9.8) derived above, recast here in the context of
the SLEκ process:

[DEP(κ)− 1] [DH(κ)− 1] = 1

4
, κ ≥ 4, (9.19)

where now
DEP(κ) = DH(κ ′ = 16/κ) κ ′ ≤ 4.

Thus we predict that the external perimeter of a self-coiling SLEκ≥4 process is,
by duality, the simple path of the SLE(16/κ)=κ ′≤4 process.

The symmetric point κ = 4 corresponds to the O(N = 2) model, or Q = 4
Potts model, with c = 1. The value κ = 8/3, c = 0 corresponds to a self-
avoiding walk, which thus appears [85, 86] as the external frontier of a κ = 6
process, namely that of a percolation hull [93, 98].

Let us now study more of the SLE’s random geometry using the quantum
gravity method described here.

Up to now, we have described general conformally-invariant curves in the
plane in terms of the universal parameters c (central charge) or γ (string suscep-
tibility). The multifractal results described in the sections above thus apply to the
SLE after substituting κ for γ or c. Care should be taken, however, in such a sub-
stitution since two dual values of κ (9.15) correspond to a same value of γ . The
reason is that up to now we have considered boundary geometrical properties
which actually were self-dual. An exemple is the harmonic multifractal spec-
trum of the SLEκ≥4 frontier, which is identical to that of the smoother (simple)
SLE(16/κ)=κ ′≤4 path. So we actually saw only the set of simple SLE traces with
κ ≤ 4. When dealing with higher multifractality, we assumed the random curves
to be simple. When dealing with non-simple random paths, boundary quantum
gravity rules are to be modified as explained now.

10. Quantum gravity duality and SLE

10.1. Dual dimensions

It will be convenient to introduce the following notations. The standard KPZ map
reads:

x = Uγ (�) = �
�− γ

1− γ
, (10.1)

where x is a planar conformal dimension and � its quantum gravity counterpart,
and where we recall that γ is the negative root of

c = 1− 6γ 2(1− γ )−1, γ ≤ 0. (10.2)



194 B. Duplantier

We introduce the dual quantum dimension of �, �′ such that:

�′ := �− γ

1− γ
, (10.3)

and
x = Uγ (�) = ��′. (10.4)

Similarly, let us define the variable γ ′, dual of susceptibility exponent γ , by:

(1− γ )(1− γ ′) = 1, (10.5)

which is simply the (“non-physical”) positive root of Eq. (10.2):

c = 1− 6γ ′2(1− γ ′)−1, γ ′ ≥ 0. (10.6)

The dual equation of (10.3) is then:

� = �′ − γ ′

1− γ ′
, (10.7)

By construction we have the simultaneous equations:

� = U−1
γ (x), �′ = U−1

γ (x)− γ

1− γ
, (10.8)

with the positive solution

U−1
γ (x) = 1

2

(√
4(1− γ )x + γ 2 + γ

)
. (10.9)

We define a dual KPZ map Uγ ′ by the same equation as (10.1), with γ ′ sub-
stituted for γ . It has the following properties14:

x = Uγ (�) = Uγ ′(�
′), (10.10)

�′ = U−1
γ ′ (x) =

U−1
γ (x)− γ

1− γ
, (10.11)

� = U−1
γ (x) = U−1

γ ′ (x)− γ ′

1− γ ′
. (10.12)

14It generalizes to any operator the so-called “wrong” KPZ gravitational dressing of the boundary
identity operator [60].
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Boundary KPZ for non simple paths
The additivity rules in quantum gravity for the boundary scaling dimensions of
mutually-avoiding random paths A and B are:

�̃ (A ∧ B) = �̃(A)+ �̃(B) (simple paths), (10.13)

�̃′ (A ∧ B) = �̃′(A)+ �̃′(B) (non− simple paths). (10.14)

For simple paths, like random lines in the O(N) model at its critical point, or the
SLE trace for κ ≤ 4 the boundary dimensions are additive in quantum gravity,
a fundamental fact repeatedly used above. On the other hand, for non-simple
paths, the dual dimensions are additive in boundary quantum gravity. This is the
case of random lines in the dense phase of the O(N) model, or, equivalently, of
hulls of Fortuin-Kasteleyn clusters in the Potts model, or of the SLEκ≥4 trace.
These additivity rules are derived from the consideration of partition functions
on a random surface in the dilute or dense phases. (See [1], Appendices B & C.)

The composition rules for non-simple paths are different from the ones for
simple paths, when written in terms of the standard string susceptibility exponent
γ , but they are formally identical in terms of the dual exponent γ ′.

Bulk KPZ for non-simple paths
For determining the complete set of scaling dimensions, it remains to relate bulk
and boundary dimensions. In the dilute phase, i.e., for simple paths, we have
seen the simple relation in a random metric (see Appendix C in Ref. [1]):

2�− γ = �̃. (10.15)

The KPZ map from boundary dimension in quantum gravity to bulk dimension
in the plane reads accordingly

x = 2Uγ (�) = 2Uγ

(
1

2
(�̃+ γ )

)
= 2Vγ (�̃), (10.16)

where

Vγ (x) = 1

4

x2 − γ 2

1− γ
, (10.17)

an expression repeatedly used above. When dealing with non-simple paths, these
relations have to be changed to:

2� = �̃, (10.18)
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as shown in detail in Ref. [1]. At this stage, the reader will not be surprised that
this relation is just identical to the dual of (10.15)

2�′ − γ ′ = �̃′, (10.19)

when now written in terms of both dual dimensions and susceptibility exponent.
As a consequence, the scaling dimension of a bulk operator in a dense system
reads:

x = 2Uγ (�) = 2Uγ

(
1

2
�̃

)
= 1

2
�̃

�̃− 2γ

1− γ
, (10.20)

which by duality can necessarily be written as:

x = 2Vγ ′(�̃
′), (10.21)

Vγ ′(x) = 1

4

x2 − γ ′2

1− γ ′
,

as can be easily checked. This QG duality is analyzed in greater detail in Ref. [1].
In summary, the composition rules for scaling dimensions, whether on a bound-

ary or in the bulk, take a unique analytic form for both phases (simple or non-
simple paths), provided one replaces the string susceptibility exponent γ in the
simple case by its dual variable γ ′ in the non-simple case, and QG dimensions
by their duals. This applies to the dense phase of the O(N) model, or to Potts
cluster boundaries, and in particular to SLEκ≥4.

10.2. KPZ for SLE

QG duality for SLE
The QG duality is perfectly adapted to the parametrization of the SLEκ process.
Indeed we have from (9.12) and (9.13)

γ = 1− 4

κ
, γ ′ = 1− κ

4
, κ ≤ 4; (10.22)

γ = 1− κ

4
, γ ′ = 1− 4

κ
, κ ≥ 4, (10.23)

so that the analytical forms of γ and its dual γ ′ are simply exchanged when
passing from simple paths (κ ≤ 4) to non-simple ones (κ > 4). Because of
the equivalent dual equations (10.10), by choosing either the γ -solution or the
γ ′-solution, depending whether κ ≤ 4 or κ ≥ 4, we can write

x =
{

Uγ(κ≤4)(�) = Uκ (�) κ ≤ 4
Uγ ′(κ≥4)(�

′) = Uκ (�
′) κ ≥ 4,

(10.24)
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with now a single function, valid for all values of parameter κ

Uκ (�) = 1

4
�(κ�+ 4− κ) . (10.25)

Similarly, the inverse KPZ map (10.9) reads, according to (10.11) or (10.12):

� = U−1
γ (κ≤4) (x) = U−1

κ (x) , κ ≤ 4,

�′ = U−1
γ ′(κ≥4) (x) = U−1

κ (x) , κ ≥ 4, (10.26)

again with a single expression of the inverse function, valid for any κ

U−1
κ (x) = 1

2κ

(√
16κx + (κ − 4)2 + κ − 4

)
. (10.27)

I emphasize that Uκ coincides with the KPZ map for κ ≤ 4, while it represents
the dual of the latter when κ ≥ 4 and then acts on the dual dimension �′. For
instance, we have the important result at the origin

U−1
κ (0) = 1

2κ
[ |κ − 4| + κ − 4] =

(
1− 4

κ

)
ϑ(κ − 4), (10.28)

which vanishes for simple paths, and is non-trivial for non-simple ones.
It remains to define the analogue of the V function (10.17) or its dual (10.21):

x =
{

2Vγ (κ≤4)(�̃) = 2Vκ(�̃) κ ≤ 4

2Vγ ′(κ≥4)(�̃
′) = 2Vκ(�̃

′) κ ≥ 4,
(10.29)

with again a single function, valid for all values of parameter κ

Vκ (�) = Uκ

[
1

2

(
�+ 1− 4

κ

)]
= 1

16κ

[
κ2�2 − (κ − 4)2] , (10.30)

but acting on the boundary dimension in quantum gravity or on its dual, depend-
ing on whether κ ≤ 4 or κ ≥ 4.

Composition rules for SLE
Finally we can conclude with general composition rules for the SLE process.
Indeed, the boundary rule in H (10.13) or its dual (10.14), owing to Eqs. (10.24)
and (10.26), read in a unified way in terms of parameter κ:

x̃(A ∧ B) = Uκ

[
U−1
κ (x̃ (A))+ U−1

κ (x̃ (B))
]
, (10.31)
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valid for the entire range of κ . Similarly, the composition rules for SLE’s in the
plane C are found from Eqs. (10.15) or (10.19), and recast according to (10.29)
and (10.26) into a unified formula, valid for any κ

x(A ∧ B) = 2Vκ

[
U−1
κ (x̃ (A))+ U−1

κ (x̃ (B))
]
. (10.32)

Thus we see that by introducing dual equations we have been able to unify the
composition rules for the SLE in a unique way, which no longer depends explic-
itly on the range of κ .

10.3. Short distance expansion

Fig. 41. Boundary contact exponent σ between an arbitrary conformally invariant set A and a chordal
SLE. It is given by fusion rules, and because of the properties of the KPZ map it is identical with the
QG boundary conformal dimension U−1(x̃A) of the set A alone.

Boundary SDE
Consider the power law governing the behavior of two mutually-avoiding random
paths A and B anchored at the Dirichlet boundary line, and approaching each
other at short distance r along the line. The probability of such an event scales
like

P̃A,B(r) ∝ rx̃A,B , r → 0, (10.33)

where the short-distance exponent reads [19, 28]:

x̃A,B = x̃(A ∧ B)− x̃(A)− x̃(B). (10.34)
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We simply use the fusion rule (10.31) and the quadratic map (10.25) to immedi-
ately get

x̃A,B = κ

2
U−1
κ (x̃A) U−1

κ (x̃B) , (10.35)

where we use x̃A = x̃ (A) as a short-hand notation. In terms of quantum gravity
boundary dimensions, or their dual, this SDE exponent splits into

x̃A,B =
{

κ
2 �̃A�̃B κ ≤ 4
κ
2 �̃
′
A�̃
′
B κ ≥ 4.

(10.36)

So we see that the short-distance expansion (SDE) along the boundary of H is
governed by the product of the quantum boundary dimensions, or of their duals,
depending on the phase we are in. In particular, if one chooses the set B to be the
chordal SLE trace itself, its boundary dimension x̃1 = (6 − κ)/2κ is such that
�̃1 = U−1

γ (x̃1) = 1
2 (1−γ ) in the dilute phase, or �̃1 = U−1

γ (x̃1) = 1
2 +γ in the

dense phase. That corresponds to the single expression U−1
κ (x̃1) = 2/κ , which

is �̃1 for κ ≤ 4 or �̃
′
1 for κ ≥ 4. In this case, the expressions (10.35) or (10.36)

simplify to

x̃A,1 = U−1
κ (x̃A) = 1

2κ

(√
16κx̃A + (κ − 4)2 + κ − 4

)
(10.37)

=
{

�̃A κ ≤ 4
�̃′A κ ≥ 4.

The boundary contact exponent between an SLE and an arbitrary conformally
invariant scaling set A in the standard (half-) plane is therefore identical with
the purely gravitational boundary exponent of the set A!

In a way, in the standard plane, the local randomness of the SLE acts exactly
as quantum gravity for approaching scaling sets like A, when the latter have to
avoid the SLE.

This explains the observation made in Ref. [110] that the boundary SDE of
any operator with the SLE trace might be seen as exhibiting (boundary) quantum
gravity. However, we see that if for κ ≤ 4 the SDE exponent (10.37) is indeed
the KPZ solution �̃, for κ ≥ 4 it necessarily transforms to the dual dimension
�̃′ introduced above in (10.3). The appearance of the simple quantum gravity
dimension results from the consideration of the SDE with a boundary SLE, since
the general structure of SDE exponent (10.36) is clearly still quadratic and given
by the product of quantum gravity dimensions or their dual.

Bulk SDE
One can also consider the SDE for random paths in the full plane, corresponding
to the so-called radial SLE. Consider the power law governing the behavior of
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two mutually-avoiding random paths A and B approaching each other at short
distance r in the plane, with probability

PA,B(r) ∝ rxA,B , r → 0, (10.38)

where the short-distance exponent now reads:

xA,B = x(A ∧ B)− x(A)− x(B). (10.39)

In the case where the set B is chosen to be the radial SLE trace itself, taken at a
typical medial point, the expression simplify into

xA,2 = U−1
κ (x̃A)+ (κ − 4)2

8κ
=
{

�̃A + (κ−4)2

8κ κ ≤ 4

�̃′A + (κ−4)2

8κ κ ≥ 4.
(10.40)

So the SDE of the SLE trace with any operator A in the plane again generates
the boundary dimension of A in quantum gravity or its dual, modulo a constant
shift. Notice that this shift is self-dual with respect to κκ ′ = 16 and reads also
(κ−4)2

8κ = 1−c
12 .

10.4. Multiple paths in O(N), Potts models and SLE

Fig. 42. A boundary star SL made of L random lines in the O(N) loop model with Dirichlet boundary
conditions. It can also be considered as an L-multiple SLE. (Courtesy of I. Kostov.)

Let us consider the scaling dimensions associated with several (mutually-
avoiding) random paths starting from a same small neighborhood, also called
star exponents in the above (Figure 42). It is simpler to first give them for the
O(N) model, before transferring them to the SLE. These exponents can be de-
rived explicitly from the quantum gravity approach, in particular in presence of a
boundary (see Appendix B in Ref. [1]). (See also refs. [58, 59, 61, 120].)
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Multiple SLE’s in QG
Near the boundary of a random surface with Dirichlet conditions, the conformal
dimensions read

�̃L = L

2
(1− γ ), �̃D

L =
L

2
+ γ, (10.41)

where the “D” superscript stands for the dense phase. The quantum bulk dimen-
sions read similarly

�L = L

4
(1− γ )+ γ

2
, �D

L =
L

4
+ γ

2
. (10.42)

The dilute phase corresponds to (9.12) for κ ≤ 4, while the dense one covers
(9.13) with κ ≥ 4:

�̃L = 2L

κ
, �L = 1

2κ
(2L+ κ − 4), κ ≤ 4 (10.43)

�̃D
L =

L

2
+ 1− κ

4
, �D

L =
1

8
(2L+ 4− κ) , κ ≥ 4. (10.44)

By using dual dimensions (10.3) for the dense phase, these results are unified
into

�̃L = 2L

κ
, κ ≤ 4 (10.45)

�L = 1

2κ
(2L+ κ − 4), κ ≤ 4 (10.46)

�̃D
L
′ = 2L

κ
, κ ≥ 4 (10.47)

�D
L
′ = 1

2κ
(2L+ κ − 4), κ ≥ 4. (10.48)

Hence we observe that in the dense phase the dual dimensions play the role of
the original ones in the dilute phase.

Multiple SLE’s in H and C

The scaling dimensions x̃L in the standard complex half-plane H, or xL in the
complex plane C, can now be obtained from the quantum gravity ones by the
KPZ U -map (10.1), or, in the SLE formalism, from the Uκ (10.24) or Vκ (10.29)
adapted KPZ maps. From the last equations (10.45) to (10.48), it is clear that
by duality the analytic form of the dimensions stays the same in the two phases
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κ ≤ 4, and κ ≥ 4. Indeed we get:

x̃L = Uκ(�̃L) = L

2κ
(2L+ 4− κ), κ ≤ 4 (10.49)

xL = 2Vκ(�̃L) = 1

8κ

[
4L2 − (4− κ)2] , κ ≤ 4 (10.50)

x̃L = Uκ(�̃
D
L
′) = L

2κ
(2L+ 4− κ), κ ≥ 4 (10.51)

xL = 2Vκ(�̃
D
L
′) = 1

8κ

[
4L2 − (4− κ)2] , κ ≥ 4. (10.52)

10.5. SLE(κ, ρ) and quantum gravity

Fig. 43. Left: The drift ρ in SLE(κ, ρ) introduces a pressure that pushes the path further away from
the left part of the half-plane boundary. Middle: The n-Brownian packet, equivalent to the drift ρ,
that is avoided by the standard SLEκ . Right: The equivalence to the avoidance of a number L = ρ/2
of multiple SLEκ s.

An extension of the original SLE, the SLE(κ, ρ) stochastic process, has been
introduced in Ref. [112] (see also [115–118]). A drift term of strength ρ is added
to the boundary Brownian process that appears in the Löwner equation driving
the uniformizing Riemann map of the SLEκ trace. For ρ = 0, one recovers the
usual SLE process: SLE(κ, ρ = 0) = SLEκ . As a consequence, the chordal
SLE(κ, ρ) feels an asymmetrical “pressure” that tends to push it away from one
side of the Dirichlet boundary (Figure 43).

As shown in Ref. [115], the SLE(κ, ρ) is completely equivalent, in terms of
conformal properties or critical exponents, to a standard SLEκ in the presence,
on the same side of the boundary, of a packet of n independent Brownian paths
which are avoided by the SLEκ trace, and exert a “conformal pressure” (Fig. 43).
The value of n is given by the formula

ρ = κ U−1
κ (n). (10.53)

We can then use the QG formalism to give yet another representation of the
SLE(κ, ρ) process and give a simple meaning to parameter ρ (10.53). The equiv-
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alent Brownian packet associated with the SLE(κ, ρ) process can indeed be re-
placed by multiple SLE’s. Multiple SLEκs and a Brownian packet are confor-
mally equivalent if and only if their boundary QG dimensions (for κ ≤ 4), or
their dual boundary QG dimensions (for κ ≥ 4), coincide:

�̃L = 2L

κ
= U−1

κ (n), κ ≤ 4

�̃D
L
′ = 2L

κ
= U−1

κ (n), κ ≥ 4;
both cases yield naturally the same anaytical result. Therefore the parameter
ρ/2 ≡ L simply appears as the number L of equivalent multiple SLEκ ’s avoided
by the original one (Fig. 43) (See also [118].)

Contact exponents for SLE(κ, ρ)

Fig. 44. Top: Contact exponent of a packet of m Brownian paths that avoids the trace of an SLE(κ, ρ).
The m-packet overlaps with the equivalent n-packet associated with the drift parameter ρ and adds
to the pressure exerted by the latter onto the trace of SLEκ . Bottom: The QG representation of
exponent σ .

One can use this QG conformal equivalence to predict other properties of the
composite SLE(κ, ρ) process.

A first question is that of the minimal value of the drift or pressure parameter
ρ such that the trace of SLE(κ, ρ) completely avoids the negative part ∂H− of
the half-plane boundary. For κ ≤ 4, the trace of SLEκ always avoids ∂H, while
for κ > 4 it always bounces onto it. The minimal value of ρ simply corresponds
to a minimal number n = 0 of equivalent Brownian paths, whence:

ρ = κ U−1
κ (0) = (κ − 4) ϑ(κ − 4), (10.54)
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where we used (10.28). As expected, this minimal value for ρ [116] is non van-
ishing only for κ > 4.

Consider also the probability P(r) that a packet of m independent Brownian
paths avoids a chordal SLE(κ, ρ), while starting at distance r from it on the
boundary (Fig. 44). This probability scales as P(r) ≈ rσ(m,ρ), and the contact
exponent σ(m, ρ) can be calculated with the help of the Brownian equivalence
and of the contact exponent (10.37) for standard SLE (see figures 43 and 41).
One finds

σ(m, ρ) = U−1
κ (m+ n)− U−1

κ (n),

where n is given by ρ = κ U−1
κ (n). Again a contact exponent, σ , acting in the

standard (half-) plane, actually is a quantum gravity exponent! (Fig. 44).

10.6. Multifractal exponents for multiple SLE’s

In section 6 above we have studied in detail the multifractal spectrum associated
with the harmonic measure near a conformally-invariant frontier, generalized to
the mixed rotation spectrum in section 8. We also looked at the double-sided
distribution of potential near a simple fractal curve. We have seen in previous
sections 10.1 and 10.2 how to extend the formalism to non-simple curves, by
using duality. We now briefly apply it to some other spectra associated with the
harmonic measure near multiple paths. They include the so-called SLE derivative
exponents [96].

Boundary multifractal exponents
Let us start with geometrical properties of CI curves near the boundary of H

(chordal SLE). We specifically look at the scaling behavior of moments of the
harmonic measure, or in SLE terms, of powers (of the modulus of) the derivative
of the Riemann map that maps the SLE trace back to the half-line R = ∂H

[3, 96, 207].
Consider the L-leg boundary operator �̃SL

creating a star made of L semi-
infinite random paths S̃1, diffusing in the upper half-plane H and started at a
single vertex on the real line ∂H in a mutually-avoiding star configuration SL =
(∧S1)

L, as seen in section 10.4 (Fig. 42). Its boundary scaling dimension x̃L is
given by Eqs. (10.49) or (10.51):

x̃(SL) = x̃L = L

2κ
(2L+ 4− κ), ∀κ (10.55)

with the inversion formula:

U−1
κ (x̃L) = LU−1

κ (x̃1) = 2L

κ
, ∀κ. (10.56)
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Fig. 45. Representation of harmonic moments by packets of independent Brownian paths diffusing
away from a single SLE trace, hence a L = 1 star S1. There are three locations to probe the harmonic
measure: at the SLE origin on the boundary, at the SLE tip in the plane, or along the fractal curve
itself. The corresponding scaling exponents are respectively x̃(1 ∧ n), x(1 ∧ n) and x(2 ∧ n).

We thus dress this L-star SL by a packet of n independent Brownian paths dif-
fusing away from the apex of the star, located on the boundary, while avoiding
the star’s paths (Fig. 45). In our standard notation, this reads:

SL ∧ {
n︷ ︸︸ ︷

B ∨ B ∨ · · ·B} = (∧S1)
L ∧ (∨B)n ≡ L ∧ n.

The corresponding boundary scaling dimension x̃(L ∧ n) in H is given by the
KPZ structure relations (10.31, 10.56):

x̃(L ∧ n) = Uκ

[
L

2

κ
+ U−1

κ (n)

]
. (10.57)

Boundary derivative exponents
It is interesting to isolate in these exponents the contribution x̃L (10.55) coming
from the L SLE paths, and define a subtracted exponent, the (boundary) deriva-
tive exponent [96], which is obtained after simplication as

λ̃κ (L ∧ n) := x̃(L ∧ n)− x̃L = n+ LU−1
κ (n)

U−1
κ (n) = 1

2κ

[√
16κn+ (κ − 4)2 + κ − 4

]
.
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For L = 1, one recovers the result of Ref. [96]. The linear structure so obtained
is in agreement with the short-distance expansion results (10.35) and (10.36);
mutual-avoidance between SLE and Brownian paths enhances the independent
path exponent x̃L + n by L times a typical boundary QG term.

Boundary disconnection exponents
Notice that for n = 0 the exponent is not necessarily trivial:

λ̃κ (L ∧ 0) = LU−1
κ (0) = L

(
1− 4

κ

)
ϑ(κ − 4).

So this exponent takes non-zero values for κ > 4, i.e. for self-coiling CI curves.
This is typical of a disconnection exponent: Consider a point z located along the
boundary ∂H at short distance r = |z − w| from the origin w where all paths of
the SLE star SL are started. The probability P̃L∧0 that point z stays connected to
infinity without being encircled by the collection of SLE traces scales like

P̃L∧0(z) ∝ rλ̃κ (L∧0) = r L(1−4/κ), r → 0, κ ≥ 4.

If κ ≤ 4, the probability that the SLE paths return to the boundary is zero, and
any point w �= 0 stays connected to infinity, hence a vanishing disconnection
exponent λ̃κ≤4(L, 0) = 0.

Planar multifractal exponents
Let us consider now the scaling exponent x(L∧n) associated with the nth moment
of the harmonic measure near the tip of a collection of L radial SLE paths in the
plane. It suffices to use the bulk general composition formula (10.32) in place of
the boundary one (10.31) in (10.57) above, to immediately get:

x(L ∧ n) = 2Vκ

[
L

2

κ
+ U−1

κ (n)

]
.

It is useful to separate the contribution xL of the tip of star SL

xL = 1

8κ

[
4L2 − (4− κ)2] ,

and define a bulk derivative exponent

λκ(L ∧ n) := x(L ∧ n)− xL = n

2
+ 1

2

(
L+ κ

4
− 1

)
U−1
κ (n) ,

which generalizes the L = 1 case considered in Ref. [96].
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Planar disconnection exponents
For n = 0 this yields the set of disconnection exponents

λκ(L ∧ 0) =
{

0 κ ≤ 4
1
2

(
L+ κ

4 − 1
) (

1− 4
κ

)
κ ≥ 4,

which governs the probability PL∧0(r) that a point z ∈ C, located at distance
r = |z − w| from the star’s tip w, stays connected to infinity without being
encircled by the collection of SLE traces:

PL∧0(r) ∝ rλκ (L∧0), r → 0.

Here again, it strongly depends on whether the random paths are simple or not,
respectively for κ ≤ 4 and κ > 4. If κ ≤ 4, the SLE paths are simple curves that
cannot encircle any exterior point; the latter therefore stays connected to infinity,
hence a vanishing disconnection exponent.

For L = 1, we recover the disconnection exponent associated with the tip of a
single radial SLE trace, or, equivalently, with the end of an open line in the O(N)

model, a result appearing in [96, 105].

Double-sided exponents
Let us mention that boundary double-sided exponents can be defined, corre-
sponding to double moments of the harmonic measure on both sides of a multiple
SLE trace, or, equivalently, to double-sided derivative exponents [1,96]. We have
in mind configurations where two packets of n1 and n2 Brownian paths diffuse
on both sides of a boundary star SL. They are easily computed at level L from
the QG method, and the interested reader is referred to [1].

Winding of multiple SLE’s
Let us finally return to the winding angle variance at points where k strands come
together in a star configuration Sk . We have seen in section 8 that the variance
of k paths up to distance R is reduced by a factor 1/k2 with respect to the k = 1
single path case, namely:

〈ϑ2〉k = κ

k2
lnR.

In the case of non-simple paths (κ > 4), one can further consider the winding
at points where k strands meet together, amongst which j adjacent pairs (with
2j ≤ k) are conditioned not to hit each other [216]. In each pair the two strands,
which otherwise would bounce on each other, are disconnected from each other,
and that corresponds, in our notations, to a star configuration:

Sk,j =
k−2j︷ ︸︸ ︷

S1 ∧ S1 ∧ · · ·S1 ∧
j︷ ︸︸ ︷

(S1 ∧ 0 ∧ S1) ∧ · · · ∧ (S1 ∧ 0 ∧ S1) . (10.58)



208 B. Duplantier

Wieland and Wilson made the interesting conjecture that in this case the winding
angle variance grows like [216]

〈ϑ2〉k,j = κ

(k + j max(0, κ/2− 2))2
lnR. (10.59)

This can be derived from the quantum gravity formalism as follows. A gener-
alization of Eq. (8.15) gives the number of paths, k(j), which is equivalent to k

strands in a star configuration Sk,j (10.58), as

k(j) = k + j
U−1
κ (0)

U−1
κ (x̃1)

.

Indeed, one simply has to gauge the extra (quantum gravity) conformal weight
j×U−1

κ (0), associated with the j disconnected pairs, by the (QG) boundary con-
formal weight U−1

κ (x̃1) of a single path extremity. Because of the value (10.28)
and the value (10.56) we find

k(j) = k + j
(κ

2
− 2

)
ϑ(κ − 4),

which gives a variance

〈ϑ2〉k,j = 〈ϑ2〉k(j) = κ

k2(j)
lnR,

which is just the conjecture (10.59), QED.
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1. Introduction

Among models of stochastic motions in a random medium many have originally
been considered in physical sciences. The randomness of the medium usually
shows up as a way to take into account the disordered nature of the environment
where the motion takes place. Over the last thirty years their mathematical in-
vestigation has been very active. Over time it has uncovered surprising effects
running contrary to the prevailing intuition, and it has generated deep mathemat-
ical challenges. This short survey attempts to convey some of the salient features
of the field.

There are many different ways to incorporate randomness, or disorder, in the
medium where a particle undergoes a stochastic motion. We begin with the dis-
cussion of the following two discrete models:
• Random walks in random environment (RWRE):

One chooses i.i.d. variables p(x, ω), x ∈ Z, with values in [0, 1], for simplicity
uniformly bounded away from 0 and 1, and sets q(x, ω) = 1 − p(x, ω). Then
for a given realization of the environment, one considers the Markov chain Xn

on Z, which jumps to x + 1, its neighbor on the right, with probability p(x, ω),
and to x − 1, its neighbor on the left, with probability q(x, ω), given it is located
at x. This model goes back to Chernov [20], Temkin [88], and was introduced as
a toy-model for the replication of DNA-chains.
• Random conductance model (RCM):

223



224 A.-S. Sznitman

In place of inserting randomness at each site, as in the previous model, one now
injects randomness at each bond. Namely one chooses i.i.d. positive variables
cx,x+1(ω), x ∈ Z, for simplicity uniformly bounded and bounded away from 0.
Then for a given realization of the environment, one considers the Markov chain
Xn on Z, that jumps to one of its nearest neighbors with a probability proportional
to the value attached to the bond it then crosses. With other words, we now have:

p(x, ω) = cx,x+1(ω)

cx−1,x(ω)+ cx,x+1(ω)
, q(x, ω) = 1− p(x, ω).

This is in essence a model of random conductances of the type that can be found
in Fatt [32], or Kirkpatrick [48], see also Hughes [41].

The above two models are easily generalized to higher dimension. It may be
surprising, but it turns out as we will now explain that they have quite different
asymptotic behavior.

2. RWRE

A first naive guess based on what is known for the asymmetric simple random
walk on Z, and the fact that the particle scans large portions of the medium, as
time goes on, so that some kind of averaging effect at the level of the medium
ought to take place, may lead to guess the following law of large numbers:

Xn

n
→ E[p] − E[q], as n→∞, (*)

where throughout this article P denotes the probability governing the random
medium and E the corresponding expectation. The above argument is not without
merit, but (*) turns out to be wrong. Rather than the difference p(x, ω)−q(x, ω),
the ratio:

ρ(x, ω) = q(x, ω)

p(x, ω)
, (we write ρ for ρ(0, ω)), (2.1)

plays an important role in this problem. We denote with Px,ω the law of the walk
in the environment ω and with Px the semi-direct product measure P × Px,ω.
What really happens is described by the following

Theorem 2.1. (Solomon [76])
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P0-a.s, Xn

n
→ v, where in case⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

i) E[ρ] < 1, v = 1− E[ρ]
1+ E[ρ] > 0,

ii) E[ρ−1]−1 ≤ 1 ≤ E[ρ], v = 0,

iii) 1 < E[ρ−1]−1, v = E[ρ−1] − 1

E[ρ−1] + 1
< 0.

(2.2)

In view of Jensen’s inequality E[ρ−1]−1 ≤ E[ρ], and the above three cases list
out the various possible positions of 1 relative to the numbers E[ρ] and E[ρ−1]−1.
When p(x, ω) is truly random, these two numbers are distinct and one can see,
cf. for instance (20) of [84], that in case i) and iii)

v has same sign as the naive guess E[p] − E[q],
but strictly smaller absolute value.

(2.3)

This feature together with (2.2) ii) highlights the important role of slowdowns
in the model. Intuitively such slowdowns are related to the occurrence of long
stretches in the medium which play the role of traps and may imprison the particle
for a very long time.

The slowdown effects may in fact be massive, and as shown by Sinai [75],

when E[log ρ] = 0, 0 < E[(log ρ)2] (<∞ with our above assumptions), then
Xn

(log n)2
is tight under P0. (2.4)

Much more is known, we refer to Golosov [35], Kesten [44], Revesz [68].

3. RCM

Unlike what happens for RWRE, the particle is always diffusive for RCM, (under
our tacit uniform ellipticity assumption). In fact one has the following
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Theorem 3.1. (dimension d ≥ 1, [74])
For P-a.e. ω,

P0,ω-a.s.,
Xn

n
→ 0, and (3.1)

under P0,ω,
X[·n]√

n
converges in law to a Brownian motion with variance σ 2 > 0.

(3.2)

This result has a long history and various partial versions of it can be found
in [2], [8], [9], [26], [47], [51], [52]. An important role in the investigation of
RCM and of a number of other models of random motions in random media has
been played by the so-called “method of the environment viewed from the parti-
cle”; cf. Kipnis-Varadhan [47], Kozlov [51], Papanicolaou-Varadhan [61], [62].
Motivated by the study of homogenization in periodic media, see for instance
Chapter 3 of [5], one looks for a slow variable and a fast variable in the problem,
so that the fast variable undergoes some kind of averaging effect. Whereas 1

n
Xn

or 1√
n
Xn appear as natural candidates for the slow variable, it took quite a con-

ceptual leap to attach the role of the fast variable to the environment viewed from
the particle:

ωn = translation at Xn of ω. (3.3)

The process ωn contains enough information and defines a Markov chain, how-
ever on a large state space. One then looks for an invariant measure Q of this
Markov chain which is absolutely continuous with respect to P. As it turns out,
cf. for instance Lecture 1 of [12], such a measure is unique and ergodic for the
Markov chain. Then the derivation of a central limit theorem for the position of
the particle is reduced to that of a central limit theorem for martingales with typ-
ically stationary increments, and the construction of so-called correctors, or ap-
proximate correctors, that do not grow too fast, cf. [47], [51], and also [29], [56].
The measure Q is explicit in the case of RCM (and in the majority of cases where
the method of the environment viewed from the particle successfully applies).
For instance when d = 1, one has

Q = 1

Z

(
c−1,0(ω)+ c0,1(ω)

)
P, with Z a normalizing constant. (3.4)

The measure Q is in fact reversible for the Markov chain ωn in the case of RCM.
For the random conductance model, unlike RWRE, the i.i.d. nature of the

environment typically does not play a crucial role and results remain valid in the
more general framework of ergodic environments (governed by P).

A “special case” of RCM corresponds to random walk on the clusters of per-
colation, or the so-called “ant in the labyrinth”, cf. de Gennes [25].
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a sketch of the bonds with attached value 1

Here the situation corresponds to dimension d ≥ 2, and i.i.d. Bernoulli vari-
ables cx,x+e, x ∈ Zd , e in the canonical basis of Rd , taking value 1 with prob-
ability α and 0 with probability 1 − α. Of course this set-up is not uniformly
elliptic, and the probability of jumping to a nearest neighbor may well vanish. So
the model is not really a special case of RCM.

It is known from percolation theory, cf. [37], that for some suitable αc(d) in
(0, 1), when one looks at the random graph on Zd , with edges the bonds where
cx,x+e takes the value 1,

i) for α > αc(d), P-a.s., there is a unique infinite
connected component (or cluster), C(ω),

ii) for α < αc(d), P-a.s., there are only finite components.

(3.5)

In the supercritical case (2.5) i), a number of results for instance pertaining to
questions of transience or recurrence, cf. [38], or bounds on the transition proba-
bility, cf. [3], show that the random walk on the infinite cluster behaves like the
simple random walk on Zd and under this angle of inspection, the infinite cluster
behaves like “Zd with a few defects”. In the same vein one has the following
result shown for d ≥ 4 in [74], and in the general case in [6], [55], (see also [26]
for an earlier version of the result where some averaging over the environment is
required).

Theorem 3.2. (α > αc(d), d ≥ 2)

P-a.s. on {0 ∈ C(ω)}, under P0,ω, 1√
n
X[·n] converges

in law to a Brownian motion with variance σ 2 > 0.
(3.6)

The case where the walk on the infinite cluster has some anisotropy has also
been very much investigated in the physics literature, see for instance [4], [30],
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[39]. It corresponds to the situation where one has a vector � �= 0 in Rd , control-
ling the anisotropy, and

pω(x, y) = e�·(y−x)cx,y(ω)∑
|z−x|=1

e�·(z−x)cx,z(ω)
, for y and x neighbors in C(ω). (3.7)

In the case of a deterministic medium (i.e. α = 1), the anisotropy automatically
induces a ballistic behavior for the particle:

Xn

n
→ v =

d∑
i=1

sinh(� · ei)
d∑

j=1
cosh(� · ej )

ei �= 0, with (ei) the canonical basis of Rd .

(3.8)
The combination of anisotropy and randomness of the medium results in the
following somewhat paradoxical behavior:

Theorem 3.3. (d ≥ 2, α > αc(d), [83])

There are positive numbers λ0(d, α) < λ1(d, α) such that

• when 0 < |�| < λ0(d, α):

P-a.s., for all x ∈ C(ω), Px,ω-a.s., lim
n

Xn

n
= v, with v deterministic,

and v · � > 0, (3.9)

under P× P0,ω[·|0 ∈ C(ω)], 1√
n
(X[·n] − [·n] v) converges in law to a

Brownian motion with non-degenerate covariance matrix A, (3.10)

• when λ1(d, α) < |�|:

P-a.s., for all x ∈ C(ω), lim
n

|Xn|
nλ1/|�| = 0, (3.11)

• for all � �= 0, the walk is transient in the direction �

P-a.s., for all x ∈ C(ω), Px,ω

[
lim
n

Xn · � = ∞
] = 1. (3.12)

In the case d = 2, for � parallel to the first coordinate axis, some of these
results are also to be found in [7]. So for small non-zero anisotropy the particle
is ballistic and for large anisotropy it is sub-ballistic (and even sub-diffusive)
and “it is not by pushing more that things go faster”! What happens intuitively
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is that, in the presence of strong anisotropy, long dangling ends in the infinite
cluster become potent traps for the walk which is pushed along some routes with
no escape. The strong anisotropy regime is reminiscent of the phenomena taking
place in the literature on aging, cf. [15].

The existence of a direction-dependent critical value for |�|, below which bal-
listic behavior and above which sub-ballistic behavior takes place, is at present
not known. Also the fine behavior of the walk in the strong anisotropy regime (be-
yond the rough upper bound (3.11)) is unknown. In the weak anisotropy regime,
the validity of an invariance principle P-a.s. on {0 ∈ C(ω)} (note that (3.10) in-
volves averaging over P), and some understanding of the limiting velocity as a
function of � and α, are natural questions.

4. Back to RWRE

Unlike the case of dimension d = 1, with an abundant literature, see for in-
stance [1], [10], [17], [18], [21], [22], [27], [28], [33], [35], [36], [40], [43], [44],
[45], [46], [63], [64], [68], [75], there were until about seven years ago very
few articles concerned with random walk in random environment in dimension
d > 1, cf. Bricmont-Kupiainen [19], Kalikow [42], Lawler [54]. One substan-
tial difficulty with RWRE when d > 1 stems from its genuine non-reversible
nature and from the fact that very few explicit calculations are available. In par-
ticular there are no formulas in the spirit of (2.2) describing when the walk is
ballistic or not. There has been a revival of the field over the last seven years,
cf. [11], [13], [14], [23], [24], [31], [65], [66], [67], [69], [77], [78], [80], [81],
[82], [87], [89], [90], [92], [93], [94], [95], [96]. However a classification of the
model predicting transience, recurrence, ballistic, diffusive or other behaviors
is still very much in the making, and constitutes a deep mathematical challenge.
But progress has been made notably in the study of ballistic behavior and to some
extent concerning large deviation properties and 0− 1 laws.

As alluded to above, few explicit calculations are available for RWRE when
d > 1, and unlike for RCM the existence (it is then necessarily unique, cf. Lec-
ture 1 of [12]) of a stationary distribution Q for the environment viewed from the
particle, which is absolutely continuous with respect to P, has only been estab-
lished in very special cases, cf. [54], and Theorem 2.4. of [11]. When such a Q

exists, it right away implies a law of large numbers, cf. [51] or Lecture 1 of [12]:

P0-a.s.,
Xn

n
→ v =

∫
d(0, ω) dQ(ω), (4.1)

where d(0, ω) denotes the local drift at the origin in the environment ω, see (4.13)
below.
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We will now discuss some conditions that have been helpful in the study of
ballistic behavior. We refer to [84] for a more complete presentation of results,
see also [12], [79], and [92].

Conditions (T) and (T’):

Given a unit vector � in Rd , and γ in (0, 1], we say that condition (T)γ holds
relative to �, (with shorthand notation (T)γ |�), if

for all �′ ∈ Sd−1, in some neighborhood of �,

lim
L→∞ L−γ log P0

[
XTU

�′,b,L · �′ < 0
]
< 0, for all b > 0.

(4.2)

We then define:
(T)|� as (T)γ=1|�, and

(T’)|� as (T)γ |�, for all 0 < γ < 1.
(4.3)

Clearly exponential decay implies stretched exponential decay and

(T)|� =⇒ (T’)|� =⇒ (T)γ |�, for 0 < γ < 1. (4.4)

It is believed that in fact all the above implications are equivalences, see also
(4.10) below for a partial confirmation of this belief.

When d ≥ 2, these conditions have important consequences:

Theorem 4.1. (d ≥ 2, (T’)|�, [80], [81])

P0-a.s.,
Xn

n
→ v, deterministic with v · � > 0, (4.5)

under P0,
1√
n
(X[·n] − [·n] v) converges in law to a Brownian motion

with non-degenerate covariance matrix. (4.6)
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In addition to the above stated ballistic law of large numbers and central limit
correction to the law of large numbers, (T’)|� also provides controls on critical
large deviations related to slowdowns of the walk, cf. [80], [81], [84]. In a few
cases an invariance principle improving (4.6) valid for P-a.e. environment has
been shown, cf. [11], [13].

The proof of the above theorem involves the construction of a certain regen-
eration time τ1, and in fact of a whole renewal structure. A key role is played by
the following estimate:

P0[τ1 > n] ≤ exp{−const(log n)α}, for large n, when α <
2d

d + 1
. (4.7)

Note that 2d
d+1 > 1, for d ≥ 2, and hence τ1 has all its moments finite. This

together with the renewal structure is an important tool in proving a variety of
limit theorems for the walk. The presence in many cases (cf. the so-called plain-
nestling situation, cf. (69) of [84]) of powerful traps in the medium, provides
examples of lower bounds for P0[τ1 > n] with expressions similar to the right-
hand side of (4.7), but now with α = d .

a native trap corresponding to local drifts roughly
pointing towards the center of a large ball BL of
radius L.

It is an open problem whether (4.7) holds with α = d . In other words, is there
anything truly more efficient than a naive trap as above of radius const log n, in
making τ1 larger than n?

When d = 1, it is known that, cf. [84] below (78), for 0 < γ ≤ 1,

(T)γ |�⇐⇒ P0[limXn · � = ∞], (transience in the direction �). (4.8)

It is an open problem whether a similar equivalence holds when d ≥ 2 as well.
But the implication from left to right is known to hold for all d ≥ 1.

Effective criterion:

In view of (4.2), checking (T)γ |� a priori requires the control of exit distributions
of the walk under P0 from arbitrary large slabs. This is a difficult task since
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in particular the walk is typically not Markovian under P0 = P × P0,ω, due to
“averaging over the environment”. It is then an important feature that (T’)|� can
be checked in an effective manner through the inspection of a finite box.

We denote with κ the ellipticity constant, i.e. the largest positive number such
that P-a.s., pω(x, y) ≥ κ , for all x, y with |x − y| = 1. One has the following

Theorem 4.2. (� ∈ Sd−1, [81])

(T’) |�⇐⇒ inf
B,0<α≤1

{AE[ρα
B ]} < 1 (4.9)

with A = c1(d)
(

log
1

κ

)3(d−1)
L̃(d−1) L3(d−1)+1,

where c1(d) is a dimension-dependent positive constant, and B varies over boxes
with L ≥ c2(d) and 3

√
d ≤ L̃ < L3.

The proof of the above theorem uses a renormalization technique. One can
also state as an equivalent property for (T’)|�, a condition where the infimum in
the right-hand side of (4.9) is 0, but such a condition is not effective, and requires
controls of ρB for arbitrary large blocks.

With the effective condition one can for instance check that

(T)γ |�⇐⇒ (T’)|�, when
1

2
< γ < 1, (4.10)

or that
(T’)|� is stable under perturbations. (4.11)

Also the effective criterion can be used to produce new examples of random
walks in random environment with ballistic behavior, that are small perturbations
of the simple random walk, as we now explain.
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We say here that the random walk in random environment is an ε-perturbation
of the simple random walk when∣∣∣pω(x, y)− 1

2d

∣∣∣ ≤ ε, for P-a.e. ω, and all |y − x| = 1. (4.12)

An important quantity is the local drift at x in the environment ω:

d(x, ω) =
∑
|y−x|=1

(y − x) pω(x, y). (4.13)

As an application of the effective criterion one has the following

Theorem 4.3. (d ≥ 3, [82])

Given η > 0, there is ε0(d, η) such that for ε < ε0 and ε-perturbations of the
simple random walks, the condition

E[d(0, ω) · e1] > ε
5
2−η, when d = 3, ((ei) the canonical basis of Rd)

> ε3−η, when d ≥ 4,
(4.14)

implies (T’)|e1, and in particular

P0-a.s.,
Xn

n
→ v, with v · e1 > 0, and (4.15)

under P0,
1√
n
(X[·n] − [·n] v) converges in law to a (4.16)

Brownian motion with non-degenerate covariance matrix A.

The above theorem enables to read off ballistic behavior for small pertur-
bations of the simple random walk from a condition on the expectation of the
local drift under the static measure. A special interest of the result, is that it
covers cases where d(0, ω) has typically size of order ε, but on the other hand
E[d(0, ω)] * ε2, so that fluctuations of the local drift are large compared to
its expectation. As a by-product when d ≥ 3, this theorem provides examples
of walks for which (T’)|e1 holds but the so-called Kalikow condition fails in all
directions. The Kalikow condition, (the terminology comes from [87], and refers
to the work [42], see also (112) of [84]) was shown in [87] to imply ballistic be-
havior. It was also shown there to be equivalent to ballistic behavior when d = 1.
With the above examples one sees this is not the case anymore when d ≥ 3. At
present the following is unknown, see also below (4.8):

does (T’) (and in fact (T)) characterize ballistic behavior when d ≥ 2 ? (4.17)

when d = 2, are there examples of ballistic walks for which the Kalikow
(4.18)

condition fails in all directions?
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Coming back to (4.13), it is natural to wonder whether the conclusions of the
above theorem still hold when (4.13) is replaced with the weaker condition
E[d(0, ω) · e1] > 0, (after all, one deals with small perturbations of the simple
random walk in high dimension!). The following result shows this is not the case:

Theorem 4.4. ( [13])

When d ≥ 7, for each ε > 0, there are ε-perturbations of the simple random
walk for which E[d(0, ω) · e1] > 0, but

P0-a.s.,
Xn

n
→ 0. (4.19)

When d ≥ 15, one can construct examples such that

for P0-a.e. ω, under P0,ω,
1√
n
X[·n] converges to

Brownian motion with covariance matrix A. (4.20)

In fact one can even construct examples where

P0-a.s.,
Xn

n
→ v �= 0, with v = −c E[d(0, ω)], and c > 0, (4.21)

(note that this is impossible when d = 1, cf. (2.3)). This shows that the limiting
velocity v is more than “the naive guess E[d(0, ω)] corrected by the effect of
slowdowns”.

Let us also point out a further special feature of RWRE. Unlike what hap-
pens for RCM, the replacement of i.i.d. environment with ergodic environment
may have striking consequences. Indeed as shown in Zerner-Merkl [96], and
Bramson-Zerner-Zeitouni [16], when d ≥ 2, there are examples of ergodic envi-
ronments (uniformly elliptic when d ≥ 3), such that:

P0

[
lim
n

Xn · �
n

> 0

]
> 0 and P0

[
lim
n

Xn·(−�)
n

> 0

]
> 0, (4.22)

(in particular for these examples there is no zero-one law for the quantity
P0[limXn· � = ∞], and due to (4.1) there cannot exist a stationary distribution
Q absolutely continuous to P, for the environment viewed from the particle). At
present in the i.i.d. case such a zero-one law is only known for d ≤ 2, cf. [96]. It
is known to imply a law of large numbers for the walk (with no information on
the limiting velocity, in particular on whether it vanishes or not), see for instance
[92], p. 267, or [67]. With [89] it enables to characterize the zero set of the rate
functions governing the large deviations of Xn

n
respectively under P0,ω and P0

as the singleton {v} in the non-nestling case and the segment [0, v] (possibly a
singleton) in the nestling case, (see (69) of [84] for the terminology which stems
from [93]).
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5. Diffusions in random environment

We now discuss the continuous set-up and consider a diffusion on Rd with lo-
cal characteristics, i.e. covariance matrix and drift, that are bounded stationary
functions a(x, ω), b(x, ω), x ∈ Rd , ω ∈ #, where # is endowed with a group
(tx)x∈Rd of jointly measurable transformations preserving the probability P on
#. The local characteristics are supposed to satisfy a Lipschitz condition, i.e. for
some K > 0,

|a(x, ω)− a(y, ω)| + |b(x, ω)− b(y, ω)| ≤ K|x − y|, for x, y ∈ Rd , ω ∈ #,

(5.1)
and a(·, ·) is uniformly elliptic. Further they satisfy a finite-range dependence
condition, i.e. for some R > 0,

σ(a(x, ·), b(x, ·), x ∈ A) and σ(a(y, ω), b(y, ω), y ∈ B) are P-independent,
(5.2)

when A,B ⊆ Rd lie at mutual distance at least R.

The diffusion in the random environment ω is then the solution of the martingale
problem attached to

L = 1

2

d∑
i,j=1

aij (y, ω) ∂2
ij +

d∑
i=1

bi(y, ω)∂i . (5.3)

The main issue is now to understand its asymptotic behavior. When b ≡ 0, or
L = 1

2 ∇(a(·, ω)∇), or L = 1
2 � − ∇V (·, ω) · ∇, with V a bounded station-

ary function, the method of the environment viewed from the particle applies
and enables to prove a functional central limit theorem for the particle, see for
instance Kozlov [51], Olla [58], [59], Osada [60], Papanicolaou-Varadhan [61],
[62], Yurinsky [91], and also for divergence-free drifts Landim-Olla-Yau [53],
Oelschläger [57]. However, the application of the method is rigid, and for in-
stance breaks down if one replaces ∇V (·, ω) with ∇V (·, ω) + u, with u �= 0 a
constant vector, in the case of L = 1

2 �−∇V (·, ω) · ∇. This case was only very
recently treated in Shen [73], using methods stemming from the progresses made
in the study of ballistic RWRE.

The investigation of diffusions in random environment attached to (5.3) in
the general framework described above, constitutes a continuous analogue of the
study of RWRE. In particular when d > 1, the model is massively non-self
adjoint and few explicit calculations are available. Building up on the recent ad-
vances concerning ballistic random walk in random environment, progress has
also been achieved in the analysis of diffusions in random environment with
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ballistic behavior (i.e. with non-degenerate limiting velocity), cf. Komorowski-
Krupa [49], [50], Schmitz [70], [71], Shen [72], and also Goergen [34].

However diffusive behavior has remained quite poorly understood, we will
now describe one recent advance. When d > 1, there is no explicit formula
for what the limiting velocity ought to be, and in view of the discussion below
(4.19)–(4.21), it is not a straightforward matter to predict whether the limiting
velocity vanishes or not.

One convenient way to “center” the process when trying to investigate diffu-
sive behavior, is to impose the following (restricted) isotropy condition:

for any rotation matrix r preserving the union of coordinate axes of Rd, (5.4)(
a(r·, ω), b(r·, ω)

)
has same law as

(
ra(·, ω)rT , rb(·, ω)

)
.

One then has the following result concerning small isotropic perturbation of
Brownian motion:

Theorem 5.1. (d ≥ 3, [85], [86])

There is η0(d,K,R) > 0, such that when

|a(x, ω)− I | ≤ η0, |b(x, ω)| ≤ η0, for all x ∈ Rd , ω ∈ #,

then for P-a.e. ω,
1√
t
X. t converges in P0,ω-distribution as t →∞, to a Brownian motion

with variance σ 2 > 0, (functional central limit theorem), (5.5)

for all x ∈ Rd , Px,ω-a.s., lim
t→∞ |Xt | = ∞, (transience), (5.6)

for any bounded f, g on Rd , that are (5.7)

continuous and Hölder continuous, respectively, uε → u0,

uniformly on compact sets of R+ × Rd , as ε → 0, (homogenization),

with uε , ε ≥ 0, the solution of:{
∂t uε = Lε uε + g in (0,∞)× Rd

uε|t=0 = f

and

Lε = 1

2

d∑
i,j=1

aij

(x
ε
, ω

)
∂2
ij +

1

ε

d∑
i=1

bi

(x
ε
, ω

)
∂i, for ε > 0,

L0 = 1

2
σ 2 �.
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The situation under study is a continuous counterpart of the problem con-
sidered by Bricmont-Kupiainen [19] for RWRE (see also [14] for a control of
exit distributions). The proof is however different, and provides very quantita-
tive couplings of the diffusion in random environment with Brownian motion,
cf. Proposition 6.2 of [86]. It uses a renormalization scheme together with a se-
quence of Hölder norms, coupling, and wavelets. The cases of not necessarily
small isotropic perturbations, or of dimension 2, are presently open.
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1. Introduction

Some dilute magnetic alloys, called spin glasses, are very interesting systems,
from a physical point of view. Their peculiar feature is to exhibit a new magnetic
phase, where magnetic moments are frozen into disordered equilibrium orien-
tations, without any long-range order. We refer for example to [1] and [2] for
general reviews about the physical properties of spin glasses. The experimen-
tal laboratory investigation about concrete spin glasses is a very difficult subject,
because of their peculiar properties. In particular, these materials share some
very slowly relaxing modes, with consequent memory effects. Therefore, even
the very basic physical concept of a system at thermodynamical equilibrium, at a
given temperature, meets a difficult empirical realization.

From a theoretical point of view, some models have been proposed, attempting
to capture the essential physical features of spin glasses, in the frame of very
simple assumptions.

The basic model has been proposed by Edwards and Anderson [3] many years
ago. It is a simple extension of the well-known nearest neighbour Ising model
for ferromagnetism to the spin glass case. Consider a large region � of the unit
lattice in d dimensions. Let us associate an Ising spin σ(n) to each lattice site n.
Then, we introduce the lattice Edwards-Anderson Hamiltonian

H�(σ, J ) = −
∑
(n,n′)

J (n, n′)σ (n)σ (n′).

Here, the sum runs over all couples of nearest neighbour sites in �, and J are
quenched random couplings, assumed for simplicity to be independent identi-
cally distributed random variables, with centered unit Gaussian distribution. The
quenched character of the J means that they do not participate in the thermody-
namic equilibrium, but act as a kind of random external noise on the coupling
of the σ variables. In the expression of the Hamiltonian, we have indicated with
σ the set of all σ(n), and with J the set of all J (n, n′). The region � must be
taken very large, letting it invade the whole lattice in the limit. The physical mo-
tivation for this choice is that for real spin glasses, due to quantum interference
effects, the effective interaction between the ferromagnetic domains dissolved in
the matrix of the alloy oscillates in sign according to distance. This feature is
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taken into account in the model through the random character of the couplings
between spins.

Even though very drastic simplifications have been introduced in the formu-
lation of this model, as compared to the extremely more complicated nature of
physical spin glasses, nevertheless a rigorous study of all properties emerging
from the static and dynamic behavior of a thermodynamic system of this kind is
far from being complete. In particular, with reference to static equilibrium prop-
erties, it is not possible yet to reach a completely substantiated description of the
phases emerging in the low temperature region. Even by relying on physical in-
tuition, we get completely different answers from different people working in the
field.

It is very well known that a mean-field version can be associated to the ordi-
nary ferromagnetic Ising model. The same is possible for the disordered model
described by the previously defined Edwards-Anderson Hamiltonian. Now we
consider a number of sites i = 1, 2, . . . , N , not organized in a lattice, and let
each spin σ(i) at site i interact with all other spins, in the presence of a quenched
noise Jij . The precise form of the Hamiltonian will be given in Section 3.

This mean field model for spin glasses, introduced by David Sherrington and
Scott Kirkpatrick more than thirty years ago [4], [5], is a celebrated model. Hun-
dreds and hundreds of papers have been devoted to its study during the years,
appearing mostly in the theoretical physics literature.

The relevance of the model surely comes from the fact that it successfully
attempts to represent some important features of the physical spin glass systems
of great interest for their peculiar properties, at least at the level of the mean field
approximation.

But it became recently clear that another important source of interest is con-
nected with the fact that disordered systems of the Sherrington-Kirkpatrick type
and their generalizations seem to play a very important role for theoretical and
practical applications to hard optimization problems, as is shown for example by
Marc Mézard, Giorgio Parisi and Riccardo Zecchina in [6].

It is quite amusing to remark that the original paper was entitled “Solvable
Model of a Spin-Glass”, while a previous draft, as reported by David Sherrington,
contained even the stronger denomination “Exactly Solvable”. However, it turned
out that the very natural solution devised by the authors is valid only at high
temperatures, or for large external magnetic fields. At low temperatures, the
proposed solution exhibits a nonphysical drawback given by a negative entropy,
as properly recognized by the authors in their very first paper.

It took a few years to find an acceptable solution. This was done by Giorgio
Parisi in a series of papers, by marking a radical departure from the previous
methods. In fact, a very deep method of “spontaneous replica symmetry break-
ing” was developed. As a consequence the physical content of the theory was
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encoded in a functional order parameter of new type, and a remarkable structure
began to show up for the pure states of the theory, a kind of hierarchical, ultra-
metric organization. These very interesting developments, due to Giorgio Parisi,
and his coworkers, are explained in a challenging way in the classical book [7].
Part of this structure will be recalled in the following.

It is important to remark that the Parisi solution is presented in the form of
an ingenious and clever Ansatz. Until a few years ago it was not known whether
this Ansatz would give the true solution for the model, in the so-called thermo-
dynamic limit, when the size of the system becomes infinite, or it would be only
a very good approximation to the true solution.

The general structures offered by the Parisi solution, and their possible gener-
alizations for similar models, exhibit an extremely rich and interesting mathemat-
ical content. In a very significant way, Michel Talagrand has inserted a strongly
suggestive sentence in the title to his recent book [8]: “Spin glasses: a challenge
for mathematicians”.

As a matter of fact, the problem of giving a proper mathematical understand-
ing of the spin glass structure is extremely difficult. In these lectures, we would
like to recall the main features of a very powerful method, yet extremely simple
in its very essence, based on a comparison and interpolation argument on sets of
Gaussian random variables.

The method found its first simple application in [9], where it was shown
that the Sherrington-Kirkpatrick replica symmetric approximate solution was a
rigorous lower bound for the quenched free energy of the system, uniformly
in the size, for any value of the temperature and the external magnetic field.
Then, it was possible to reach a long awaited result [10]: the convergence of the
free energy density in the thermodynamic limit, by an intermediate step where
the quenched free energy was shown to be subadditive in the size of the sys-
tem.

Moreover, still by a generalized interpolation on families of Gaussian random
variables, the first mentioned result was extended to give a rigorous proof that the
expression given by the Parisi Ansatz is also a lower bound for the quenched free
energy of the system, uniformly in the size [11]. The method gives not only the
bound, but also the explicit form of the correction in the form of a sum rule. As
a recent and very important result, Michel Talagrand has been able to dominate
these correction terms, showing that they vanish in the thermodynamic limit. This
milestone achievement was firstly announced in a short note [12], containing only
a synthetic sketch of the proof, and then presented with all details in a long paper
in Annals of Mathematics [13].

The interpolation method is also at the basis of the far-reaching generalized
variational principle proven by Michael Aizenman, Robert Sims and Shannon
Starr in [14].
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In these lectures, we will try to be as self-contained as possible. We will give
all definitions, explain the basic structure of the interpolation method, and show
how some of the results are obtained. We will concentrate mostly on questions
connected with the free energy, its properties of subadditivity, the existence of the
infinite-volume limit, and the broken replica symmetry bounds. Our treatment
will be as simple as possible, by relying on the basic structural properties, and by
describing methods of presumably very long lasting power.

For the sake of comparison, and in order to provide a kind of warm-up, we
will recall also some features of the standard elementary mean field model of
ferromagnetism, the so called Curie-Weiss model. We will concentrate also here
on the free energy, and systematically exploit elementary comparison and inter-
polation arguments. This will show the strict analogy between the treatment of
the ferromagnetic model and the developments in the mean field spin glass case.
Basic roles will be played in the two cases, but with different expressions, by pos-
itivity and convexity properties. We will introduce also powerful cavity methods
already at the level of the mean field ferromagnetic model.

The organization of the paper is as follows. In Section 2, we introduce the fer-
romagnetic model and discuss behavior and properties of the free energy in the
thermodynamic limit, by emphasing, in this very elementary case, the compari-
son and interpolation methods that will be also exploited, in a different context,
in the spin glass case. Cavity methods will be also introduced, by showing how
effective they are in providing powerful bounds.

Section 3 is devoted to the basic features of the mean field spin glass models,
by introducing all necessary definitions.

In Section 4, we introduce, for generic Gaussian interactions, some important
formulae, concerning the derivation with respect to the strength of the interaction,
and the Gaussian comparison and interpolation method. We will give also a
general abstract version of the broken replica symmetry bounds, on the basis of
the results given in [11].

In next Section 5 we give simple applications to the mean-field spin glass
model, in particular to the existence of the infinite-volume limit of the quenched
free energy [10], and to the proof of general variational bounds, by following the
useful strategy developed in [14].

Section 6 will briefly recall the main features of the Parisi representation, and
will state the main theorem concerning the free energy.

Section 7 will be devoted to conclusions and outlook for future foreseen de-
velopments.

In conclusion, the author would like to thank the organizers of this Les Houches
2005 meeting, for the kind invitation to an event rich in scientific, cultural and
human content.
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2. The mean field ferromagnetic model. Convexity and cavity methods

The mean field ferromagnetic model is among the simplest models of statistical
mechanics. However, it contains very interesting features, in particular a phase
transition, characterized by spontaneous magnetization, at low temperatures. We
refer to standard textbooks, for example [15], for a full treatment, and a complete
appreciation of the model in the frame of the theory of ferromagnetism. Here
we consider firstly some properties of the free energy, easily obtained through
comparison methods.

The generic configuration of the mean field ferromagnetic model is defined
through Ising spin variables σi = ±1, attached to each site i = 1, 2, . . . , N .

The Hamiltonian of the model, in some external field of strength h, is given
by the mean field expression

HN(σ, h) = − 1

N

∑
(i,j)

σiσj − h
∑
i

σi . (2.1)

Here, the first sum extends to all N(N − 1)/2 site couples, and the second to all
sites.

For a given inverse temperature β, let us now introduce the partition function
ZN(β, h) and the free energy per site fN(β, h), according to the well-known
definitions

ZN(β, h) =
∑

σ1...σN

exp(−βHN(σ, h)), (2.2)

−βfN(β, h) = N−1E logZN(β, h). (2.3)

It is also convenient to define the average spin magnetization

m = 1

N

∑
i

σi . (2.4)

Then, it is immediately seen that the Hamiltonian in (2.1) can be equivalently
written as

HN(σ, h) = −1

2
Nm2 − h

∑
i

σi, (2.5)

where an unessential constant term has been neglected. In fact we have∑
(i,j)

σiσj = 1

2

∑
i,j ;i �=j

σiσj = 1

2
N2m2 − 1

2
N, (2.6)



252 F. Guerra

where the sum over all couples has been equivalently written as one half the sum
over all i, j with i �= j , and the diagonal terms with i = j have been added and
subtracted out. Notice that they give a constant because σ 2

i = 1.
Therefore, the partition function in (2.2) can be equivalently replaced by the

expression

ZN(β, h) =
∑

σ1...σN

exp

(
1

2
βNm2

)
exp

(
βh

∑
i

σi

)
, (2.7)

which will be our starting point.
Our interest will be in the limN→∞N−1 logZN(β, h). To this purpose, let

us establish the important subadditivity property, holding for the splitting of the
big N-site system in two smaller N1-site and N2-site systems, respectively, with
N = N1 +N2,

logZN(β, h) ≤ logZN1(β, h)+ logZN2(β, h). (2.8)

The proof is very simple. Let us denote, in the most natural way, by σ1, . . . , σN1

the spin variables for the first subsystem, and by σN1+1, . . . , σN the N2 spin
variables of the second subsystem. Introduce also the subsystem magnetizations
m1 and m2, by adapting the definition (2.4) to the smaller systems, in such a way
that

Nm = N1m1 +N2m2. (2.9)

Therefore, we see that the large system magnetization m is the linear convex
combination of the smaller system ones, according to the obvious

m = N1

N
m1 + N2

N
m2. (2.10)

Through a simple explicit calculation, we find

Nm2 = N1m
2
1 +N2m

2
2 −

N1N2

N
(m1 −m2)

2, (2.11)

and we deduce the general bound, holding for all values of the σ variables,

m2 ≤ N1

N
m2

1 +
N2

N
m2

2. (2.12)

Then, it is enough to substitute the inequality in the definition (2.7) of ZN(β, h),
and recognize that we achieve factorization with respect to the two subsystems,
and therefore the inequality ZN ≤ ZN1ZN2 . So we have established (2.8). From
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subadditivity, the existence of the limit follows by a simple argument, as ex-
plained for example in [16]. In fact, we have

lim
N→∞N−1 logZN(β, h) = inf

N
N−1 logZN(β, h). (2.13)

Now we will calculate explicitly this limit, by introducing an order parameter M ,
a trial function, and an appropriate variational scheme. In order to get a lower
bound, we start from the elementary inequality m2 ≥ 2mM −M2, holding for
any value of m and M . By inserting the inequality in the definition (2.7) we arrive
at a factorization of the sum over σ ’s. The sum can be explicitly calculated, and
we arrive immediately at the lower bound, uniform in the size of the system,

N−1 logZN(β, h) ≥ log 2+ log coshβ(h+M)− 1

2
βM2, (2.14)

holding for any value of the trial order parameter M . Clearly it is convenient to
take the supremum over M . Then we establish the optimal uniform lower bound

N−1 logZN(β, h) ≥ sup
M

(
log 2+ log coshβ(h+M)− 1

2
βM2

)
. (2.15)

It is simple to realize that the supremum coincides with the limit as N →∞.
To see this we can follow the following simple direct procedure, or resort to
cavity methods, as will be shown in the following. Let us consider all possible
values of the variable m. There are N + 1 of them, corresponding to any number
K of possible spin flips, starting from a given σ configuration, K = 0, 1, . . . , N .
Let us consider the trivial decomposition of the identity, holding for any m,

1 =
∑
M

δmM, (2.16)

where M in the sum runs over the N+1 possible values of m, and δ is Kronecker
delta, being equal to 1 if M = N , and zero otherwise. Let us now insert (2.16)
in the definition (2.7) of the partition function inside the sum over σ ’s, and invert
the two sums. Because of the forcing m = M given by the δ, we can write m2 =
2mM −M2 inside the sum. Then if we neglect the δ, by using the trivial δ ≤ 1,
we have an upper bound, where the sum over σ ’s can be explicitly performed as
before. Then it is enough to take the upper bound with respect to M , and consider
that there are N + 1 terms in the now trivial sum over M , in order to arrive at the
upper bound

N−1 logZN(β, h) ≤ sup
M

(
log 2+ log coshβ(h+M)− 1

2
βM2

)
+ N−1 log(N + 1). (2.17)
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Therefore, by going to the limit as N →∞, we can collect all our results in the
form of the following theorem giving the full characterization of the thermody-
namic limit of the free energy.

Theorem 2.1. For the mean field ferromagnetic model we have

lim
N→∞N−1 logZN(β, h) = inf

N
N−1 logZN(β, h) (2.18)

= sup
M

(
log 2+ log coshβ(h+M)− 1

2
βM2

)
. (2.19)

An alternative method to get a useful upper bound is provided by a simple
version of the cavity method. In fact, let us consider a system made by N + K

spins, were we have added to the original system some K additional spins. These
are called the cavity, acting on the original N spins. It is also convenient to recall
the definition of the Cesàro limit for a sequence aK , K = 1, 2, . . . ,

C lim
K→∞ aK ≡ lim

K→∞
1

K

K∑
K ′=1

aK ′ , (2.20)

provided the latter does exist. Then, it is immediately seen that

C lim
K→∞(logZN+K − logZK) ≡ N lim

N ′→∞
1

N ′
ZN ′ . (2.21)

This shows that the limit of the free energy per site can be calculated also as the
Cesàro limit of the marginal free energy. However, through a simple calculation,
we can also write the marginal free energy in the form

logZN+K − logZK = (2.22)

logω

(
exp

(
N

(
log 2+ log coshβ(h+M)− 1

2
βM2

)))
+O

(
1

K

)
,

where ω is the Boltzmann-Gibbs state for the cavity, and M is the spin dependent
cavity magnetization. Here we see an important feature of the cavity method.
When the original system is coupled to a large cavity, then the spin-spin inter-
action of the original system is damped and disappears in the limit of an infinite
cavity. The cavity acts on the original system through an additional effective
magnetic field given exactly by the cavity magnetization. Then the summation
over the original spin variables can be done explicitly, as before. From (2.22), by
taking the sup over M , and the Cesàro limit of large K , we arrive again at The-
orem 2.1. This ends our discussion about the free energy in the ferromagnetic
model.
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Other properties of the model can be easily established. Introduce the
Boltzmann-Gibbs state

ωN(A) = Z−1
N

∑
σ1...σN

A exp

(
1

2
βNm2

)
exp

(
βh

∑
i

σi

)
, (2.23)

where A is any function of σ1 . . . σN .
For h �= 0, or for h = 0 and β ≤ 1, the observable m(σ) becomes self-

averaging under ωN , in the infinite-volume limit, in the sense that

lim
N→∞ωN

(
(m−M(β, h))2) = 0. (2.24)

Here M(β, h) is the unique value for M where the optimal value is reached in
the variational principle. This property of m is the deep reason for the success
of the strategy exploited before for the convergence of the free energy. Easy
consequences are the following. In the infinite-volume limit, the Boltzmann-
Gibbs state becomes a factor state

lim
N→∞ωN(σ1 . . . σs) = M(β, h)s . (2.25)

A phase transition appears in the form of spontaneous magnetization. In fact,
while for h = 0 and β ≤ 1 we have M(β, h) = 0, on the other hand, for β > 1,
we have the discontinuity

lim
h→0+

M(β, h) = − lim
h→0−

M(β, h) ≡ M(β) > 0. (2.26)

Fluctuations can also be easily controlled. In fact, one proves that the rescaled
random variable

√
N(m−M(β, h)) tends in distribution, under ωN , to a centered

Gaussian with variance given by the susceptibility

χ(β, h) ≡ ∂

∂h
M(β, h) ≡ β(1−M2)

1− β(1−M2)
. (2.27)

Notice that the variance becomes infinite only at the critical point h = 0, β = 1,
where M = 0.

Now we are ready to attack the much more difficult spin glass model. But
it will be surprising to see that, by following a simple extension of the methods
here described, we will arrive to similar results.

3. The mean field spin glass model. Basic definitions

As in the ferromagnetic case, the generic configuration of the mean field spin
glass model is defined through Ising spin variables σi = ±1, attached to each
site i = 1, 2, . . . , N .
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But now there is an external quenched disorder given by the N(N − 1)/2 in-
dependent and identical distributed random variables Jij , defined for each couple
of sites. For the sake of simplicity, we assume each Jij to be a centered unit
Gaussian with averages E(Jij ) = 0, E(J 2

ij ) = 1. By quenched disorder we mean
that the J have a kind of stochastic external influence on the system, without
participating in the thermal equilibrium.

Now the Hamiltonian of the model, in some external field of strength h, is
given by the mean field expression

HN(σ, h, J ) = − 1√
N

∑
(i,j)

Jij σiσj − h
∑
i

σi . (3.1)

Here, the first sum runs over all couples of sites, an the second over all sites.
Notice that the term

√
N is necessary to ensure a good thermodynamic behavior

to the free energy.
For a given inverse temperature β, let us now introduce the disorder-dependent

partition function ZN(β, h, J ) and the quenched average of the free energy per
site fN(β, h), according to the definitions

ZN(β, h, J ) =
∑

σ1...σN

exp(−βHN(σ, h, J )), (3.2)

−βfN(β, h) = N−1E logZN(β, h, J ). (3.3)

Notice that in (3.3) the average E with respect to the external noise is made after
the log is taken. This procedure is called quenched averaging. It represents the
physical idea that the external noise does not participate in the thermal equilib-
rium. Only the σi are thermalized.

For the sake of simplicity, it is also convenient to write the partition function
in the following equivalent form. First of all let us introduce a family of centered
Gaussian random variables K(σ ), indexed by the configurations σ , and charac-
terized by the covariances

E
(
K(σ )K(σ ′)

) = q2(σ, σ ′), (3.4)

where q(σ, σ ′) are the overlaps between two generic configurations, defined by

q(σ, σ ′) = N−1
∑
i

σiσ
′
i , (3.5)

with the obvious bounds−1 ≤ q(σ, σ ′) ≤ 1, and the normalization q(σ, σ ) = 1.
Then, starting from the definition (3.1), it is immediately seen that the partition
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function in (3.2) can be also written, by neglecting unessential constant terms, in
the form

ZN(β, h, J ) =
∑

σ1...σN

exp

(
β

√
N

2
K(σ )

)
exp

(
βh

∑
i

σi

)
, (3.6)

which will be the starting point of our treatment.

4. The interpolation method and its generalizations

We introduce the following general setting. Let Ui be a family of centered
Gaussian random variables, i = 1, . . . , K , with covariance matrix given by
E(UiUj ) ≡ Sij . We treat the set of indices i now as configuration space for
some statistical mechanics system, with partition function Z and quenched free
energy given by

E log
∑
i

wi exp(
√
tUi) ≡ E logZ, (4.1)

where wi ≥ 0 are generic weights, and t is a parameter ruling the strength of the
interaction.

The following derivation formula plays a leading role in the interpolation
method

d

dt
E log

∑
i

wi exp(
√
tUi) =

1

2
E(Z−1

∑
i

wi exp(
√
tUi)Sii

−1

2
E(Z−2

∑
i

∑
j

wiwj exp(
√
tUi) exp(

√
tUj )Sij ). (4.2)

The proof is straightforward. Firstly we perform directly the t derivative. Then,
we notice that the random variables appear in expressions of the form E(UiF ),
were F are functions of the U ’s. These can be easily handled through the fol-
lowing integration by parts formula for generic Gaussian random variables, anal-
ogous to the Wick theorem in quantum field theory,

E(UiF ) =
∑
j

SijE

(
∂

∂Uj

F

)
. (4.3)

Therefore, we see that always two derivatives are involved. The two terms in
(4.2) come from the action of the Uj derivatives, the first acting on the Boltzmann
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factor, and giving rise to a Kronecker δij , the second acting on Z−1, and giving
rise to the minus sign and the duplication of variables.

The derivation formula can be expressed in a more compact form by introduc-
ing replicas and suitable averages. In fact, let us introduce the state ω acting on
functions F of i as follows

ω(F(i)) = Z−1
∑
i

wi exp(
√
tUi)F (i), (4.4)

together with the associated product state # acting on replicated configuration
spaces i1, i2, . . . , is . By performing also a global E average, finally we define
the averages

〈F 〉t ≡ E#(F), (4.5)

where the subscript is introduced in order to recall the t-dependence of these
averages.

Then, the equation (4.2) can be written in a more compact form

d

dt
E log

∑
i

wi exp(
√
tUi) = 1

2
〈Si1i1〉 −

1

2
〈Si1i2〉. (4.6)

Our basic comparison argument will be based on the following very simple
theorem.

Theorem 4.1. Let Ui and Ûi , for i = 1, . . . , K , be independent families of
centered Gaussian random variables, whose covariances satisfy the inequalities
for generic configurations

E(UiUj ) ≡ Sij ≥ E(ÛiÛj ) ≡ Ŝij , (4.7)

and the equalities along the diagonal

E(UiUi) ≡ Sii = E(ÛiÛi) ≡ Ŝii , (4.8)

then for the quenched averages we have the inequality in the opposite sense

E log
∑
i

wi exp(Ui) ≤ E log
∑
i

wi exp(Ûi), (4.9)

where the wi ≥ 0 are the same in the two expressions.

Considerations of this kind are present in the mathematical literature of some
years ago. Two typical references are [17] and [18].
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The proof is extremely simple and amounts to a straightforward calculation.
In fact, let us consider the interpolating expression

E log
∑
i

wi exp(
√
tUi +

√
1− tÛi), (4.10)

where 0 ≤ t ≤ 1. Clearly the two expressions under comparison correspond to
the values t = 0 and t = 1 respectively. By taking the derivative with respect to
t , with the help of the previous derivation formula, we arrive to the evaluation of
the t derivative in the form

d

dt
E log

∑
i

wi exp(
√
tUi +

√
1− tÛi) =

1

2
E(Z−1

∑
i

wi exp(
√
tUi)(Sii − Ŝii )

−1

2
E(Z−2

∑
i

∑
j

wiwj exp(
√
tUi) exp(

√
tUj )(Sij − Ŝij ). (4.11)

From the conditions assumed for the covariances, we immediately see that the
interpolating function is nonincreasing in t , and the theorem follows.

The derivation formula and the comparison Theorem are not restricted to the
Gaussian case. Generalizations in many directions are possible. For the diluted
spin glass models and optimization problems we refer for example to [19], and
to [20], and references quoted there.

For the sake of completeness, here we give a generalization of Theorem 4.1,
in the spirit of the methods developed in [11]. Still we are interested in upper
bounds on expressions of the type E log

∑
i wi exp(Ui). Introduce the integer K ,

associated to the number of levels of “replica symmetry breaking”. For each cou-
ple (a, i), a = 1, 2, . . . , K , and i = 1, 2, . . . , N , let us introduce the family of
centered Gaussian random variables Ba

i , independent from the Ui , and uniquely
defined through the covariances

E(Ba
i B

b
j ) = δabŜ

a
ij . (4.12)

Notice that there is independence for each level of symmetry breaking. Let
us now denote by EK,EK−1, . . . , E0 the averages with respect to Ba

K,Ba
K−1,

. . . , Ui , respectively. Introduce also an order parameter (m1,m2, . . . , mK), with
0 < ma < 1, for each a. Define the random variables ZK,ZK−1, . . . , Z1, Z0,
recursively as follows

ZK =
∑
i

wi exp

(√
tUi +

√
1− t

K∑
a=1

Ba
i

)
, (4.13)
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Z
mK

K−1 = EKZ
mK

K (4.14)

Z
ma

a−1 = EaZ
ma
a (4.15)

Z
m1
0 = E1Z

m1
1 , (4.16)

and the interpolating function α(t) = E0 logZ0.
At this point, we can calculate the t derivative through a series of long but

straightforward steps. Some miracles show up. There exist some averages
〈〉K, 〈〉K−1, . . . , 〈〉0, such that

d

dt
α(t) = 1

2
〈Si1i1 − S̃K

i1i1
〉K

−1

2

K∑
a=0

(ma+1 −ma)〈Si1i2 − S̃a
i1i2
〉a, (4.17)

where we have put m0 = 0,mK+1 = 1, and

S̃0
i1i2
= 0, S̃a

i1i2
=

a∑
b=1

Ŝb
i1i2

. (4.18)

A formula of this kind was at the basis of the treatment given in [11]. By using
Derrida-Ruelle cascades, and the Aizenman-Sims-Starr generalized variational
principle, this formula can be obtained, in some cases, by using a simple ex-
tension of Gaussian interpolation, as will be shown later. However, the original
formula (4.17) is slightly more general. Some very interesting applications are
given in [21].

5. The thermodynamic limit and the variational bounds

We recall here some surprising applications of the basic comparison Theorem.
In [10] we have given a very simple proof of a long awaited result, about the
convergence of the free energy per site in the thermodynamic limit. Let us show
the argument. Let us consider a system of size N and two smaller systems of
sizes N1 and N2 respectively, with N = N1 +N2, as before in the ferromagnetic
case. Let us now compare

E logZN(β, h, J ) = E log
∑

σ1...σN

exp

(
β

√
N

2
K(σ )

)
exp

(
βh

∑
i

σi

)
, (5.1)

with

E log
∑

σ1...σN

exp

(
β

√
N1

2
K(1)(σ (1))

)
exp

(
β

√
N2

2
K(2)(σ (2))

)
exp

(
βh

∑
i

σi

)
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≡ E logZN1(β, h, J )+ E logZN2(β, h, J ), (5.2)

where σ (1) are the (σi, i = 1, . . . , N1), and σ (2) are the (σi, i = N1+1, . . . , N).
Covariances for K(1) and K(2) are expressed as in (3.4), but now the overlaps
are replaced with the partial overlaps of the first and second block, q1 and q2
respectively. It is very simple to apply the comparison theorem. All one has to
do is to observe that the obvious

Nq = N1q1 +N2q2, (5.3)

analogous to (2.9), implies, as in (2.12),

q2 ≤ N1

N
q2

1 +
N2

N
q2

2 . (5.4)

Therefore, the comparison theorem gives the superaddivity property, to be com-
pared with (2.8),

E logZN(β, h, J ) ≥ E logZN1(β, h, J )+ E logZN2(β, h, J ). (5.5)

From the superaddivity property the existence of the limit follows in the form

lim
N→∞N−1E logZN(β, h, J ) = sup

N

N−1E logZN(β, h, J ), (5.6)

to be compared with (2.13).
The second application is in the form of the Aizenman-Sims-Starr generalized

variational principle. Here, we will need to introduce some auxiliary system. The
denumerable configuration space is given by the values of α = 1, 2, . . . . We
introduce also weights wα ≥ 0 for the α system, and suitably defined overlaps
between two generic configurations p(α, α′), with p(α, α) = 1.

A family of centered Gaussian random variables K̂(α), now indexed by the
configurations α, will be defined by the covariances

E
(
K̂(α)K̂(α′)

) = p2(α, α′). (5.7)

We will need also a family of centered Gaussian random variables ηi(α), indexed
by the sites i of our original system and the configurations α of the auxiliary
system, so that

E
(
ηi(α)ηi′(α

′)
) = δii′p(α, α′). (5.8)

Both the probability measure wα , and the overlaps p(α, α′) could depend on
some additional external quenched noise, that does not appear explicitly in our
notation.
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In the following, we will denote by E averages with respect to all random
variables involved.

In order to start the comparison argument, we will consider firstly the case
where the two σ and α systems are not coupled, so as to appear factorized in the
form

E log
∑

σ1...σN

∑
α

wα exp

(
β

√
N

2
K(σ )

)
exp

(
β

√
N

2
K̂(α)

)
exp

(
βh

∑
i

σi

)

≡ E logZN(β, h, J )+ E log
∑
α

wα exp

(
β

√
N

2
K̂(α)

)
. (5.9)

In the second case the K fields are suppressed and the coupling between the
two systems will be taken in a very simple form, by allowing the η field to act as
an external field on the σ system. In this way the σ ’s appear as factorized, and
the sums can be explicitly performed. The chosen form for the second term in
the comparison is

E log
∑

σ1...σN

∑
α

wα exp

(
β
∑
i

ηi(α)σi

)
exp

(
βh

∑
i

σi

)
≡ N log 2+ E log

∑
α

wα(c1c2 . . . cN), (5.10)

where we have defined

ci = coshβ(h+ ηi(α)), (5.11)

arising from the sums over σ ’s.
Now we apply the comparison Theorem. In the first case, the covariances

involve the sums of squares of overlaps

1

2

(
q2(σ, σ ′)+ p2(α, α′)

)
. (5.12)

In the second case, a very simple calculation shows that the covariances involve
the overlap products

q(σ, σ ′)p(α, α′). (5.13)

Therefore, the comparison is very easy and, by collecting all expressions, we
end up with the useful estimate, as in [14], holding for any auxiliary system as
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defined before,

N−1E logZN(β, h, J ) ≤
log 2+N−1

(
E log

∑
α

wα(c1c2 . . . cN )−

E log
∑
α

wα exp

(
β

√
N

2
K̂(α)

))
. (5.14)

6. The Parisi representation for the free energy

We refer to the original paper [22], and to the extensive review given in [7],
for the general motivations, and the derivation of the broken replica Ansatz, in
the frame of the ingenious replica trick. Here we limit ourselves to a synthetic
description of its general structure, independently from the replica trick.

First of all, let us introduce the convex space X of the functional order para-
meters x, as nondecreasing functions of the auxiliary variable q, both x and q

taking values on the interval [0, 1], i.e.

X 
 x : [0, 1] 
 q → x(q) ∈ [0, 1]. (6.1)

Notice that we call x the function, and x(q) its values. We introduce a metric on
X through the L1([0, 1], dq) norm, where dq is the Lebesgue measure.

For our purposes, we will consider the case of piecewise constant functional
order parameters, characterized by an integer K , and two sequences q0, q1,

. . . , qK , m1,m2, . . . , mK of numbers satisfying

0 = q0 ≤ q1 ≤ · · · ≤ qK−1 ≤ qK = 1, 0 ≤ m1 ≤ m2 ≤ · · · ≤ mK ≤ 1,
(6.2)

such that

x(q) = m1 for 0 = q0 ≤ q < q1, x(q) = m2 for q1 ≤ q < q2,

. . . , x(q) = mK for qK−1 ≤ q ≤ qK. (6.3)

In the following, we will find it convenient to define also m0 ≡ 0, and mK+1 ≡
1. The replica symmetric case of Sherrington and Kirkpatrick corresponds to

K = 2, q1 = q̄, m1 = 0, m2 = 1. (6.4)

Let us now introduce the function f , with values f (q, y; x, β), of the vari-
ables q ∈ [0, 1], y ∈ R, depending also on the functional order parameter x, and
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on the inverse temperature β, defined as the solution of the nonlinear antipar-
abolic equation

(∂qf )(q, y)+ 1

2
(∂2

yf )(q, y)+ 1

2
x(q)(∂yf )2(q, y) = 0, (6.5)

with final condition
f (1, y) = log cosh(βy). (6.6)

Here, we have stressed only the dependence of f on q and y.
It is very simple to integrate Eq. (6.5) when x is piecewise constant. In fact,

consider x(q) = ma , for qa−1 ≤ q ≤ qa , firstly with ma > 0. Then, it is
immediately seen that the correct solution of Eq. (6.5) in this interval, with the
right final boundary condition at q = qa , is given by

f (q, y) = 1

ma

log
∫

exp
(
maf (qa, y + z

√
qa − q)

)
dμ(z), (6.7)

where dμ(z) is the centered unit Gaussian measure on the real line. On the other
hand, if ma = 0, then (6.5) loses the nonlinear part and the solution is given by

f (q, y) =
∫

f (qa, y + z
√
qa − q) dμ(z), (6.8)

which can be seen also to follow from (6.7) in the limit ma → 0. Starting from
the last interval K , and using (6.7) iteratively on each interval, we easily get the
solution of (6.5), (6.6), in the case of piecewise constant order parameter x, as in
(6.3), through a chain of interconnected Gaussian integrations.

Now we introduce the following important definitions. The trial auxiliary
function, associated to a given mean field spin glass system, as described in Sec-
tion 3, depending on the functional order parameter x, is defined as

log 2+ f (0, h; x, β)− β2

2

∫ 1

0
q x(q) dq. (6.9)

Notice that in this expression the function f appears evaluated at q = 0, and y =
h, where h is the value of the external magnetic field. This trial expression should
be considered as the analogue of that appearing in (2.14) for the ferromagnetic
case.

The Parisi spontaneously broken replica symmetry expression for the free en-
ergy is given by the definition

−βfP (β, h) ≡ inf
x

(
log 2+ f (0, h; x, β)− β2

2

∫ 1

0
q x(q) dq

)
, (6.10)
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where the infimum is taken with respect to all functional order parameters x.
Notice that the infimum appears here, as compared to the supremum in the ferro-
magnetic case.

In [11], by exploiting a kind of generalized comparison argument, involving a
suitably defined interpolation function, we have established the following impor-
tant result.

Theorem 6.1. For all values of the inverse temperature β, and the external mag-
netic field h, and for any functional order parameter x, the following bound holds

N−1E logZN(β, h, J ) ≤ log 2+ f (0, h; x, β)− β2

2

∫ 1

0
q x(q) dq,

uniformly in N . Consequently, we have also

N−1E logZN(β, h, J ) ≤ inf
x

(
log 2+ f (0, h; x, β)− β2

2

∫ 1

0
q x(q) dq

)
,

uniformly in N .

However, this result can be understood also in the frame of the generalized
variational principle established by Aizenman-Sims-Starr and described before.

In fact, one can easily show that there exist an α system such that

N−1E log
∑
α

wαc1c2 . . . cN ≡ f (0, h; x, β), (6.11)

N−1E log
∑
α

wα exp

(
β

√
N

2
K̂(α)

)
≡ β2

2

∫ 1

0
q x(q) dq, (6.12)

uniformly in N . This result stems from previous work of Derrida, Ruelle, Neveu,
Bolthausen, Sznitman, Aizenman, Contucci, Talagrand, Bovier, and others, and
in a sense is implicit in the treatment given in [7]. It can be reached in a very
simple way. Let us sketch the argument.

First of all, let us consider the Poisson point process y1 ≥ y2 ≥ y3 . . . ,
uniquely characterized by the following conditions. For any interval A, intro-
duce the occupation numbers N(A), defined by

N(A) =
∑
α

χ(yα ∈ A), (6.13)

where χ() = 1, if the random variable yα belongs to the interval A, and χ() = 0,
otherwise. We assume that N(A) and N(B) are independent if the intervals A
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and B are disjoint, and moreover that for each A, the random variable N(A) has
a Poisson distribution with parameter

μ(A) =
∫ b

a

exp(−y) dy, (6.14)

if A is the interval (a, b), i.e.

P(N(A) = k) = exp(−μ(A))μ(A)k/k!. (6.15)

We will exploit −yα as energy levels for a statistical mechanics systems with
configurations indexed by α. For a parameter 0 < m < 1, playing the role of
inverse temperature, we can introduce the partition function

v =
∑
α

exp

(
yα

m

)
. (6.16)

For m in the given interval it turns out that v is a very well defined random
variable, with the sum over α extending to infinity. In fact, there is a strong
inbuilt smooth cutoff in the very definition of the stochastic energy levels.

From the general properties of Poisson point processes it is very well known
that the following basic invariance property holds. Introduce a random variable
b, independent of y, subject to the condition E(exp b) = 1, and let bα be inde-
pendent copies. Then, the randomly biased point process y′α = yα + bα, α =
1, 2, . . . is equivalent to the original one in distribution. An immediate conse-
quence is the following. Let f be a random variable, independent of y, such
that E(exp f ) < ∞, and let fα be independent copies. Then the two random
variables ∑

α

exp

(
yα

m

)
exp(fα), (6.17)∑

α

exp

(
yα

m

)
E(exp(mf ))

1
m (6.18)

have the same distribution. In particular they can be freely interchanged under
averages.

The auxiliary system which gives rise to the Parisi representation according
to (6.11) (6.12), for a piecewise constant order parameter, is expressed in the fol-
lowing way. Now α will be a multi-index α = (α1, α2, . . . , αK), where each αa

runs over 1, 2, 3, . . . . Define the Poisson point process yα1 , then, independently,
for each value of α1 processes yα1α2 , and so on up to yα1α2...αK

. Notice that in the
cascade of independent processes yα1, yα1α2 , . . . yα1α2...αK

, the last index refers to
the numbering of the various points of the process, while the first indices denote
independent copies labelled by the corresponding α’s.
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The weights wα have to be chosen according to the definition

wα = exp
yα1

m1
exp

yα1α2

m2
. . . exp

yα1α2...αK

mK

. (6.19)

The cavity fields η and K have the following expression in terms of independent
unit Gaussian random variables
J i
α1
, J i

α1α2
, . . . , J i

α1α2...αK
, J ′α1

, J ′α1α2
, . . . , J ′α1α2...αK

,

ηi(α) = √q1 − q0J
i
α1
+√q2 − q1J

i
α1α2
+ . . .

. . . +√
qK − qK−1J

i
α1α2...αK

, (6.20)

K̂(α) =
√
q2

1 − q2
0J
′
α1
+
√
q2

2 − q2
1J
′
α1α2
+ . . .

· · · +
√
q2
K − q2

K−1J
′
α1α2...αK

. (6.21)

It is immediate to verify that E(ηi(α)ηi′(α′) is zero if i �= i′, while

E(ηi(α)ηi(α
′)) = 0 if α1 �= α′1,
= q1 if α1 = α′1, α2 �= α′2,
= q2 if α1 = α′1, α2 = α′2, α3 �= α′3,
. . .

= 1 if α1 = α′1, α2 = α′2, . . . , αK = α′K. (6.22)

Similarly, we have

E(K̂(α)K̂(α′)) = 0 if α1 �= α′1,
= q2

1 if α1 = α′1, α2 �= α′2,
= q2

2 if α1 = α′1, α2 = α′2, α3 �= α′3,
. . .

= 1 if α1 = α′1, α2 = α′2, . . . , αK = α′K. (6.23)

This ends the definition of the α system, associated to a given piecewise constant
order parameter.

Now, it is simple to verify that (6.11) (6.12) hold. Let us consider for ex-
ample (6.11). With the α system chosen as before, the repeated application of
the stochastic equivalence of (6.17) and (6.18) will give rise to a sequence of
interchained Gaussian integrations exactly equivalent to those arising from the
expression for f , as solution of the equation (6.5). For (6.18), there are equiva-
lent considerations.
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Therefore we see that the estimate in Theorem 6.1 is also a consequence of
the generalized variational principle.

Up to this point we have seen how to obtain upper bounds. The problem
arises whether, as in the ferromagnetic case, we can also get lower bounds, so as
to shrink the thermodynamic limit to the value given by the infx in Theorem 6.1.
After a short announcement in [12], Michel Talagrand wrote an extended paper
[13], to appear in Annals of Mathematics, where the complete proof of the control
of the lower bound is firmly established. We refer to the original paper for the
complete details of this remarkable achievement. About the methods, here we
only recall that in [11] we have given also the corrections to the bounds appearing
in Theorem 6.1, albeit in a quite complicated form. Talagrand has been able to
establish that these corrections do in fact vanish in the thermodynamic limit.

In conclusion, we can establish the following extension of Theorem 2.1 to spin
glasses.

Theorem 6.2. For the mean field spin glass model we have

lim
N→∞N−1E logZN(β, h, J ) = sup

N

N−1E logZN(β, h, J ) (6.24)

= inf
x

(
log 2+ f (0, h; x, β)− β2

2

∫ 1

0
q x(q) dq

)
. (6.25)

This is the main result obtained up to now in the mathematical treatment of
the mean field spin glass model.

7. Conclusion and outlook for future developments

As we have seen, in these last few years there has been an impressive progress in
the understanding of the mathematical structure of spin glass models, mainly due
to the systematic exploration of comparison and interpolation methods. However
many important problems are still open. The most important one is to establish
rigorously the full hierarchical ultrametric organization of the overlap distribu-
tions, as appears in Parisi theory, and to fully understand the decomposition in
pure states of the glassy phase, at low temperatures.

Moreover, is would be important to extend these methods to other important
disordered models, such as for example neural networks. Here the difficulty is
that the positivity arguments, so essential in comparison methods, do not seem to
emerge naturally inside the structure of the theory.

For extensions to diluted models see [23], [24], [20].
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Finally, the problem of connecting properties of the short-range model with
those arising in the mean field case is still almost completely open. For partial
results, and different points of view, see [25], [26], [27], [28], [29], [30].
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1. Introduction

Spin glasses have generated substantial physical and mathematical interest over
the past thirty years. Physically, they exhibit a magnetically disordered low-
temperature state, which arises from a competition between ferromagnetic and
antiferromagnetic interactions among randomly distributed localized magnetic
moments. Systems displaying this behavior include (among others) certain di-
lute magnetic alloys and randomly diluted magnetic insulators. Their behavior
is perplexing: typical experimental signatures include some features that indi-
cate a thermodynamic phase transition to a low-temperature disordered state,
while other features indicate the absence of any transition. All laboratory spin
glasses exhibit slow relaxation and equilibration, and it is often difficult to ascer-
tain whether a given system is in or out of equilibrium.

These and other behaviors give rise to a host of theoretical questions. Despite
intensive efforts over many years, our understanding of realistic short-range spin
glass models remains poor. Even the most basic questions — is there a ther-
modynamic phase transition in these systems, are there many spin glass pure or
ground states in some finite dimension, what is the mathematical and physical
description of the “spin glass order parameter”, what is the effect of an external
magnetic field, how does one account for aging and other anomalous dynamical
behavior, and many others — remain unanswered in any definitive sense. But
the answers are fundamentally important not just for spin glasses but also for
the more general problem of understanding macroscopic systems with quenched
randomness and frustration.

As a first step towards the solution of these problems, one needs to construct
both a simplified yet realistic model, and identify an ‘order parameter’ that cap-
tures the broken symmetry of the putative spin glass phase. An early, and still
fundamentally important, proposal for both was made by Edwards and Anderson
(EA) [1]. They noted that the lack of spatial ordering at low temperatures (as
demonstrated, for example, by neutron diffraction studies) should correspond to
a vanishing magnetization per spin

M = lim
L→∞

1

|�L|
∑
x∈�L

〈σx〉 (1.1)
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while the frozenness in time of each magnetic moment can be described by a
nonvanishing quantity qEA, now known as the EA order parameter, given by

qEA = lim
L→∞

1

|�L|
∑
x∈�L

〈σx〉2. (1.2)

Here σx is the spin at site x ∈ Zd , �L is an Ld cube of side length L centered at
the origin, and 〈·〉 denotes a Gibbs average.

To address the former problem, EA proposed a highly simplified (but still not
simple) Hamiltonian that was expected to capture the main features of laboratory
spin glasses:

HJ = −
∑

<x,y>

Jxyσxσy − h
∑
x

σx, (1.3)

where the couplings Jxy are independent, identically distributed (i.i.d.) random
variables (which we usually choose from a Gaussian distribution with mean zero
and variance one), J is a particular (infinite-volume) realization of the couplings,
h is an external magnetic field, and the first sum is over nearest neighbor pairs of
sites only. For simplicity, we take the spins to be Ising variables, i.e., σx = ±1
and (unless otherwise stated) h = 0. Consequently, the EA Hamiltonian (1.3)
has global spin inversion symmetry (i.e., when every σx is replaced by −σx).

It quickly became apparent that the EA model presented formidable obsta-
cles to even partial solution. Because mean field models often provide a useful
first step towards understanding the low-temperature phase of condensed matter
systems, an infinite-range version of the EA model was soon proposed by Sher-
rington and Kirkpatrick (SK) [2]. The SK Hamiltonian for a system of N spins
in zero external field is:

HN = −(1/
√
N)

∑
1≤i<j≤N

Jijσiσj (1.4)

where the i.i.d. couplings Jij are again taken from a Gaussian distribution with
zero mean and variance one. The rescaling by 1/

√
N ensures a sensible thermo-

dynamic limit for free energy per spin and other thermodynamic quantities.
At this point the story takes an interesting twist. Sherrington and Kirkpatrick

were able to show (nonrigorously) that their model has a sharp phase transition
at Tc = 1. But when they solved it for the low-temperature phase using the EA
order parameter and employing conventional calculational techniques, they found
the corresponding solution to be unphysical [2], with, for example, a negative
entropy at sufficiently low temperatures.

Despite initial expectations, the solution to this problem was not quickly forth-
coming. It took four years of concentrated effort before what is now believed (and
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in certain aspects proved [3, 4]) to be the correct solution emerged. Ultimately,
in a series of papers Parisi and collaborators [5–8] proposed, and worked out the
consequences of, an extraordinary ansatz for the nature of the low-temperature
spin glass phase in the infinite-range SK model. The procedures underlying the
Parisi solution came to be known as replica symmetry breaking (RSB).

The brief history outlined above is by no means meant to be comprehensive;
for more of this part of the spin glass story, as well as a discussion of both ex-
perimental results and theoretical approaches (in particular detailed treatments of
the RSB ansatz and its consequences), there are a number of excellent review
articles and books: see, for example, [9–15].

At this point we skip roughly twenty years to the present time, which is an
exciting one for workers studying the mean field approach and, we believe, for
those looking at more realistic short-range models as well. As is evident by other
contributions to this volume — see in particular that of Guerra [16] — important
features of Parisi’s RSB solution to the SK model have over the past several years
been confirmed rigorously. While other equally important features remain to be
proved, little doubt exists that the Parisi solution is indeed correct.

In an important related question, however, there remains a great deal of con-
troversy. This is the question of whether — as is almost always the case in ho-
mogeneous condensed matter systems — the main features of the mean field
solution correctly describe the low-temperature properties, in particular the na-
ture of the broken symmetry and corresponding order parameter, of more realistic
short-range models.

In a series of papers [15, 17–23] that combine both rigorous and heuristic ar-
guments, the authors have amassed considerable evidence that the answer is no:
that at any temperature and in any finite dimension, the structure of the broken
symmetric phase (assuming it does in fact exist) in the EA model does not re-
semble that of the SK model. We will not reproduce these results here; for an
overview, we refer the reader to [15]. Instead, we present a simple heuristic ar-
gument illustrating why this outcome should not be unexpected.

Parisi’s RSB scheme is based on the existence of many equilibrium pure states,
which exhibit a complicated overlap structure [6, 11, 24–26]. The precise mean-
ing of this statement has generated some confusion in the literature. Part of the
difficulty may be traceable to an important distinction between the short-range
and infinite-range versions of commonly used spin glass models: although the
meaning of pure thermodynamic states is well-defined for short-range models
such as EA, it is not so for infinite-range models such as SK (for a review of the
definitions and properties of equilibrium pure and mixed states and their overlaps,
see Secs. 4.1 and 4.2 of [15]). A second source of difficulty is due to the often
commingled use of local and global variables in the description of spin glass
properties, which the authors have argued need to be considered separately [27].
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Even after these issues are sorted out, however, a fundamental problem still re-
mains. Consider a basic thermodynamic quantity of interest, such as an n-point
correlation function. What determines its value at fixed temperature in a large
system? In the EA model, one can surround any n fixed sites x1 . . . xn, no matter
how far apart, by a large but finite volume �L such that all n sites are deep in
its interior. The ‘local’ couplings — that is, those within �L — surely play a
crucial role in determining correlations involving only these σxi ’s (like 〈σxj σxk 〉
or 4-point correlations or . . . ). What about the couplings outside �L (which is,
after all, arbitrary, as long as it satisfies the constraint that x1, . . . , xn are well
within its interior)? To answer this, consider a second volume �L′ surround-
ing �L, with L′ - L, and impose any boundary conditions you like — e.g.,
periodic, free, fixed — so long as they’re chosen independently of all the cou-
plings. The couplings in the ‘annular’ region �L′ \�L can only influence these
correlations — or any other correlation function deep within �L — through the
‘boundary condition’ they effectively impose on ∂�L, the boundary of �L. If
there are many states, this ‘effective boundary condition’ could indeed have a
pronounced effect on, say, 〈σx1σx2〉, but only insofar as it ‘selects’ a particular
pure or mixed thermodynamic state of the many available. Even so, the possibil-
ities for these correlations remain strongly limited by the local couplings, even
after listing their values in all of the possible pure states. Put another way, the
couplings ‘at infinity’ (or for our purposes, outside �L) determine the choice of
state inside �L; but for each such state, the local couplings determine the values
of the correlations of that state deep within �L.

Consider now the analogous scenario for the correlations involving σ1, . . . , σn

in the SK model. Now a peculiar situation arises. Here the physical couplings
Jij /
√
N (cf. Eq. (1.4)) scale to zero as N →∞. Therefore, as N becomes large,

the influence of any finite subset of couplings on these correlations is eventu-
ally completely erased; rather, the correlations are completely determined by the
couplings at infinity. This phenomenon leads in turn to situations clearly impos-
sible in the EA model; for example, it was proved in [23] essentially that in the
SK model at zero temperature the correlation functions of σ1, . . . , σn, for any
n, cycle through all of the possible values corresponding to all 2n possible con-
figurations of these spins as N → ∞. (More precisely, this was shown in [23]
when the temperature T (N) → 0 as N → ∞ with certain constraints on how
fast T (N) → 0; we expect that the conclusion remains true even without con-
straints.)

These phenomena are clearly not just a consequence of infinite-range interac-
tions: they are absent in the Curie-Weiss model of the uniform ferromagnet. The
unique behavior of the SK model arises (at the least) from the combination of
two properties: coupling magnitudes scaling to zero as N → ∞, and quenched
disorder in their signs.
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The argument given here is, as noted, heuristic; we refer the interested reader
to the references provided to learn more about the rigorous statements supporting
its conclusion and their consequences.

For the rest of these lectures, we turn to other topics, and explore what new
tools and techniques can be utilized to explore other interesting open questions.
In Section 2 we discuss the random cluster representation for spin glasses and
discuss how it might be used to rigorously prove the existence of a phase transi-
tion in the EA spin glass. In Section 3 we discuss highly disordered spin glasses
and their relation to invasion percolation and minimal spanning trees. Finally, in
Section 4 we discuss our partial proof of the conjecture that there is only a single
pair of infinite-volume ground states in the two-dimensional EA model.

2. The Fortuin-Kasteleyn random cluster representation and phase transi-
tions

As we noted in the Introduction, one of the most basic questions that can be
asked about any statistical mechanical system — whether there exists in some fi-
nite dimension a thermodynamic phase transition to a low-temperature phase —
remains open for EA spin glasses. In this section we examine this question us-
ing the the Fortuin-Kasteleyn (FK) random cluster representation [28, 29]. This
approach relates the statistical mechanics of Ising (or Potts) models to dependent
percolation models.

It will be slightly simpler here to consider ±J spin glasses, in which each
coupling is independently chosen to take only one of two values, +J or −J ,
with equal probability. This not only makes the FK representation easier to use,
it also facilitates comparison with the corresponding uniform ferromagnet. As
before, J denotes a realization of all of the couplings.

For each edge (or ‘bond’) in the volume �L ⊂ Zd , assign the two-state vari-
able nb corresponding to whether the bond is present (nb = 1) or absent (nb = 0).
Consider now the independent bond percolation model P̂ ind

L,p with probability

p = 1− e−2β|Jxy | = 1− e−2βJ that nb = 1. The parameter β ∈ [0,∞] will play
a physical role as inverse temperature, and the reason for the choice of p above
will be clarified in the following paragraphs.

Consider the finite-volume Gibbs distribution P
(L)

J ,β
with free boundary con-

ditions on �L, using the EA Hamiltonian (1.3):

P
(L)

J ,β
(σ ) = Z−1

L,β exp{−βHJ ,L(σ )}, (2.1)

where the partition function ZL,β is such that the sum of P
(L)

J ,β
over all spin

configurations in �L yields one. Now, for an unsatisfied bond b = {x, y} in a
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particular spin realization (Jxyσxσy = −1) we set nb = 0, while for satisfied
bonds (Jxyσxσy = +1) we set nb = 1 with probability p as given above and
nb = 0 with probability 1− p.

We can now introduce the FK random cluster measure P̂ FK
p on the 0- or 1-

valued bond occupation variables nb. It is the second of the two marginal distri-
butions (the first being the ordinary Gibbs distribution above) of the above joint
distribution on the spins and bonds together, and is given (in a finite system, but
we drop the use of L as sub- or superscript) by

P̂ FK
p = Z−1

FK 2#({nb}) P̂ ind
p ({nb}) 1U({nb}), (2.2)

where ZFK is a normalization constant, #({nb}) is the number of clusters deter-
mined by the bond realization {nb}, and 1U is the indicator function of the bond
event U that there exists a choice of the spins σx so that Jbnbσxσy ≥ 0 for
all b = 〈x, y〉 with nb = 1 [30–32]. Because U is the event that there is no
frustration in the occupied bond configuration, this measure eliminates all bond
configurations where frustration occurs.

To see the utility of this measure, consider first the uniform ferromagnet. Here
all bond configurations are unfrustrated, so that 1U({nb}) = 1 for all {nb}, greatly
simplifying the situation. For this case, it is easily shown (see, for example, [33])
that

〈σxσy〉 = P̂ FK
p (x ↔ y), (2.3)

where 〈σxσy〉 is the usual Gibbs two-point correlation function and P̂ FK
p (x ↔ y)

is the FK probability that x and y are in the same cluster. One also has, with
wired boundary conditions (i.e., all boundary vertices on ∂�L identified and all
boundary spins fixed to +1), that in the infinite-volume limit,

〈σx〉+ = P̂ FK
p (x ↔∞). (2.4)

It follows that, for ferromagnets, a phase transition from a unique (paramagnetic)
phase at low β to multiple (that is, more than one) infinite-volume Gibbs distri-
butions, each with broken spin inversion symmetry, at large β is equivalent to a
percolation phase transition for the corresponding FK measure.

We turn now to the equivalent spin glass problem, where we will see that
in order to have spin inversion symmetry breaking (a sufficient but not neces-
sary condition for a phase transition), a similar percolation phase transition is a
necessary but (presumably) not sufficient condition. We will then discuss one
condition that would suffice to prove existence of a phase transition.

Let C be any path of occupied bonds between two sites x and y. Eq. (2.3) for
the ferromagnet is now replaced by

〈σxσy〉 = 〈1x↔yη(x, y)〉FK; η(x, y) =
∏
〈x′y′〉∈C

sgn(Jx′y′). (2.5)



Short-range spin glasses: selected open problems 283

By the definition of U , any two such paths C and C′ will satisfy
∏
〈x′y′〉∈C ×

sgn(Jx′y′) = ∏
〈x′y′〉∈C′ sgn(Jx′y′) and so η(x, y) is well defined (when x ↔ y

and may be set to zero otherwise).
Suppose now that fixed boundary conditions (say, all boundary spins equal

+1) are imposed on �L. In the presence of FK percolation in the ferromagnet,
this implies a particular magnitude and a positive sign of the thermal expectation
〈σ0〉 of the spin at the origin. In the ferromagnet, reversal of the boundary spins
also reverses the sign of 〈σ0〉; the magnitude, given by (2.4), is unaffected. So
(when FK percolation is present) one can control the sign of the spin at the origin
by manipulating boundary conditions arbitrarily far away: this is a signature of
broken spin inversion symmetry.

But for the EA spin glass, and in the presence of FK percolation, it is unclear
what happens — if anything — when fixed boundary conditions are switched
from +1 to −1. Different FK realizations have different paths from 0 ↔ ∂�L,
and as a consequence of cancellations it might still happen that 〈σ0〉 → 0 as
L→∞, and there is no broken spin inversion symmetry.

So the presence of FK percolation by itself is insufficient to prove broken spin
inversion symmetry; however, it remains a necessary condition. The contribution
to the expectation of σx from any finite FK cluster is zero: if a spin configuration
σ is consistent with a given FK bond realization within such a cluster, −σ is
also consistent and equally likely. So the absence of FK percolation guarantees
that there is no broken spin inversion symmetry and thus that, e.g., 〈σx〉 = 0 in
infinite volume. For a more detailed analysis and some related results, see [32].

So how can the FK approach be used to prove the existence of a phase tran-
sition in finite-dimensional EA spin glasses? One possibility is to prove, above
some dimension dc and inverse temperature βc(d), that double FK percolation
occurs with a unique infinite cluster. Here one expands the sample space # to
include two independent copies of the bond occupation variables (for a given J
configuration), and defines the variable rxy = nxyn

′
xy , where nxy and n′xy are

taken from the two copies. One then replaces percolation of {nxy} in the single
FK case with percolation of {rxy}. Although it is not clear whether double FK
percolation by itself is sufficient to prove the existence of multiple Gibbs states,
it is easy to see that uniqueness of such a percolating cluster is sufficient. This
is because one could then consider two spin replicas σ and τ and distinguish
whether on this percolating cluster σ = τ or σ = −τ . Furthermore, distinguish-
ing between these two cases of ‘agree’ or ‘disagree’ can be done by observations
‘at infinity’ (i.e., outside any finite box). Such observables at infinity are not
possible in the absence of multiple Gibbs states.

What is known as of this writing? Single FK percolation for the EA ±J Ising
model in d > 2 [31] has been proved [34]. More recently, the authors have
provided [35] a proof, simpler than that in [34], showing that one has single FK
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percolation already in two dimensions (on the triangular lattice, at least). This is
already interesting because it indicates (given the current consensus on lack of
broken spin inversion symmetry in two dimensions) that single FK percolation
does occur in the absence of broken spin inversion symmetry.

But does the presence of single FK percolation imply anything at all? Possi-
bly: at present, we see no compelling reason why it might not be the case that
single without double FK percolation does imply a phase transition, but one with-
out broken spin inversion symmetry (and without multiple Gibbs states). That is,
there is a unique Gibbs phase (with 〈σ0〉 = 0) at all nonzero temperature, but the
nature of the phase changes at some Tc(d). For example, two-point correlations
could decay exponentially with distance above Tc, but decay as a power law be-
low, as in a Kosterlitz-Thouless transition [36]. The motivation for thinking that
single FK percolation might imply lack of exponential decay comes from the
observation that according to Equation (2.5), in order to have exponential decay
in the presence of single FK percolation, there would need to be almost exact
cancellation between two terms (one corresponding to the contribution to 〈σxσy〉
from FK paths with η(x, y) = +1 and the other corresponding to the contribu-
tion from paths with η(x, y) = −1), neither of which tends to zero as the distance
‖y−x‖ → ∞. It is not clear why such an almost exact cancellation should occur.
This intriguing possibility about single FK percolation merits further study.

3. Spin glass ground states and invasion percolation

We turn now from positive to zero temperature. One of the central unsolved
questions in spin glass theory is the number of ground states in finite dimension.
A ground state is an infinite-volume spin configuration whose energy (governed
by the Hamiltonian (1.3), where we continue to take h = 0) cannot be (strictly)
lowered by flipping any finite subset of spins. Equivalently, all ground state spin
configurations σ must satisfy the constraint∑

〈x,y〉∈C
Jxyσxσy ≥ 0 (3.1)

along any closed loop C in the dual lattice.
Of course, in any finite volume �L with, e.g., periodic b.c.’s, there is (with

probability one, assuming that the common distribution of the Jxy’s is contin-
uous) only a single finite-volume ground state pair (GSP), which is the pair of
spin configurations, related by an overall flip, with lowest energy. An infinite-
volume ground state is then any limit (convergent along some subsequence) of
finite-volume ones. So if many infinite-volume ground state pairs exist, there are
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many convergent subsequence limits of finite-volume GSP’s, and a deterministic
sequence as L→ ∞ of finite-volume GSP’s with periodic boundary conditions
will generally not converge to a single limit. We refer to this phenomenon as
chaotic size dependence (CSD) [37].

The question of GSP multiplicity (understood as a probability one statement
with respect to coupling realization) is a difficult one to answer, and above one
dimension (where it is easy to see that there is only a single pair) the answer is not
known. Two opposing viewpoints have dominated the literature. The first, based
on the behavior of the SK model [11], asserts that short-ranged spin glasses have
an infinite number of ground states (in infinite volume) above some lower critical
dimension (not specified, but generally regarded to lie between two and three).
The second, proceeding from scaling arguments [38–40], argues that such spin
glass models possess only a single pair of ground states in all finite dimensions.

In the next section we will discuss a partial result that suggests that this num-
ber is also one in two dimensions. In this section, however, we present a model
where the number of ground states can be calculated exactly in any dimension
(although not yet rigorously for d > 2). Interestingly, we find for this model —
which we call the highly disordered model — a transition in ground state multi-
plicity at eight dimensions.

The highly disordered model, proposed and studied in [41, 42] (see also [43])
uses the EA Hamiltonian (1.3), but with an L-dependent coupling distribution
although the couplings do remain i.i.d. for each L. In fact the coupling signs
do not depend on L — only the magnitudes do, as follows. Let εxy be a set of
i.i.d. symmetric ±1-valued random variables, and let Kxy be a set of i.i.d. con-
tinuous random variables (for definiteness, we take them here to be uniform on
[0, 1]), independent of the εxy’s. Then we set

Jxy = J (L)
xy = cLεxy e−λ(L)Kxy , (3.2)

where cL is a linear scaling factor which plays no role in ground state selection
and where the nonlinear scaling factor λ(L) > 0 is chosen to diverge fast enough
as L→∞ to ensure that (with probability one) for all large L, each |J (L)

xy | in �L

is larger than at least twice the next smaller one. Thus (for large L) all coupling
magnitudes are on distinct (binary) scales. Specific examples of such λ(L)’s are
presented in [42].

For the volume �L with a fixed boundary condition on ∂�L, we now describe
an algorithm for finding the ground state (note that choosing a fixed boundary
condition breaks the spin inversion symmetry). Rank order so that the coupling
with largest magnitude (corresponding to the smallest value of Kxy) has rank
one; the next larger coupling has rank two, and so on. Select the coupling with
rank one, and choose the spins σx and σy on its endpoints such that the coupling
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is satisfied; that is, σxεxyσy > 0. Next choose the coupling of rank two, and
choose the spins on its endpoints to satisfy it. Repeat this procedure, unless a
resulting closed loop (or path connecting two boundary sites) with previously
satisfied couplings forbids it. When that happens, simply proceed to the coupling
next in order, and continue until every coupling has been tested.

Until a growing cluster of spins (connected by tested edges) reaches the bound-
ary, only the relative orientations of the spins in the cluster are known. Given the
fixed boundary condition used here, the sign of each spin in a cluster will be
determined as soon as it connects to the boundary.

It is not hard to see that this procedure — which is just the well-known greedy
algorithm — provides the true ground state for all large �L in the highly dis-
ordered model. This is because once each coupling magnitude is greater than
at least twice that of the next smaller one, it is also greater than the sum of all
the smaller ones. So we have created a spin glass model whose exact ground
states can be found via the greedy algorithm (which for most models is generally
poor for finding ground state configurations and energies). But it remains to ask
whether this procedure has a well-defined infinite-volume limit.

The answer is yes, because although the absolute numerical ranks of the Kxy’s
depend on L, the Kxy’s themselves, and hence their relative ordering by rank, do
not change with L. This allows us to analyze the L→∞ limit by recasting the
problem of finding ground states as an invasion percolation [44–46] (or minimal
spanning tree) problem. Choose an arbitrary site x somewhere deep in the interior
of �L. Consider all edges touching x, choose the one whose associated coupling
has the smallest Kxy value and satisfy it. Next, consider all edges from that
(single) edge connecting to new sites; of those, satisfy the one whose associated
coupling again has the smallest value. One now has a ‘tree’ consisting of two
edges and three sites. Proceeding inductively, after n steps one has generated a
tree Tn(x) consisting of n edges and n + 1 sites. The value of σx is determined
by the tree TN(x), where N is defined to be the integer time at which Tn(x) first
touches the boundary ∂�L. One then chooses a new spin not in TN(x) (since
all of those spins are also now determined) and repeats the procedure, until all
spins in �L reside in some tree. It is a useful exercise (and proven in [42]) that
the ground state generated by this ‘invasion percolation’ algorithm is identical
to that generated by the greedy algorithm. It is also easy to see that the union
of the trees generated by this procedure is the spanning tree on �L (with wired
boundary conditions) that minimizes the sum of the Kxy’s over the edges of the
tree. Moreover, this method of determining ground states makes it clear that the
mechanism for generating ground states has an infinite-volume limit.

We now turn to the question of how many ground state pairs this model ex-
hibits. If there are multiple GSP’s, then a change in boundary conditions can
change a fixed coupling deep in the interior from being satisfied to unsatisfied, or
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vice-versa. We therefore look for a bond 〈x1x2〉 that has the property that, for all
large L, before any path of satisfied couplings joining x1 and x2 within �L (i.e.,
not touching ∂�L) is formed according to the greedy algorithm, there already
exist two disjoint paths, one joining x1 to the boundary, and the other joining
x2 to the boundary. If such a bond exists, then whether its coupling is satisfied
or unsatisfied will be determined by the boundary conditions (for all large L),
and there will be multiple ground state pairs. If no such bond exists, then only a
single pair of spin-flip-related ground states exists in the thermodynamic limit.

Consider now the invasion percolation algorithm for finding ground states,
and in particular the infinite-volume invasion trees, T∞(x) = limn→∞ Tn(x).
We define the ‘invasion forest’ F∞ as the union of all trees T∞(x):

F∞ = ∪x∈Zd T∞(x). (3.3)

This is the same as the minimal spanning forest, as discussed, e.g., in [47]. Note
that both the trees and the forest depend only on the Kxy’s and not the εxy’s. Then
the following statements can be verified [42]:

(1) In every infinite-volume ground state, every coupling in F∞ is satisfied.

(2) F∞ is either a single infinite tree or else a union of N ≥ 2 distinct infinite
trees; in either case it spans all of Zd .

(3) The former case happens if for every x, y, the trees T∞(x) and T∞(y) inter-
sect. In this case there is a single infinite-volume ground state pair.

(4) The latter case happens if T∞(x) and T∞(y) are disjoint for some x, y. In
this case the number of ground state pairs is 2N−1 and so is uncountable if
N is infinite.

So the problem of multiplicity of ground states in the highly disordered model
has been mapped on to that of whether invasion percolation has nonintersecting
invasion regions. We now examine this latter question.

In two dimensions, it was already proved [48] that the invasion forest consists
of a single tree. Above two dimensions, no complete rigorous result exists, but
the answer is known, though nonrigorously. It is based on the heuristic argument
that if the infinite-volume invasion trees T∞(x) and T∞(y) both have a fractal
dimension less than d/2, the probability that they will “miss” each other should
be nonzero; if it is greater than d/2, they should intersect with probability one.
We can then use the feature of invasion percolation that the invaded region as-
ymptotically approaches the so-called incipient infinite cluster (i.e., at the critical
percolation probability pc) in the independent bond percolation problem on the
same lattice [49]. The fractal dimension D of the incipient cluster in the inde-
pendent bond problem on the d-dimensional cubic lattice is known from both nu-
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merical studies and scaling arguments; in particular, D is dimension-dependent
(increasing with d) below six dimensions, but D = 4 for d ≥ 6 [49]. If the
fractal dimension Di of T∞(x) is equal to D, then the critical dimension of our
model is eight. Below eight dimensions invasion regions should always intersect,
and hence there would be only one pair of ground states in our spin glass model;
above that there should be an infinite number.

This line of reasoning can be made more precise, by defining a pair connect-
edness function G(y−x) as the probability that the site y ∈ T∞(x). We can then
define Di by the relation [49, 50]

G(y − x) ∼ 1/‖y − x‖d−Di (3.4)

as ‖y − x‖ → ∞. Note that summing Eq. (3.4) over all y in a box of side length
L centered at x yields LDi as the order of the (mean) number of sites in that box
which belong to T∞(x). It can be proved [42] that if

∑
x∈Zd G(x)2 < ∞, then

(with probability one) there are infinitely many (random) sites x1, x2, . . . such
that T∞(xi) ∩ T∞(xj ) = ∅. So (with some additional arguments) it follows that
the condition Di < d/2 is sufficient for nonintersection of invasion regions in d

dimensions, and correspondingly, for our model to have an uncountable number
of ground states.

It remains to determine Di as a function of space dimension d and it is an
open problem to rigorously prove that Di < d/2 (or essentially equivalently that∑

x∈Zd G(x)2 < ∞) for d > 8 or at least for some large d . Several calcula-
tions [42] support the conjecture that Di = 4 is an upper bound for the fractal
dimension of an invasion tree on a lattice in finite dimension. Given that we ex-
pect Di = D in any dimension, and given the known (but nonrigorous) values of
D, we conclude that the critical dimension in our problem is eight. Of course, the
case d = 8 should be particularly tricky; our guess there is that like for d < 8,
there would be a single tree in the forest and a single GSP in the highly disordered
spin glass.

4. Ground state multiplicity in the 2D EA spin glass

The highly disordered model discussed in the previous section has an interesting
ground state structure, but its relevance to realistic models is unknown (see, how-
ever, [51] for a recent discussion). There are as yet no rigorous results on ground
state pair multiplicity in any finite dimension greater than one. However, there
exists a partial result [52, 53] that suggests that in 2D there is only a single pair
of ‘incongruent’ ground states.

Two ground states are incongruent if their relative interface — i.e., the set of
couplings satisfied in one but not the other — comprises a nonvanishing fraction



Short-range spin glasses: selected open problems 289

of all the couplings [54]. We have argued elsewhere (see [15] for a discussion
and review) that only incongruent GSP’s are ‘observable’ (i.e., manifest their
presence under coupling-independent boundary conditions), physically relevant
states. For ease of discussion, we define a domain wall relative to two GSP’s as a
cluster of the couplings (i.e., a maximal connected set in the dual lattice) satisfied
in one but not the other state. So the interface is the union of all domain walls,
and between two incongruent GSP’s it can consist of one or more positive density
domain walls, or infinitely many zero-density domain walls (or both together).

It is easiest to state our result precisely using the concept of the metastate,
proposed by us in [18–21] and shown to be equivalent to an earlier construct of
Aizenman and Wehr [55]. In the current context, a periodic boundary condition
metastate is a probability measure on GSP’s constructed via an infinite sequence
of squares SL, with the L’s chosen in a coupling-independent manner. Roughly
speaking, this metastate provides the probability of various GSP’s ‘appearing’
inside SL (as L→∞). If there are infinitely many incongruent GSP’s, a metas-
tate should be dispersed over them, giving their relative likelihood of appearance
in typical large volumes. If there is no incongruence, the metastate would be
unique and supported on a single GSP, and that GSP will appear in most (i.e., an
asymptotic fraction one) of the SL’s.

Theorem [52]. In the 2D EA Ising spin glass with Hamiltonian (1.3) and
Gaussian couplings, two infinite-volume GSP’s chosen from a periodic b.c. metas-
tate are either the same or else differ by a single, non-self-intersecting domain
wall, which has positive density.

The proof of this theorem is rather lengthy, and we simply sketch its main
features here. For details, we refer the reader to [52, 53]. The argument consists
of several steps:

(1) Show that a 2D domain wall is infinite and contains no loops or dangling
ends.

(2) Using (1) and percolation arguments [56], show that the interface between
two ground states (that are not global flips of each other) chosen from the
periodic b.c. metastate have nonvanishing density (so the ground states are
incongruent), and that they comprise domain walls that are non-intersecting,
non-branching (doubly-infinite) paths, and that together divide Z2 into infi-
nite strips and/or half-spaces.

(3) Demonstrate that an instability occurs if there is more than a single domain
wall in an interface, by examining the stability of ground states with respect
to changes in a single coupling when all others are held fixed. This is done
by noting that for a finite-volume ground state α (say, with periodic boundary
conditions), every coupling Jb has a unique critical value Kb, defined as that
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value where a single loop C as in (3.1) containing Jb has exactly zero energy,
with all other loops in α having strictly positive energy. With some care, the
critical value notion can be extended to infinite-volume ground states from
the metastate; in that setting, the loop C may be finite or infinite (for the
details of how to do this, we refer interested readers to the references). If
the coupling is varied beyond its critical value, the ground state α becomes
unstable to a droplet flip, where the ‘droplet’ may be infinite. It is important
to note that the critical value Kb in α of the coupling Jb depends on all of the
couplings except Jb. Because the coupling values are chosen independently
and from a continuous distribution, it follows that, with probability one, no
coupling Jb is exactly at its critical value Kb.

(4) Arrive at a contradiction by showing that if there were more than a single
domain wall in the interface, then all couplings in the interface would be
exactly at their critical values.

Consequently, if incongruent ground states do exist in 2D, their interface must
be a single, positive density, non-self-intersecting domain wall. How likely is
this? Although no rigorous arguments have yet been found, it seems heuristically
unlikely that such objects can exist. Although the technical arguments that led
to the result presented in this section so far have failed for a single domain wall,
it would be surprising if their basic structure — that is, the physical reasoning
behind them — did not hold as well for a single domain wall. Work continues on
this problem.
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1. Introduction

The Hamiltonians of simple (soluble) models of spin glasses are often of the
following type [1]:

H = 1

2

∑
i,k

Ji,kσ (i)σ (k), (1.1)

where the variables J are quenched random variables and the spins σ take the
value ±1.

Some of the mostly studied infinite-range models (that are soluble) are the
Sherrington Kirkpatrick (SK) model [2, 3, 4, 5] and the Bethe lattice model [6, 7].
• In the SK model the J ’s are random variables with zero average and variance
1/N1. In the nutshell the J ’s form a random Gaussian matrix whose spectrum is
given by the semicircle law.
• In the Bethe lattice model we consider a graph with N nodes and M = 2zN
edges. A node has in the average z neighbors; in a generic graph, in the limit N
going to infinity, the distribution of the number of the neighbors of a node is a
Poisson distribution. The graph is locally loopless, in the sense that loops of fixed
lengths disappear when N goes to infinity: the typical length of a loop is log(N).
This graph is called a Bethe lattice because the appropriate Bethe approximation
is exact on such a lattice. The Hamiltonian has the same form as before, with the
difference that the J ’s are non-zero only on the edges of the graph. We normalize
the J ′s in such a way that their variance equal to z−1/2. The advantage of this
normalization is that in the limit z→∞ the Bethe lattice model become the SK
model.

There are many other models and many variations are possible. For example
sometimes the analysis is simplified by using real-valued variable σ , that satisfy
the spherical constraint

∑
i=1,N σ (i)2 = N . There are also systems with three-

(or more-)spins interactions. Other systems still have two-spins interactions, but
they are characterized by a different distribution of the J ’s, e.g the J ’s form a
random matrix with a preassigned form of the spectrum; it is also possible to
consider the case where the J ’s form a non-random matrix [8, 9, 10] as in the

1They may have either a bimodal distribution or a Gaussian distribution, but these details are
irrelevant in the large N limit as soon as the kurtosis is finite.
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sine model2;

Ji,k = N1/2 sin

(
2πik

N

)
. (1.2)

Usually one introduces a J -dependent partition function and a J -dependent
free energy:

βfJ = ln(ZJ ). (1.3)

One is interested in computing the probability distribution of fJ as function of
the J ’s. However the free energy density

FJ = fJ

N
(1.4)

converges (with probability 1) to a J -independent value (F ) when N goes to
infinity. We must be careful however in doing the average of the logarithm of
ZJ , because the average of ZJ may be much larger of its most likely value.
These models are soluble in the limit of large N in the sense that the free energy
F and other thermodynamic quantities are computable in this limit.

Spin glasses are also interesting from the point of view of computer science
because the computation of the ground state of a spin glass is an NP complete
problem3. Spin glasses have unexpected properties (at least in the aforemen-
tioned soluble models); the most spectacular is the existence of many phases
at infinitesimal magnetic field, in variance with what happens in standard fer-
romagnetic models where there is usually only one phase. A detailed analytic
computation shows that there are an infinite number of phases or states, more
precisely the number of phases increases in an unbounded way with N .

I apologize because I am using the word phase in an imprecise way [11]. I am
considering systems at finite4, albeit large, N [12]: roughly speaking a phase is
a region of phase space that is separated by other regions by a free energy barrier
whose height goes to infinite when the volume goes to infinity. Other words, e.g.
structures or lumps, may be more appropriate. However I will stick here to the
more suggestive words phases or states: the reader should note that here they
are defined in a large finite system. Always for finite system one can think that
the Gibbs measure (neglecting a fraction vanishing with N ) may be partitioned

2The sine model has his own peculiarities and its properties will be not discussed here.
3This last statement is not so crucial for the physics: we are usually interested in computing the

behavior and the convergence time of an algorithm in the typical case, while the P-NP classification
is based on the worst case.

4Defining the states directly for the actual infinite system is sometime possible, but it is not simple;
in other cases it is rather unnatural: for example in the sine model the Hamiltonian for a system of N
spins is not near to the Hamiltonian for a systems of N + 1 spins and we will not discuss further this
point.
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into regions that correspond to the states. The weight of each state (wα) in the
decomposition of the free energy should be proportional to the exponential of the
total free energy of the state, i.e.

wα ∝ exp(−βfα). (1.5)

The lower lying states have a weight wα that remains finite when N goes to in-
finity [3, 4]. However we are interested in these lecture to the states that have
a free energy density higher than the minimal one (metastable states) and there-
fore their contribution to the Gibbs measure will be exponentially small. Please
notice that the existence of these states is limited to infinite-range models: real
metastable states do not exist for short range model in finite dimensions5. The
relevance of these finding for short range models is discussed in many places, see
for example [13], and it should be done with great care.

In these infinite-range models the internal energy (or the free energy) has have
many minima (the states) and saddle points separating them: we must study the
properties of the free energy landscape (that in this case is called corrugated):
we would like to understand the number and the relative positions of the states.
Moreover, one would like to do this computation not only for the states that have
a free energy near to the ground state, but also for those metastable states that
have a free energy much higher than the ground state.

One can approach this problem, following the suggestion of Monasson [14,
15], in the framework of purely equilibrium statistical mechanics; we have to
compute the partition function of m replicas, or clones, with some restrictions on
the overlaps of the configurations of these replicas. The information we need can
be extracted (at least in some cases) from the values of this partition function:
this approach is discussed for example in my Les Houches lecture notes of three
years ago [13] and it will be only briefly summarized here.

Here I will follow a different approach: a state is defined in terms of the
local magnetizations and the local magnetizations satisfy some equations, the so
called TAP equations, that become exact (with probability one) in the limit N

going to infinity [16, 17, 18]. Heuristically these equations imply that there is
a long-lived structure: the corresponding local magnetizations satisfy the TAP
equations. We have to solve the problem of counting the number of solutions of
the TAP equations as function of the free energy and the relative distance of the
solutions; eventually we have to understand how many solutions are minima of
the free energy, and how many are k-saddles, i.e. points where the Hessian has k

negative eigenvalues.

5This is a mathematical theorem that should be taken cum granum salis, as far as the mean life of
a metastable state, although finite, may be much larger of the mean life of the universe.
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In the next section of this lecture I will present an heuristic derivation of the
TAP equations for stable and metastable states. In the rest of the lectures I will
compute the average number of solutions of these equations, which is a very well
defined problem from a mathematical point of view. We will find that the total
number of solutions for given values of the J behaves with at large N as

exp(N$J ). (1.6)

Although the most interesting quantity is the quenched complexity (defined as
the mostly likely value of $J ) here for simplicity we will limit ourself to the
computation of the so called annealed complexity:

exp(N$)) = exp(N$J ), (1.7)

where the average is done over the different choices of the J ’s variables. Depend-
ing on the model and on the parameters of the models the quenched complexity
may be strictly smaller or equal to the annealed complexity in the infinite-N
limit.

Computing the complexity is a particular case of the more general problem
of finding all the stationary points of a random function of N variables, that in
this case is the TAP free energy. In section 2 I will present the derivation of
the TAP equations for the magnetizations of a metastable state and I will discuss
their physical meaning. In section 3 I will present some simple considerations
on the number of solutions of the TAP equations. In section 4 I will show the
general strategy for computing the number of solutions of the TAP equations
as function of the corresponding free energy. In section 5 I will show that this
problem is invariant under the action of a Fermionic symmetry, a supersymmetry
in short; this unexpected and astonishing results was derived a few years ago in
[19] and it was the key of all the progresses of there recent years. In section
6 I will discuss the possibility of supersymmetry breaking and its implications,
the most spectacular one is that most of the stationary points are one dimensional
saddles, as predicted long time ago [16, 17]. In section 7 I will present the explicit
computation of the complexity in the SK model, sketching the different steps
that have to be done. In section 8 I will just mention some of the problems that
are present in computing the quenched complexity. Finally in section 9 I will
summarize the results and mention some open problems.

I believe that most of the computations that I present can be done in a rigorous
mathematical way using existing techniques in a careful way (the computation of
the quenched complexity may be much more difficult). I hope that these lectures
will be an encouragement to do such a rigorous computation.
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2. The TAP equations

I will derive the TAP equations on a random Bethe lattice [16, 6, 7, 18] where the
average number of neighbors is equal to z and each point has a Poisson distribu-
tion of neighbors6: the SK limit will be done later.

Let us consider a node i; we denote by ∂i the set of nodes that are connected
to the point i. With this notation the Hamiltonian can be written

H = 1

2

∑
i

∑
k∈∂i

Ji,kσ (i)σ (k). (2.1)

We suppose that for a given value of N the system is in a state labeled by α

and we suppose such a state exists also for the system of N − 1 spins when the
spin i is removed. Let us call m(i)α the magnetization of the spin k and m(k; i)α
the magnetization of the spin k when the site i is removed. Two generic spins
are, with probability one, far on the lattice: they are at an average distance of
order ln(N); it is reasonable to assume that in a given state the correlations of
two generic spins are small (a crucial characteristic of a state is the absence of
infinite-range correlations). Therefore the probability distribution of two generic
spins is factorized (apart from corrections vanishing in probability when N goes
to infinity) and it can be written in terms of their magnetizations.

After a simple computation we find for a given state labeled by α (the label α
will not be indicated to lighten the notation):

m(i) = tanh

(∑
k∈∂i

artanh(tanh(βJi,k)m(k; i))
)

. (2.2)

In a similar way we finds that the cavity magnetizations m(k; i) are related to the
magnetizations m(k) and m(i) by the relations:

m(k) = tanh(artanh(m(k; i))+ artanh(tanh(βJi,k)m(i))). (2.3)

In the case of the Bethe lattice the usual strategy is to write the equation directly
for the cavity magnetizations. We obtain (for l ∈ ∂i):

m(i; l) = tanh

⎛⎝ ∑
k∈∂i;k �=l

artanh(tanh(βJi,k)m(k; i))
⎞⎠ . (2.4)

6One can consider also a generalized random Bethe lattice where each site has a fixed coordination
number: the treatment is similar, but slightly different.
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Following this strategy we remain with Nz equations for the Nz cavity magneti-
zations m(i; k); the true magnetizations (m(i)) can be computed at the end using
equation (2.2).

In the SK limit (i.e. z ≈ N ), it is convenient to take advantage of the fact
that the J ’s are proportional to N−1/2 and therefore the previous formulae may
be partially linearized. If we throw away irrelevant terms, the previous equations
become (as soon as z is large):

m(i) = tanh

(∑
k∈∂i

βJi,km(k; i)
)

, (2.5)

m(k) = m(k; i)+ β(1−m(k)2)Ji,km(i).

If we eliminate all the terms that vanish when N →∞, these two equations can
be simply rewritten as

m(i) = tanh(βh(i)), (2.6)

h(i) ≡
∑
k∈∂i

Ji,km(k; i) =
∑
k∈∂i

Ji,km(k)− βm(i)
∑
k∈∂i

J 2
i,k(1−m(k)2).

In the SK limit the points in ∂i are all the points different from i. Using the law
of large numbers we can write

m(i) = tanh(βh(i)), h(i) ≡
∑
k �=i

Ji,km(k)− βm(i)(1− q), (2.7)

where q is defined as

q =
∑

i m(i)2

N
. (2.8)

These equations are different from the naive mean field equations

m(i) = tanh(βh(i)), h(i) ≡
∑
k �=i

Ji,km(k). (2.9)

The naive mean field equations can be derived using a variational approach where
the probability is supposed to be factorized. In this way one neglects the weak
correlations among the σ ’s and this leads to a wrong value of the free energy
at non-zero temperature7. On the Bethe lattice the argument is quite clear. The
spins that belong to ∂i are correlated because they are at distance 2 on the lattice;
on the contrary the same spins are not correlated when the spin at i is removed

7The naive mean field equations are exact equations for another model that is different from the
SK model. Unfortunately they have not been so well studied in recent times.
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(they are at distance of O(ln(N)) and therefore the factorization approximation
can be done for the spins in ∂i only when the spin at i is removed.

The same argument can be formulated in a slightly more different way, that
can be generalized to more complex cases. It is the cavity method, where one
connects the magnetizations for a system of N spins with the magnetizations for
a system with N − 1 spins. In absence of the spin i, the spins σ(k) (k ∈ ∂i) are
independent from the couplings Ji,k . If we linearize the equations for the Bethe
lattice, we obtain:

m(i) = tanh

(∑
k∈∂i

Ji,km(k; i)
)

(2.10)

m(k; i) = tanh

⎛⎝∑
l �=i

Jk,lm(l; k, i)
⎞⎠ .

Here m(l; k, i) is the magnetization of the spin at l in absence of the spins at k
and at i. A detailed computation shows that in this case, neglecting terms that
go to zero (in probability) when N goes to infinity, we can substitute m(l; k, i)
with m(l; k). Indeed the nodes i and l are at distance two when the node at k is
present: however, when k is removed, they are far away in the lattice. In this way
we recover eq. (2.2).

Now we will concentrate on the SK model and we will use the formulation
where we have N variables and N equations, i.e. the original TAP equations, eq.
(2.7). The corresponding total free energy is

f [m] = −1

2

∑
i,k

m(i)Ji,km(k)− β

4

∑
i

(1−m(i)2)− T
∑
i

S(m(i)), (2.11)

where

S(m) = −1+m

2
ln

(
1+m

2

)
− 1−m

2
ln

(
1−m

2

)
. (2.12)

The free energy is stationary: in other words the TAP equations can be written as

∂f [m]
∂m(i)

= 0. (2.13)

However, as we shall see, that there is no variational principle for the free energy:
the equilibrium value of the free energy is not the absolute minimum of the free



306 G. Parisi

energy. The Hessian of the free energy can be written as

Hi,k ≡ ∂2f

∂m(i)∂m(k)
= (2.14)

−Ji,k + δi,k
(
A(i)−1 + β(1− q)

)+ 2β

N
m(i)m(k) ,

where we have used the notation

A(i) ≡ β(1−m(i)2). (2.15)

The relation

β(1− q) =
∑

i=1,N A(i)

N
. (2.16)

may have not escaped the attention of the experienced reader. It is rather impor-
tant because it can be used to prove that in the large-N limit the Hessian does not
have a non-zero fraction of negative eigenvalues [20].

As we shall see later, we must resist the strong temptation of throwing away
the last term that is a factor 1/N smaller than the others. Indeed, once that we
have written the free energy, the Hessian is exactly given by the previous formula.
Before throwing away a term, you must ponder all the consequences of your act:
you may discover 24 years later that such an action was not justified [21, 22]!

We must stress that there is an important consistency condition: the correla-
tion among different spins must vanish in the large N limit. Fortunately they can
be computed in this framework. After some computations we find that the corre-
lations are small enough and the approach may be consistent only if the stability
condition

R ≡
∑

l=1,N A(i)2

N
≡ β2

∑
l=1,N (1−m(i)2)2

N
≤ 1 (2.17)

is satisfied. Indeed we find that

χq ≡
∑

i,k〈σ(i)σ (k)〉2c
N

= 1

1− R
. (2.18)

If R > 1 the whole approach does not make sense.
Using the spectral properties of the matrix J (for N going to infinity the spec-

tral density of this random matrix is a semicircle with boundaries at ±2) we find
that the paramagnetic solution m(i) = 0 is always a minimum of F . However the
paramagnetic solution is no more in the stable region as soon as β > 1, i.e. in the
whole low-temperature region. For β > 1 the paramagnetic solution m(i) = 0
should be disregarded because is not stable.
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The physical picture is clear. At low temperature the free energy has a deep
minimum at the origin, however the physical relevant region does not contain
the origin and the physical relevant minimum is the lowest minimum inside the
stable region (R ≤ 1). We should also notice that the equivalence among this
approach (with N equations) and the cavity approach (with O(N2) equations)
holds only if the stability condition is strictly satisfied and it is incorrect when
the stability condition is not satisfied.

In the more familiar case of a ferromagnet, the paramagnetic solution is no
more a global minimum in the low-temperature case, while in spin glasses the
paramagnetic phase is always the formal global minimum of the free energy.
This difference has a profound influence on the behavior of the specific heat (in
the mean field approximation):
• In the ferromagnetic case the specific heat in the low-temperature phase is
larger than the analytic continuation of the specific heat computed in the high-
temperature phase. This corresponds to the fact that in the low-temperature phase
the system explores new regions of phase space; this is the natural behavior when
we have a variational approach without constraints.
• In spin glasses the situation is the opposite: the specific heat in the low-
temperature phase is smaller than the analytic continuation of the specific heat
computed in the high-temperature phase. This corresponds to the fact that the
system is frozen in the low-temperature phase and here the paramagnetic solution
is only an illusion. This behavior is the effect of the constraints in the standard
variational approach. This strange behavior is natural in the variational replica
approach where the free energy is maximized (for good reasons [23]) and not
minimized. It is interesting to note that experimentally in structural glasses the
specific heat is discontinuous and it decreases when we cross the critical temper-
ature coming from the high-temperature phase.

3. A simple analysis of the solutions of the Bethe equations

In the simplest approach we assume that in the low-temperature phase there is just
one solution to the equations (2.7) (neglecting the paramagnetic one). The field
h(i) can be written using the cavity equation as the sum of N − 1 uncorrelated
random terms with zero average8: the Ji,k are uncorrelated with the m(i; k) so
that Ji,km(i; k) has zero average and the contributions with different values of k
are uncorrelated. It is evident that the average value of m(i; k)2 must be equal
to q. The central limit theorem tell us that, when we change the Ji,k , h(i) is a
random variable with variance q [3].

8In doing these evaluations it is more convenient to use the equations 2.5; we could also start from
the equations 2.7; the results would be the same and the derivation would be slightly more involved.
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We will now use the relation:

m(i)2 = q, (3.1)

where here the bar denotes the average over the couplings Ji,k . In this way we
arrive at the so called replica symmetric equations for q:

q =
∫

dμq(h) tanh(βh)2, (3.2)

where dμq(h) denotes the Gaussian probability distribution with variance q.
A simple analysis shows that for T < 1 there is a non-trivial solution with

q �= 0 (the solution with q = 0 is the paramagnetic solution that is unstable for
T < 1). However, if we compute the entropy at low temperature, we find the
astonishing result that it is negative [2]. This is possible because the total entropy
is not the sum of the single-spin entropy and its explicit expression does not have
an evident sign. Indeed, using the TAP free energy, we find that:

S =
∑
i

S(m(i))− β2

4
(1− q)2. (3.3)

In the limit T going to zero, if q → 1 the first term vanishes, but the second is
strictly negative, if

lim
T→0

β(1− q) > 0 (3.4)

and this is what happens as a simple consequence of equation (3.2).
Something goes wrong. The solution of the puzzle was found by De Almeida

and Thouless [24] who discovered that as soon as T < 1 also the q �= 0 so-
lution is unstable, i.e. it does not satisfy the stability condition (2.17) and no
stable solutions are available. After some hesitations, at the end of the day con-
sensus was reached on the fact that the hypothesis of having only one non-trivial
solution was inconsistent: we must take into consideration the existence of an
infinite number of solutions of the TAP equations: this situation is called replica
symmetry breaking [3, 4, 5].

The central quantity in the theory becomes now the set of all the solutions
of the TAP equations and their corresponding free energies [21, 25, 26, 27, 28].
In the simplest case we assume that the solutions are uncorrelated among them-
selves and that they are uncorrelated with the free energy. In other words we
assume an approximate factorization property for the joint probability distrib-
ution of the total free energy fα and the corresponding magnetizations mα(i),
where the index α labels the different solutions of the TAP equations [6, 13].
More precisely we suppose that

Pi(f + f̃ , m) = P(f + f̃ )Pi(f,m), (3.5)
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where f̃ is a quantity of order 1 and∫
dfP(f ) = ∞, (3.6)

because this integral is the total number of solutions of the TAP equation.
We now assume the probability P(f ) is approximatively given by

exp(N$(F)) (3.7)

where F = f/N . This is a natural extension of our previous hypothesis on the
complexity. The total complexity is given by

$ = max
F

$(F). (3.8)

In a similar way we assume that

Pi(f,m) = Pi (F,m). (3.9)

Under these assumptions the probability of finding a solution around f =
F N can be written as

P(f + f̃ ) = P(f ) exp(y(f̃ − f )) ∝ exp(y(f̃ − f )), (3.10)

where f̃ is a still quantity of order 1 and

y = d$

dF
. (3.11)

In this framework is natural to assume that, when the free energy is near to the
minimal free energy (that we will denote by f0), the probability of finding a
solution with total free energy given by f0 + f̃ behaves like

P(f̃ ) ∝ exp(y0f̃ ). (3.12)

Also here f̃ is a still quantity of order 1 while f0 is a quantity of order N . I will
use the notation y = βm and y0 = βm0, where quantities m and m0 are not
magnetizations, (I will stick to this traditional notation, hoping that there will be
no confusion).

In order to make further progress and perform explicit computations, we can
write equations that relate the distribution of the magnetizations for a system with
N points to the distribution of the magnetizations for a system with N+1 points.
We have to make the crucial hypothesis that there is a one to one correspondence
between each solution of the TAP equations for N spins and for N + 1 spins; as
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we shall see later this hypothesis fails at high value of the free energy, but it is
reasonable for values of the free energy not too far from the minimal one.

Let us consider the solutions that have a free energy density F . We need to
know only the value of m. After some computations, described in my earlier Les
Houches notes [13] one finds that

dPN+1(h) ∝ dμq(h) tanh(βh)2 exp(βm�f (h)), (3.13)

where
mN+1 = tanh(βhN+1), (3.14)

and
�f (h) = log(cosh(βh)). (3.15)

Consistency requires that

q =
∫

dPN+1(h)(tanh(βhN+1))
2. (3.16)

In this way we determine q but m is a free parameter. How can one deter-
mine m? It happens that it is possible to compute the free energy density F that
corresponds to a value of m. This is done in the following way.

We can define a thermodynamic potential �(m) such that

∂�(m)

∂βm
= $(F(m)) (3.17)

∂(βm�(m))

∂βm
= F(m)

In other words �(m) is the Legendre transform of the complexity:

βm�(m) = βmF(m)−$(m). (3.18)

You may have a feeling of déjà vu: indeed we recover a more familiar setting
[29] if we would do the following substitutions:

F → internal energy (3.19)

βm→ β

�→ free energy

$→ entropy.

It should be now clear why in some circles the complexity is called the configu-
rational entropy [30].
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If we know the the potential �(m), we know all we need to reconstruct every-
thing, in particular the dependence of the complexity on m or on F . Fortunately
an analysis, that it would be too long to describe here [13], shows that �(m) has
a simple explicit expression9:

β2(1− q2)+m−1
∫ +∞
−∞

dμq(h) cosh(βh)m log(cosh(βh)). (3.20)

A similar, but more complex expression for �(m) can also be obtained on the
Bethe lattice [6].

It turns out that the free energy is stationary with respect to q; indeed the
correct value of q is obtained by maximizing the free energy with respect to q:
the previous equation (3.16) corresponds to imposing the condition

∂�

∂q
= 0 (3.21)

and the sign of the second derivative is such that the potential � is a maximum
with respect to q.

We now face the problem of computing the minimal free energy (sometimes
also called the ground state free energy. This is now an easy job if we make
the natural hypothesis that the complexity vanishes when the free energy density
becomes equal to the ground state. In other words the value of m0 corresponding
to the ground state energy is given by the condition

$(m0) = 0. (3.22)

However the previous equations tell us that

$(m) = ∂�(m)

∂m
. (3.23)

In other words the condition of zero complexity at the ground state, implies
that the potential �(m) is stationary with respect to m. More precisely in order to
compute the free energy of the ground state we have to maximize the potential �
with respect to both q and m: for the ground state we have an inverted variational
principle.

The formula for the potential �(m, q) is the one that has been obtained di-
rectly with the algebraic replica approach long time ago. Using Guerra’s varia-
tional approach [31] it can be shown from general principles that the maximiza-
tion of the potential �(m, q) gives the correct result [32]. It is remarkable that

9The same expression for the free energy can be obtained using the traditional replica approach.



312 G. Parisi

the same formulae, that have been originally derived for the ground state, can be
used for the computation of the complexity. This is one of the most astonishing
result of Monasson’s approach that we have just described.

However in the previous derivation we have made the crucial hypothesis of the
existence of a one to one correspondence of the solutions of the TAP equations
with N and N + 1 spins. At first sight this hypothesis is witless, because we
know that the total number of solutions increase with a factor exp($) when we
go from N to N +1. As we shall see later this apparently witless hypothesis may
remain valid for some values of F .

The rest of this lectures will be devoted to discussing when and why such an
hypothesis is correct and to present alternative approaches in the case where it
fails. The relations among the different approaches are non-trivial and they come
out from some very interesting mathematics.

4. The direct approach: general considerations

Before starting the direct computation of the number of solutions of the TAP
equations, I will present some general considerations on this kind of problems
and I will write down some formulae that are valid in a more general case [21,
25, 26, 27, 28].

I will consider a function f [x] where here x (among square brackets) denotes
the set of N variables x(i), with i = 1, N . If the function f factorizes in the
product of N non-linear functions, each dependent on only one variable x(i), the
analysis is rather simple; in the case where each function has 3 stationary points,
the total number of stationary points of the function f [x] is 3N .

In the case where all the variables interact and no factorization is possible, the
situation is rather complex; also in this case it is quite possible that we have an
exponential large number of stationary points (i.e. points where ∂f/∂x = 0).
A very interesting question is the computation of the properties of these points,
e.g their number and there relative location in space. If the number of the points
diverges exponentially with N , methods coming from statistical mechanics may
be very useful.

As we have seen in previous sections this problem is very relevant for statisti-
cal mechanics. Indeed if the function f is the free energy or the internal energy
of a system, its local minima correspond to stable or metastable states at non-zero
(or zero) temperature. The relative height and position of other stationary points,
e.g. saddles, control the time from escaping from the metastable states and the
approach to equilibrium.

When the function f is the free energy, the shape of this function is called
the free energy landscape. If the number of stationary points is very high, e.g.
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increases exponentially with N , we have already seen that the landscape is called
corrugated. A system with a corrugated landscape is a glassy system: indeed
these investigations are often done to study glassy systems like spin glasses or
structural glasses, although they could also be relevant for string theories.

The first quantity that we have to compute is the total number of stationary
points

NT ≡
∑
α∈C

1 (4.1)

or the total number of minima

Nm ≡
∑
α∈Cm

1, (4.2)

where the C denotes the set of stationary points and Cm those stationary points
that are actually minima.

Very often one is interested also in the distribution of the values of the function
f at the stationary points (indeed there may be a physical interest in knowing
the stationary points with the lowest value of f ). It is therefore convenient to
consider the two functions:

N (F ) =
∑
α∈C

δ(F − f [xα]) (4.3)

Z(w) =
∑
α∈C

exp(−wf [xα]) =
∫

dFN (F ) exp(−wNF).

For large N we expect that

N (F ) ≈ exp(N$(F)), Z(w) ≈ exp(−N�(w)), (4.4)

where �(w) and $(F) are related by an Legendre transform (exactly as the free
energy and the entropy in the usual formalism):

∂$(F)

∂F
= w(F), (4.5)

�(w(F)) = $(F)− w(F)F.

If we are able to compute the function Z(w) we can reconstruct, by an inverse
Mellin transform, the function N (F ) that codes the distribution of the values of
the stationary points. In particular we have that

Z(w)|w=0 = exp(N$) (4.6)

Everything is very similar to what we have done in the previous section, with the
difference that here we use a synchronic approach (we look to what happens at
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a given value of N ), while in the previous section we were using a diachronic
approach (we were following the solutions of the TAP equations when N was
changing). Here we do not need to make an explicit hypothesis on the continuity
of the set of solutions with respect to N ; however we shall see later how this
continuity hypothesis can be reformulated in the synchronic approach.

For the time being we will concentrate our attention on the quantity Z(w) that
looks like a partition function, defined on an unusual space, i.e. the set of all the
stationary points. It is important to remember that the function f [x] that appears
in the weight is the same function that is used to determine the points of the sum,
and this will be the origin of many identities.

In order to make further progress let us assume (happens for a generic func-
tion and for a generic stationary point) that the determinant D[x] of the Hessian
matrix H of the function f [x] is non-zero at the stationary points, i.e.

D[x] ≡ det |H | �= 0, Hi,k = ∂2f

∂x(i)∂x(k)
(4.7)

when ∂f/∂x = 0. In one dimension this condition corresponds to assuming
that all stationary points are minima or maxima (no flexes). If this happens we
can define the index (I [x]) of a stationary point; it is the number of negative
eigenvalues of the Hessian; a minimum has index 0 while a maximum has an
index N . An useful and evident relation is:

(−1)I [x] = sign(D[x]) = D[x]/|D[x]| (4.8)

In the following we will consider for simplicity functions that are defined on
a topologically trivial domain (e.g. an hypercube, the interior of a sphere or
the whole space RN ) such that the function f [x] diverges to plus infinity at the
boundary.

Under these conditions it may be convenient to compute also the function

Ñ (w) =
∑
α∈C

(−1)I [xα ] exp(−wf [xα]), (4.9)

Skipping technicalities, the celebrated Morse theorem states that

Ñ (w)|w=0 =
∑
α∈C

(−1)I [xα] = 1. (4.10)

In the one-dimensional case the Morse theorem states that, if limx→±∞ f [x]=
+∞, the number of minima minus the number of maxima is exactly equal to one,
as follows from elementary considerations.



Computing the number of metastable states in infinite-range models 315

The previous equations tell us that the behaviors of Ñ (w) and of N (w) are
quite different, however it may be convenient to start with the computation of
Ñ (w) that is much simpler than the other. Later on we will show how the com-
putation of N (w) can be recovered. Indeed a direct estimate can be done [33],
following some ideas of Kurchan [34, 35], using d’Oresme’s identity

|A| = (A2)1/2. (4.11)

In order to compute Ñ (w) we firstly notice that the sum over all the stationary
points can be written as ∑

α∈C
=
∫

dx|D[x]|δ
(
∂f

∂x

)
(4.12)

Therefore

Ñ (w) =
∫

dxD[x]
∏

i=1,N

δ(fi[x]) exp(−wf [x]) (4.13)

N (w) =
∫

dx|D[x]|
∏

i=1,N

δ(fi[x]) exp(−wf [x])

where from now on we shall use the notation

fi[x] = ∂f [x]
∂x(i)

fi,k[x] = ∂2f [x]
∂x(i)∂x(k)

. (4.14)

Now the computation of N(w) is technically difficult because of the presence of
the modulus of the determinant. It should be clear now why the function that can
be computed more easily is Ñ(w).

In the rest of these notes we will stick to the computation of Ñ (w). Now,
in order to do further manipulations, it is useful to write the determinant as an
integral over Fermionic (anticommuting) variables using the formula.∫ ∏

i

(dψ̄(i)dψ(i)) exp

(∑
i,k

Ai,kψ̄(i)ψ(k)

)
= det |A|. (4.15)

If we also use the integral representation for the delta function we obtain that

Ñ (w) =
∫

dμ[X] exp(−S[X]) (4.16)

S[X] =
∑
i

λ(i)f (i)[x] +
∑
i,k

ψ̄(i)ψ(k)fi,k[x] + wf [x],

dμ[X] ≡
∏
i

dx(i)dψ(i)dψ̄idλ(i)
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where X(i) denotes a point of the superspace with coordinates x(i)’s, ψ̄(i) ψ(i)

and λ(i); the integral over the variables λ is done in the complex plane from−i∞
to +i∞.

5. The supersymmetric formulation

The computation of Ñ (w) may be simplified if we notice that both the action S

and the measure dμ are left invariant under the following supersymmetry10 that
was introduced in [19];

δx(i) = ε(i)ψ(i) δλ(i) = −ε(i) wψ(i), δψ̄(i) = ε(i)λ(i) δψ(i) = 0.
(5.1)

The appearance at w �= 0 of a supersymmetry, of the BRST type [37, 38], is
unexpected, however it is well known that the Morse theorem, which states that
Ñ (w)w=0 = 1, can be proved in a neat way using the supersymmetric formalism.

As usual supersymmetry11 implies identities among correlations of different
quantities; in this particular case one finds after some computations [19, 39]

〈ψ̄(i)ψ(k)〉 = 〈x(i)λ(k)〉, (5.2)

w〈ψ̄(i)ψ(k)〉 = 〈λ(i)λ(k)〉.
The derivation of the Fermionic symmetry is purely formal, therefore it would

be nice to derive directly the Ward identities from the original equations without
using too much the functional integral representation. We need to assume that
when we make a small change in the equations, there is a one to one correspon-
dence between the solutions before and after the perturbation. We also need to
assume, but this assumption is related to the previous one, i.e. that the quantities
that appear in the Ward identities are well-defined.

In order to understand better the Ward identities [47] we notice that

〈ψ̄(i)ψ(k)〉 = 〈(H−1)i,k〉, (5.3)

where H is the Hessian matrix. The computation of the correlations of the λ’s,
that, in the nutshell, are Lagrange multipliers, can be obtained by introducing the

10I use the word supersymmetry in a somewhat improper way; the symmetry we have introduced
contains an anticommuting parameter, and it a Fermionic symmetry, but in the standard terminology
a bona fide supersymmetry group should contain also the generator of the space translations, that is
not the case here.

11This supersymmetry does not have a very simple geometrical interpretation in superspace also
because the transformation depends on w; it is not clear to me if the whole approach may be refor-
mulated in such a way that the supersymmetry has a more geometrical meaning.
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generating function:

Z[h] =
∫

dμ(X) exp

(
−S(X)+

∑
i

h(i)λ(i)

)
= (5.4)∫

dxD[x]
∏

i=1,N

δ (fi[x] − h(i)) exp(−wf [x]).

In other words we count the number of solutions of the equations

fi[x] = h(i), (5.5)

weighted with exp(−wf [x]), (not with exp(−w(f [x] − h · x)). As soon as h is
different from zero, the constraints on the variables x and the weight are no more
related and supersymmetry does no more hold.

Let us make the crucial hypothesis that for infinitesimal h there is a one to one
correspondence between the solutions of the equations

fi[x] = h(i) (5.6)

at zero h and at non zero h and that the solution at non zero h can be computed
by a well-defined perturbative expansion in h around h = 0 [48, 40]. It is now
evident that at h = 0

〈x(i)λ(k)〉 =
〈
∂x(i)

∂h(k)

〉
= 〈(H−1)i,k〉 = 〈ψ̄(i)ψ(k)〉. (5.7)

And in this way we recover the first Ward identity, the one where w does not
appear.

In a similar way if we work up to the second order in h in the free energy, we
can derive the first order result for the stationary point

δx(i) ≡ x(i)[h] − x(i) =
∑
k

(H−1)i,kδh(k)+O(h2). (5.8)

The variation of the function f starts at the second order in the perturbation

δf = 1

2

∑
i,k

δx(i)Hi,kδx(k) = 1

2

∑
i,k

δh(i)(H−1)i,kδh(k). (5.9)

Putting everything together we get:

〈λ(i)λ(k)〉 = ∂2Z[h]
∂h(i)∂hk

|h=0 = w〈(H−1)i,k〉 = 〈ψ̄(i)ψ(k)〉. (5.10)

which is the second Ward identity, i.e. the one that depends on the w.
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Supersymmetry is an efficient way include relations of purely geometrical ori-
gin between the correlations of the Bosonic variables, which play the role of
Lagrangian multipliers, and the correlations of the Fermionic variables, which
have been used to evaluate the inverse of the Hessian matrix and its determi-
nant.

6. Spontaneous supersymmetry breaking

It may seem strange that I am speaking of spontaneous breaking of the super-
symmetry just after having proved that supersymmetry encodes simple identities
among various quantities [47]. However these identities were derived under the
critical hypothesis of the existence of a one to one correspondence of the solu-
tions of the equations after and before a perturbation. This is reasonable only if
the generic solution of the system is not near to a bifurcation and this is possible
if the Hessian matrix does not have a zero or a quasi-zero mode. Everything was
based on the hypothesis that the Hessian matrix at the stationary points had no
zero-mode.

If we average the function f inside a given class, we may integrate over re-
gions where zero-modes are always present and our assumptions fail. Moreover
in such a case H−1 is infinite and we have problems defining the expectation
value of (H−1)i,k .

Still worse, if we write

〈O〉 =
∑
α

wα(h)〈Oα(h)〉 (6.1)

when we take the derivative with respect to h of this quantity, we have to take
into account in an explicit way the fact that the set of solutions labeled with α

changes may with h. This looks like a cauchemar but it is possible to do explicit
computations in the framework of the cavity method of the previous sections
[40]. One finds that the results are different from the usual supersymmetric ap-
proach and they coincide with the one obtained by assuming that supersymmetry
is spontaneously broken [40].

We could try to avoid the problem by adding a small term in the weight in or-
der to suppress the contribution coming from stationary points with zero modes,
but this extra term breaks explicitly the supersymmetry and it is not surprising
that in the thermodynamic limit supersymmetry breaking may survive when we
remove the extra term [46]. However computation can be done in presence of
this extra term and this is probably the simplest approach to study the problem
on a Bethe lattice.

Summarizing there are two alternative explicit approaches:
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• We take care in an explicit way of the effects of the the birth or of the death of
solutions when changing N [40].
• We force the solutions to be stable by adding a small perturbation [46].

Both approaches allow explicit and correct computations and deeply clarify the
physical situation. Here for reasons of space I cannot describe more explicitly
the diachronic approaches and I will limit myself to the simplest synchronic ap-
proach, that has the disadvantage that it cannot be easily extended to Bethe lattice
(although it could be done with some effort).

Up to now we have seen from general arguments that, if supersymmetry is
broken, there must be some zero-modes floating around. Doing explicit com-
putations for the TAP equations for the SK model it was argued numerically in
[22] that in this case the generic stationary point has exactly one near zero modes
and most of the stationary points come in pairs at distance N−1/2 one from the
other: they coalesce when N → ∞ and they becomes saddles as it was argued
a long time ago [16, 17] and firstly seen numerically by [41]. These results have
been carefully verified numerically [22, 42]; it was finally explicitly shown that
the zero mode is the Goldstone Fermion of broken supersymmetry [44] and its
existence follows from the general Ward identities of broken supersymmetry.

It is possible to show that in many models there are values of the parameters
where some kind of SuSy breaking is needed [47, 48, 49, 50]. Let us consider the
usual case, where the function H itself changes in a continuous way when going
from N to N + 1. For example in the case of the SK model (where according to
the usual notation the x’s are called m) we have.

fN+1[{m},m(N + 1)] = fN [{m}] +�f [{m},m(N + 1)], (6.2)

where {m} represents the set of all m’s for i = 1 . . . N , Deltaf [{m},m(N + 1)]
is a quantity that is usually of order 1, but whose derivatives with respect to m(i),
for i < N + 1 vanishes when N goes to infinity. Its explicit expression in the SK
model is:

�f [{m},m(N + 1) = L(m(N + 1))−m(N + 1)
∑
k

JN+1,km(k)+ . . . (6.3)

where L(m) is a quantity of order one. The quantity
∑

k JN+1,km(k) is also of
order 1, but each individual term is of order N−1/2. Finally the dots represent
other similar terms, that must be taken into account in the exact computation, but
have characteristics similar to the terms that we have explicitly written. Neglect-
ing for simplicity the dots (they do not change qualitatively our analysis), the
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equations can be written as:

∂L

∂m(N + 1)
=
∑
k

JN+1,km(k), (6.4)

∂fN [{m}]
∂m(k)

= JN+1,km(N + 1).

The terms proportional to JN+1,k are of order one in the first equation, but they
appears as a perturbation (they are of order N−1/2) in each of the other N equa-
tions.

Let us compare what happens for a system with N+1 variables with a system
of only N variable. In this second case the equations are

∂fN [{m}]
∂m(k)

= 0. (6.5)

Let us assume for sake of simplicity that the first equation in eq. (6.5) (i.e the one
for the variable m(N + 1)) has only one solution where the r.h.s is fixed. In this
case there is a one to one correspondence between the solutions of a system with
N + 1 variables and the solutions for a system with N variables that are obtained
by perturbing the original set of equations for the m variables (i.e. eq. (6.5)).
When we go from eq. (6.5) to the two equations in (6.5), solutions may be created
or destroyed only in pairs, and this is possible only if these solutions have nearly
one zero mode. The unavoidable consequence is that, if the first equation of
eq. (6.5) has a unique solution, the number of solutions may increase with N

only if there are small eigenvalues of the Hessian floating around.
Therefore, if the number of solution increases exponentially with N , i.e. the

total complexity is not zero, zero modes must be present some values of the para-
meters and they would play a role there. The same argument works for external
perturbations: the number of solutions of the TAP equations decreases when we
increase the field or increase the temperature (the complexity becomes zero at
large magnetic field or at large temperature) and therefore zero modes must be
present somewhere.

At the end of this analysis we find that there must always be a region where
zero-modes are present: there our assumptions on the absence of zero modes
fail and supersymmetry breaking is present. It is difficult to escape the conclu-
sion that supersymmetry is broken only for the total complexity; however this
result works only for the total complexity: as soon as we look at the constrained
complexity at F �= FT

12 the argument is no more compelling.

12We denote by FT the value of the free energy at the maximum of the complexity, i.e. the free
energy that we obtain if we compute the total complexity.
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The following scenario is clearly possible and it is realized for example in the
spherical p-spin models, as can be seen by explicit computations. With probabil-
ity 1, the solutions with free energy density less than FT have a gap in the spec-
trum of the Hessian, that here is totally positive: the probability of finding a zero
mode can be computed and it is exponentially small with N [43, 50]. Here the
physical picture is clear: when we go from N to N + 1, the solutions at F < FT

are stable and they only diffuse in free energy when N is changed. Coalescing of
solutions (and the inverse phenomenon of the births of a pair of solutions) may
happen only at F = FT . This complex phenomenon, which happens at F = FT ,
does not forbid the computation of the complexity at F �= FT and, by the magic
hypothesis of continuity of the complexity as function of the free energy density,
also at F = FT . In this way the whole computation of the complexity could be
done at F �= FT without even having to mention the creation and the slaughtering
of the solutions that happens at F = FT .

This arcadian scenario is implemented in some models and for some time it
was believed that it was the only possibility. However now we have realized that
other scenarios are possible and the idyllic world of spherical models was a rare
exception.

Before discussing what could happens in the various models, it is better to
consider an explicit case, the SK model, where computations can be done up to
the end. This will be done in the next section.

7. An explicit computation: the complexity of the SK model

I present here the explicit computation of the complexity in the case of TAP
equations for the Sherrington Kirkpatrick model using the synchronic approach.
I will only consider the computation of the annealed complexity [21, 39, 48] and
I will only mention at the end the problems related to the computation of the
quenched complexity.

I recall the formulae introduced before. The TAP free energy is given by

f [m] = −1

2

∑
i,k

m(i)Ji,km(k)− βN

4
(1− q2)− T

∑
i

S(m(i)), (7.1)

where q is a shorthand notation for
∑

i m(i)2/N and S(m) is the usual binary
entropy. The corresponding equations for the stationary point are

T artanh(m(i))−
∑
k �=i

Ji,km(k)− βm(i)(1− q) = 0 (7.2)
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and the matrix elements of the Hessian are given by

Hi,k ≡ ∂2f

∂m(i)∂m(k)
= −Ji,k+ δi,k(A(i)−1+β(1−q))+ 2β

N
m(i)m(k), (7.3)

If we plug the previous equations in the representation eq.(4.17) and we neglect
the term 1/N in the Hessian, (an operation legal only for the computation of the
leading exponential term in Z̃(w)) we get

Z̃(w) = dμ[X] exp(#[X])
#[X] =

∑
i

λ(i)(T artanh(m(i))−
∑
k �=i

Ji,km(k)− βm(i)(1− q))+ (7.4)

∑
i,k

ψ̄(i)ψ(k)Ji,k + δi,k(A(i)−1 + β(1− q))

−w
⎛⎝−1

2

∑
i,k

m(i)Ji,km(k)− βN

4
(1− q2)− T

∑
i

S(m(i))

⎞⎠ .

We face now the problem of computing the average over the couplings J :
quite fortunately they appear at the exponent in a linear way. We can thus write

#[X] = #[X]|J=0 +
∑
i,k

ωi,kJi,k (7.5)

ωi,k = λ(i)m(k)+ ψ̄(i)ψ(k)− w

2
m(i)m(k).

The integration over the J is Gaussianly trivial and we obtain

Z̃(w) = dμ[X] exp

⎛⎝#[X]|J=0 + 1

2

∑
i,k

(
ωi,k + ωk,i

)2

⎞⎠ (7.6)

In order to proceed further we must follow-the strategy of decoupling the dif-
ferent sites by introducing the appropriate global integration parameter. At this
end we can use Gaussian representations like

exp

⎛⎝1

2

∑
i,k

m(i)2m(k)2

⎞⎠ ∝ ∫
dQ exp

(
−1

2
Q2 +Q

∑
i

m(i)2

)
. (7.7)

In doing that we have to introduce many parameters Qν,μ for ν, μ = 1, 4, that
are respectively conjugate to the variables∑

i

X(i)μX(i)ν, (7.8)
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with

X(i)1 = m(i), X(i)2 = ψ̄(i), X(i)3 = ψ(i), X(i)4 = λ(i). (7.9)

At the end of the day we arrive at an integral over 16 variables Q (there are some
reductions if we take into accounts symmetries and identities, but I will not enter
into these details), that has the form∫

d{Q} exp(NL(Q)). (7.10)

There are 8 Bosonic Q, that are conjugated to Bosonic variables like m(i)2,
λ(i)m(i), ψ̄(i)ψ(k) and 8 Fermionic Q, which are conjugated to Fermionic vari-
ables like m(i)ψ(i).

The presence of Fermionic variables is crucial to make the supersymmetry
manifest, but at the saddle point we can put the Fermionic Q’s equal to zero,
however their presence is going to influence the corrections to the saddle point,
determining in this way the prefactor in front of the exponential [44].

If we eliminate the Fermions and if we use the fact that the matrix Q is sym-
metric and that ψ(i)2 is zero, we remain fewer parameters Q. Finally we can
take as parameters or the surviving Q’s or their conjugated parameters: they are

� ≡ 〈λ(i)2〉, � ≡ 〈λ(i)m(i)〉, q ≡ 〈m(i)2〉, B = 〈ψ̄(i)ψ(i)〉 − β(1− q).

(7.11)
We can write the quantity L(Q) by solving the the equations for the Q’s and
expressing it as function of �, �, q and B:

L(�,�, q, B). (7.12)

The value of these parameters can be obtained by imposing that the function
L(�,�, q, B) is stationary with respect to them. The final equations do have a
solution with B = 0 that turns out to be the correct one: B = 0 implies that the
diagonal elements of the inverse of the Hessian are (in the average) the inverse of
the diagonal elements of the Hessian).

If we stick to the B = 0 solution, one finds (numerically) that there are two
others solutions:
• The supersymmetric solution where � = � = β(1 − q), that depends only
on one parameter. It can be proved that this supersymmetric solution exactly
corresponds to what would be obtained using the Monasson approach [39].
• The original solution found by Bray and Moore 25 years ago, where � �= � �=
β(1− q), that depends on three parameters.

It is not evident at first sight which of the two is the correct solution, however
if we compute the average of β2(1 − m(i)2)2 − 1 we find that it is negative on
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the supersymmetric solution and therefore only the non-supersymmetric solution
is consistent.

If we further compute the spectrum of the Hessian neglecting the last term in
equations 7.3 we find that it is positive definite and all eigenvalues are greater
than than a quantity G greater than zero [21]. Obviously this result does not
make sense, because it implies that all the stationary points of the free energy are
minima, which is in patent contradiction with the Morse theorem. What saves
the day is the extra term in the Hessian

2β

N
m(i)m(k). (7.13)

An explicit computation [22] shows that while its effect is negligible as far the
spectral density is concerned, it can shift those few eigenvalues whose eigenvec-
tor have a finite projection in the direction of the vector m(i). At the and of the
day one finds that there is one eigenvalue that is shifted exactly to zero and it
plays the role of the Goldstone Fermion of spontaneous supersymmetry breaking
[44].

The extension of these computations to the Bethe lattice is non-trivial, how-
ever, progress has been maid [46, 54, 55].

8. A few words on quenched complexity

The computation of the quenched complexity is much more complicated (and it
is also more interesting). Quenched complexity is defined as

$quenched = $J = N−1 log(#Solutions), (8.1)

where the average is done over the different realizations of the system (that are
labeled by J ). Usual arguments tell us that the quenched complexity coincides
with the typical case complexity in the large-N limit.

The replica method may be used to compute the average over the control vari-
ables J and everything becomes more difficult. Replica symmetry must be bro-
ken to perform the computation and it would be much more difficult to say some-
thing rigorous on the subject.

Generally speaking we have seen that the computation of the number of so-
lutions of the TAP equations (done without replica symmetry breaking) corre-
sponds, in the super symmetric case, to the evaluation of the free energy in the
case where the replica symmetry is broken at one step. In the quenched case,
when we have to break replica symmetry also in the computation of the number
of solutions of the TAP equations, one finds in a very elegant way that also here,
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if supersymmetry is exact, the explicit computation with K levels of replica sym-
metry breaking gives the same results as the one within the Monasson approach
with K + 1 levels of replica symmetry breakings [52, 53]. Unfortunately in the
SK model, this result has a very limited range of applications because as soon
the free energy becomes greater that the the minimal free energy Fm the solution
becomes unstable and β2(1−m(i)2)2 less than 1 [48].

On the other hand for F near to FM the simple supersymmetric breaking solu-
tions seem to be OK. When F becomes smaller than Fc > Fm replica symmetry
must be broken and computations becomes very difficult, especially if also su-
persymmetry is broken.

On the other hand it may be possible that in the case where the Monasson
approach works, the computation could be done by a not too difficult extension
of Talagrand’s results.

9. Conclusions and open problems

Different models may behave in a different way. Let me summarize what is
known at the present moment. The most common possibilities in the computation
of the annealed complexity for a given value of F are the following:
• I: The generic stationary point is a minimum (index 0) and the modes are
strictly positive: here supersymmetry is exact.
• II1: The generic stationary point may be not a minimum. There is a mode that
has an eigenvalue that is nearly zero: there is a gap in the spectrum due to the
other modes being greater that a positive constant. The stationary points come in
pairs; the two stationary points of the pair are very near: one has a slight positive
eigenvalue and the other has a slight negative eigenvalue. In the infinite N limit
the two stationary points coalesce to form a saddle point. This is the typical
situation in the case of broken supersymmetry [49].
• II∞: There is no gap in the spectrum: there may be one or more negative
modes, but the number of negative modes remains bounded when N →∞. This
typically happens at the critical point that separates exact supersymmetry and
spontaneously broken supersymmetry [50].
• III∞: The number of negative modes diverges when N → ∞. This usually
may happen when F > FM and it is not a very-well studied case: some additional
difficulties may be present as pointed out in [28].
For the quenched complexity there are other possibilities, due to possible break-
ing of replica symmetry and we are not going to explore this case.

It evident from the Morse theorem that case I cannot be always true and in
particular it cannot be true at FM where the complexity reaches its maximum.
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Both in cases I and II1 the function $(F) and $̃(F ) should be the same (the
difference should be only in the prefactor), in the case II∞ it is possible that the
two functions are different but in this case the value of $̃(F ) has a marginal
interest.

Generally speaking minima, or low index stationary points, are most likely at
highly negative F . Therefore we expect that at the point Fm where $(Fm) = 0
we stay in phase I. At FM we must stay in phase II. There must be a value of F ,
Fc, that separates the two phases and it is often in the phase II∞.

Different possibilities are realized in the region Fm < F < FM ;

• The whole region is in phase II1. This is what happens in the SK model.
• The whole region is in phase I. This is what happens in simple p-spin spherical
models.
• The region where Fm < F < Fc is in phase II1. The region where Fc < F <

FM is in phase I. The point Fc is in phase II∞. This is what typically happens in
the p-spin Ising models [50].

Although much progress on this field have been done in these years (especially
after [6, 39]) there are still many points that are not clear. I will end these lectures
by mentioning a few ones:

• A careful study of the quenched case where both supersymmetry and replica
symmetry are broken.
• A better understanding of the low-temperature phase on the Bethe lattice, es-
pecially for models that are of interest in combinatorial optimization.
• The extension of the analysis to the short range models. Here the situation
would be quite different; real metastable states with infinity mean life and with
a free energy density greater than the equilibirum one cannot be present. The
definition of the metastable states with a finite free energy difference with the
ground state becomes imprecise, although this imprecision becomes smaller and
smaller when the free energy density becomes very near to the equilibrium free
energy. On the other hand the computation of the number of solutions of TAP
like equations remains well defined and it is possible that it could be easier to
make progresses in this direction.
• The precise relation of the dynamics behavior with these static findings. More
generally we need to start to compute barriers between different equilibrium
states. A first step in this direction was done in [40], but the results should be
systematized.
• A systematic study of Z(w) should be done, extending the results of [33].

As I have already stressed many of the results presented here are not out of reach
of rigorous analytic computations. It would be very interesting to see them. It is
quite likely that they would provide a new and very useful view on the field.
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1. Introduction

These notes cover one of the topics of the class given in the Les Houches Summer
School “Mathematical statistical physics” in July 2005. The lectures tried to give
a summary of the recent mathematical results about the long-time behaviour of
dynamics of (mean-field) spin-glasses and other disordered media (expanding on
the review [6]). We have chosen here to restrict the scope of these notes to the
dynamics of trap models only, but to cover this topic in somewhat more depth.

Let us begin by setting the stage of this long review about the trap models
by going back to one of the motivations behind their introduction by Bouchaud
[15], i.e. dynamics of spin-glasses, which is indeed a very good field to get an ac-
curate sample of possible and generic long-time phenomena (as aging, memory,
rejuvenation, failure of the fluctuation-dissipation theorem; see [16] for a global
review).

This class of problems can be roughly described as follows. Let � (a compact
metric space) be the state space for spins and ν be a probability measure on �.
Typically, in the discrete (or Ising) spins context � = {−1, 1} and ν = (δ1 +
δ−1)/2. In the continuous or soft spin context � = I , a compact interval of the
real line, and ν(dx) = Z−1e−U(x)dx, where U(x) is the “one-body potential”.
For each configuration of the spin system, i.e. for each x = (x1, . . . , xn) ∈ �n

one defines a random Hamiltonian, Hn
J (x), as a function of the configuration x

and of an exterior source of randomness J , i.e. a random variable defined on
another probability space. The Gibbs measure at inverse temperature β is then
defined on the configuration space �n by

μn
β,J (dx) = 1

Zn
J

exp
(− βHn

J (x)
)
ν(dx). (1.1)

The statics problem amounts to understanding the large n behaviour of these
measures for various classes of random Hamiltonians ([44] is a recent and beau-
tiful book on the mathematical results pertaining to these equilibrium problems).
The dynamics question consists of understanding the behaviour of Markovian
processes on the configuration space �n, for which the Gibbs measure is invari-
ant and even reversible, in the limit of large systems (large n) and long times,
either when the randomness J is fixed (the quenched case) or when it is aver-
aged (often called the annealed case in the mathematics literature, but not in the

335
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physics papers). These dynamics are typically Glauber dynamics for the discrete
spin setting, or Langevin dynamics for continuous spins.

Defining precisely what we mean here by large system size n and long time t is
a very important question, and very different results can be expected for various
time scales t (n) as functions of the size of the system. The very wide range
of time (and energy or space) scales present in the dynamics of these random
media is the main interest and difficulty of these questions (in our view). At one
end of the spectrum of time scales one could take first the limit when n goes to
infinity and then t to infinity. This is the shortest possible long-time scale, much
too short typically to allow any escape from metastable states since the energy
barriers the system can cross are not allowed to diverge. This short time scale is
well understood for dynamics of various spin-glass models (and related models)
in the physics literature, in particular for the paradigmatic Langevin dynamics
of spherical p-spin models of spin-glasses, mainly through the equations derived
by Cugliandolo and Kurchan [24] (see also [23]). The fact that the results given
by this short-time limit are seen as correct for models with a continuous replica
symmetry breaking (like the Sherrington-Kirkpatrick model) is one of the many
bewildering predictions made by the physicists. In the Les Houches lectures
we covered some of the recent mathematical results about this short-time scale
for Langevin dynamics obtained in collaboration with Alice Guionnet and Amir
Dembo ([4, 3, 5, 30]). For lack of space and in order to keep a better focus we
will not touch this topic here at all.

On the contrary we will be interested in the other end of the range of time
scales, i.e. time scales tw(n) depending on the system size in such a way that
they allow for the escape from the deep metastable states. This is where the
introduction of the phenomenological trap models by Bouchaud becomes mean-
ingful. We will now try to explain the relevance of these models in this setting,
although in necessarily rather imprecise terms.

At low temperature the Gibbs measure μn
β,J should be essentially carried by

a small part of the configuration space, the “deep valleys” of the random land-
scape, i.e. the regions of low energy, (the “lumps” of p-spin models for instance).
So that the dynamics should spend most of the time in these regions, which thus
becomes very sticky “attractors” or “traps”. The trap models ignore the details
of the dynamics inside these sticky regions. They only keep the statistics of the
height of the barriers that the system must cross before leaving these regions,
and therefore, the statistics of the trapping times (i.e. the times needed to escape
them). Moreover, the trap models keep the structure of the possible routes from
one of these traps to the others. The dynamics is, therefore, reduced to its car-
icature: it lives only on the graph whose vertices are all the relevant attractors
and the edges are the pairs of communicating attractors (see Section 2 for precise
definition).
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It is a non-trivial matter to prove that these phenomenological models could be
of any relevance for the original problems. In fact, in the first introduction [15]of
this model a large complete graph was supposed to be a good ansatz for the
simplest model of a mean-field spin-glass, i.e. Derrida’s Random Energy Model
[26]. Proving rigorously that Bouchaud’s ansatz or “phenomenological” model
was indeed a very good approximation for metastability and aging questions is
quite delicate, and was done only recently, initially in [7, 8]. Later we realised
([10]) that this very simple Bouchaud ansatz for the REM was in fact even better,
in the sense that the range of time scales where it is a reliable approximation is
very wide.

We now believe that this relevance is even much wider (“universal”, if we
dare) in the following sense: some of the lessons learnt from Bouchaud’s picture
in the REM should be relevant for very wide classes of mean-field spin-glasses
in appropriate time scales. The art is in choosing these time scales long enough
so that the (usually sparse) deep traps can be found and thus some trapping can
take place, but short enough so that the deepest traps are not yet relevant and thus
the equilibrium (which is of course heavily model-dependent) is not yet sampled
by the dynamics. This belief has propped us into understanding more deeply
the trap models in the larger possible generality of the graph structure and of the
time scales involved. We have indeed found a very universal picture valid for
all the examples we have studied, except for the very particular one-dimensional
Bouchaud trap model which belongs to another class, as we will see below.

We want to emphasise here that the dynamics of the mean-field spin-glasses
is far from being the only motivation that makes the study of trap models worth-
while, see e.g. [13] for references of applications to fragile glasses, soft glassy
and granular materials, and pinning of extended defects.

Let us now describe what these notes contain in more detail. We start by
giving in Section 2 the definition of the Bouchaud trap model for a general graph
and a general “depth” landscape. We then study, in Section 3, the very specific
one-dimensional case (the graph here is Z) in much detail. The results and the
methods are different from all other situations we study. We rely essentially on
the scaling limit introduced by Fontes, Isopi and Newman in [29]. This scaling
limit is an interesting self-similar singular diffusion, which gives quite easily
results about aging, subaging and the “environment seen from the particle”. We
then go, in Section 4, to the d-dimensional case and show that the essence of
the results is pretty insensitive to the dimension (as long as d ≥ 2, with some
important subtleties for the most difficult case, i.e. d = 2). In particular we also
give a scaling limit, quite different from the one-dimensional case. We show that
the properly-rescaled “internal clock” of the dynamics converges to an α-stable
subordinator and that the process itself when properly rescaled converges to a
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“fractional-kinetics” type of dynamics ([45]) which is simply the time change of
a d-dimensional Brownian Motion by an independent process, the inverse of an
α-stable subordinator. This process is also a self-similar continuous process, but
it is no longer Markovian. In fact, this scaling-limit result is in some sense a
(non-trivial) triviality result. It says that the Bouchaud trap model has the same
scaling limit as a Continuous Time Random Walk à la Montroll-Weiss [40]. The
aging results are then seen as a direct consequence of the generalised arcsine law
for stable subordinators.

This picture (valid for all d ≥ 2) is also naturally valid for the infinite-
dimensional (or mean-field) case, i.e. for large complete graphs which we study
in Section 5. Thus, we see that the critical mean-field dimension is 2 (in fact,
we do not really guess what could happen for dimensions between 1 and 2, but
it could be an interesting project to look at these models on say deterministic
fractals with spectral dimension between 1 and 2). For large complete graphs,
which is a very easy case, we choose to give a new proof instead of following
the well-established route using renewal arguments (as in [17] and in [8]). This
proof is slightly longer but illustrates, in this simple context, the strategy that we
follow in other more difficult cases. An advantage of this line of proof is worth
mentioning: we get aging results in longer time scales than usual.

We then use the intuition we hope to have given in the easy Section 5.1 to
explain in Section 5.2 a general (universal?) scheme for aging based on the same
arguments. We isolate the arguments needed for the proof given for the complete
graph to work in general. This boils down to six technical conditions under very
general circumstances. We then show how, under usual circumstances, these
conditions can be reduced to basic potential-theoretic conditions for the standard
random walk and random subsets of the graph. This general scheme is shown to
be applicable not only to the cases we already know (i.e. the Bouchaud model on
Zd with d ≥ 2, or the large complete graphs), but also to dynamics of the Random
Energy Model (in a wide range of time scales, shorter than the one given in [8],
including some above the critical temperature) and also to very long time scales
for large boxes in finite dimensions (with periodic boundary conditions).

2. Definition of the Bouchaud trap model

We define here a general class of reversible Markov chains on graphs, which were
introduced by Bouchaud [15] in order to give an effective model for trapping
phenomena. The precise definition of these Markov chains necessitates three
ingredients: a graph G, a trapping landscape τ and an extra real parameter a.

We start with the graph G, G = (V, E), with the set of vertices V and the set
of edges E . We suppose that G is non-oriented and connected; G could be finite
or infinite.
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We then introduce the trapping landscape τ . For each vertex x, τx is a positive
real number which is referred to as the depth of the trap at x. τ can also be seen
as a (positive) measure on V ,

τ =
∑
x∈V

τxδx. (2.1)

Finally, we define the continuous time Markov chain X(t) on V by its jump
rates wxy ,

wxy =
{
ντ
−(1−a)
x τ a

y , if 〈x, y〉 ∈ E ,

0, otherwise.
(2.2)

Hence, the generator of the chain is

Lf (x) =
∑

y:〈x,y〉∈E
wxy

(
f (y)− f (x)

)
. (2.3)

Here, the linear scaling factor ν defines a time unit and is irrelevant for the dy-
namical properties. Its value in these notes varies for different graphs, mostly for
technical convenience. The parameter a ∈ [0, 1] characterises the “symmetry”
or “locality” of the dynamics; its role will be explained later. The initial state of
the process will be also specified later, usually we set X(0) = 0, where 0 is an
arbitrary fixed vertex of the graph.

Definition 2.1. Given a graph G = (V, E), a trapping landscape τ and a real
constant a ∈ [0, 1], we define the Bouchaud trap model, BTM(G, τ , a) as the
Markov chain X(t) on V whose dynamics is given by (2.2) and (2.3).

In the original introduction of the model [15], the trapping landscape τ is
given by a non-normalised Gibbs measure

τ =
∑
x∈V

τxδx =
∑
x∈V

e−βEx δx, (2.4)

where β > 0 is the inverse temperature and Ex is seen as the energy at x. The
rates wxy can be then expressed using the random variables Ex instead of τx ,

wxy = ν exp
{
β
(
(1− a)Ex − aEy

)}
, if 〈x, y〉 ∈ E . (2.5)

It is easy to check that τ is a reversible measure for the Markov chain X(t);
the detailed balance condition is easily verified:

τxwxy = ντa
x τ

a
y = τywyx. (2.6)
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Let us give some intuition about the dynamics of the chain X. Consider the
embedded discrete-time Markov chain Y(n):

X(t) = Y(n) for all S(n) ≤ t < S(n+ 1), (2.7)

where S(0) = 0 and S(n) is the time of the nth jump of X(·).
If a = 0, the process X is particularly simple. Its jumping rates wxy do not de-

pend on the depth of the target vertex y. X waits at the vertex x an exponentially
distributed time with mean τx(νdx)

−1, where dx is the degree of x in G. After
this time, it jumps to one of the neighbours of x chosen uniformly at random.
Hence, the embedded discrete-time Markov chain Y(n) is a simple random walk
on the graph G and X(t) is its time change. The a = 0 dynamics is sometimes
referred to as Random Hopping Times (RHT) dynamics.

If a �= 0, the jumping rates wxy depend on the target vertex. The process there-
fore does not jump uniformly to all neighbours of x. Y(n) is no longer a simple
random walk but a kind of discrete Random Walk in Random Environment. To
observe the effects of a > 0 it is useful to consider a particular relatively deep
trap x with much shallower neighbours. In this case, as a increases, the mean
waiting time at x decreases. On the other hand, if X is located at some of the
neighbours of x, then it is attracted by the deep trap x since wyx is relatively
large. Hence, as a increases, the process X stays at x a shorter time, but, after
leaving it, it has larger probability to return there. We will see later that these
two competing phenomena might exactly cancel in the long-time behaviour of
well-chosen characteristics of the Markov chain.

We are not interested here in a natural line of questions which would be to
find the best conditions under which the trapping mechanism is not crucial, and
the BTM behaves as a simple random walk. On the contrary, we want to see how
the trapping landscape can have a strong influence on the long time behaviour.
Obviously, this can happen only if this trapping landscape is strongly inhomoge-
neous.

Strong inhomogeneity can be easily achieved in the class of random land-
scapes with heavy tails, the essential hypothesis being that the expectation of the
depth should be infinite. One of the assumptions we will use is therefore:

Assumption 2.2. The depths τx are positive i.i.d. random variables belonging
to the domain of the attraction of the totally asymmetric α-stable law with α ∈
(0, 1). This means that there exists a slowly varying function L (i.e., for all s > 0
limu→∞ L(us)/L(u) = 1), such that

P[τx ≥ u] = u−αL(u). (2.8)

Sometimes, to avoid unnecessary technical difficulties, we use the stronger
assumption:
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Assumption 2.3. The depths τx are positive i.i.d. random variables satisfying

lim
u→∞ uαP[τx ≥ u] = 1, α ∈ (0, 1). (2.9)

These assumptions are satisfied at low temperature for the standard choice
of the statistical physics literature: for −Ex being an i.i.d. collection of expo-
nentially distributed random variables with mean 1. The depth of the traps then
satisfies

P[τx ≥ u] = P[e−βEx ≥ u] = u−1/β, u ≥ 1. (2.10)

Hence, if β > 1, then Assumption 2.3 is satisfied with α = 1/β, and the expected
value of the depth diverges.

2.1. Examples of trap models

Specifically, we will consider the following models:

1. The Bouchaud model on Z. Here G is the integer lattice, Z, with the nearest
neighbour edges. The trapping landscape will be as in Assumption 2.2. We
will report in Section 3 on work by [29, 9, 22].

2. The BTM on Zd , d > 1, with a random landscape as in Assumption 2.3. The
main results about this case are contained in [12, 21, 11].

We will also deal with a generalisation of the former setting, i.e., with a se-
quence of Bouchaud trap models, {BTM(Gn, τn, a) : n ∈ N}. We will then
consider different time scales depending on n and write Xn(t) for the Markov
chain on the level n. In this case the law of τx may depend on n. Then the
requirement E[τx] = ∞ is not necessary, as we will see.

3. The BTM in a large box in Zd with periodic boundary condition, here Gn =
Zd/nZd is the torus of size n [10].

4. The BTM on a large complete graph. Here we consider a sequence of com-
plete graphs with n vertices. This is the model that was originally proposed in
[15].

5. The Random Energy Model (REM) dynamics. We deal here with a sequence
of n-dimensional hypercubes Gn = {−1, 1}n. The landscape will be given by
normally distributed (centred, with variance n) energies Ex . This is the case
where τ ’s are not heavy-tailed.

We will see that all the previous cases with exception of the one-dimensional
lattice behave very similarly.
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2.2. Natural questions on trap models

We will be interested in the long-time behaviour of the BTM. There are several
natural questions to ask in order to quantify the influence of trapping. The most
important question we will address in these notes is the question of aging (at
different time scales). Let us now define what we will call aging and subaging
here. We will consider a time interval [tw, tw + t], where the waiting time tw (or
the age of the system) as well as the length t of the time window (or duration
of the observation) will grow to infinity. We will then consider various two-time
functions, say C(tw, tw+ t), which depend on the trajectory of the Bouchaud trap
model in the time window [tw, tw + t]. We will say that there is aging for these
two-time functions iff

lim
tw→∞

C(tw, tw + θtw) (2.11)

exists and is non-trivial. We will call this limit, C(θ), the aging function. We will
say that there is subaging with exponent γ < 1 iff

lim
tw→∞

C(tw, tw + θtγw) (2.12)

exists and is again non-trivial.
We need now to define good two-time functions in order to be able to deal

with aging for BTM. The following functions are mostly studied:

(a) The probability that, conditionally on τ , the process does not jump during
the specified time interval [tw, tw + t],

�(tw, tw + t; τ ) = P
[
X(t ′) = X(tw)∀t ′ ∈ [tw, tw + t]∣∣τ ]. (2.13)

(b) The probability that the system is in the same trap at both times tw and tw+ t ,

R(tw, tw + t; τ ) = P[X(tw) = X(tw + t)|τ ]. (2.14)

(c) And finally, the quantity

Rq(tw, tw + t; τ ) = E

[∑
x∈V
[P(X(tw + t) = x|τ , X(tw))]2

∣∣∣τ], (2.15)

which is the probability that two independent walkers will be at the same site
after time t + tw if they were at the same site at time tw, averaged over the
distribution of the common starting point X(tw).

These quantities are random objects: they still depend on the randomness of
the trapping landscape τ . They are usually called quenched two-time functions.
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In addition to the quenched two-time functions, we will also consider their aver-
age over the random landscape. We define the averaged two-time functions:

�(tw, tw + t) = P
[
X(t ′) = X(tw)∀t ′ ∈ [tw, tw + t]],

R(tw, t + tw) = P[X(tw) = X(tw + t)],
Rq(tw, tw + t) = E

[∑
x∈V
[P(X(tw + t) = x|τ , X(tw))]2

]
.

(2.16)

We will state aging results for both quenched and averaged two-time functions
for the various Bouchaud trap models given in Section 2.1. We will strive to get
the widest possible range of time scales where aging occurs.

Even though our main motivation was the study of aging, there are many other
questions about the long-time behaviour of the BTM which are of interest. For
instance:
• The behaviour of the environment seen from the particle. Here the prominent
feature of this environment seen from the position at time t is simply the depth of
the trap τX(t) where the process is located. We will give limit theorems for this
quantity, which are crucial for most of the aging results.
• Nature of the spectrum of the Markov chain close to its edge. Naturally, the
long time behaviour of X(t) can be understood from the edge of the spectrum of
the generator L. This question deserves further study (see [20, 19] and also [37]).
We intend to address this question for BTM in finite dimensions in a forthcoming
work.
• Anomalous diffusion. In the case where graph is Zd , can we see that X(t) is
slow: for instance that E[X(t)2] * t? Or get the tail behaviour of |X(t)|?
• Scaling limit. Again in the case of Zd , is there a scaling limit for the process
X(t), i.e. a way to normalise space and time so that Xε(t) = εX(t/h(ε)) con-
verges to a process on Rd which we can describe.

2.3. References

The physics literature on trap models is so abundant that we cannot try to be
exhaustive. For earlier references on finite-dimensional questions see [34, 18]
where the anomalous character of the diffusion is given as well as a scaling limit.
For aging questions on large complete graphs and relation to spin-glass dynamics
see [15, 17], see also [16] for a more global picture. For aging questions for the
finite-dimensional model see [39, 41, 42, 13] among many other studies.

We will give references to mathematical papers at the end of every section,
when necessary.
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3. The one-dimensional trap model

We will consider in this section BTM(Z, τ , a) on the one-dimensional lattice,
Z, with nearest-neighbour edges. The random depths, τx , will be taken to be
i.i.d., in the domain of the attraction of an α-stable law, α < 1, as in Assump-
tion 2.2. There are several reasons why this particular graph should be treated
apart. First, as usual, the one-dimensional model is easier to study. Second, as
we have already mentioned, the one-dimensional BTM has some specific features
that distinguish it from all other cases presented later in these notes.

Another distinguishing feature (of technical character) is that, at present, the
one-dimensional BTM is the only case where the asymmetric variant (a > 0) has
been rigorously studied. For technical convenience we choose here ν = νa =
E[τ−a0 ]2/2, that is we set

wxy = 1

2
E[τ−a0 ]2τ−(1−a)x τ a

y , if |x − y| = 1. (3.1)

We set X(0) = 0. We suppose that νa is finite for all a ∈ [0, 1], this is obviously
the case if, e.g., τ0 > c a.s. for some c > 0.

3.1. The Fontes-Isopi-Newman singular diffusion

The most useful feature of the one-dimensional BTM is that we can identify
its scaling limit as an interesting one-dimensional singular diffusion in random
environment introduced by Fontes, Isopi and Newman [29].

Definition 3.1 (The F.I.N. diffusion). Let (xi, vi) be an inhomogeneous Poisson
point process on R×(0,∞) with intensity measure dx αv−1−αdv. Define the ran-
dom discrete measure ρ = ∑

i viδxi . We call ρ the random environment. Con-
ditionally on ρ, we define the F.I.N. diffusion Z(s) as a diffusion process (with
Z(0) = 0) that can be expressed as a time change of a standard one-dimensional
Brownian motion B(t) with the speed measure ρ, as follows [31]: Denoting by
�(t, y) the local time of the standard Brownian motion B(t) at y, we define

φρ(t) =
∫

R

�(t, y)ρ(dy) (3.2)

and its generalised right-continuous inverse

ψρ(s) = inf{t > 0 : φρ(t) > s}. (3.3)

Then Z(s) = B(ψρ(s)).



Dynamics of trap models 345

The following proposition lists some of the properties of the diffusion Z and
the measure ρ that may be of interest.

Proposition 3.2. (i) The intensity measure of the Poisson point process is non-
integrable at v = 0, therefore the set of all atoms of ρ is a.s. dense in R.

(ii) Conditionally on ρ, the distribution of Z(t), t > 0, is a discrete probability
measure ν

ρ
t =

∑
i wi(t)δxi , with the same set of atoms as ρ.

(iii) The diffusion Z has continuous sample paths.

(iv) Define pρ(t, xi) = P[Z(t) = xi |ρ]/vi for all atoms xi of ρ and t > 0.
The function pρ has a unique jointly continuous extension to (0,∞) × R.
Moreover, pρ satisfies the following equation

∂

∂t
pρ(t, x) = ∂2

∂ρ∂x
pρ(t, x). (3.4)

The singular differential operator ∂2f/∂ρ∂x is defined (see, e.g., [27, 33])
by h = ∂2f/∂ρ∂x if for some c1, c2 ∈ R

f (x) = c1 +
∫ x

0

(
c2 +

∫ u

0
h(v)ρ(dv)

)
du. (3.5)

(v) The diffusion Z and its speed measure ρ are self-similar: for all λ > 0,
t > 0 and x ∈ R

ρ([0, x]) law= λ−1/αρ([0, λx]) and Z(t)
law= λ−1Z(tλ(1+α)/α). (3.6)

Therefore, the diffusion Z is anomalous.

(vi) There exist constants C, c such that for all x and t > 0

P
[|Z(t)| ≥ x

] ≤ C exp

[
− c

( x

t
α

1+α

)1+α]
. (3.7)

Proof. Statement (i) is trivial, (ii) is proved in [29]. Claim (iii) follows from (i),
the continuity of sample paths of B, and the definition of Z. (iv) is a non-trivial
claim of the theory of quasi-diffusions, see above references. The first part of (v)
is a direct consequence of the definition of ρ. The second part then follows from
the first one and from the well-known scaling relations for the Brownian motion
B and its local time:

B(t)
law= λ−1B(λ2t) and �(t, x)

law= λ−1�(λ2t, λx). (3.8)

The last claim is proved in [22].



346 G. Ben Arous and J. Černý

Remark. The scale of the upper bound in (vi) is probably optimal. The corre-
sponding lower bound was however never proved. The numerical simulations
and non-rigorous arguments in [13] however support this conjecture, and give
even exact values for constants C and c.

3.2. The scaling limit

We now explain how the F.I.N. diffusion appears as a scaling limit of the BTM.
For all ε ∈ (0, 1) we consider the rescaled process

Xε(t) = εX(t/εcε), (3.9)

where

cε =
(

inf[t ≥ 0 : P(τ0 > t) ≤ ε])−1
. (3.10)

It follows from Assumption 2.2 that there is a slowly varying function L′ such
that cε = ε1/αL′(1/ε). We will also consider the following rescaled landscapes,

τ ε(dx) = cε
∑
y∈Z

τyδεy(dx) =:
∑
y∈Z

τ ε
εyδεy(dx). (3.11)

It is not so difficult to see that the distribution of τ ε converges to the distrib-
ution of ρ as ε → 0. The next proposition states that it is possible to construct
a coupling between different scales such that the convergence becomes almost
sure.

Proposition 3.3 (Existence of coupling). There exists a family of measures τ̄ ε

and processes X̄ε constructed on the same probability space as the measure ρ

and the Brownian motion B such that

(i) For all ε > 0, τ̄ ε has the same distribution as τ ε.

(ii) The measures τ̄ ε converge to ρ vaguely and in the point-process sense, ρ-a.s.

(iii) X̄ε can be expressed as a time(-scale) change of the Brownian motion B with
the speed measure τ̄ ε (see Section 3.2.1). It has the same distribution as Xε.

We can now state the principal theorem of this section. It was proved in [29]
for a = 0 and in [9] for a > 0.

Theorem 3.4 (Scaling limit of the one-dimensional BTM). As ε → 0, for
every fixed t > 0 and all a ∈ [0, 1], the distribution of

(
X̄ε(t), τ̄ ε

X̄ε(t)

)
converges

weakly and in the point-process sense to the distribution of
(
Z(t), ρ

({Z(t)})),
ρ-a.s.
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The notion of convergence in the point-process sense used in the theorem was
introduced in [29]. It is used here because we want to deal with quantities like
P[Xε(t) = Xε(t ′)] to prove aging. The usual weak or vague convergences of
measures are insensitive to such kind of quantities. This notion of convergence
is defined by

Definition 3.5 (Point-process convergence). Given a family ν, νε, ε > 0, of
locally finite measures on R, we say that νε converges in the point process sense

to ν, and write νε pp→ ν, as ε→ 0, provided the following holds: If the atoms of
ν, νε are, respectively, at the distinct locations yi , yε

i′ with weights wi , wε
i′ , then

the subsets of Uε ≡ ∪i′ {(yε
i′ , w

ε
i′)} of R× (0,∞) converge to U ≡ ∪i{(yi, wi)}

as ε→ 0 in the sense that for any open O, whose closure is a compact subset of
R× (0,∞) such that its boundary contains no points of U , the number of points
|Uε ∩O| in Uε ∩O is finite and equals |U ∩O| for all ε small enough.

Remark. The convergence of τ̄ ε

X̄ε(t)
gives a description of the environment seen

by the particle. More explicitly, the distribution of the normalised depth of the
trap where X is located at large time cετX(t/εcε) converges to the distribution of
ρ({Z(t)}).

We now sketch the three main tools that are used in the proof of Theorem 3.4.

3.2.1. Time-scale change of Brownian motion
To better understand how (Z, ρ) arises as the scaling limit of (X, τ ), one should
use the fact that not only diffusions, but also nearest-neighbour random walks in
dimension one, can be expressed as time(-scale) change of the Brownian motion.
The scale change is necessary only if a �= 0, because the process X(t) does not
jump left or right with equal probabilities.

We first define the time-scale change. Consider a locally-finite, discrete, non-
random measure

μ(dx) =
∑
i

wiδyi (dx), (3.12)

which has atoms with weights wi at positions yi . The measure μ will be referred
to as the speed measure. Let S be a strictly increasing function defined on the set
{yi}. We call such S the scaling function. Let us introduce slightly nonstandard
notation S ◦ μ for the “scaled measure”

(S ◦ μ)(dx) =
∑
i

wiδS(yi )(dx). (3.13)
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Similarly as in definition of Z, we define the function

φ(μ, S)(t) =
∫

R

�(t, y)(S ◦ μ)(dy) (3.14)

and the stopping time ψ(μ, S)(s) as the first time when φ(μ, S)(t) = s. The
function φ(μ, S)(t) is a nondecreasing, continuous function, and ψ(μ, S)(s) is
its generalised right continuous inverse. It is an easy corollary of the results of
[43] that the process

X(μ, S)(t) := S−1(B(ψ(μ, S)(t))) (3.15)

is a nearest-neighbour random walk on the set of atoms of μ. Moreover, every
nearest-neighbour random walk on a countable, nowhere-dense subset of R sat-
isfying some mild conditions on transition probabilities can be expressed in this
way. We call the process X(μ, S) the time-scale change of the Brownian motion.
If S = Id, the identity mapping, we speak only about the time change.

The following proposition summarises the properties of X(μ, S) if the set of
atoms of μ has no accumulation point. In this case we can suppose that the
locations of atoms yi satisfy yi < yj if i < j .

Proposition 3.6 (Stone, [43]). The process X(μ, S)(t) is a nearest-neighbour
random walk on the set {yi} of atoms of μ. The waiting time in the state yi is
exponentially distributed with mean

2wi

(S(yi+1)− S(yi))(S(yi)− S(yi−1))

S(yi+1)− S(yi−1)
. (3.16)

After leaving state yi , X(μ, S) enters states yi−1 and yi+1 with respective prob-
abilities

S(yi+1)− S(yi)

S(yi+1)− S(yi−1)
and

S(yi)− S(yi−1)

S(yi+1)− S(yi−1)
. (3.17)

Using this proposition it is possible to express the processes Xε(t) (see (3.9))
as a time-scale change of the Brownian motion B. It is not surprise that τ ε should
be chosen as the speed measures. The scaling function is defined by

S(x) =
{∑x−1

y=0 ry, if x ≥ 0,

−∑−1
y=x ry, otherwise,

(3.18)

where

rx = 1

2
ν−1
a τ−ax τ−ax+1. (3.19)



Dynamics of trap models 349

Observe that νa was chosen in such way that E[rx] = 1. If a = 0, S is the
identity mapping on Z, there is no scale change in this case. Define further
Sε(·) = εS(ε−1·). It is easy to check, using Proposition 3.6, that the processes
X(τ ε, Sε) have the same distribution as Xε.

It is convenient to introduce processes X ε(t) that are the time change of the
Brownian motion with speed measures Sε ◦ τ ε. Namely,

X ε(t) = X(Sε ◦ τ ε, Id)(t). (3.20)

The processes X ε are related to Xε by Xε(t) = (Sε)−1(X ε(t)).

3.2.2. Convergence of the fixed-time distributions
We have expressed the processes X ε as the time change of the Brownian motion
with the speed measure Sε ◦ τ ε. We want to show that X ε and mainly Xε con-
verge to Z. As stated in the following important theorem, it is sufficient to check
the convergence of the speed measures to prove the convergence of fixed time
distributions. Observe that the theorem deals only with non-random measures.

Theorem 3.7 ([43, 29]). Let με, μ be a collection of non-random locally-finite
measures, and let Yε, Y be defined by

Yε(t) = X(με, Id)(t) and Y(t) = X(μ, Id)(t). (3.21)

For any deterministic t0 > 0, let νε denote the distribution of Yε(t0) and ν denote
the distribution of Y(t0). Suppose that

με v→ μ and με pp→ μ as ε→ 0. (3.22)

Then, as ε→ 0,

νε v→ ν and νε pp→ ν. (3.23)

(Here
v→ stands for the vague convergence.)

3.2.3. A coupling for walks on different scales
The major pitfall of the preceding theorem is that it works only with sequences of
deterministic speed measures. We want, however, to consider random speed mea-
sures τ ε. As we have already remarked, it is not difficult to see that τ ε converge
to ρ vaguely in distribution. However, it is not enough to make an application
of Theorem 3.7 possible. Here the coupling whose existence is stated in Propo-
sition 3.3(i) comes into play. It allows to replace the convergence in distribution
by the almost sure convergence. Then it is possible to apply Theorem 3.7. Let us
construct this coupling.
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Consider a two-sided Lévy process (or α-stable subordinator) U(x), x ∈ R,
U(0) = 0, with stationary and independent increments and cadlag paths defined
by

E
[
e−λ(U(x+x0)−U(x0))

] = exp

[
xα

∫ ∞
0

(e−λw − 1)w−1−αdw

]
. (3.24)

Let ρ̄ be the random Lebesgue-Stieltjes measure on R associated to U , ρ̄(a, b] =
U(b)−U(a). It is a known fact that ρ̄(dx) =∑

j vj δxj (dx), where (xj , vj ) is an

inhomogeneous Poisson point process with density dx αv−1−αdv, which means
that ρ̄ has the same distribution as ρ.

For each fixed ε > 0, we will now define the sequence of i.i.d. random vari-
ables τ ε

x such that τ ε
x ’s are functions of U and have the same distribution as τ0.

Let G : [0,∞) �→ [0,∞) be such that

P(U(1) > G(x)) = P(τ0 > x). (3.25)

It is well defined since U(1) has continuous distribution, it is nondecreasing and
right-continuous, and hence has nondecreasing right-continuous generalised in-
verse G−1.

Lemma 3.8. Let

τ ε
x := G−1(ε−1/α(U(ε(x + 1))− U(εx))

)
. (3.26)

Then for any ε > 0, the τ ε
x are i.i.d. with the same law as τ0.

Proof. By stationarity and independence of increments of U it is sufficient to
show P(τ ε

0 > t) = P(τ0 > t). However,

P(τ ε
0 > t) = P(U(ε) > ε1/αG(t)) (3.27)

by the definitions of τ ε
0 and G. The result then follows from (3.25) and the scaling

invariance of U : U(ε)
law= ε1/αU(1).

Let us now define the random speed measures τ̄ ε using the collections {τ ε
x }

from the previous lemma,

τ̄ ε(dx) =
∑
i∈Z

cετ
ε
i δεi(dx). (3.28)

Finally, using τ ε
x instead of τx , we define the scaling functions S̄ε similarly as

in (3.18) and (3.19). The process X̄ε is then given by X̄ε = X(τ̄ ε, S̄ε), and the
construction of the coupling from Proposition 3.3 is finished.
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3.2.4. Scaling limit
Using the three tools introduced above, we can now sketch the proof of Theo-
rem 3.4. Actually, not many steps remain.

First, to prove the convergence of X ε to Z it is sufficient to verify the a.s. con-
vergence of the speed measures S̄ε ◦ τ̄ ε to ρ̄ and then apply Theorem 3.7. The
proof of this convergence is not difficult, however, slightly lengthy. It can be
found in [29] and [9].

Proposition 3.9. Let τ̄ ε and ρ̄ be defined as above. Then

S̄ε ◦ τ̄ ε v→ ρ̄ and S̄ε ◦ τ̄ ε pp→ ρ̄ as ε→ 0, ρ̄-a.s. (3.29)

Finally, to pass from the convergence of X ε to the convergence of Xε it is
necessary to control the scaling functions S̄ε.

Lemma 3.10. As ε→ 0 we have

S̄ε(ε.ε−1y/)→ y, ρ̄-a.s., (3.30)

uniformly on compact intervals.

Observe that this lemma also implies that the embedded discrete-time ran-
dom walk Y converges, after a renormalisation, to the Brownian motion, inde-
pendently of the value of a. This is valid also if a > 0 and the discrete-time
embedded process Y is not a simple random walk but a random walk in random
environment.

Since Lemma 3.10 is one of the key parts of the proof of the scaling limit for
a �= 0 we prove it here.

Proof of Lemma 3.10. We consider only y > 0. The proof for y < 0 is very

similar. By definition of S̄ε we have εS̄ε(.ε−1y/) = ε
∑.ε−1y/−1

j=0 r̄εj , where for
fixed ε the sequence r̄εi is an ergodic sequence of bounded positive random vari-
ables. Moreover, r̄εi is independent of all r̄εj with j /∈ {i − 1, i, i + 1}. The ρ̄-a.s.
convergence for fixed y is then a consequence of the strong law of large numbers
for triangular arrays. Note that this law of large numbers can be easily proved in
our context using the standard methods, because the variables r̄εi are bounded and
thus their moments of arbitrary large degree are finite. The uniform convergence
on compact intervals is easy to prove using the fact that S̄ε is increasing and the
identity function is continuous.
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3.3. Aging results

The aging results for the one-dimensional BTM follow essentially from Theo-
rem 3.4. To control the two-time functions R and Rq it is only necessary to ex-
tend its validity to the joint distribution of (Xε(1),Xε(1+ θ)) at two fixed times,
which is not difficult. This extension then yields the following aging result.

Theorem 3.11 (Aging in the one-dimensional BTM). For any α ∈ (0, 1), θ >

0 and a ∈ [0, 1] there exist aging functions R1(θ), Rq(θ) such that

lim
tw→∞

R(tw, tw + θtw) = lim
tw→∞

P[X((1+ θ)tw) = X(tw)] = R1(θ), (3.31)

and

lim
tw→∞

Rq(tw, tw + θtw)

= lim
tw→∞

E
∑
i∈Z
[P(X((1+ θ)tw) = i|τ , X(tw))]2 = Rq(θ). (3.32)

Moreover, R1(θ) and Rq(θ) can be expressed using the analogous quantities
defined using the singular diffusion Z:

R1(θ) = EP[Z(1+ θ) = Z(1)|ρ],
Rq(θ) = E

∑
x∈R
[P(Z(1+ θ) = x|ρ,Z(1))]2. (3.33)

Remark. 1. This result is contained in [29] for a = 0 and in [9] for a > 0.
2. Let us emphasise that the functions R1(θ), Rq(θ) do not depend on the

parameter a, since the diffusion Z(t) and the measure ρ do not depend on it. This
is the result of the compensation of shorter visits of deep traps by the attraction
to them.

3. It should be also underlined that only averaged functions are considered in
the theorem. For a fixed realisation of τ there is no limit of R(tw, tw + θtw; τ ).
From the proof of Theorem 3.11, it is however not difficult to derive the following
weaker result (see Theorem 1.3 in [22]).

Theorem 3.12 (Quenched aging on Z, in distribution). As tw →∞, the distri-
bution of R(tw, tw+θtw; τ ) converges weakly to the distribution of P[Z(1+θ) =
Z(1)|ρ].
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3.4. Subaging results

In the case of the two-time function � much shorter times t should be considered,
t * tw, i.e. subaging takes place:

Theorem 3.13. For any α ∈ (0, 1), θ > 0 and a ∈ [0, 1] there exist an aging
function �1,a(θ) such that

lim
t→∞�(t, t + fa(t, θ)) =

lim
t→∞EP

[
X(t ′) = X(t)∀t ′ ∈ [t, t + fa(t, θ)]|τ

] = �1,a(θ), (3.34)

where the function fa is given by

fa(t, θ) = θtγ (1−a)L(t)1−a. (3.35)

Here we use γ to denote the subaging exponent, γ = (1 + α)−1, and L(t) is
a slowly varying function that is determined only by the distribution of τ0. The
function �1,a(θ) can again be written using the singular diffusion Z,

�1,a(θ) =
∫ ∞

0
g2
a(θu

a−1)dF(u), (3.36)

where F(u) = EP[ρ({Z(1)}) ≤ u|ρ], and where ga(λ) is the Laplace transform
of the random variable νaτ

a
0 ,

ga(λ) = E(e−λνaτa
0 ). (3.37)

If a = 0, (3.36) can be written as

�1,0(θ) =
∫ ∞

0
e−θ/udF(u). (3.38)

Remark. 1. As can be seen, in this case the function �1,a(θ) depends on a. This
is not surprising since the compensation by attraction has no influence here and
the jump rates clearly depend on a.

2. Of course, an analogous result to Theorem 3.12 holds for quenched subag-
ing in distribution.

In the RHT case, a = 0, the proof of Theorem 3.13 is straightforward. It
follows from the convergence of the distribution of τ ε

Xε(1) to the distribution of
ρ({Z(1)}) as stated in Theorem 3.4. This then implies the convergence of the
distribution of τX(tw)/(t

γ
wL(tw)).

The proof in the case a > 0 is more complicated. It essentially involves a
control of the distribution of the depth of those traps that are nearest neighbours
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of the traps where X(tw) is with a large probability. It turns out that this distri-
bution converges to the the distribution of τ0, i.e. there is nothing special on the
neighbours of deep traps.

The behaviour of the two-point functions �(tw, t + tw) and R(tw, t + tw) is
not difficult to understand and guess. We give here a heuristic explanation for
these results, first in the case a = 0. After the first n jumps the process typically
visits O(n1/2) sites. The deepest trap that it finds during n jumps has therefore a
depth of order O(n1/2α), which is the order of the maximum of n1/2 heavy-tailed
random variables τx as can be verified from Assumption 2.3. This trap is typically
visited O(n1/2) times. Since the depths are in the domain of attraction of an α-
stable law with α < 1, the time needed for n jumps is essentially determined by
the time spent in the deepest trap. This time is therefore O(n(1+α)/2α). Inverting
this expression we get that the process visits typically O(tαγ ) sites before time
t . The deepest traps it finds during this time have a depth of order tγ . Moreover,
the process is located in one of these deep traps at time t . From this, one sees that
the main contribution to quantity R(tw, tw + t) comes from the trajectories of X
that, between times tw and tw+ t , leave the original site X(tw) a number of times
of order t

αγ
w , and then return to it. Each visit of the original site lasts an amount

of time of order tγw , which is the time scale on which � ages.
For a > 0, such heuristics is not directly accessible. However, the Theo-

rem 3.4 yields that τX(tw) is of the same order, O(t
γ
w), as in the RHT case. Each

visit of X(tw) lasts a shorter time, O(t
γ (1−a)
w ), as follows from the definition of

the process and the fact that the depths of the neighbours of X(tw) are O(1).
On the other hand, the process makes more excursions from X(tw), their number
being O(t

γ (α+a)
w ).

3.5. Behaviour of the aging functions on different time scales

Having found two interesting time scales t = O(tw) and t = O(t
γ
w) in the model1

one may ask if there are other interesting time scales for the functions � and R.
This question was raised by Bouchaud and Bertin in [13]. The negative answer
was given in [22]:

Theorem 3.14 (Behaviour of � on different scales). (a) Short time scales. Let
f (t) be an increasing function satisfying tκ ≥ f (t) ≥ tμ for all t large and
for some γ > κ ≥ μ > 0. Then

lim
t→∞

(f (t)

tγ

)α−1(
1−�(t, t + f (t))

) = K1, (3.39)

with 0 < K1 <∞.

1We suppose here that a = 0 and Assumption 2.3 holds, that is L(t)→ 1.
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(b) Long time scales. Let g(t) be such that tγ = o(g(t)). Then

lim
t→∞

(g(t)
tγ

)α
�
(
t, t + g(t)

) = K2, (3.40)

with 0 < K2 <∞.

(c) Behaviour of �1,0(θ). The function �(θ) satisfies

lim
θ→0

θα−1(1−�1,0(θ)) = K1, (3.41)

lim
θ→∞ θα�1,0(θ) = K2. (3.42)

Remark. We emphasise that the constant K1 occur both in (3.39) and (3.41). That
means that the behaviour of �1,0(θ) at θ ∼ 0 gives also the behaviour of �(t, t+
f (t)) for f (t) * tγ . An analogous remark applies for time scales f (t) - tγ .
Both constants K1 and K2 can again be expressed using the F.I.N. diffusion. The
formulae, and also similar (slightly weaker) results for the two-time function R

can be found in [22].

We give again a heuristic description of this result. As we know, at time t the
process X is typically in a trap of depth O(tγ ), it needs a time of the same order
to jump out. In Theorem 3.14(a) we look at 1−�(t, t + f (t)) with f (t)* tγ ,
that is at the probability that a jump occurs in a time much shorter than tγ . There
are essentially two possible extreme strategies which lead to such an event:

1. τX(t) has the typical order tγ but the jump occurs in an exceptionally short
time.

2. X(t) is in an atypically shallow trap and stays there a typical time.

In [22] it is proved that the second strategy dominates. Therefore, one has to
study the probability of being in a very shallow trap or, equivalently, to describe
the tail of P[τX(t)/t

γ ≤ u] for u ∼ 0. To control this tail the proof use the fact that
although the BTM never reaches equilibrium in a finite time in infinite volume,
it is nearby equilibrium if one observes only traps that are much shallower than
the typical depth tγ on intervals that are small with respect to the typical size
of X(t). This puts on a rigorous basis, at least in dimension one, the concept
of local equilibrium that was introduced in the physics literature by [41]. The
concept does not give the right predictions for the values of the limiting functions
R1(θ) and �1,0(θ) but it is useful to describe their asymptotic behaviour. A very
similar heuristics applies also for time scales f (t)- tγ .
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3.6. References

In the RHT case, a = 0, this model has first time been studied by Fontes, Isopi
and Newman in [28]. It was used there as a tool to control the behaviour of
the voter model with random rates. It was proved there that the process is sub-
diffusive, i.e. E[X(t)/

√
t] → 0 as t →∞, and that the dynamics localises in the

sense that (for a.e. τ )

sup
x∈Z

P[X(t) = x|τ ] �→ 0 as t →∞. (3.43)

That means that there will be always a site (dependent on time t) where the
process X can be found with a non-negligible probability. This localisation oc-
curs only in one-dimensional BTM and is at the heart of the majority of the
differences between Z and other graphs.

The scaling limit has been established for the case a = 0 in [29] and by [21, 9]
for a �= 0. Following [13], the results of Section 3.5 have been given by [22].

For aging in another interesting one-dimensional dynamics, i.e. Sinai’s Ran-
dom Walk, see [25, 19]. Let us mention two interesting open questions on this
one-dimensional trap model:

(a) What is the behaviour of the edge of the spectrum for the generator of the
dynamics. This might be close to, but easier than the same question solved for
Sinai’s Random Walk by [19].

(b) What is the influence of a drift in the BTM? Monthus [38] gives a very
interesting picture based on renormalisation arguments.

4. The trap model in dimension larger than one

After resolving the BTM on Z, the next natural step is to study the Bouchaud
model on the d-dimensional lattice, BTM(Zd , τ , 0), d > 1. Observe that we set
a = 0, that means that only the RHT dynamics is considered. In this section we
always assume that Assumption 2.3 holds.

4.1. The fractional-kinetics process

As for the one-dimensional model, we first identify a scaling limit of the BTM on
Zd . The result of this section is contained in the forthcoming paper [11]. We will,
from now on, use frequently the theory of Lévy processes and subordinators. A
very short summary of this theory can be found in Appendix A.

Let us first define the process that appears as the scaling limit.
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Definition 4.1 (Fractional kinetics). Let Bd(t) be the standard d-dimensional
Brownian motion started at 0 and let V be the α-stable subordinator given by its
Laplace transform E[e−λV (t)] = e−tλα

. Let T (s) = inf{t : V (t) > s} be the
inverse of V (t). We define the fractional-kinetics process �d by

�d(s) = Bd(T (s)). (4.1)

We list here without proofs several properties of the process �d .

Proposition 4.2. 1. The stable subordinator V is strictly increasing, therefore
its inverse T and also the process �d are continuous.

2. The name of the process is due to the following fact. Let p(t, ·) be the prob-
ability density of �d(t). Then p is a solution of the fractional kinetic equation,

∂α

∂tα
p(t, x) = 1

2
�p(t, x)+ δ(0)

t−α

�(1− α)
. (4.2)

Here, the fractional derivative ∂αp(t, x)/∂tα is the inverse Laplace transform of
sαp̃(s, x), where p̃(s, x) = ∫∞

0 e−stp(t, x) dt is the usual Laplace transform.
The equation (4.2) should be understood in the weak sense, i.e. it holds after the
integration against smooth test functions.

3. The process �d is not Markov, as can be seen easily from the previous
point.

4. The fixed-time distribution of �d is the Mittag-Leffler distribution,

E
(
eiξ ·�d(t)

) = Eα(−|ξ |2tα), (4.3)

where Eα(z) =∑∞
m=0 zm/�(1+mα).

5. The process �d is self-similar:

�d(t)
law= λ−α/2�(λt). (4.4)

The process �d is well known in the physics literature (see [45] for a broad
survey and earlier references). It is the scaling limit of a very classical object,
a Continuous Time Random Walk (CTRW) introduced by [40]. More precisely
consider a simple random walk Y on Zd and a sequence of positive i.i.d. random
variables {si : i ∈ N} with the distribution in the domain of attraction of an
α-stable law. Define the CTRW U(t) by

U(t) = Y(k) if t ∈
[ k−1∑

i=1

si,

k∑
i=1

si

)
. (4.5)
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It is proved in [36] that there is a constant C (depending only on the distribution
of si) such that

Cn−α/2U(tn)
n→∞−−−→ �d(t). (4.6)

4.2. Scaling limit

Observe that the Bouchaud model (for a = 0) can be expressed as a time change
of the simple random walk. The time-change process is crucial for us:

Definition 4.3. Let S(0) = 0 and let S(k), k ∈ N, be the time of the kth jump
of X. For s ∈ R we define S(s) = S(.s/). We call S(s) the clock process.
Obviously, X(t) = Y(k) for all S(k) ≤ t < S(k + 1).

The following result shows that the limit of the d-dimensional Bouchaud
model and its clock process on Zd (d ≥ 2) is trivial, in the sense that it is identi-
cal with the scaling limit of the much simpler (“completely annealed”) dynamics
of the CTRW.

Theorem 4.4 (Scaling limit of BTM on Zd ). Let

f (n) =
{
nα/2(log n)(1−α)/2, if d = 2,

nα/2, if d ≥ 3.
(4.7)

Then for all d ≥ 2 and for a.e. τ ,

Cd(α)X(nt)

f (n)

n→∞−−−→ �d(t) and
S
(
Cd(α)

−2f (n)2s
)

n

n→∞−−−→ V (s). (4.8)

weakly in the Skorokhod topology on D([0, T ],Rd) (the space of cadlag func-
tions from [0, T ] to Rd ). If Gd(0) denotes Green’s function of the d-dimensional
random walk at 0, then

Cd(α) =
{√

2π1−α�(1− α)�(1+ α), if d = 2,√
dGd(0)α�(1− α)�(1+ α), if d ≥ 3.

(4.9)

The main ideas of the proof of this theorem will be explained in Section 4.4.
At this place, let us only compare the fractional-kinetics process �d with the
F.I.N. diffusion Z. Both these processes are defined as a time change of the
Brownian motion Bd(t). The clock processes however differ considerably. For
d = 1, the clock equals φ(t) = ∫

�(t, x)ρ(dx), where ρ is the random speed
measure obtained as the scaling limit of the environment. Moreover, since � is
the local time of the Brownian motion B1, the processes B1 and φ are dependent.
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For d ≥ 2, the Brownian motion Bd and the clock process, i.e. the stable subor-
dinator V , are independent. The asymptotic independence of the clock process S

and the location Y of the BTM is a very remarkable feature distinguishing d ≥ 2
and d = 1. It explains the “triviality” of the scaling limit in dimension d ≥ 2, but
is, by no means, trivial matter to prove. We will come back to an intuitive expla-
nation of the independence in Section 5.3. Note also that nothing like a scaling
limit of the random environment appears in the definition of �d , moreover, the
convergence holds τ -a.s. The absence of the scaling limit of the environment in
the definition of �d transforms into the non-Markovianity of �d . Note however
that it is considerably easier to control the behaviour of �d than of Z even if �d

is not Markov: many quantities related to �d can be computed explicitly, as can
be seen from Proposition 4.2.

4.3. Aging results

The following two theorems describe the aging behaviour of the two-time func-
tions R and �.

Theorem 4.5 (Quenched aging on Zd ). For all α ∈ (0, 1) and d ≥ 2 there
exists a deterministic function R(θ) independent of d (but dependent on α) such
that for P-a.e. realisation of the random environment τ

lim
tw→∞

R(tw, tw + θtw; τ ) = R(θ). (4.10)

The function R(·) can be written explicitly: Let Aslα(u) be the distribution func-
tion of the generalised arcsine law with parameter α,

Aslα(u) := sinαπ

π

∫ u

0
uα−1(1− u)−α du. (4.11)

Then R(θ) = Aslα(1/1+ θ).

Theorem 4.6 (Quenched (sub-)aging on Zd ). For all α ∈ (0, 1) and d ≥ 2
there exists a deterministic function �d(θ) such that for P-a.e. realisation of the
random environment τ

lim
tw→∞

�
(
tw, tw + θf (tw); τ) = �d(θ), (4.12)

with

f (tw) =
{

tw
log tw

, if d = 2,

tw, if d ≥ 3.
(4.13)
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The function �d does depend on d . Moreover, for all θ > 0 it satisfies

lim
d→∞�d(θ) = R(θ). (4.14)

Remark. 1. Both theorems are proved in [12] for d = 2 and in [21] for d ≥ 3.
The proofs are relatively technical and exceed the scope of these notes. The main
ideas however do not use specific properties of the integer lattice Zd and can be
generalised to different graphs. These ideas will be explained in Section 5. The
other important part of the proof, that is the coarse-graining of the trajectory of
the process, is explained in the next subsection.

2. The function �d can also be explicitly calculated but the formula is tedious
[12, 21].

3. We will see later that the function R is closely related to the arcsine law for
Lévy processes. As we will also see, the same function appears as the limit in the
case of the BTM on a large complete graph. Therefore, the mean-field dimension
of the BTM for the two-time function R is d = 2.

4. Both presented results are quenched, i.e. they hold for a.e. τ . This should
be compared with the results for the d = 1 case (Theorems 3.11, 3.12 and 3.13)
where only averaged aging holds. The reason for this difference is explained
in Section 5.3 below. It is, of course, trivial to get averaged results from Theo-
rems 4.5 and 4.6: the dominated convergence theorem yields

lim
tw→∞

R(tw, tw + θtw) = R(θ),

lim
tw→∞

�
(
tw, tw + θf (tw)

) = �(θ).
(4.15)

5. The fact that in d ≥ 3 the time scale f (tw) = tw is the same for both
functions R and � is a consequence of the transience of the simple random walk.
The traps are visited only a finite number of times, so that different time scales
cannot appear for R and �.

4.4. The coarse-graining procedure

We would like to describe here the coarse-graining procedure which was intro-
duced in [12], and which is the main tool in proving Theorems 4.4–4.6. Even this
short sketch of the procedure might be considered technical and can be skipped
on a first reading. The reader can also decide to return here after being acquainted
with the general ideas of Sections 5.2 and 5.3. We will deal here only with the
convergence of the clock process to an α-stable subordinator. For the sake of
concreteness we set d = 2, however the same arguments apply also for d > 2.
The discussion in this section is valid for a.e. realisation of the random environ-
ment τ .
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The random environment is heavy tailed. Therefore, as for d = 1, the be-
haviour of the clock process S(k) is determined by the time spent in the deepest
traps that the process visits during the first k steps. It is thus necessary to find the
depth scale of these traps and then study how these traps contribute to the clock
process.

The coarse-graining procedure of [12] studies the process Y (resp. X) only
before the exit from a large disk D(n), n ∈ N, of area m2nn1−α centred at the
origin. We denote by R(n) the radius of this disk, Rn =

√
π−12nn1−α . The

random walk Y makes O(R2
n) steps in D(n) and visits O(R2

n/ logR2
n) different

traps, as is well known. Therefore, the deepest traps that it visits have a depth of
order O((R2

n/ logR2
n)

1/α) = O(2n/αn−1). We therefore approximate the clock
process by the time that X spends in the set

T M
ε = {x ∈ D(n) : ε2n/αn−1 ≤ τx < M2n/αn−1}, (4.16)

where ε is a small and M a large constant. We call the traps in this set the deep
traps. It must be proved that this approximation is correct. We do not want,
however, to deal with this problem here (see [12]).

After giving the proper depth scale, we can study how the deep traps are vis-
ited. This is where the coarse-graining is crucial. We cut the trajectory of the
process Y into short pieces. Every such piece of the trajectory ends when Y exits
for the first time the disk of area 2nnγ around its initial point. At this moment a
new piece starts. Clearly, we should take γ < 1 − α. Formally, we set jn

0 = 0,
and then we define recursively

jn
i = min

{
k > jn

i−1 : dist(Y (k), Y (jn
i−1)) ≥

√
π−12nnγ

}
. (4.17)

We use xn
i to denote the starting points of the pieces of the trajectory, xn

i = Y(jn
i ).

It can be seen easily that the number of pieces of the trajectory before the exit
from D(n) is of order O(n1−α−γ ).

We look at the time that the walk spends in the deep traps during one piece of
trajectory: we define the score of the piece i by

sni =
jn
i+1−1∑
k=jn

i

ekτY (k)1l{Y(k) ∈ T M
ε }. (4.18)

To study the scores it is convenient to introduce another family of random
variables snx indexed by x ∈ D(n). We set the distribution of snx to be the same
as the distribution of sni conditioned on the fact that the ith piece of the trajectory
starts at x, i.e. conditioned on xn

i = x. The main technical piece of the proof is
to show that the law of snx does not depend on x (with a small exceptional set):
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Lemma 4.7. Fix κ > 0 large enough and define

E(n) = {x ∈ D(n) : dist(x, T M
ε ) ≥

√
π−12nn−κ}. (4.19)

Then for P-a.e. random environment τ , uniformly for x ∈ E(n)

lim
n→∞

1− E[exp(− λsnx
2n/α )|sx <∞, τ ]

nα+γ−1
= F(λ). (4.20)

Here

F(λ) = F(λ; ε,M, α) = K
(
pM
ε −

∫ M

ε

α

1+K′λz ·
1

zα+1
dz

)
(4.21)

with K′ = π−1 log 2 and K = (log 2)−1.

This lemma is a consequence of the following four facts, whose proofs are
based on classical sharp estimates on the Green’s function for the simple random
walk on Zd and on certain “homogeneity” properties of the random environment.
These proofs can be found in [12].

1. snx is equal to 0 with probability 1−KpM
ε nα+γ−1(1+ o(1)), where pM

ε =
ε−α −M−α . That means that typically no deep trap is visited in a piece of the
trajectory. Further, it implies that only a finite number of pieces has a non-zero
score before the exit from D(n).

2. With probability KpM
ε nα+γ−1(1 + o(1)) the random walk visits (many

times) only one deep trap during one piece, call it y. The probability that two
or more deep traps are visited during one piece is O(n2(α+γ−1)), therefore, with
overwhelming probability, this event does not occur before the exit from D(n).

3. In the case when one deep trap y is visited, the distribution of its normalised
depth 2−n/αnτy converges to the distribution on [ε,M] with the density p(u)

proportional to u−α−1.
4. The number of visits to y is geometrically distributed with mean K′n(1 +

o(1)). Therefore, conditionally on hitting y the score has an exponential distrib-
ution with mean K′nτy which is of order O(2n/α).

Using Lemma 4.7, it is not difficult to check that the scores sni are asymp-
totically i.i.d. Actually, to transfer the uniform convergence of distributions of
snx into the asymptotic i.i.d. property of sni it is sufficient to check that with an
overwhelming probability all pieces of trajectory before the exit of D(n) do start
in E(n).

The asymptotic i.i.d. property then yields the convergence of the normalised

sum of scores, 2−n/α
∑tn1−α−γ

i=0 sni , to a Lévy process. The Lévy measure of this
process can be computed from Lemma 4.7. Using the knowledge of the Lévy
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measure, one can then prove that for any T > 0 it is possible to choose m large
enough such that as ε → 0 and M → ∞ the distribution of this Lévy process
on [0, T ] approaches the distribution of an α-stable subordinator on [0, T ]. The
convergence of the clock process to the same subordinator then follows since the
sum of scores is a good approximation of the clock process.

4.5. References

The trap model in dimension d ≥ 2 is studied in [39, 42]. In the case a = 0, a
mathematical proof of aging has been given in [21, 12]. This proof is based on
the coarse-graining of the trajectories of the BTM sketched in the last section. In
[10] we establish the fractional-kinetics scaling limit based on the arguments of
[12]. The case where a �= 0 is discussed in [42], but is still an open problem.

Let us mention that the clock process introduced in Definition 4.3 is close to
the problem of Random Walk in Random Scenery (RWRS), except for the extra
randomisation due to exponential waiting times. However, here the tails of the
scenery distribution are heavier than in the recent works on RWRS.

In dimension d = 1, RWRS with heavy tails have been studied by Kesten and
Spitzer [32]. The F.I.N. diffusion could indeed be seen as a Brownian motion
time-changed by a (dependent) Kesten-Spitzer clock.

5. The arcsine law as a universal aging scheme

In this section we explain a general strategy that can be used to prove aging of the
functions � and R in the BTM on many different graphs (including Zd for d ≥ 2,
tori in Zd , large complete graphs, and high-dimensional hypercubes). When this
strategy can be used, the behaviour of R(tw, tw + θtw; τ ) for large tw can be
expressed using the distribution function of the generalised arcsine distribution
with parameter α, Aslα(·).

More formally, we will consider in this section a sequence of the Bouchaud
trap models {BTM(Gn, τn, 0) : n ∈ N}. We will prove that for properly chosen
time scales tw(n)

lim
n→∞Rn(tw(n), (1+ θ)tw(n); τ ) = Aslα(1/1+ θ), (5.1)

where

Rn(tw, tw + t; τ ) := P[Xn(tw) = Xn(tw + t)|τ ]. (5.2)

The possible time scales tw(n) will depend on the graphs Gn and the laws of the
depths τn. We will always try to prove aging results on the widest possible range
of time scales.



364 G. Ben Arous and J. Černý

We will consider only the case of RHT dynamics, i.e. a = 0. So that, the
embedded discrete-time process Yn is the simple random walk on Gn, and the
continuous time Markov chain Xn is a time change of Y . Our strategy relies
on an approximation of the clock process (see Definition 4.3), more precisely
of its rescaling, by an α-stable subordinator. We will then show that the event
Xn(tw) = Xn((1 + θ)tw) is approximated by the event that the subordinator
jumps over the interval [1, 1 + θ ]. The classical arcsine law for Lévy processes
(see Proposition A.4) will then imply the aging result (5.2).

5.1. Aging on large complete graphs

As a warm-up, and in order to explain our strategy, we give here a complete
proof of aging on a large complete graph in this sub-section. The advantage of
this graph is that the embedded simple random walk is particularly simple. On
the other hand, almost all effects of the trapping landscape are already present.
The method of the proof that we use here is probably not the simplest one. Its
main ideas can however be adapted to more complex graphs; the structure of the
proof stays the same, but a relatively fine control of the simple random walk on
these graphs is then required.

Note that the complete graph is the graph that was proposed in the original
paper of Bouchaud [15]. The aging on this graph is proved using renewal argu-
ments in [17], see also the introduction to [8]. Another proof of aging and much
more can be found in [20] where eigenvalues and eigenvectors of the generator
of X are very carefully analysed.

Let Gn be a complete graph with n vertices, Gn = (Vn, En), where Vn =
{1, . . . , n} and En = 〈x, y〉, x, y ∈ Vn. Note that we include loops 〈x, x〉 into
the graph, so that jumps from x to x are possible. This makes the embedded
random walk of the RHT dynamics extremely simple: the positions Yn(i), i ∈ N,
are i.i.d. uniform random variables on Vn. We also suppose that the starting
position of the process, Xn(0) = Yn(0), is uniformly distributed on Vn. Finally,
we assume that the trapping landscape is given by an i.i.d. sequence {τx : x ∈ N}
independent of n such that Assumption 2.3 holds.

As the process Xn is a time change of the i.i.d. sequence Yn(i), we need to
study the clock process Sn(t). Observe that Sn(k) for k ∈ N is the time of kth

jump of Xn,

Sn(k) =
k−1∑
i=0

τYn(i)ei , (5.3)

where {ei} is an i.i.d. sequence of exponential random variables with mean one.
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Since we have included the loops into the graph, we redefine the two-time
function � slightly:

�n(tw, tw + t; τ ) := P
[{Sn(k) : k ∈ N} ∩ [tw, tw + t] = ∅∣∣τ ]. (5.4)

Note that this definition differs from the original one only if a jump from X(tw)

to X(tw) occurs. The probability of this event is 1/n and is thus negligible for
large n. Similarly, for the complete graph the function Rn differs very little from
the function �n, a correction is again of order 1/n.

We prove aging on time scales smaller than n1/α . The scale n1/α appears
because the deepest trap in Vn has a depth of this order as can be easily verified
from Assumption 2.3. Therefore, at time scales shorter than n1/α the process has
not enough time to reach the equilibrium, and aging can be observed:

Theorem 5.1 (Quenched aging on the complete graph). Let 0 < κ < 1/α and
let tw = tw(n) = nκ . Then for a.e. random environment τ

lim
n→∞�n(tw(n), (1+ θ)tw(n); τ ) = Aslα(1/1+ θ). (5.5)

Moreover, the clock process converges to the stable subordinator V with the Lévy
measure α�(1+ α)u−α−1du,

Sn(sn
κ)

nκ/α

n→∞−−−→ V (s). (5.6)

Remark. 1. A similar result holds on the shortest possible time scale κ = 0: if
tw(n) = tn0 = t , then

lim
t→∞ lim

n→∞�n(tw, (1+ θ)tw; τ ) = Aslα(1/1+ θ). (5.7)

This is actually proved in [17] and [20].
2. For the longest possible time scales tw(n) = tn1/α a double limiting pro-

cedure is also necessary. Essentially the same arguments that are used to prove
Theorem 5.1 yield that �n(tw(n), (1 + θ)tw(n); τ ) converges to Aslα(1/1 + θ)

in probability, that is for any ε > 0

lim
t→0

lim
n→∞P

[∣∣∣�(tn1/α, (1+ θ)tn1/α; τ )− Aslα(1/1+ θ)

∣∣∣ ≥ ε
]
= 0. (5.8)

3. No scaling limit for X exists since there is no such thing as a scaling limit
for the complete graph.
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To prove Theorem 5.1 we consider a rescaling of the time change process,

Sn(t) = 1

nκ
Sn(k) for t ∈ [un(k), un(k + 1)), (5.9)

where un(k) = n−κα
∑k

i=1 e′i , and {e′i , i ∈ N} is another sequence of mean
one i.i.d. exponential random variables. We introduce this sequence in order to
randomise the times of jumps of Sn. Thanks to this randomisation Sn is the Lévy
process. The standard rescaling of Sn, n−κSn(tn

κα) does not have this property.
Sn is compound Poisson process. The intensity of its jumps is nακ . Every jump
has the same distribution as n−κτxei , where x is uniformly distributed in Vn.
Therefore, the Lévy measure μn of Sn is

μn(du) = nακ 1

n

∑
x∈Vn

nκe−unκ/τx

τx
du = nακ+κ−1

∑
x∈Vn

e−unκ/τx

τx
du. (5.10)

It follows from definitions of �n and Sn that

�n(n
κ, (1+ θ)nκ ; τ ) = P

[{Sn(t) : t ∈ R} ∩ [1, 1+ θ ] = ∅], (5.11)

that is the probability that Sn jumps over the interval [1, 1+ θ ].
The idea of the proof is the following. We write Sn as a sum of three indepen-

dent Lévy processes, Sn,M = S∞n,M , SM
n,ε and Sε

n = Sε
n,0 with the Lévy measures

μn,M = μ∞n,M , μM
n,ε and με

n = με
n,0, where

μb
n,a(du) = nακ+κ−1

∑
x∈Vn

1l{x ∈ T b
a (n)} 1

τx
e−unκ/τx du, (5.12)

and

T b
a (n) =

{
x ∈ Vn : τx

nκ
∈ [a, b)

}
(5.13)

That is we divide traps into three categories: (a) the very deep traps, x ∈ TM(n),
i.e. τx ≥ Mnκ , (b) the deep traps, x ∈ T M

ε (n), i.e. τx/n
κ ∈ [ε,M), (c) the

shallow traps, x ∈ T ε, i.e. τx < εnκ . We consider the contributions of these
different categories to the clock process separately.

We show that the contribution of the deep traps, i.e. the process SM
n,ε, is well

approximated by an α-stable subordinator, at least if ε is small and M large
enough. The proof of this fact relies on the weak convergence of the Lévy mea-
sures μM

n,ε. We prove this convergence only on the interval [0, T ] where T is
chosen such that SM

n,ε is larger than (1+ θ) with a large probability.
Further we prove that the very deep and shallow traps can be almost neglected.

More exactly, we prove that Sn,M(T ) = 0 with a large probability, that is Sn,M
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does not jump before T , and that Sε
n(T ) can be made small by choosing ε small

enough. These fact together will imply that Sn is well approximated on [0, T ] by
an α-stable subordinator, and the claim of the theorem follows from (5.11) and
the arcsine law for stable subordinators, more precisely from Corollary A.5.

5.1.1. Deep traps
The following proposition describes the contribution of the deep traps to the time
change, that is the process SM

n,ε.

Proposition 5.2. The Lévy measures μM
n,ε of SM

n,ε converge weakly as n→∞ to
the measure μM

ε given by

μM
ε (du) =

∫ M

ε

α

zα+2
e−u/z dz du. (5.14)

This proposition has an important corollary that states that SM
n,ε can be well

approximated for large n by an α-stable subordinator. To this end, let ZM
ε be a

subordinator with the Lévy measure

μ̃M
ε (du) =

∫ ε

0

α

zα+2
e−u/z dz du+

∫ ∞
M

α

zα+2
e−u/z dz du (5.15)

independent of all already introduced random variables.

Corollary 5.3. The process SM
n,ε +ZM

ε converge weakly in the Skorokhod topol-
ogy on D([0, T ],R) to an α-stable subordinator. Moreover, for any T and δ > 0
it is possible to choose ε small and M large enough such that

P[ZM
ε (T ) > δ] < δ. (5.16)

Proof of Corollary 5.3. The first claim is consequence of the convergence of
Lévy measures (Proposition 5.2) together with Lemma A.2. The fact that the
limit is a stable subordinator follows from

μ̃M
ε (du)+ μM

ε (du) = α�(1+ α)u−α−1 du. (5.17)

Finally, to prove (5.16) observe that for all λ > 0

E[e−λZM
ε (T )] = e−T

∫∞
0 (1−e−λx)μ̃M

ε (dx) ε→0,M→∞−−−−−−−→ 1, (5.18)

that is the law of ZM
ε (T ) converges weakly to the Dirac mass at 0.
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To prove Proposition 5.2 we first show that for a.e. τ there is the right number
of deep traps with depths approximately unκ in Vn, u ∈ [ε,M). This follows
from a “law-of-large-number-type” argument using the fact that we have a large
number of traps with such depth. This property fails to be true if κ ≥ 1/α (which
explains why we cannot get a.s. result for tw = cn1/α and why we need the
double limit procedure).

Lemma 5.4. Let 0 < κ < 1/α. Then there exists a function h(n), h(n)→ 0 as
n→∞, such that

lim
n→∞ sup

u∈[ε,M)∩{Z/h(n)}

∣∣∣∣ |T u+h(n)
u (n)|

h(n)n1−ακ − αu−α−1
∣∣∣∣ = 0, τ -a.s. (5.19)

Proof. Let g(u) be defined by P[τx ≥ u] = u−α(1 + g(u)). It follows from
Assumption 2.3 that limu→∞ g(u) = 0. Take h(n) such that h(n)→ 0, h(n) ≥
(log n)−1, h(n)- supu∈[ε,M) g(un

κ). Then, as n→∞,

P
[
τx ∈ [unκ, (u+ h(n))nκ)

] = αu−1−αh(n)n−ακ(1+ o(1)). (5.20)

Indeed, by definition of g, the left-hand side is equal to

u−αn−κα
[

1−
(

1+ h(n)

u

)−α]
+ u−αn−κα

[
g(unκ)− g((u+ h(n))nκ)

(
1+ h(n)

u

)−α]
. (5.21)

The last expression is equal to the right-hand side of (5.20) as follows from the
definitions of g and h.

Fix u ∈ [ε,M] and ε > 0. Using twice the exponential Chebyshev inequality
together with (5.20) we get

P

[ |T u+h(n)
u (n)|

h(n)n1−ακ /∈ (1− ε, 1+ ε)αu−α−1
]

≤ C exp{−c(ε)u−α−1n1−ακh(n)}.
(5.22)

Summing over u ∈ [ε,M)∩{Z/h(n)}, the claim of the lemma then follows using
the Borel-Cantelli Lemma and the fact that h(n) ≥ (log n)−1.
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Proof of Proposition 5.2. By definition of μM
n,ε,

μM
n,ε(du) = nακ+κ−1

∑
x∈T M

ε (n)

1

τx
e−unκ/τx du

= nακ+κ−1
(M−ε)/h(n)∑

i=0

∑
x∈T (i+1)h(n)

ih(n)

e−u/ih(n)

nκ ih(n)
du(1+ o(1))

= nακ−1
(M−ε)/h(n)∑

i=0

∣∣T (i+1)h(n)
ih(n) (n)

∣∣ 1

ih(n)
e−u/ih(n) du(1+ o(1)).

(5.23)

By the previous lemma, for large n, τ -a.s

μM
n,ε(du) =

(M−ε)/h(n)∑
i=0

α(ih(n))−α−1 e
−u/ih(n)

ih(n)
h(n) du(1+ o(1)), (5.24)

which is the Riemann sum of the integral in (5.14) with the mesh size h(n). Since
h(n)→ 0 as n→∞, the proof is finished.

5.1.2. Shallow traps
We prove that the contribution of the shallow traps at any final instant T , Sε

n(T ),
is small if ε is chosen small enough.

Lemma 5.5. There exists a large constant K such that for all T > 0 and n large

E[Sε
n(T )|τ ] < KT ε1−α, τ -a.s. (5.25)

Proof. Let ξ be such that T ∈ [un(ξ), un(ξ +1)) (see (5.9)). It is easy to see that
ξ has Poisson distribution, E[ξ ] = T nκα . By definition of Sε

n ,

Sε
n(T ) = 1

nκ

ξ∑
i=0

eiτYn(i)1l{Yn(i) ∈ T ε(n)}. (5.26)

To bound its expected value we divide T ε(n) into slices T ε2−i+1

ε2−i , i ∈ N. We
define

An(i) :=
{
τ :

E

[
1

nκ

ξ∑
i=0

eiτYn(i)1l
{
Yn(i) ∈ T ε2−i+1

ε2−i (n)
}∣∣∣τ] < K ′ε1−α2i(α−1)

}
. (5.27)
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We show that there is K ′ such that a.s.

An :=
∞⋂
i=0

An(i) occurs for all but finitely many n. (5.28)

Lemma 5.5 is then a direct consequence of this claim.
To show (5.28) we first estimate the probability that a fixed site, say 1, is in

T ε2−i+1

ε2−i ,

pn,i := P[1 ∈ T ε2−i+1

ε2−i ] ≤ Cε−α2iαn−κα (5.29)

as follows from Assumption 2.3. For any x ∈ Vn,

E

[ ξ∑
i=0

ei1l{Yn(i) = x}
]
= T nκα−1, (5.30)

therefore

P

[
E

[
1

nκ

ξ∑
i=0

eiτYn(i)1l
{
Yn(i) ∈ T ε2−i+1

ε2−i (n)
}∣∣∣τ] ≥ K ′ε1−α2i(α−1)

]

≤ P

[ ∑
x∈Vn

T nκα−1ε2−i+11l
{
x ∈ T ε2−i+1

ε2−i (n)
} ≥ K ′ε1−α2i(α−1)

]
. (5.31)

By Chebyshev inequality this is bounded from above by

exp{−λn1−καcK ′ε−α2iα}
∏
x∈Vn

(pn,i(e
λ − 1)+ 1). (5.32)

Using 1 + x ≤ ex and (5.29), it is easy to see that for K ′ large enough this is
smaller than exp{−cn1−κα2iαε−α}. Therefore, summing over i ∈ N,

P[Ac
n] ≤ exp{−c′n1−καε−α} (5.33)

An application of the Borel-Cantelli lemma finishes the proof of (5.28) and there-
fore of Lemma 5.5.
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5.1.3. Very deep traps
We show that, with a large probability, none of the very deep traps is visited
during the first T nκα steps:

Lemma 5.6. If 0 < κ < 1/α, then for all n large enough, τ -a.s.

P[Sn,M(T ) �= 0|τ ] ≤ cTM−α. (5.34)

Proof. Define H = inf{k ∈ N0 : Yn(k) ∈ TM(n)}. By definition of Sn,M , the
claim of the lemma is equivalent to P[H ≤ ξ |τ ] ≤ cTM−α , with the same ξ as
in the previous proof. Since

P[H ≤ ξ |τ ] ≤ P[H < 2T nκα|τ ] + P[ξ > 2T nκα], (5.35)

and the second term on the right-hand side decreases exponentially in n, it is suf-
ficient to bound the first term. Using the fact that τ -a.s. |TM(n)| ≤ CM−αn1−κα
(which can be proved similarly as Lemma 5.4), we have

P[H < 2T nκα|τ ] = P

[ 2T nκα⋃
k=0

{Yn(k) ∈ T M(n)}
∣∣∣τ]

≤ 2T nκα |T M(n)|
n

≤ cM−αT .

(5.36)

This finishes the proof.

5.1.4. Proof of Theorem 5.1
We can now finish the proof of aging on a large complete graph. All claims here
are valid τ -a.s.

First, for δ > 0 we fix T > 0 such that (for all n large enough)

P[SM
n,ε(T )+ ZM

ε (T ) ≤ 2+ θ |τ ] < δ

4
, (5.37)

which is possible due to Corollary 5.3. Further, we use this corollary, Lemmas 5.5
and 5.6 to fix ε and M such that

P[Sn,M(T ) �= 0|τ ] ≤ δ

4
, P

[
Sε
n ≥

δ

2

∣∣∣τ] ≤ δ

4
(5.38)

and

P

[
ZM

ε ≥
δ

2

]
≤ δ

4
. (5.39)
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Let B(n) be the intersection of all events from the two previous displays. It
follows that P[B(n)c] ≤ δ. Let E(n) be the event whose probability we are
trying to estimate (see (5.11)):

E(n) := {{Sn(t) : t ∈ R} ∩ [1, 1+ θ ] = ∅}. (5.40)

On B(n) we can approximate Sn(t) by SM
n,ε(t)+ ZM

ε (t):

B 0⇒ sup
t∈[0,T ]

∣∣Sn(t)− SM
n,ε(t)+ ZM

ε (t)
∣∣ < δ. (5.41)

Further, let RM
n,ε = {SM

n,ε(t)+ ZM
ε (t) : t ∈ R}. We define

G1(n) :=
{
RM

n,ε ∩
(
(1− δ, 1+ ε) ∪ (1+ θ − δ, 1+ θ + δ)

) �= ∅},
G2(n) := G1(n)

c ∩ {RM
n,ε ∩ (1, 1+ θ) �= ∅},

G3(n) := G1(n)
c ∩ {RM

n,ε ∩ (1, 1+ θ) = ∅} = G1(n)
c ∩G2(n)

c.

(5.42)

These three events form a partition of the probability space. The reason for this
partition is the following. If G1(n) ∩ B(n) happens, then the process SM

n,ε +ZM
ε

intersects δ-neighbourhoods of 1 or 1+θ , and it is therefore not possible to decide
if E(n) is true. On the other hand,

B(n) ∩G3(n) 0⇒ E(n) and B(n) ∩G2(n) 0⇒ E(n)c (5.43)

as can be seen from (5.41). Therefore

P[B(n) ∩G3(n)|τ ] ≤ P[E(n)|τ ]
≤ P[B(n)c|τ ] + P[G1(n)|τ ] + P[G3(n)|τ ]. (5.44)

Thanks to Corollary 5.3 it is possible to estimate the probabilities of G1(n) and
G3(n). Indeed, SM

n,ε + ZM
ε converge weakly in the Skorokhod topology to an α-

stable subordinator. The probability that the subordinator hits any of the bound-
ary points 1±δ, 1+θ±δ is zero. Therefore, it follows from the weak convergence
and Corollaries 5.3 and A.5 that

lim
n→∞P[G3(n)|τ ] = Aslα

( 1− δ

1+ θ + δ

)
. (5.45)

Similarly, by (A.9),

P[G1(n)|τ ] ≤ 1− Aslα
(1− δ

1+ δ

)
+ 1− Aslα

(1+ θ − δ

1+ θ + δ

)
≤ Cδ1−α. (5.46)

Since δ is arbitrary, the claim of the theorem follows from (5.44)–(5.46) and from
the continuity of Aslα(·). This proves aging on the complete graph for κ < 1/α.
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5.2. The α-stable subordinator as a universal clock

We will now give a general set of conditions which ensures that the result and the
proof that we have given in the simple case of the complete graph apply. Con-
sider an arbitrary sequence of graphs Gn and the Bouchaud trap models on them,
BTM(Gn, τn, 0). We set ν = 1, therefore at every vertex x the Markov chain X

waits an exponentially distributed time with mean τx/dx (dx is the degree of x)
and then it jumps to one of the neighbouring vertices with an equal probability.
We suppose that Assumption 2.3 holds, in particular that means that τx are i.i.d.

We want to prove aging for this model at a time scale tw = tw(n) using the
same strategy as for the complete graph. That means, depending on the sequence
Gn and the time scale tw:
• to divide traps into three groups: shallow, deep, and very deep,
• to prove that the shallow traps can be ignored since the time spent there is
negligible,
• to prove that the very deep traps can be ignored because they are not visited in
the proper time scale,
• to show that the contribution of the deep traps to the time change can be ap-
proximated by a stable subordinator, which will show the convergence of the
clock process,
• and finally, to deduce aging for the two-time function R from this convergence.
The idea is that, as in the case of the complete graph, the time change Sn(j)

should be dominated by a relatively small number of large contributions coming
from the deep traps.

On the other hand we want to stay as general as possible: we do not want to use
any particular properties of the graph. Therefore, we formulate six conditions on
the sequence Gn and the simple random walk Yn(·) on it. If these conditions are
verified, the proof of aging can be finished in the spirit of Section 5.1.4. Proving
these conditions should be dependent on the graphs Gn.

To formulate the conditions it is necessary to choose several objects that de-
pend on the particular sequence Gn and on the observation time scale tw(n).

First, it is necessary to fix a (random) time ξn up to which we observe Yn.
Second, a scale g(n) for deep traps should be chosen according to Gn and tw(n).
This scale defines the set of the deep traps by

T M
ε (n) := {x ∈ Vn : εg(n) ≤ τx < Mg(n)}. (5.47)

A possible generalisation of the definition (5.47) is described in the remark after
the Theorem 5.7.

For the complete graph we used g(n) = nκ and ξn ∼ nκα (see the proof of
Lemma 5.5).
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As before, we use TM(n) = {x : τx ≥ Mg(n)} to denote the set of very deep
traps. Similarly, we write T ε(n) = {x : τx < εg(n)} for the set of shallow traps.

It should be possible to almost ignore these two sets. This is ensured by the
following two conditions. Compare them with Lemmas 5.5 and 5.6.

Condition 1. There is a function h(ε) satisfying limε→0 h(ε) = 0, such that for
a.e. realisation of τ and for all n large enough

E

[ ξn∑
i=0

eiτYn(i)1l{Yn(i) ∈ T ε(n)}
∣∣∣τ] ≤ h(ε)tw(n). (5.48)

In words, the expected time spent in the shallow traps before ξn is small with
respect to tw(n).

Let Hn(A), A ⊂ Vn, denotes the hitting time of A by the simple random walk
Yn,

Hn(A) := inf{i ≥ 0 : Yn(i) ∈ A}. (5.49)

Condition 2. Given ξn, for any δ > 0 there exists M large enough such that for
a.e. realisation of τ and for all n large

P
[
Hn(TM(n)) ≤ ξn

∣∣τ ] ≤ δ. (5.50)

We should now ensure that the contribution of the deep traps to the time
change can be approximated by an α-stable subordinator. The following facts
were crucial for the proof in the complete graph case: asymptotically, as n→∞,
• every time a deep trap is visited, its depth is independent of depths of the
previously visited deep traps.
• the probability that a deep trap with depth ug(n) = unκ is visited is propor-
tional to u−α .
• for fixed ε and M only a finite number of deep traps was visited before the
time-horizon ξ .
However, these facts could not be true for a general graph. Here, after leaving a
deep trap, the process Y typically hits this trap with larger probability than any
other deep trap. On recurrent graphs, such as Z2, it even visits this trap a number
of times that diverges with n.

To overcome this problem we “group” the successive visits of one deep trap.
The time spend during these visits there will then be considered as one contribu-
tion to the clock process. We define rn(j) as the sequence of times when a new
deep trap is visited, rn(0) = 0, and

rn(i) = min
{
j > rn(i − 1) : Yn(j) ∈ T M

ε (n) \ {Yn(rn(i − 1))}}. (5.51)
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We use ζn to denote the largest j such that rn(j) ≤ ξn,

ζn := max{j : rn(j) ≤ ξn}. (5.52)

We define the process Un(j) that records the trajectory of Yn (and thus of Xn)
restricted to the deep traps,

Un(j) := Yn(rn(j)), j ∈ N0. (5.53)

Finally, define the score sn(j) be the time that Xn spends at site Un(j) between
steps rn(j) and rn(j + 1),

sn(j) :=
rn(j+1)∑
i=rn(j)

eiτYn(i)1l{Yn(i) = Un(j)}, j < ζn. (5.54)

Denoting by Gn
A(x, y) the Green’s function of the simple random walk Yn killed

on the first visit to a set A ⊂ Vn, it is easy to observe that sn(j) has the exponen-
tial distribution with mean

d−1
x τUn(j)G

n
TM
ε \{Un(j)}(Un(j), Un(j)). (5.55)

Since Conditions 1 and 2 ensure that the visits of deep traps determine the
behaviour of the time change Sn(j), the sum

∑j−1
i=1 sn(i) can be considered as a

good approximation of Sn(rn(j)). The next condition guarantees that the scores
sn(i) have a good asymptotic behaviour, i.e. are independent and have the right
tail.

Condition 3. Let (s∞(i) : i ∈ N) be an i.i.d. sequence given by s∞(i) :=
êiσ

M
ε (i), where σM

ε (i) is a sequence of i.i.d. random variables taking values be-
tween ε and M with common distribution function

P[σM
ε (i) ≤ u] = ε−α − u−α

ε−α −M−α
=: ε

−α − u−α

pM
ε

, u ∈ [ε,M]. (5.56)

and êi is an i.i.d. sequence of exponential, mean-one random variables indepen-
dent of σM

ε . Then there exists a constant K > 0 such that for all ε, M and for
a.e. τ , the sequence (sn(j)/tw(n), j ∈ N) converges as n→∞ in law to the se-
quence (Ks∞(j), j ∈ N). (For notational convenience we define sn(j) = s∞(j)

for all j ≥ ζn.)

The last three conditions will ensure that the approximation by the α-stable
subordinator is relevant for the aging.

First, we need that Sn(rn(ζn)) is larger than (1 + θ)tw(n). Since rn(ζn) ≥∑ζn−1
i=1 sn(i), and sn(i) are easier to control than Sn(rn(j)) we require
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Condition 4. For a.e. τ and for any fixed θ > 0, δ > 0 it is possible to choose
ξn such that for all ε small and M large enough, and for ζn defined in (5.52)

P

[ ζn−1∑
i=1

sn(i) ≥ (1+ θ)tw(n)

∣∣∣τ] ≥ 1− δ. (5.57)

Second, to prove aging for the two-point function R we need to show that for
any time t ′ between Sn(rn(j)) and Sn(rn(j + 1)) the probability that Xn(t

′) =
Un(j) is large. For a formal statement of this claim we need some definitions.
Let t ′n be a deterministic time sequence satisfying tw(n)/2 ≤ t ′n ≤ (1+ θ)tw(n),
and let δ > 0. We define jn ∈ N by

Sn(rn(jn)) ≤ t ′n ≤ Sn(rn(jn + 1))− δtw(n), (5.58)

and jn = ∞ if (5.58) is not satisfied for any integer. Let An(δ) be an event
defined by

An(δ) = {0 < jn < ζn}. (5.59)

We require

Condition 5. For any δ it is possible to choose ε small and M large enough such
that for a.e. τ and all n large enough

P[Xn(t
′
n) = Un(jn)|An(δ), τ ] ≥ 1− δ. (5.60)

The last condition that we need excludes repetitions in the sequence Un.

Condition 6. For any fixed ε and M and a.e. τ

lim
n→∞P[∃0 < i, j ≤ ζn such that i �= j and Un(i) = Un(j)|τ ] = 0. (5.61)

We have formulated the six conditions that are inspired by the complete graph
proof. It should be then not surprising that they imply the same result as for the
complete graph:

Theorem 5.7 (Aging on general graphs). Assume that Conditions 1–6 holds.
Then for a.e. realisation of the random environment τ

lim
n→∞Rn(tw(n), (1+ θ)tw(n); τ ) = Aslα(1/1+ θ). (5.62)

This theorem can be proved in a very similar way as Theorem 5.1. The com-
plete proof can be found in [10].
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Remark. 1. The set T M
ε (n) as defined in (5.47) is sometimes too large and not all

conditions that we formulated can be verified easily. Typically this happens when
two points of the top are too close to each other with non-negligible probability.
In such case it is useful to define a set B(n) ⊂ T M

ε (n) of bad traps which cause the
difficulties. If it is then possible to verify Conditions 1–6 for the set T ′Mε (n) :=
T M
ε (n) \ B(n) and, moreover, if B(n) satisfies for a.e. τ a similar condition as

the set of the very deep traps TM ,

lim sup
n→∞

P[Hn(B(n)) ≤ ξn|τ ] = 0, (5.63)

then the conclusions of Theorem 5.7 hold without change.
2. The last pair of conditions is, in principal, necessary only for a “post-

processing”. If they are not verified, it is possible to prove aging for a top-
dependent correlation function

R′n(tw, tw + t; τ )
= P

[∃j : Sn(rn(j)) ≤ tw < tw + t ≤ Sn(rn(j + 1))
∣∣τ ], (5.64)

which gives the probability that at most one site in the top is visited by Xn during
the observed time interval. A two-point function similar to R′n was considered in
[7].

Theorem 5.8. If only Conditions 1–4 hold, then τ -a.s.

lim
n→∞R′n(tw(n), (1+ θ)tw(n); τ ) = Aslα(1/1+ θ). (5.65)

5.3. Potential-theoretic characterisation

In the previous paragraph we have stated six conditions that allow to prove aging
on an arbitrary sequence of graphs. It is however not clear if these conditions can
be verified for any concrete model. In fact, they are satisfied for the graphs: Gn =
G = Zd with d > 1; for Gn a large torus in d dimensions, Gn = Zd/nZd ; for the
n-dimensional hypercube, Gn = {−1, 1}n among others (included of course the
complete graph!). These examples will be developed in the next section, but we
wont be able to give proofs, which can be pretty difficult (see [12, 10]). Rather,
we want to give here a few hints with potential-theoretic flavor on how to verify
our conditions.

We want mainly discuss the crucial Condition 3: the convergence of the scores
sn(i) to the i.i.d. sequence s∞. In the discussion we suppose that Gn are finite
and sufficiently regular. Observe first that the set of deep traps T M

ε is a random
cloud on Vn (i.e. set of points chosen independently from Vn, we assume that
τx are i.i.d.). The intensity ρn of this cloud depends on n; under Assumption 2.3
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ρn ∼ pM
ε g(n)−α = (ε−α − M−α)g(n)−α . We, obviously, need that ρn → 0,

so that the random cloud is sufficiently sparse, but also ρn|Vn| → ∞, so that the
mean size of the random cloud diverges (otherwise fluctuations of the random
depths are important and no a.s. convergence holds).

Going back to sequence sn(i), we have already remarked that conditionally on
Un(j), the j th visited deep trap, the score sn(j) is exponentially distributed with
mean

ν−1
n d−1

Un(j)
τUn(j)G

n
TM
ε (n)\{Un(j)}(Un(j), Un(j)), (5.66)

where Gn
A(·, ·) is the Green’s function of the simple random walk Yn that is killed

on the first hit of the set A ⊂ Vn.
If the graphs Gn are “sufficiently regular”, then all vertices have similar de-

gree, that means, e.g., that there is a scale d(n) such that dx/d(n) is uniformly
bounded from 0 and∞. Then by setting νn = d(n)−1 we can, at least theoret-
ically, ignore the first two terms in (5.66). This problem does not appear in all
examples we consider, there always dx = const(n). Hence, it remains to control
τUn(j) and the Green’s function in (5.66).

For the Green’s function, one typically prove that there is a scale f (n) ∼
tw(n)/g(n) such that τ -a.s.

f (n)−1Gn
TM
ε (n)\{x}(x, x)

n→∞−−−→ const. (5.67)

uniformly for all x ∈ T M
ε (n). This result is again reasonable if the graph Gn is

sufficiently regular and finite, and the cloud T M
ε (n) is very diluted.

To control the distribution of τUn(j) consider first an arbitrary random cloud
An ⊂ Vn with intensity cρn. This random cloud will represent the set of the deep
traps or its subsets. Recall that Hn(A) denotes the hitting time of A by Yn. Let
Px be the law of Yn started at x. Suppose that it is possible to show for all u > 0
and some scale r(n) independent of c

sup
x∈An

∣∣∣Px

[Hn(An \ {x})
r(n)

≥ u
]
− exp(−cu)

∣∣∣ n→∞−−−→ 0, τ − a.s., (5.68)

so that the distribution of the normalised hitting time converges uniformly to the
exponential distribution with mean c−1. This is again a reasonable property for
very diluted clouds. If (5.68) holds for all c then the lack-of-memory property
of the exponential distribution allows to prove the following claim: Let An be a
random cloud with intensity (a + b)ρn and let Bn ⊂ An be its sub-cloud with
intensity bρn. Then uniformly for all x ∈ An

Px[H(Bn \ {x}) < H(An \ {x})] n→∞−−−→ b

a + b
. (5.69)
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This claim yields, e.g. under Assumption 2.3, that for u ∈ (ε,M)

PUn(j−1)[τUn(j) ≤ u] n→∞−−−→ pu
ε

pM
ε

, (5.70)

which is exactly what gives the “right tail” and the asymptotic independence
of sn(i). The Condition 3 is then consequence of the claims of the last three
paragraphs.

If the graphs Gn are infinite one typically cannot prove uniformity in (5.67)
and (5.68). One can however restrict only to those deep traps that are reachable
in ξn steps from the starting position. On this set the uniform control is usually
possible.

There is also a heuristic reason for Condition 3. As the random cloud T M
ε (n)

becomes more diluted, the hitting measure of this cloud charges more and more
points because the random walk can “pass more easily around”. If this happens,
the law-of-large-numbers-type arguments hold not only for the whole sets T u

ε (n)

but also for these sets as sampled by the hitting measure. That is why Condition 3
holds.

Remark. This is not true on Z! The simple random walk on Z cannot “pass
around”: it hits necessarily one of two points of the random cloud that are “neigh-
bours” of its starting position. This explains the special properties of the BTM
on Z and also the necessity of averaging in Theorems 3.11 and 3.13.

The Conditions 2 and 4 are also easy consequences of claim (5.68). One
need first fix ξn = mr(n) with m large enough to accumulate large enough (but
finite) number K of “independent” scores sn(i) in order to have with a large
probability

∑K
i=1 sn(i) > 1+θ . This satisfies Condition 4. Then one fix M large

enough, such that the intensity c(M)ρn of TM(n) satisfies c(M) > δ−1m. Then
Condition 2 holds.

The preceding discussion can be summarised as follows:

Claim. If (5.67) and (5.68) can be checked for T M
ε (n) on Gn, then, under As-

sumption 2.3, Conditions 2–4 can be verified.

The Condition 1 does not follow directly from (5.68) since Poisson clouds
with larger intensity than ρn should be considered. The “slicing strategy” as pre-
sented in the proof for the complete graph however usually works. The remaining
Conditions 5 and 6 are not substantial and we do not discuss them here.

Remark also that Condition 1 together with (5.67) and (5.68) allows to prove
the approximation of the clock process by an α-stable subordinator. This approx-
imation is not a consequence of Conditions 1–6 only.

There are at least two methods of proof for facts (5.67) and (5.68). The first
is the coarse-graining procedure of [12] that is explained in Section 4.4. The
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advantage of this procedure is that it should work on many different graphs. It
is however relatively technical and many special cases should be treated apart.
One can also use the formula given by Matthews [35]. This method is used in
[10] to prove aging in the REM and on the torus in Z2. It however applies only
if Yn “completely forgets” the position of Un(i) before hitting Un(i+ 1), i.e. that
the hitting measure of the random cloud is essentially uniform. Therefore this
method does not apply e.g. on Zd .

6. Applications of the arcsine law

We now describe two examples where the approach of Section 5 can be used to
prove aging.

6.1. Aging in the REM

The Random Energy Model is the simplest mean-field model for spin-glasses
and its static behaviour is well understood. The studies of dynamics are much
more sparse. The first proof of aging in the REM was given in [7, 8], based on
renewal theory. The general approach of Section 5 gives another, shorter proof.
This approach allows to prove aging on a broader range of time scales, but on the
other hand do not include quite exactly the results of [7, 8]. We will compare both
results later. Before doing it, let us define the model and give some motivation
why and in which ranges of times and temperatures aging occurs.

The Random Energy model is a mean-field model of a spin-glass. It consists
of n spins that can take values −1 or 1, that is configurations of the REM are
elements of Vn = {−1, 1}n. The energies {Ex, x ∈ Vn} of the configurations are
i.i.d. random variables. The standard choice of the marginal distribution of Ex is
centred normal distribution with variance n. We will, however, deviate from the
standard choice to simplify the computations and we will assume that −Ex are
i.i.d. positive random variables with the common distribution given by

P[−Ex/
√
n ≥ u] = e−u2/2, u ≥ 0. (6.1)

We then define

τx = exp(−βEx). (6.2)

The distribution (6.1) has almost the same tail behaviour as the normal distribu-
tion. As we already know, it is the tail behaviour of τx (and thus of Ex) that is
responsible for aging. Therefore, the use of “faked normal distribution” (6.1) is
not substantial for our discussion. Remark also that a similar trick, i.e. to take
Ex to be minimum of 0 and the normal variable, was used in [8].
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For the dynamics of the REM we require that only one spin can be flipped at
a given moment. This corresponds to

En =
{
〈x, y〉 ∈ V2

n :
n∑

i=1

|xi − yi | = 2

}
, (6.3)

where (x1, . . . , xn) are the values of individual spins. We use Gn to denote the
n-dimensional hypercube (Vn, En). There are many choices for the dynamics of
REM, that has the Gibbs measure τ as a reversible measure. We will naturally
consider the trap model dynamics BTM(Gn, τ , 0), which is one of the simplest
choices. We fix νn = 1/n in definition (2.2), so that τx is the mean waiting time
at x. We always suppose that

Yn(0) = Xn(0) = 1 = (1, . . . , 1). (6.4)

6.1.1. Short time scales
Theorem 6.1. Let the parameters α ∈ (0, 1) and β > 0 be such that

3/4 < α2β2/2 log 2 < 1. (6.5)

Define

tw(n) := exp(αβ2n). (6.6)

Then, for a.e. τ ,

lim
n→∞Rn(tw(n), (1+ θ)tw(n)) = Aslα(1/1+ θ). (6.7)

Let us first explain the appearance of scale tw(n) together with one problem
that is specially related to REM. We have seen in Section 5 that aging occurs only
if τx are sufficiently heavy-tailed. This certainly fails to be true for the REM: an
easy calculation gives P[τx ≥ u] = u− log u/2β2n, which decreases faster than
any polynomial. It is therefore clear that, if the system is given enough time to
explore a large part of the configuration space and thus to discover the absence of
heavy tails, then no aging occurs, at least not in our picture. On the other hand,
at shorter time scales the system does not feel the non-existence of heavy tails as
can be seen from the following estimate. Let α > 0, then

eα
2β2n/2P

[
τx ≥ ueαβ

2n
] = eα

2β2n/2P

[
Ex ≥ log u+ αβ2n

β
√
n

]
= exp

{
− log2 u

2β2n
− α log u

}
n→∞−−−→ u−α.

(6.8)
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and therefore

P

[
τx

eαβ
2n
≥ u

]
= e−α2β2n/2 · u−α(1+ o(1)) (n→∞). (6.9)

In view of the fact that the simple random walk on the hypercube almost never
backtracks, it seems reasonable to presume that if the process had time to make
only approximately eα

2β2n/2 steps, then it has no time to discover the absence
of heavy tails and aging could be observed. The above theorem shows this pre-
sumption to be true.

Let us remark that there is much stronger relation between “random exponen-
tials” τx and heavy-tailed random variables. Let (Fi, i ∈ N) be an i.i.d. sequence
of centred normal random variables with variance one. It was proved in [1] that
for some properly chosen Z(n) and N(n) the normalised sum

1

Z(n)

N(n)∑
i=1

e−β
√
nFi (6.10)

converges as n→∞ in law to an α-stable distribution with α depending on β and
N(n). We show that the same is true for the properly normalised clock process
S(n), which is a properly normalised sum of correlated random variables, more
precisely of i.i.d. random variables sampled by a random walk.

In view of (6.9) it is easy to fix objects for which Conditions 1–6 should be
verified: we define

tw(n) := exp(αβ2n), (6.11)

ξn := m exp(α2β2n/2), (6.12)

T M
ε (n, α) := {x ∈ Vn : τx ∈ (ε,M)eαβ

2n}. (6.13)

The Theorem 6.1 is then the consequence of the following proposition and
Theorem 5.7.

Proposition 6.2. Let α and β be as in Theorem 6.1. Then for any θ it is possible
to choose m large enough such that Conditions 1–6 hold for P-a.e. τ .

We believe that the range of the validity (6.5) of the Theorem 6.1 is not the
broadest possible. The upper bound 1 is correct. If α2β2/2 log 2 > 1, then
ξn - 2n. That means that the state space Vn becomes too small and the process
can feel its finiteness. On the other hand, the lower-bound 3/4 is purely technical
and can probably be improved.

Observe also that the condition (6.5) can be rewritten as

α−1βc

√
3/4 < β < α−1βc, (6.14)
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where βc = √2 log 2 is the critical temperature of the usual REM. This, in par-
ticular, means that aging can be observed in REM also above the critical temper-
ature, β < βc.

The proof of this proposition in [10] follows the strategy outlined in Section 5
and uses the results of Matthews [35] for the fine control of the simple random
walk on the hypercube. In particular, (5.68) is a consequence of the following
potential-theoretic result which might be of independent interest.

Proposition 6.3. (i) Let for all n ≥ 1 sets An ⊂ Vn be such that |An| = ρn2n with
“densities” ρn satisfying limn→∞ ρn2γ n = ρ ∈ (0,∞) for some γ ∈ (1/2, 1).
Let further the sets An satisfy the minimal distance condition

min{d(x, y) : x, y ∈ An} ≥ (ω(γ )+ ε)n (6.15)

for some small constant ε > 0 and for the unique solution ω(γ ) of

ω logω+(1−ω) log(1−ω)+log 2 = (2γ −1) log 2, ω ∈ (0, 1/2). (6.16)

Then for all s ≥ 0

lim
n→∞max

x∈An

∣∣∣Ex

[
exp

(
− s

2γ n
Hn

(
An \ {x}

))]− ρ

s + ρ

∣∣∣ = 0. (6.17)

That means that the hitting time Hn(An\{x})/2γ n is asymptotically exponentially
distributed with mean 1/ρ.

(ii) If An are random clouds with intensity ρn such that limn→∞ ρn2γ n = ρ ∈
(0,∞) and γ ∈ (3/4, 1), then the assumptions of (i) are a.s. satisfied.

This result also explains the appearance of the lower bound 3/4 in the range
of the validity of Theorem 6.1: the set of deep traps satisfies the assumptions of
Proposition 6.3(ii) only if α2β2/2 log 2 > 3/4.

6.1.2. Long time scales
The result of [7, 7] deals with the longest possible time scales where aging ap-
pears in REM. The continuous-time Markov process X is replaced by a discrete-
time process X′, which at every step has the possibility not to move. The number
of tries before leaving x has geometrical distribution with mean τx . As n→∞,
this dynamics differs very little from the usual trap model dynamics. The random
environment is given by

τx = exp(β
√
nmax(Ex, 0)), (6.18)

where Ex are i.i.d. centred normal random variables with variance one.
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To define the relevant time and depth scales we set

un(E) = βc

√
n+ E/βc

√
n− log(4πn log 2)/2βc

√
n. (6.19)

We define the set of deep traps (the top) by

Tn(E) = {x ∈ Vn : Ex ≥ un(E)}. (6.20)

The function un(E) is chosen in such way that, as n → ∞ and E is kept fixed
the distribution of |Tn(E)| converges to the Poisson distribution with mean that
depends only on E. The mean diverges if E → −∞ afterwards. The initial po-
sition of the discrete-time Markov chain X′ is chosen to be uniformly distributed
in Tn(E).

A different correlation function considered in [7]: If xn(k) denotes the last
trap visited by X′ before step k then

�′n(k, k + l, E; τ )
= P

[{X′(i) : i ∈ {k + 1, . . . , k + l} ∩ (Tn(E) \ {xn(k)}) = ∅
∣∣τ ]. (6.21)

It is essentially the same as the function R′ (see (5.64))
This is the main aging result of [8]

Theorem 6.4. For any β > βc = √2 log 2 and any ε > 0

lim
t→∞ lim

E→−∞ lim
n→∞P

[∣∣∣∣�′n(cnt, (1+ θ)cnt, E; τ )
Aslβc/β(1/1+ θ)

− 1

∣∣∣∣ > ε

]
= 0, (6.22)

where cn ∼ eβ
√
nun(E).

In fact one can see that the dynamics of the REM when observed only on the
top Tn(E) can be approximated very well when n → ∞ and E → −∞ by a
BTM on the complete graph with M = |Tn(E)| ∼ e−E vertices (see [2, 7]).

Let us now compare the results of Theorems 6.1 and 6.4. First, different cor-
relation functions R and �′ are considered. This difference is not substantial,
we believe that it is possible to eliminate the top dependence (i.e. to convert
something like R′ to something like R) of (6.22) by some post-processing in the
direction of Condition 5.

The a.s. convergence in Theorem 6.1 is stronger than the convergence in prob-
ability in Theorem 6.4. It is a consequence of the fact that much larger time scales
are considered and the set of the deep traps Tn(E) is finite for fixed E. There-
fore, we cannot use law-of-large-numbers-type arguments for the number of deep
traps with depth in a fixed interval. We have seen this effects already in the case
of the complete graph (see (5.8)).
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The main difference between the two theorems is in the considered top sizes
and time scales. In Theorem 6.4 the size of the top is kept bounded as n→ ∞.
This allows to apply “lumping techniques” to describe the properties of the pro-
jection of a simple random walk on the hypercube to the top, that is to prove that
that an equivalent of the process Un (see (5.53)) converges to the simple random
walk on the complete graph with the vertex set Tn(E). In Theorem 6.1 (or more
precisely, in Proposition 6.2) the size of the top T M

ε (n) increases exponentially
with n. This makes the application of the lumping not possible and techniques
based on Matthews results, i.e. Proposition 6.3, should be used.

The time scale cn ∼ eβ
√
nun(E) ∼ eββcn+βE/βc of Theorem 6.4 corresponds to

the case αβ/βc = 1 and is much larger than the scale tw(n) ∼ eαβ
2n = e

αβ
βc

ββcn.
These scales approach if αβ/βc tends to 1, which is the upper limit of the validity
of Theorem 6.1. It would be possible to improve this theorem by setting tw(n) =
eββcnf (n) with some f (n) → 0 as n → ∞ sufficiently fast, but even then
tw(n) * cn. Exactly at αβ/βc = 1 Theorem 6.1 does not hold. As we have
already remarked, in this case it is necessary to use the double-limit procedure
and the convergence in probability.

6.1.3. Open questions and conjectures
The Theorems 6.1 and 6.4 give rigorous proofs of aging in the REM. They are
however only partly satisfactory. It would be nice to replace the RHT dynamics
by a more physical dynamics, like e.g. Glauber, or, at least, to explore the a �= 0
case. We believe that the long-time behaviour of the model should not change
dramatically, however we do not know any proof of it. The problem is that the
Markov chain X becomes a time change of a random walk in random environ-
ment on the hypercube. Moreover, the clock process and the random walk are
dependent.

Another natural direction of research is to extend the results for the RHT dy-
namics on the REM to other mean-field spin-glasses, like the SK model or the
p-spin SK model. In these models the energies of the spin configurations Ex are
no longer independent. We strongly believe that the approach of Section 5 can be
applied, at least for large p and for well chosen time scales. These scales should
be short enough not to feel the extreme values of the Ex’s which rule the (model-
dependent) statics, but long enough for the convergence to a stable subordinator
to take place for the clock-process. The difficulty is to verify Conditions 1–6 if
the Ex’s are not i.i.d. The assumption that the Ex’s are independent is used twice
in the proof for the REM. First, we use it to verify Condition 1, that is to prove
that the time spent in the shallow traps is small. We believe that this condition
stays valid also for dependent spin-glass models. The second use of the indepen-
dence is more substantial. It is used to describe the geometrical structure of the
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set of the deep traps. More exactly it is used to bound from below the minimal
distance between deep traps and to show that the number of traps in T u+δ

u (n) is
proportional to u−α . It is an open question if these properties remain valid for
dependent spin-glasses.

6.2. Aging on large tori

Another graph where the approach of Section 5 can be used to prove aging is a
torus in Zd . For convenience we will consider only d = 2 here, although similar
results are expected to hold for d ≥ 3.

Let Gn = (Vn, En) be the two-dimensional torus of size 2n with nearest-
neighbours edges, i.e. Vn = Z2/2nZ2, and edge 〈x, y〉 is in En iff

2∑
i=1

|xi − yi | mod 2n = 1. (6.23)

We use d(x, y) to denote the graph distance of x, y ∈ Vn. Let further τ = {τn
x },

x ∈ Vn, n ∈ N, be a collection of positive i.i.d. random variables satisfying
Assumption 2.3. We consider the Bouchaud trap model, BTM(Gn, τ , 0) with
ν = 1/4.

Theorem 6.5 (Aging on the torus). Let tw(n)= 22n/αn1−(γ /α) with γ ∈ (0, 1/6).
Then for P-a.e. realisation of the random environment τ

lim
n→∞R(tw(n), (1+ θ)tw(n); τ ) = Aslα(1/1+ θ). (6.24)

The theorem follows from the following proposition whose proof can be found
in [10].

Proposition 6.6. For any θ there exist m large enough such that Conditions 1–6
hold for

tw(n) = 22n/αn1−γ /α, ξn = m22nn1−γ ,

T M
ε (n) = {x ∈ Vn : τx ∈ (ε,M)22n/αn−γ /α},

(6.25)

The main motivation for Theorem 6.5 was to extend the range of aging scales
on Z2 and mainly to really explore the extreme values of the random landscape.
Namely, the BTM on the whole lattice Z2 does not find the deepest traps that are
close to its starting position. In the first 22n steps, it gets to the distance 2n and
visits O(22n/ log(22n)) = O(22n/n) sites. Therefore, the deepest visited trap has
a depth of order 22n/α/n1/α , which is much smaller that the depth of the deepest
trap in the disk with radius 2n, that is 22n/α . Eventually, the process visits also
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this deepest trap, however it will be too late. This trap will no longer be relevant
for the time change since much deeper traps will have already be visited. The
deepest trap is relevant only if the random walk stays in the neighbourhood of its
starting point a long enough time. One way to force it to stay is to change Z2 to
the torus. By changing the size of the torus relatively to the number of considered
steps, i.e. by changing γ , different depth scales become relevant for aging.

The range of possible values of γ ∈ (0, 1/6) has, as in the REM case, a natural
bound and an artificial one. It is natural that γ < 0 cannot be considered, since
if the simple walk makes more that 22n(log 2n)1+ε steps, ε > 0, inside the torus
of size 2n, its occupation probabilities are very close to the uniform measure on
the torus, that is the process is almost in equilibrium. The other bound, γ = 1/6,
comes from the techniques that we use. We do not believe it to be meaningful
since we expect the theorem to hold for all γ > 0. Actually, the result for γ > 1
follows easily from the Theorem 4.5 for the whole lattice. In this case the size
of the torus is much larger than ξ2

n . So that, the process has no time to discover
the difference between the torus and Z2. We also know that Theorem 6.5 holds
also in the window [1/6, 1] since it can be proved by the same methods as for Z2,
[12]. Nevertheless the complete proof in this window has never been written.

The γ = 0 case corresponds to the longest possible time scales. We expect
that a similar result as Theorem 6.4 is valid.

The proof of Proposition 6.6 uses again Matthews’ results: the following
equivalent of Proposition 6.3 can be proved.

Proposition 6.7. (i) Let An ⊂ Vn be such that |An| = ρn22n with the density ρn

satisfying limn→∞ 22nn−γ ρn = ρ for some γ ∈ (0, 1/6) and ρ ∈ (0,∞). Let
further An satisfy the minimal distance condition

min{d(x, y) : x, y ∈ An} ≥ 2nn−κ , (6.26)

for some κ > 0. Then, for K = (2 log 2)−1,

lim
n→∞max

x∈An

∣∣∣∣Ex

[
exp

(
− s

22nn1−γ H(An \ {x})
)]
− Kρ

s +Kρ

∣∣∣∣ = 0. (6.27)

(ii) If An are, in addition, random clouds with the densities given above, then
the minimal distance condition is a.s. satisfied for all n large.

Appendix A. Subordinators

We use frequently the theory of increasing Lévy processes in these notes. We
summarise in this appendix the facts that are important for us. For a com-
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plete treatment of this theory the reader is referred to the beautiful book by
Bertoin [14].

Definition A.1. We say that V is a Lévy process if for every s, t ≥ 0, the incre-
ment V (t + s) − V (t) is independent of the process (V (u), 0 ≤ u ≤ t) and has
the same law as V (s). That means in particular V (0) = 0.

We work only with the class of increasing Lévy processes, so called subor-
dinators. There is a classical one-to-one correspondence between subordinators
and the set of pairs (d, μ), where d ≥ 0 and μ is a measure on (0,∞), satisfying∫ ∞

0
(1 ∧ x)μ(dx) <∞. (A.1)

The law of a subordinator is uniquely determined by the Laplace transform of
V (t),

E[e−λV (t)] = e−t�(λ), (A.2)

where the Laplace exponent

�(λ) = d+
∫ ∞

0
(1− e−λx)μ(dx). (A.3)

The constant d corresponds to the deterministic constant drift. All processes
appearing in these notes have no drift, therefore we suppose always d ≡ 0. The
measure μ is called the Lévy measure of the subordinator V .

There are two important families of subordinators. The first consists of the
stable subordinators. A subordinator is stable with index α ∈ (0, 1) if for some
c > 0 its Laplace exponent satisfies

�(λ) = cλα = cα

�(1− α)

∫ ∞
0

(1− e−λx)x−1−α dx. (A.4)

Here � is the usual Gamma-function.
The second important family of subordinators are the compound Poisson pro-

cesses. They correspond to finite Lévy measures, μ((0,∞)) < ∞. In this case
V can be constructed from a Poisson point process J on (0,∞) with constant in-
tensity Zμ := μ((0,∞)) and a family of i.i.d. random variables si with marginal
Z−1

μ μ as follows. Let J = {xi, i ∈ N}, x1 < x2 < . . . , and x0 = 0. Then V is
the process with V (0) = 0 that is constant on all intervals (xi, xi+1), and at xi it
jumps by si , i.e. V (xi)− V (xi−) = si .

We need to deduce convergence of subordinators from the convergence of
Lévy measures.
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Lemma A.2. Let Vn be subordinators with Lévy measures μn. Suppose that the
sequence μn converges weakly to some measure μ satisfying (A.1). Then Vn

converge to V weakly in the Skorokhod topology on D = D([0, T ),R) for all
final instants T > 0.

Sketch of the proof. To check the convergence on the space of cadlag path D

endowed with Skorokhod topology, it is necessary check two facts: (a) the con-
vergence of finite-dimensional distributions, and (b) tightness. To check (a) it is
sufficient to look at distributions at one fixed time, since Vn have independent,
stationary increments. From the weak convergence of μn it follows that for all
λ > 0,

E[e−λVn(t)] = e−t
∫
(1−e−λx)μn(dx)

n→∞−−−→ e−t
∫
(1−e−λx)μ(dx) = E[e−λV (t)],

(A.5)

which implies the weak convergence of Vn(t). Since Vn are increasing, to check
the tightness it is sufficient to check the tightness of Vn(T ), which is equivalent
to

lim
λ→0

lim
n→∞E[e−λVn(T )] = 1. (A.6)

This is easy to verify using the weak convergence of μn and the validity of (A.1)
for μ.

Definition A.3 (The generalised arcsine distributions). For any α ∈ (0, 1),
the generalised arcsine distribution with parameter α is the distribution on [0, 1]
with density

sinαπ

π
uα−1(1− u)−α. (A.7)

We use Aslα to denote its distribution function,

Aslα(u) :=
∫ u

0

sinαπ

π
uα−1(1− u)−α du, u ∈ [0, 1]. (A.8)

Note that Aslα(z) = π−1 sin(απ)B(z;α, 1 − α) where B(z; a, b) is the in-
complete Beta function. It is easy to see that

Aslα(z) = 1−O((1− z)1−α), as z→ 1. (A.9)

The following fact is crucial for us.

Proposition A.4 (The arcsine law). Let V be an α-stable subordinator and let
T (x) = inf{t : V (t) > x}. Then the random variable V (T (x)−)/x has the
generalised arcsine distribution with parameter α.
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This proposition has an important corollary.

Corollary A.5. The probability that the α-stable subordinator V jumps over
interval [a, b] (i.e. there is no t ∈ R such that V (t) ∈ [a, b]) is equal to

P[V (T (b)−) < a] = Aslα(a/b). (A.10)

Sketch of the proof of Proposition A.4. Consider the potential measure U of the
subordinator V ,

U(A) = E

[ ∫ ∞
0

1l{V (t) ∈ A} dt
]
. (A.11)

Its Laplace transform is given by∫ ∞
0

e−λxU(dx) = E

[ ∫ ∞
0

e−λV (t) dt

]
= 1

�(λ)
. (A.12)

Define further μ̄(x) = μ((x,∞)). Then∫ ∞
0

e−λxμ̄(x) dx = �(λ)/λ. (A.13)

Fix x > 0. For every 0 ≤ y ≤ x < z, we can write

P[V (T (x)−) ∈ dy, V (T (x)) ∈ dz] = U(dy)μ(dz− y). (A.14)

(For a proof of this intuitively obvious claim see p. 76 of [14].) Define now
At(x) = x−1V (T (tx)−) and consider its “double” Laplace transform

Ã(q, λ) =
∫ ∞

0
e−qtE[exp(−λAt(x))] dt. (A.15)

This Laplace transform can be explicitly calculated. Indeed using (A.12) and
(A.13) we obtain

Ã(q, λ) =
∫ ∞

0
e−qt

∫ tx

0
e−λy/xμ̄(tx − y)U(dy) dt

=
∫ ∞

0

∫ ∞
0

e−λy/xe−q(s+y)/xμ̄(s)x−1 U(dy) ds

= 1

x
· 1

�((λ+ q)/x)
· �(q/x)

q/x
= �(q/x)

q�((q + λ)/x)
.

(A.16)

Using that V is α-stable, i.e. �(x) = cxα , we get

Ã(q, λ) = qα−1

(q + λ)α
=
∫ ∞

0

∫ t

0
e−qt e−λs s

α−1(t − s)−α

�(α)�(1− α)
ds dt. (A.17)
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Observing that π−1 sin(απ) = (�(α)�(1− α))−1 yields the claim of the propo-
sition.
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1. Introduction

Quantum Information Theory brings together ideas from Classical Information
Theory, Quantum Mechanics and Computer Science. Theorems and techniques
of various branches of Mathematics and Mathematical Physics, in particular
Group Theory, Probability Theory and Quantum Statistical Physics find appli-
cations in this fascinating and fast–growing field.

Classical Information Theory is the mathematical theory of information–pro-
cessing tasks such as storage and transmission of information, whereas Quantum
Information Theory is the study of how such tasks can be accomplished using
quantum mechanical systems. It deals with how the quantum–mechanical prop-
erties of physical systems can be exploited to achieve efficient storage and trans-
mission of information. The underlying quantum mechanics leads to important
differences between Quantum and Classical Information theory.

The course will start with a short introduction to some of the basic concepts
and tools of Classical Information Theory, which will prove useful in the study
of Quantum Information Theory. Topics in this part of the course will include
a brief discussion of data compression, of transmission of data through noisy
channels, Shannon’s theorems, Shannon entropy and channel capacity.

In quantum information processing systems, information is stored in the quan-
tum states of a physical system. Quantum Mechanics is based on certain postu-
lates (see e.g. [39]). However, these postulates only hold for closed (or isolated)
quantum systems. In the real world there are are no perfectly isolated systems.
Real systems suffer from unwanted interactions with the outside world and are
hence open. In quantum information processing systems, these interactions mani-
fest themselves as noise, which damages the information that the system encodes.
This leads to errors. This noise process is known as decoherence. It is necessary
to understand and control such noise processes in order to build efficient quantum
information processing systems. Hence, it is of primary importance to study the
behaviour of open systems.

The quantum part of the course will commence with a discussion of open
systems and of how they necessitate a generalization of the basic postulates of
Quantum Mechanics. Topics will include quantum states, quantum channels,
generalized measurements, the Kraus Representation Theorem, Schmidt decom-
position and purification. The concept of entanglement (which has no classical

399
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analogue) will be introduced and its usefulness as a resource in Quantum Infor-
mation Theory will be briefly discussed. This will be followed by a study of the
quantum analogue of the Shannon entropy, namely the von Neumann entropy. Its
properties and its interpretation as the data compression limit of a quantum infor-
mation source will be discussed. Schumacher’s theorem on data compression for
memoryless quantum information sources will be discussed in detail. It will be
shown how tools developed in Quantum Statistical Physics can be employed to
find the data compression limit for a class of quantum information sources with
memory. Some examples of quantum channels will be given and the different
capacities of a quantum channel will be discussed in brief. Finally, one of the
leading open questions in Quantum Information Theory – namely, additivity of
certain quantities characterizing a quantum channel, will be introduced and some
recent work concerning it will be discussed.

2. Rudiments of Classical Information Theory

The issues of storage and transmission of classical information were first ad-
dressed by Claude Shannon in 1948. He laid the foundation of Classical Infor-
mation Theory by answering the following key questions:

(Q1) What is the limit to which information can be reliably compressed, that is,
compressed in a manner such that it can be recovered later with vanishingly low
probability of error?

This question is of relevance because there is often a physical limit to the
amount of space available for the storage of data e.g. in the memory of a mobile
phone.

(Q2) What is the amount of information that can be reliably transmitted through
a communications channel?

The relevance of this question arises from the fact that one of the biggest
hurdles that one faces in the transmission of information is the presence of noise
in communication channels, e.g. a conversation over a crackling telephone line
or a spacecraft sending photos from a distant planet. The effect of this noise is to
distort the information transmitted through it.

The answer to (Q1) is given in Shannon’s Noiseless Channel Coding Theorem
[44]. It states that the limit to which information from a source can be compressed
is given by the Shannon entropy – a quantity characteristic of the source.
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The outputs (or signals1) of a classical information source are sequences of
letters (or symbols) chosen from a finite set J – the source alphabet, according
to a given probability distribution. Some examples of source alphabets are (i)
binary alphabet: J = {0, 1}; (ii) telegraph English: J consists of the 26 letters
of the English alphabet and a space; (iii) written English: J consists of the 26
letters of the English alphabet in upper and lower cases and punctuation marks.

The simplest example of a source is a memoryless source. It is character-
ized by a probability distribution {p(u)}, and each use of the source results in
a letter u ∈ J being emitted with probability p(u). A signal emitted from the
source does not depend on the previously emitted signals. A memoryless source
can therefore be modelled by a sequence of independent, identically distributed
(i.i.d.) random variables U1, U2, . . . , Un with common probability mass function
p(u) = P(Uk = u), u ∈ J , for all 1 ≤ k ≤ n. The signals of the source are
sequences of letters (u1, u2, . . . , un) ∈ Jn taken by these variables and

p(u1, u2, . . . , un) ≡ P(U1 = u1, . . . , Un = un) =
n∏

i=1

p(ui).

A memoryless information source is also referred to as an i.i.d. information
source.

The Shannon entropy of the source is a function of the source probability
distribution and is given by

H({p(u)}) = −
∑
u∈J

p(u) logp(u).

Here and henceforth, logarithms indicated by log are taken to base 2. This is
natural in the context of coding with binary alphabets2.

Data compression is possible because an information source typically pro-
duces some outputs more frequently than others. In other words, there is fre-
quently redundancy in the information. During data compression one exploits
the redundancy in the data to form the most compressed version possible. This
is done by encoding the signals in a way such that the outputs which occur more
frequently are assigned shorter descriptions (i.e., fewer bits) than the less fre-
quent ones. For example, a good compression for a source of English text could
be achieved by using fewer bits to represent the letter e than the letter z. This is
because e occurs much more frequently than z in the English text. However, there
is a limit to which data from a classical information source can be reliably com-
pressed. This is given by Shannon’s Noiseless Channel Coding Theorem. This

1In these lectures, I shall use the words information, signals, messages and outputs of a source
interchangeably.

2The basic unit in classical information theory is a bit. A bit takes a value 0 or 1.
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theorem tells us that a classical i.i.d. source described by the probabilities {p(u)}
can be compressed so that, on average, each use of the source can be represented
using H({p(u)}) bits of information. Moreover, it tells us that if the source is
compressed any further, i.e., if fewer than H({p(u)}) bits are used to represent
it, then there is a high probability of error in retrieving the original information
from the compressed signals. Hence the Shannon entropy quantifies the optimal
compression that can be achieved.

The answer to (Q2) is given in Shannon’s Noisy Channel Coding Theorem
[44]. To combat the effects of noise in a communications channel, the message
to be sent is suitably encoded by the sender and the resulting codewords (which
are e.g. binary sequences) are then transmitted through the channel (see Fig. 2).

EncoderA

message codeword

M X
Channel

distorted
codeword

B
M’

estimate
of message receiver

Y
Decoder

sender

Figure 1. A classical communications system.

The set of codewords constitute a classical error-correcting code. The idea
behind the encoding is to introduce redundancy in the message so that upon de-
coding the received message, the receiver can retrieve the original message with
a low probability of error, even if part of the message is lost or corrupted due
to noise. The amount of redundancy which needs to be added to the original
message depends on how much noise is present in the channel.

A discrete3 channel is defined by an input alphabet JX, an output alphabet JY ,
and a set of conditional distributions

p(y(N)|x(N)).

The input to the channel is the sequence x(N) := (x1, . . . , xN), with xi , i =
1, . . . , N , being letters from JX. The output of the channel is the word y(N) :=
(y1, . . . , yN) ∈ JN

Y . The conditional probability of receiving the word y(N) at the

output of the channel, given that the codeword x(N) ∈ JN was sent, is denoted
by p(y(N)|x(N)).

3A channel is not always discrete. An example of a channel which is not discrete is a Gaussian
channel. This channel has a continuous alphabet. It consists of the set of all real numbers. This is a
time–discrete channel with output Yi = Xi + Zi at time i, where Xi is the input and Zi is the noise.
The Zis are assumed to be i.i.d. random variables which have a Gaussian distribution of mean 0 and
a given variance N (say).
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We suppose that these conditional distributions are known to both sender and
receiver. Each of the possible input sequences x(N) induces a probability dis-
tribution on the output sequences y(N). The correspondence between input and
output sequences is not one–to–one. Two different input sequences may give rise
to the same output sequence. However, we will see later that it is possible to
choose a subset of input sequences so that with high probability, there is only
one highly likely input that could have caused the particular output. The receiver
at the output end of the channel can then reconstruct the input sequences at the
output with negligible probability of error.

A simple class of discrete channels are the so-called memoryless channels.
A channel is said to be memoryless if the probability distribution of the output
depends only on the input at that time and is independent of previous channel
inputs or outputs.

Definition 2.1. A memoryless channel is one in which

p(y(N)|x(N)) =
N∏
i=1

p(yi |xi)

for y(N) = (y1, . . . , yN) and x(N) = (x1, . . . , xN).

Here p(yi |xi) is a letter-to-letter channel probability, i.e., the conditional prob-
ability to obtain the letter yi as the output given that the letter xi has been sent
through the channel. A memoryless channel is completely characterized by the
probabilities p(yi |xi), i = 1, . . . , N .

To send a binary codeword of length N through a discrete memoryless chan-
nel, the latter is used N times, a single bit being transmitted on each use.

A simple example of a discrete, memoryless channel is the memoryless, binary
symmetric channel. It transmits single bits and the effect of the noise in it is to flip
the bit being transmitted with probability p > 0, while with probability (1 − p)

the bit is transmitted without error (see Fig. 2). A simple means of protecting
the bit to be transmitted against the effect of this noise is to replace it with three
copies of itself. This results in the encoding

0 �→ 000

1 �→ 111 (2.1)

The binary strings 000 and 111 are called codewords. The three bits are then
transmitted on three successive uses of the channel. If the output of the channel
were 001 then, provided p is not too high, one can conclude, with high probabil-
ity, that the third bit was flipped by the channel. In other words, the output 001
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Figure 2. Binary Symmetric Channel.

is decoded as 000 and one infers that the original message was the bit value 0.
This type of decoding is called majority voting, since the decoded output from
the channel is whatever value 0 or 1 appears more times in the actual output of
the channel. Majority voting fails if two or more of the bits sent through the
channel are flipped. The latter occurs with probability 3p2(1− p)+ p3. Hence
the probability of error is pe = 3p2 − 2p3. Without encoding, the probability of
an error was p, so the code improves the reliability of the transmission provided
pe < p, which occurs whenever p < 1/2. This type of error-correcting code is
called a repetition code.

It is natural to ask whether for any arbitrary channel it is always possible to
find a code which ensures that arbitrarily reliable transmission of information
through it can be achieved asymptotically, i.e., in the limit n → ∞, where n

denotes the length of the codewords sent through the channel.
Shannon showed that this is indeed possible4 as long as there is some corre-

lation between the input and the output of the channel (see Section 2.3 for more
details). Shannon’s Noisy Channel Coding Theorem tells us that the optimal rate
of a noisy channel, i.e., the maximum amount of information (measured in bits)
that can be transmitted reliably per use of the channel, is given by a quantity
called the channel capacity. It also gives a prescription for the calculation of
capacities of arbitrary noisy channels.

Note that there is a duality between the problems of data compression and
data transmission. In the first case one exploits the redundancy to compress the
data, whereas in the second case one adds redundancy in a controlled manner to
combat errors introduced by the noise in the channel.

The rest of this lecture will deal with the above–mentioned theorems of Shan-
non and the physical quantities they entail, namely Shannon entropy and channel
capacity.

4More precisely, he showed that this is possible for discrete memoryless channels, defined in
Section 2.3.
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2.1. Entropy in Classical Information Theory

Let X be a discrete random variable, which takes values, denoted by x, from a
finite set (alphabet) J and has a probability mass function pX = {p(x)}, where
p(x) = P(X = x).

Definition 2.2. The Shannon entropy (or simply, entropy) H(X) of the random
variable X is defined as

H(X) := −
∑
x∈J

p(x) logp(x) (2.2)

and is expressed in bits. We use the convention 0 log 0 = 0, which is justified by
continuity (limx→0x log x = 0). Hence, if an event {X = x} has zero probability
(p(x) = 0) then it does not contribute to the entropy.

The entropy H(X) is a measure of the uncertainty of the random variable X.
It also quantifies how much information we gain on average when we learn the
value of X.

Example: (Binary Entropy) Let X be a random variable which takes the value
1 with probability p, and the value 0 with probability (1− p). Then

H(X) = −p logp − (1− p) log(1− p) := H(p).

This is called binary entropy and we denote it by the symbol H(p). In particular,
H(p) = 1 bit when p = 1/2. A plot of H(p) vs. p (see Fig. 3) illustrates some
of the basic properties of entropy; it is a concave function of the distribution and
equals zero when p = 0 or 1. This is intuitively obvious because when p = 0 or
1 the variable is not random and there is no uncertainty. Similarly, the uncertainty
is maximum for p = 1/2, which also corresponds to the maximum value of the
entropy.

Note that the entropy is a functional of the distribution of X. It does not
depend on the actual values taken by the random variable X but only on the
probabilities; e.g. the binary entropy remains unchanged if we replace the values
0 and 1, taken by the random variable X, by any two arbitrary values, a and b

(say).
There is an intuitive justification for the definition (2.2) of entropy based on

certain reasonable axioms which might be expected of a measure of information.
One can prove that these axioms lead to a logarithmic form of the entropy (see
e.g. [35]). We will not use the axiomatic approach to justify the definition of
entropy. Instead we will show that it is this definition of entropy which can
be used to quantify the minimum number of bits needed to reliably compress
information from a classical source.
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Figure 3. Binary Entropy.

2.1.1. Entropy of a pair of random variables
Thus far we have defined the entropy of a single random variable. The definition
of entropy can be extended to a pair of random variables as follows:

Definition 2.3. Consider a pair of discrete random variables X and Y which take
values from alphabets JX and JY and have probability mass functions pX and
pY , respectively. Given their joint probabilities

P(X = x, Y = y) = pX,Y (x, y)

and conditional probabilities

P(Y = y|X = x) = pY |X(y|x),
we define the following quantities. (For notational simplicity, we shall henceforth
omit the subscripts X, Y and Y |X for the above probabilities.)

1. Joint entropy: H(X, Y ) := −∑
x∈JX

∑
y∈JY p(x, y) logp(x, y).

2. Conditional entropy:

H(Y |X) :=
∑
x∈JX

p(x)H(Y |X = x)

= −
∑
x∈JX

p(x)
∑
y∈JY

p(y|x) logp(y|x)

= −
∑

x∈JX,y∈JY
p(x, y) logp(y|x). (2.3)
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We have, p(x, y) = p(y|x)p(x), hence logp(x, y) = logp(y|x)+ logp(x).
Thus

−
∑
x,y

p(x, y) logp(x, y) = −
∑
x,y

p(x, y) logp(y|x)

−
∑
x,y

p(x, y) logp(x),

= −
∑
x,y

p(x, y) logp(y|x) (2.4)

−
∑
x

p(x) logp(x),

i.e.,
H(X, Y ) = H(Y |X)+H(X). (2.5)

3. Relative entropy: It is a measure of the “distance” between two probability
distributions. Given two probability mass functions p = {p(x)} and q =
{q(x)}, the relative entropy is defined as

D(p‖q) :=
∑
x∈JX

p(x) log

(
p(x)

q(x)

)
. (2.6)

In the above definition we use the convention (based on continuity arguments):

0 log

(
0

q

)
= 0; 0 log

(p
0

)
= ∞.

Note: We see below that D(p‖q) ≥ 0 and D(p‖q) = 0 if and only if p = q.
However, D(p‖q) is not a true distance since it is not symmetric and does not
satisfy the triangle inequality.

4. Mutual information. It is a measure of the amount of information that one
random variable contains about another random variable. In other words, it is
the amount by which the uncertainty of one random variable is reduced due
to the knowledge of another. It is defined as the relative entropy between the
joint distribution p(x, y) and the product distribution p(x)p(y) of two random
variables X and Y . (Subsititute p(x, y) for p(x), and p(x)p(y) for q(x) in
(2.6)).

I (X : Y) :=
∑
x,y

p(x, y) log

(
p(x, y)

p(x)p(y)

)
.

The mutual information is equivalently given by the following expressions

I (X : Y) = H(X)+H(Y)−H(X, Y )

= H(X)−H(X|Y) = H(Y)−H(Y |X).
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In the following theorem, some important properties of entropy and mutual
information are summarised. Each of these entropies has quantum counterparts,
which will be introduced later.

Theorem 2.4. Given a pair of discrete random variables X, Y , which takes val-
ues from alphabets JX, JY and have probability mass functions pX = {p(x)}
and pY = {p(y)}, respectively:

1. H(X) ≥ 0, with equality if and only if X is deterministic.

2. H(X|Y) ≥ 0, or equivalently H(X, Y ) ≥ H(Y).

3. Given two probability mass functions p = {p(x)} and q = {q(x)}, x ∈ JX,
D(p‖q) ≥ 0, with equality if and only if p = q.

4. If X takes values from an alphabet JX, then H(X) ≤ log |JX|, where |JX|
denotes the cardinality of JX (i.e., the number of different symbols/letters in
JX.)

5. H(X, Y ) ≤ H(X)+H(Y), with equality if and only if X, Y are independent.
Hence, H(Y) ≥ H(Y |X), i.e., conditioning reduces the entropy.

6. The Shannon entropy is concave. H(λpX + (1 − λ)pY ) ≥ λH(pX) + (1 −
λ)H(pY ).

7. I (X : Y) ≥ 0 with equality if and only if X and Y are independent.

The proofs of some of the above properties are given below. The rest can be
deduced easily.

Proof. (1) 0 ≤ p(x) ≤ 1 implies that − log p(x) ≥ 0. Equality holds if p(x) is
non-zero for only one value x, in which case X is deterministic.
(3) (non-negativity of the relative entropy [9]): Let M := {x : p)x) > 0}.
From the definition of relative entropy it follows that

−D(p||q) = −
∑
x∈M

p(x)
(

log
p(x)

q(x)

)
=

∑
x∈M

p(x)
(

log
q(x)

p(x)

)
(2.7)

≤ log
∑
x∈M

p(x)
( q(x)

p(x)

)
≤ log

∑
x∈M

q(x) ≤
∑
x∈JX

q(x) = log 1 = 0. (2.8)
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The third line of (2.8) follows from Jensen’s inequality, Since log r is a strictly
concave function of r , we have equality in (2.7) Hence, D(p||q) = if and only if
p(x) = q(x) for all x ∈ JX.
(4) follows directly from the above property. This can be seen by setting q(x) =
1/|J | for all x ∈ J .

Note that H(X) ≤ 1 for the binary alphabet J = {0, 1}, since log 2 = 1.
(6) (concavity of the Shannon entropy): Let θ be a random variable which takes
a value 0 with probability λ and a value 1 with probability (1 − λ). Let Z be a
random variable such that Z = X when θ = 0 and Z = Y when θ = 1. Then
property 6 reads H(Z) ≥ H(Z|θ) which in turn follows from the property 5
(conditioning reduces entropy).

2.2. Shannon’s Noiseless Channel Coding Theorem

The Shannon entropy has an important operational significance. It gives the max-
imum rate at which data can be reliably compressed from a memoryless (or
i.i.d.) information source. Let me first explain what is meant by the rate of
data compression and when a compression scheme is said to be reliable. Con-
sider a memoryless source characterized by a sequence of i.i.d. random variables
U1, U2, . . . , Un, with common probability mass function p(u) = Prob (Uk = u),
u ∈ J , for all 1 ≤ k ≤ n. Here J denotes a finite alphabet of |J | = d letters.

A compression scheme Cn of rate R maps each signal emitted by the source,
i.e., a sequence u = (u1, . . . , un), with ui ∈ J , to a binary string (or bit sequence)
of length 1nR2 (the symbol 1·2 denoting the smallest integer greater than nR).

Cn : u = (u1, . . . , un) �→ x = (x1, . . . , x1nR2),

where ui ∈ J ; |J | = d and xk ∈ {0, 1} ∀ 1 ≤ k ≤ 1nR2. We denote the
compression by

Cn(u) = x.

The corresponding decompression scheme takes each (compressed) binary string
of length 1nR2 and maps it back to a string of n letters of the alphabet J .

Dn : x ∈ {0, 1}1nR2 �→ u′ = (u′1, . . . , u′n),

where u′i ∈ J, ∀ 1 ≤ i ≤ n. We write this as

Dn
(
Cn

(
u
)) = u′

A compression–decompression scheme is said to be reliable if

lim
n→∞ Prob

(
Dn

(
Cn

(
u
)) = u

)
= 1.
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The Shannon entropy H(U) of an i.i.d. source is equal to the Shannon entropy
of each of the random variables modelling the source. It is therefore defined as

H(U) := H(U1) = H(U2) = . . . = H(Un),

= −
∑
u∈J

p(u) logp(u) (2.9)

Shannon’s Noiseless Channel Coding Theorem tells us that the maximum rate
of a reliable compression–decompression scheme is given by the Shannon en-
tropy H(U) of the source. It is a simple application of the Theorem of Typical
Sequences (Theorem 2.8 below) which in turn is a direct consequence of a cor-
nerstone of Classical Information Theory, namely, the Asymptotic Equipartition
Property.

2.2.1. Asymptotic Equipartition Property (AEP)
The AEP tells us that some outputs of a classical i.i.d. source occur more fre-
quently than others. It is a direct consequence of the Weak Law of Large Num-
bers (WLLN). Let us first recall the WLLN and the definition of convergence in
probability that it uses.

Definition 2.5. A sequence of random variables {ηn} converges in probability to
a constant r if for all ε > 0,

lim
n→∞ Prob (|ηn − r| ≤ ε) = 1,

which we denote as ηn
P−→ r .

Theorem 2.6. (WLLN): If U1, U2, . . . Un is a sequence of independent, identi-
cally distributed random variables, with partial sums Sn = ∑n

i=1 Ui and finite
mean μ, then

1

n
Sn

P−→ μ.

If Uj is a random variable with probability mass function p(u) ≡ P(Uj = u),
u ∈ J , then Kj := p(Uj ) is a random variable which takes the value p(u)

with probability p(u). Similarly, if p(u1, . . . , un) denotes the joint probabil-
ity distribution function of the random variables U1, U2, . . . , Un, then K(n) :=
p(U1, . . . , Un) denotes a random variable which takes the value p(u1, . . . , un)

with probability p(u1, . . . , un). Let us consider an i.i.d. information source
described by random variables U1, U2, . . . , Un with common probability mass
function p(u) ≡ P(U1 = u), u ∈ J . For such a source

p(u1, . . . , un) =
n∏

i=1

p(ui),
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and we can write the random variable K(n) as follows:

K(n) := p(U1, . . . , Un) =
n∏

i=1

p(Ui).

The AEP states that for such a source

−1

n
logp(U1, . . . , Un)

P−→ H(U) as n→∞, (2.10)

where H(U) ≡ H(U1) = H(U2) = . . . = H(Un) is the Shannon entropy of the
source.

Using the definition of convergence in probability, the statement of the AEP
(2.10) can be rewritten as follows: ∀ε > 0

lim
n→∞P

(∣∣∣∣−1

n
logp(U1, . . . , Un)−H(U)

∣∣∣∣ < ε

)
= 1,

that is,

lim
n→∞P

(
H(U)− ε < −1

n
logp(U1, . . . , Un) < H(U)+ ε

)
= 1

or equivalently

lim
n→∞P

(
2−n(H(U)+ ε) ≤ p(U1, . . . , Un) ≤ 2−n(H(U)− ε)

)
= 1. (2.11)

Roughly speaking, this tells us that for sufficiently large n, the sequences that
are most likely to be observed have approximately equal probability � 2−nH(U).
We can call these sequences typical sequences. Since the total probability of all
typical sequences cannot exceed 1, it also means that there are at most � 2nH(U)

typical sequences.
For a memoryless source which emits the letter ui ∈ J with probability pi ,

a typical sequence of length n is one which contains approximately npi copies
of ui , for every i. This is because the probability of such a sequence is approxi-
mately given by

�
|J |∏
i=1

p
npi

i =
|J |∏
i=1

2log p
npi
i = 2n

∑|J |
i=1 pi log pi

= 2−nH(U). (2.12)

A precise definition of typical sequences is given below.
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Definition 2.7. (Typical sequences): Consider an i.i.d. information source de-
scribed by random variables U1, U2, . . . , Un with common probability mass func-
tion p(u) ≡ P(Ui = u), u ∈ J . For any given real constant ε > 0, the
typical set T

(n)
ε (or more precisely, the ε–typical set) is the set of sequences

(u1, . . . , un) ∈ Jn for which

2−n(H(U)+ ε) ≤ p(u1, . . . , un) ≤ 2−n(H(U)− ε). (2.13)

Let |T (n)
ε | denote the total number of typical sequences and P{T (n)

ε } denote
the probability of the typical set. The typical set T

(n)
ε is characterized by the

following properties (for a proof see e.g. [9]).

Theorem 2.8. (Typical Sequence Theorem) Fix ε > 0. Then for any δ > 0 there
exists n0(δ) > 0, such that ∀ n ≥ n0(δ), the following are true:

1. If (u1, . . . , un) ∈ T
(n)
ε , then

H(U)− ε ≤ −1

n
logp(U1, . . . , Un) ≤ H(U)+ ε.

2. P{T (n)
ε } ≥ 1− δ.

3. |T (n)
ε | ≤ 2n(H(U)+ε)

4. |T (n)
ε | ≥ (1− δ)2n(H(U)−ε).

2.2.2. Consequences of the AEP
The AEP allows us to divide the set Jn (of all sequences of length n) into two
disjoint sets – the typical set T (n)

ε and its complement �(n)
ε , whose properties are

listed in the following corollary of Theorem 2.8.

Corollary 2.9. For any δ > 0 there exists n0(δ) such that for any n > n0(δ), the
set Jn decomposes into disjoint subsets, �(n)

ε and T
(n)
ε , with

1. P
(
U(n) ∈ �

(n)
ε

)
< δ

2. 2−n(H(U)+ ε) ≤ P
(
U(n) = u(n)

) ≤ 2−n(H(U)− ε) for any u(n) ∈ T
(n)
ε .

In the above, U(n) := (U1, U2, . . . , Un) and u(n) := (u1, u2, . . . , un) ∈ Jn.
Hence, sequences in the atypical set �(n)

ε rarely occur and all typical sequences
are almost equiprobable, with a probability � 2−nH(U).
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The following theorem of Shannon is a simple application of the Typical Se-
quence Theorem.

Theorem 2.10. (Shannon’s Noiseless Channel Coding Theorem) Suppose {Ui}
with Ui ∼ p(u) is an i.i.d. information source with Shannon entropy H(U).
Suppose R > H(U), then there exists a reliable compression scheme of rate R

for the source. Conversely, if R < H(U) then any compression scheme of rate R

will not be reliable.

Proof. Suppose R > H(U). Choose ε > 0 such that H(U)+ ε < R. Consider
the set T (n)

ε of typical sequences. The theorem of typical sequences tells us that
for any δ > 0, and sufficiently large n, there are at most 2n(H(U)+ε) < 2nR

ε–typical sequences, i.e., |T (n)
ε | < 2nR and

P(U(n) = u(n)) > 1− δ for u(n) ∈ T (n)
ε .

The method of compression is then as follows:
• Divide all sequences in Jn into two sets: the typical set T (n)

ε and its comple-
ment �(n)

ε .
• Order all elements in the set T (n)

ε according to some order (say lexicographic).
Then we can represent each sequence of T (n)

ε by giving the index of the sequence
in the set. Since

|T (n)
ε | ≡ # of typical sequences ≤ 2n(H(U)+ε) < 2nR,

the indexing requires not more than 1nR2 bits. We prefix all these bit sequences
by 1, giving a total length of up to

1nR2 + 1 bits

to represent the typical sequences.
• Examine each output of the source, to see if it is typical. If an output is a typ-
ical sequence, then we compress it by simply storing an index for the particular
sequence using (1nR2 + 1) bits in the obvious way. The original sequence can
later be recovered unambiguously from the (1nR2 + 1) bit string (since there is
a unique bit string corresponding to each typical sequence).
• If, however, the output string is not typical, then we compress the string to
some fixed (1nR2 + 1) bit string e.g. (00 . . . 000).
• The decompression operation on this compressed bit string yields a random
sequence x′1 . . . x′n, x′i ∈ J ∀ 1 ≤ i ≤ n, as a guess of the information produced by
the source. In this case, therefore, data compression effectively fails. However, in
spite of this, the compression–decompression scheme succeeds with probability
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one as n→∞ (where n denotes the length of the sequence). This is because in
this limit the probability of an atypical sequence becomes vanishingly small (by
Corollary 2.9).
• Note: The initial bit acts as a flag bit to indicate whether the original sequence
was typical or not.

If R < H(U) then any compression scheme of rate R is not reliable. The
proof of this follows from the following lemma.

Lemma 2.11. Let S(n) be a collection of sequences u(n) of length n of size

|S(n)| ≤ 2nR,

where R < H(U) is fixed. Each sequence u(n) is produced by the source with a
probability p(u(n)). Then for any δ > 0 and for sufficiently large n,∑

u(n)∈S(n)

p(u(n)) ≤ δ. (2.14)

Proof. (Sketch). The LHS of (2.14) is the probability of a sequence u(n) belong-
ing to the set S(n). The idea is to split the sequences in S(n) into typical and
atypical sequences. The atypical sequences have small probability in the large n

limit. The number of typical sequences in S(n) is obviously no larger than the
total number of sequences in S(n) and is hence ≤ |S(n)| ≤ 2nR , and each typi-
cal sequence has a probability ≈ 2−nH(U). So the total probability of the typical
sequences in S(n) scales like

2nR 2−nH(U) = 2−n(H(U)−R)

which goes to zero as n→∞, since R < H(U).

Lemma 2.11 tells us that with a high probability the source will produce se-
quences which will not lie in the set S(n). Hence coding 2nR sequences will not
yield a reliable data compression scheme.

2.3. Information transmission and Channel Capacity

In this lecture, let us briefly return to the issue of transmission of information
through a discrete memoryless classical channel. The process of information
transmission through such a channel can be schematically represented as in Fig. 4.
Here X is the random variable at the input of the channel and Y is the corre-
sponding induced random variable at the output of the channel. The channel is
characterized by the conditional probabilities p(y|x) where x, y are the values
taken by X and Y respectively.
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input output
channel

YX ~ p(x)    
p(y|x)

Figure 4. Classical Channel.

Transmission of information through a communications channel involves a
sender and a receiver. In Quantum Information Theory the sender is popularly
called Alice and the receiver is called Bob. We shall adopt these personalities
in the classical case too. Information transmission involves the following steps.
Suppose Alice wants to send a message M ∈ M to Bob. Let the number of
messages be given by

|M| = 2NR.

She encodes her message M using the map

CN :M→ JN
X ,

where JX = {0, 1} in general. This encoding assigns to each of Alice’s possible
messages an input sequence, or codeword x(N) = (x1, . . . , xN), xi ∈ JX ∀ i =
1, . . . , N . Each codeword is sent through N uses of the channel to Bob, who
decodes the channel output using a decoding map

DN : JN
Y →M,

which assigns a message in the set M to each possible output of N uses of the
channel. For a given encoding-decoding pair, the probability of error is defined
to be the maximum probability, over all messages M , that the decoded output of
the channel is not equal to the message M .

p
(
CN,DN

) := max
M∈M

Prob
(
DN(Y ) �= M|X = CN(M)

)
.

The quantity R is referred to as the rate of the encoding-decoding scheme, or
equivalently, the rate of the corresponding code. It is equal to the number of bits
needed to transmit each bit of the message and is given by the ratio

R = log |M|
N

.

A rate R is achievable if there exists a sequence of encoding-decoding pairs(
CN,DN

)
such that p

(
CN,DN

) → 0 as N → ∞. The capacity C(N ) of a
discrete, memoryless channel N is defined to be the maximum over all achiev-
able rates for the channel. Shannon’s Noisy Channel Coding Theorem provides
an explicit expression for it.
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Theorem 2.12. (Shannon’s Noisy Channel Coding Theorem) The channel ca-
pacity of a discrete memoryless channel is given by

C = max
p(x)

I (X : Y), (2.15)

where I (X : Y) is the mutual information of the random variables X and Y , and
the maximum is taken over all possible input distributions p(x).

Properties of the channel capacity

1. C ≥ 0 since I (X : Y) ≥ 0

2. C ≤ log |JX|. I (X : Y) = H(X)−H(X|Y) , therefore
maxp(x) I (X : Y) ≤ maxp(x) H(X) = log |JX|.

3. C ≤ log |JY | similarly.

For a rigorous proof of Theorem 2.12 see [9]. Let me give you the intuition
behind. The idea behind reliable data transmission is to find codewords that are
mutually far apart, in the sense that the outputs of the noisy channel correspond-
ing to these codewords are distinguishable. The problem is therefore equivalent
to sphere packing in a high dimensional space.

For each (typical) input X sequence for the channel, there are approximately
2NH(Y |X) possible (typical) Y sequences, all of them almost equiprobable. We
wish to choose a set of X sequences such that no two X sequences in this set
produce the same output Y sequence. Otherwise we will not be able to decide
which X sequence was sent.

The total number of possible (typical) Y -sequences is ≈ 2NH(Y). This set has
to be divided into sets of size 2NH(Y |X) corresponding to the different input X
sequences. The total number of disjoint sets is less than or equal to

2N(H(Y )−H(Y |X)) = 2NI (X:Y).

Hence we can send at most 2NI (X:Y) distinguishable sequences (i.e., codewords)
each of length N . This in turn implies that Alice can send at most 2NI (X:Y)

messages through the channel. Hence the maximum achievable rate is given by

maxR = max
log 2NI (X:Y)

N
= max I (X : Y) ≡ C.

As before, the maximum is taken over all possible input distributions p(x).
Let us use Theorem 2.12 to calculate the channel capacity of a memoryless

binary symmetric channel (see Fig. 2) with input distribution p(0) = q, p(1) =
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1− q. For this channel JX = {0, 1} = JY . The channel flips the bit sent through
it with probability p and keeps it unchanged with probability (1− p). We have

I (X : Y) = H(Y)−H(Y |X) = H(Y)−
1∑

x=0

p(x)H(Y |X = x).

For each x, H(Y |X = x) = H(p), the binary entropy. Hence, I (X : Y) =
H(Y) − H(p), which can be maximised by choosing q = 1/2. Hence, the
capacity is given by C = 1−H(q). Note that for p = 1/2, the capacity is zero.
This is expected since in this case there is no correlation between the output and
the input of the channel.

3. Introduction to Quantum Information Theory

Quantum Information Theory is the study of how compression, transmission and
processing of information can be accomplished using quantum-mechanical sys-
tems. It deals with how the picture in the classical case changes if we consider
quantum information sources and quantum communications channels. In the
quantum scenario, the source could be e.g. a highly attenuated laser that emits
individual monochromatic photons, the channel could be an optical fibre and the
receiver could be a photo-cell. Quantum Information Theory is not just a gen-
eralization of Classical Information Theory to the quantum realm. It also has
distinctively new features, which have no classical analogues, and which arise
solely from the underlying Quantum Mechanics. The basic principles of Quan-
tum Mechanics can be summarized in the following four postulates.
Postulate 1. The state of a system is given by a ray5 in a Hilbert space (often
referred to as the state space of the system), denoted by a ket, |�〉 (say). We
shall refer to such a ket |�〉 as the state vector of the system. It has unit norm:
〈�|�〉 = 1. If θ is a real constant then |�〉 and eiθ |�〉 represent the same
physical state.
Postulate 2. Time evolution of the system is unitary and is generated by a self-
adjoint operator called the Hamiltonian. The dynamics of the system is governed
by the so-called Schrödinger equation.
Postulate 3. Measurements result in orthogonal projections. Measurements on
closed systems are hence often referred to as projective (or orthogonal) measure-
ments (or von Neumann measurement after von Neumann, who first introduced
them).

5A ray is an equivalence class of vectors under multiplication by a complex constant. We choose
a representative of this equivalence class to have unit norm.
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The outcome of measuring an observable A (which is a self-adjoint operator)
is an eigenvalue an of A. If the system is in a state |�〉 immediately before the
measurement then the probability of the outcome being an is

Prob (an) ≡ p(an) = 〈�|Pn|�〉,
where Pn is an orthogonal projection onto the space of eigenvectors with eigen-
value an. If the outcome of the measurement is an then, as a result of the mea-
surement, the quantum state becomes

Pn|�〉
〈�|Pn|�〉 1

2

Hence, measurement leads to an orthogonal projection. Note that projective
measurements are repeatable in the sense that if we perform a projective mea-
surement once and obtain the outcome an, then repeating the measurement gives
the outcome an again and does not change the state.
Postulate 4.

The state space of a composite physical system is the tensor product of the
state spaces of the component physical systems (or subsystems).

As mentioned in the Introduction, the above postulates only hold for closed
(or isolated) quantum systems. Real systems, however, interact with their envi-
ronment and are hence open. The study of open systems, therefore, necessitates a
generalization of the basic postulates of Quantum Mechanics. Note that an open
system can be considered to be a subsystem of a larger closed system which
incorporates interactions with the environment. Before studying the generaliza-
tions of the above postulates to such composite systems, let me introduce the
fundamental unit of Quantum Information Theory.

The fundamental unit of Classical Information is the bit. It takes one of two
possible values — 0 and 1. The corresponding unit of quantum information is
called the “quantum bit” or qubit. A qubit is a microscopic quantum system with
a two-dimensional complex Hilbert space, referred to as the single qubit space. In
analogy with the classical bit, we denote the elements of an orthonormal basis in
the single qubit space as |0〉 and |1〉. The column- and row vector representations
of these basis vectors are as follows:

|0〉 =
(

1
0

)
, |1〉 =

(
0
1

)
. (3.1)

〈0| = (1 0) 〈1| = (0 1)

Intuitively, the states |0〉 and |1〉 are analogous to the values 0 and 1 that a
(classical) bit can take. However, there is an important difference between a
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qubit and a bit. Linear superpositions of the states |0〉 and |1〉 of the form

|ψ〉 = a|0〉 + b|1〉, (3.2)

where a, b ∈ C, can also exist.
Note that such a linear superposition is not equivalent to a statistical mixture

of state vectors. The latter corresponds to the situation in which the state vector of
the system is not known exactly. It is only known that the system has state vectors
|ψ1〉, |ψ2〉, . . . , |ψn〉 (say), with probabilities p1, p2, . . . , pn, respectively. In
this case the physical state of the system cannot be described by a single state
vector6.

Any arbitrary vector in the single qubit space can be expressed in the form
(3.2). When in state |ψ〉, the qubit is neither definitely in state |0〉, nor definitely
in state |1〉. The vector dual to |ψ〉 is

〈ψ | = a∗〈0| + b∗〈1|. (3.3)

The condition that |ψ〉 be a unit vector therefore requires that

|a|2 + |b|2 = 1, (3.4)

which in turn leads to the following interpretation: When in state |ψ〉, the qubit
has a probability |a|2 of being in the state |0〉, and a probability |b|2 of being in
the state |1〉.

There are various physical realizations of a qubit, e.g. an electronic or nu-
clear spin, or a polarized photon. Basis states |0〉 and |1〉 of the corresponding
two-dimensional complex Hilbert space correspond to a fixed pair of reliably dis-
tinguishable states of the qubit, e.g. horizontal and vertical polarizations of the
photon or the spin-up (| ↑〉) and spin-down (| ↓〉) states of an electron along a
particular axis. In the case of the polarized photon, superpositions of these basis
states correspond to other polarizations, e.g. the state

1√
2

(|0〉 + i|1〉)
corresponds to right circular polarization. Such a state is not orthogonal to the ba-
sis states |0〉 and |1〉 and hence cannot be reliably distinguished from them, even
in principle7. With regard to any measurement which distinguishes the states |0〉

6However, such a statistical mixture can be characterized by a single matrix, namely, the density
matrix [see Section 4].

7Non-orthogonal states of a quantum-mechanical system cannot be reliably distinguished by any
measurement (see e.g. [35]).
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and |1〉, it behaves like |0〉 with probability 1/2, and like |1〉 with an equal prob-
ability. A signal or message in a quantum information processing system is the
state of a set of (say n) qubits. The Hilbert space for such an n-digit quantum
message is the n-tuple tensor product

Hn := H⊗n = H⊗ · · · ⊗H (n times).

It is a 2n-dimensional complex Hilbert space.
Observables in Quantum Mechanics are defined by self–adjoint operators act-

ing in a Hilbert Space. There are four observables acting in the single qubit space
H, which are of particular significance in Quantum Information Theory. These
are represented by the following 2× 2 matrices:

σ0 =
(

1 0
0 1

)
, σx =

(
0 1
1 0

)

σy =
(

0 −i
i 0

)
, σz =

(
1 0
0 −1

)
The actions of these operators on the basis vectors |0〉 and |1〉 of H are:

σ0|0〉 = |0〉; σ0|1〉 = |1〉
σx |0〉 = |1〉; σx |1〉 = |0〉
σz|0〉 = |0〉; σz|1〉 = −|1〉

σx |0〉 = i|1〉; σy |1〉 = −i|0〉 (3.5)

The matrices σx, σy and σz are called Pauli matrices and they satisfy the follow-
ing relations:

σxσy = iσz; σyσz = iσx; σzσx = iσy;
Heuristically, their actions on the state of a qubit can be interpreted as follows:
σx : a bit flip; σz: a phase flip; σy(= iσxσz): a combined (bit and phase) flip.

4. Open systems

Quantum states and density matrices

The description of the state of a quantum system which also holds for composite
systems, is provided by the density matrix formalism. This formalism also allows
us to describe the state of a subsystem of a composite system. In addition, it
provides a description of a system whose precise state is not known.
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Consider a system described by a statistical mixture of state vectors: |�1〉,
|�2〉, . . . , |�n〉, with corresponding probabilities p1, p2 . . . pn, with

∑
i pi = 1.

The density matrix ρ of such a system is defined as follows:

ρ :=
n∑

i=1

pi |�i〉〈�i |. (4.1)

Strictly speaking, the operator ρ is the density operator and the matrix repre-
senting it is the density matrix.

A quantum system whose state vector is known precisely is said to be in a
pure state, and in this case, there is only one term in the sum (4.1) and the density
matrix is a rank one projection operator; e.g. if the system is known to be in a
state |�2〉 then p2 = 1, pi = 0∀ i �= 2 and ρ = |�2〉〈�2|, the projection onto
the one-dimensional Hilbert space spanned by |�2〉. If there is more than one
term in the sum (4.1) then the density matrix ρ is said to be mixed. Hence, a
more general characterization of the state of a quantum system is given by its
density matrix. Henceforth, we use the word state to refer to a density matrix,
whereas the word pure state is used to refer to both the state vector |�〉 and to the
corresponding density matrix ρ = |�〉〈�|. The system is said to be in a mixed
state if its density matrix is mixed, i.e., not a rank one projection.

4.0.1. Properties of the density matrix
The density matrix ρ has the following properties:

1. It is self-adjoint: ρ = ρ†.

2. It is positive-semidefinite: ρ ≥ 0 i.e., for any |φ〉 ∈ H, 〈φ|ρ|φ〉 ≥ 0.

3. It has unit trace: Tr ρ = 1.

Hence, ρ can be diagonalized, its eigenvalues are real and non-negative and sum
to 1. It is easy to see that for a pure state ρ2 = ρ. Hence, Trρ2 = 1 for a pure
state. For a mixed state Trρ2 < 1.

The expectation value of any observable A in a state ρ is given by a positive,
linear, normalized functional φ:

φ(A) ≡ 〈A〉 = Tr(Aρ). (4.2)

Linearity:

φ
(
aA+ bB

) = aφ(A)+ bφ(B), a, b ∈ C;
Positivity8: φ(A) ≥ 0 for any positive operator A ≥ 0.

8Here and henceforth, the word positivity should be understood as non-negativity.
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Normalization: If A = I, the identity operator acting on H, then

φ(A) = 1

4.0.2. Reduced density matrix and partial trace
One of the most important applications of the density matrix formalism is the
description of properties of subsystems of composite quantum systems. Such
a description is done through the reduced density operator (or reduced density
matrix) which is defined as follows:

Consider a composite (bipartite) system AB. Its Hilbert space is HAB =
HA⊗HB , where HA,HB are the Hilbert spaces of the two parts. If the system is
in the state ρAB then the state of the subsystem A is given by the operator

ρA := TrBρAB, (4.3)

which acts on HA. Here TrB denotes a trace over the Hilbert space HB alone.
It is referred to as the partial trace over the Hilbert space of the system B. The
operator ρA is referred to as the reduced density matrix of the subsystem A.
Similarly, the reduced density matrix of the subsystem B is given by ρB :=
TrAρAB . Reduced density matrices satisfy the properties of a density matrix. To
see this, consider for example the case in which ρAB is a pure state density matrix

ρAB = |�AB〉〈�AB |.
Note that if {|α〉A} and {|j 〉B} are orthonormal basis vectors of HA and HB , then
{|αA〉⊗|jB〉} is an orthonormal basis for HA⊗HB . If |�AB〉 has the expansion

|�AB〉 =
∑
α,j

aαj |αA〉 ⊗ |jB〉,

then

ρA = TrB

( ∑
α,α′,j,j ′

aαj (|αA〉 ⊗ |jB〉)a∗α′j ′(〈α′A| ⊗ 〈j ′B |)
)

=
∑

α,α′,j,j ′
a∗α′j ′aαj |αA〉〈α′A| δjj ′ =

∑
α,α′,j

a∗α′j aαj |αA〉〈α′A|. (4.4)

Using the above expression, it is easy to see that ρA satisfies the properties of
a density matrix:

(i) ρA = ρ
†
A;

(ii) ρA ≥ 0, i.e., for any |φ〉 ∈ HA, 〈φ|ρA|φ〉 ≥ 0;

(iii) Tr ρA = 1.
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Let us consider two examples of reduced density matrices:
(i) Consider a bipartite quantum system AB which is in a product state ρAB =
ρ1 ⊗ ρ2, ρ1 being a density operator for the subsystem A and ρ2 being a density
operator for subsystem B. Then the reduced density operator for A is given by

ρA := TrB(ρ1 ⊗ ρ2) = ρ1Tr(ρ2) = ρ1, (4.5)

as we would expect.
(ii) Consider a 2–qubit quantum system AB which is in the pure state

|�+AB〉 :=
1√
2
(|00〉 + |11〉) . (4.6)

Here we use the notation |ij 〉 := |i〉⊗ |j 〉. The corresponding density operator is
given by

ρAB =
( |00〉 + |11〉√

2

)( 〈00| + 〈11|√
2

)
= 1

2
(|00〉〈00| + |11〉〈00| + |00〉〈11| + |11〉〈11|) . (4.7)

The reduced density operator of the qubit A is given by

ρA = TrB(ρAB)

= 1

2
(|0〉〈0| + |1〉〈1|)

= IA
2

, (4.8)

The last line of (4.8) follows from the completeness relation of basis vectors9

with IA being the identity operator acting on HA. Similarly we find that ρB =
IB/2.

The reduced density operator ρA corresponds to a mixed state since Tr(ρA)
2

= Tr(IA/2)2 = 1/2 < 1. Similarly it follows that ρB is a mixed state density
matrix. So even though the joint state ρAB of the two qubits is pure (i.e., the
state is known exactly), each of the two qubits is in a completely mixed state,
i.e., each of them is equally likely to be in either of the two basis states |0〉 and
|1〉 10. Hence we have no information about the individual states of the qubits.
This strange property of a composite quantum system is called entanglement and
plays a crucial role in Quantum Information Theory. The pure state |�+AB〉 is

9For any complete set {|i〉} of orthonormal basis states in a Hilbert Space H,
∑

i |i〉〈i| = I, where
I is the identity operator acting on H.

10For a quantum system with a Hilbert space H of any arbitrary dimension d, the state ρ = I/d
(where I denotes the identity operator acting on H) denotes the completely mixed state.
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said to be an entangled state. Entangled states are interesting because they have
correlations which have no classical analogue.

Separable and Entangled pure states
Consider a quantum-mechanical system AB consisting of two subsystems A and
B. A pure state ρAB = |ψAB〉〈ψAB | of the composite system for which |ψAB〉
can be expressed as follows:

|ψAB〉 = |φA〉 ⊗ |χB〉, (4.9)

with |φA〉 ∈ HA and |χB〉 ∈ HB , is said to be a separable (or unentangled) pure
state. For such a state the reduced density operators of the two subsystems are
given by

ρA = |φA〉〈φA|; ρB = |χB〉〈χB |,
each of which correspond to pure states. If, however, |ψAB〉 cannot be expressed
as a tensor product (4.9) (of vectors in the two Hilbert spaces HA and HB ),
then |ψAB〉 is said to be an entangled pure state. In this case the reduced density
matrices ρA and ρB correspond to mixed states (as seen in the previous example).

The state |�+AB〉, given by (4.6), is in fact an example of a special class of en-
tangled states, namely maximally entangled states. The word maximal is used to
signify that the corresponding reduced density matrices are given by completely
mixed states. The state |�+AB〉 belongs to an orthonormal basis in the Hilbert
space of a pair of qubits, consisting of 4 maximally entangled states:

|�±AB〉 =
1√
2
(|00〉 ± |11〉) ,

(4.10)
|�±AB〉 =

1√
2
(|01〉 ± |10〉) .

These states are known as Bell states or EPR states after the various scientists
(Bell, Einstein, Podolsky and Rosen) who first appreciated the significance of
entanglement. A pair of qubits in a Bell state is also referred to as an EPR pair.

Entanglement is a valuable resource in Quantum Information Theory. It can be
exploited to accomplish information–processing and computational tasks which
are impossible in the classical case. Super-dense coding and teleportation [35]
are just two examples of such tasks.

Schmidt Decomposition, Purification and the No–Cloning Theorem
Before going over to the generalizations of the other postulates, let me briefly
introduce two important mathematical tools used in the study of composite quan-
tum systems. They are called Schmidt Decomposition and Purification. I will also
briefly discuss a fundamental theorem of Quantum Information Theory which has
no classical counterpart. It is called the no–cloning theorem and is responsible for
many of the differences between Quantum– and Classical Information Theory.
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The Schmidt Decomposition provides a useful representation of the pure state
of a bipartite system. It can be stated as a theorem (see [39] or [35] for proof).

Theorem 4.1. (Schmidt Decomposition) Suppose |�AB〉 is a pure state of a com-
posite system AB with Hilbert space HA ⊗HB . Then there exist sets of ortho-
normal states {|iA〉} ∈ HA and {|iB〉} ∈ HB such that

|�AB〉 =
d∑

i=1

λi |iA〉 ⊗ |iB〉, (4.11)

where λi are non-negative real numbers, known as the Schmidt coefficients, which
satisfy ∑

i

λ2
i = 1.

In (4.11), d = min{dA, dB}, where dA(dB) is the dimension of the Hilbert space
HA (HB).

One important consequence of this theorem is the following: If a composite
system AB is in a pure state |�AB〉, then the reduced density operators ρA and
ρB of the subsystems A and B have identical non-zero eigenvalues. ‘ Of course
dA and dB can be different in general. Hence the number of zero eigenvalues of
ρA and ρB can be different.

With any bipartite pure state |�AB〉, we may associate a number called the
Schmidt number, which is the number of non-zero eigenvalues of ρA ( and hence
of ρB ). The Schmidt number provides the simplest signature of entanglement of
a bipartite pure state. The latter is entangled if its Schmidt number > 1, else it is
separable (unentangled).
Purification allows one to associate with the mixed state of any quantum system,
a pure state of a larger composite system.

Suppose you are given a state ρA of a quantum system A. It is possible to
introduce another system, which we denote by R, and define a pure state |�AR〉
for the joint system, such that

ρA = TrR(|�AR〉〈�AR|),
The pure state |�AR〉 reduces to ρA when we look at the system A alone (i.e.,
when we take a partial trace over the system R). This is a purely mathematical
technique which allows us to associate pure states with mixed states. We call R a
reference system. It is a fictitious system and has no direct physical significance.

Purification can be done for any state. The proof of this fact follows from the
construction of a reference system R and purification |�AR〉 for ρA as follows.
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Let ρA have a spectral decomposition

ρA =
∑
i

pi |iA〉〈iA|,

{|iA〉} being the set of orthonormal eigenvectors of ρA and {pi} being the corre-
sponding set of eigenvalues: 0 ≤ pi ≤ 1 with

∑
i pi = 1 (since ρA ≥ 0 and

TrρA = 1). To purify A, introduce a system R which has the same state space
as system A, with an orthonormal basis {|iR〉}. We define a pure state of the
combined system by

|�AR〉 =
∑
i

√
pi |iA〉 ⊗ |iR〉.

Note that this is just the Schmidt decomposition of the pure state |�AR〉, with
Schmidt coefficients λi = √pi . Then the reduced density operator for the system
A corresponding to the state |�AR〉 is

TrR(|�AR〉〈�AR|) =
∑
i,j

√
pipj |iA〉〈jA|TrR(|iR〉〈jR|)

=
∑
i

pi |iA〉〈iA|

≡ ρA. (4.12)

Thus |�AR〉 is a purification of ρA.

No–Cloning Theorem Many important differences between Quantum– and
Classical Information Theory arises from the fact that it is impossible to clone
an unknown quantum state, i.e., to construct an exact copy of an unknown quan-
tum state. This is the statement of the no–cloning theorem [17, 49].

More precisely, the theorem states that it is impossible to clone an unknown
quantum state using unitary evolution. Only sets of mutually orthogonal states
can be copied using a single unitary operator11. The no–cloning theorem there-
fore rules out the existence of a “quantum copier” which could make copies of
any arbitrary quantum state.

The proof of this important theorem is very simple. Let us suppose that a
quantum copier does exist. Following the discussion in [35], consider the copier
to have two slots – a data slot A, and a target slot B into which the state of A is
to be copied. Assume that A is initially in an unknown pure state |ψ〉 and B is

11The perfect cloning of non–orthogonal pure states is impossible even if one allows non–unitary
cloning devices (see [35] and references therein).
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in some standard pure state |s〉. Hence the initial state of the copier is |ψ〉 ⊗ |s〉.
Let U denote a unitary operator which causes the copying:

U (|ψ〉 ⊗ |s〉) = |ψ〉 ⊗ |ψ〉.
Suppose this copying process works for two particular pure states |ψ〉 and |φ〉.
Then we have

U (|ψ〉 ⊗ |s〉) = |ψ〉 ⊗ |ψ〉, (4.13)
U (|φ〉 ⊗ |s〉) = |φ〉 ⊗ |φ〉. (4.14)

Taking the scalar product of (4.13) and (4.14) we get

〈φ|ψ〉 = (〈φ|ψ〉)2 .

This has only two solutions: either 〈φ|ψ〉 = 1, in which case |ψ〉 and |φ〉 are
identical, or 〈φ|ψ〉 = 0, in which case |ψ〉 and |φ〉 are orthogonal. Thus a copy-
ing (or cloning) device can only clone states which are orthogonal to each other.
A general quantum cloning device is impossible. This implies, for example, that
it is impossible to clone the qubit state |ψ〉 = |0〉 and |φ〉 = (|0〉 + |1〉)/√2. The
no cloning theorem has many important implications; see e.g. [35] for a detailed
discussion.

4.1. Time evolution of open systems

The time evolution of a closed quantum system is governed by the Schrödinger
equation and is hence unitary. Let us now study the time evolution of an open
quantum system (which can be regarded as a subsystem of a composite closed
system).

A very useful set of mathematical tools for studying the dynamics of open
quantum systems is provided by the so–called quantum operations formalism
[35]. An important advantage of this formalism in applications to quantum com-
putation and quantum information is that it enables the description of discrete
state changes, that is, transformations between an initial state ρ and final state
ρ′, without explicit reference to the passage of time.

A quantum operation is defined as a map which transforms density operators
to density operators:

� : ρ �→ ρ′; ρ′ = �(ρ).

Such a map is called a super-operator since it acts in the space of operators.
In general a quantum operation captures the dynamical change to a state which
occurs as the result of some physical process: ρ is the initial state before the
process and �(ρ) is the final state after the process occurs. This includes time
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evolution, the action of a noisy channel on quantum information which is trans-
mitted through it, compression of information produced by a source and the ef-
fect of measurements done on open systems (see Section 4.2). The evolution of a
quantum system under the effect of a unitary operator U is a simple example of
a quantum operation. In this case

�(ρ) = UρU†.

In order to represent an allowed physical process, a quantum operation should
satisfy the following properties.

(i) Linearity: �(aρ1 + bρ2) = a�(ρ1) + b�(ρ2), a, b ∈ C. This allows for a
probabilistic interpretation of any mixed state.

(ii) Trace–preserving: This corresponds to the conservation of probability:

Tr(�(ρ)) = Tr(ρ).

Note: One often relaxes the condition of trace–preserving and considers
trace non–increasing maps instead.

(iii) Positivity: �(ρ) ≥ 0. Since density operators are positive-semidefinite,
any quantum operation has to be positive-semidefinite. However, the above
three properties are not sufficient to produce a physically realizable transfor-
mation. In addition we need the following property:

(iv) Complete Positivity (CP): If ρ ≡ ρAB is the density matrix of some compos-
ite system AB then the action of a quantum operation � on the subsystem
A alone must result in a valid state (i.e., density matrix) of the composite
system. Hence the resultant state must be positive. This property of a quan-
tum operation is called complete positivity. It can be stated more precisely
as follows:
Let HA denote the Hilbert space of the original system (we shall also refer
to it as the principal system). Consider any possible extension of HA to
the tensor-product HA⊗HB . This is done by adding an auxiliary system (or
ancilla) B. The ancilla can be considered to play the role of the environment.
Then the quantum operation � is completely positive on HA if � ⊗ IB is
positive for all such extensions. Here IB denotes the identity operator acting
in HB .

A simple example of a map which is positive but not completely positive is
transposition. (See e.g. [35]).

To summarize, a quantum operation is given by a linear, completely-positive
trace-preserving (CPT) map. A useful characterization of a quantum operation is
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given by the Stinespring Dilation Theorem [33]. By this theorem, every quantum
operation on a system can be described by a unitary transformation of a larger,
closed system followed by a partial trace. This can be understood as follows. A
natural way to describe the dynamics of an open quantum system is to consider it
as arising from an interaction between the principal system and its environment,
which together form a closed quantum system. The time evolution of this com-
posite closed system is unitary (and described by an operator U , say). Let us
denote the initial states of the system and the environment by ρ and ρenv, respec-
tively. Note that the final state �(ρ) of the system is not in general related by a
unitary transformation to the initial state ρ.

Without loss of generality we can assume that the input state of the system
and the environment is given by the product state ρ ⊗ ρenv. The dynamics of the
composite system is given by

U : ρ ⊗ ρenv �→ U(ρ ⊗ ρenv)U
†.

After the transformation, the final state of the principal system is obtained from
the final state U(ρ ⊗ ρenv)U

† of the composite system by performing a partial
trace over the environment. Hence,

�(ρ) = Trenv
(
U(ρ ⊗ ρenv)U

†). (4.15)

A quantum operation � on the state ρ of a system can also be represented as
follows:

�(ρ) =
∑
k

AkρA
†
k; A

†
kAk = I, (4.16)

where {Ak} denotes a set of linear operators acting on the Hilbert space of the
original system alone. This is called the Kraus representation [31] or the operator–
sum representation of the quantum operation. It provides the means to charac-
terize the dynamics of the principal system without having to explicitly consider
properties of the environment; the effect of the environment is incorporated in the
operators Ak which act on the principal system alone. Many different environ-
mental interactions may give rise to the same dynamics of the principal system.
If we are only interested in the dynamics of the principal system, then it is mean-
ingful to choose a representation of the dynamics which does not involve explicit
reference to the environment. The Kraus representation is such a representation.
The operators Ak are referred to as Kraus operators.

More generally, any linear, completely positive map � may be represented by
a finite set of Kraus operators in the so–called Kraus form:

ρ �→ ρ′ = �(ρ) =
∑
k

AkρA
†
k. (4.17)



430 N. Datta

If the set of Kraus operators satisfy the completeness relation∑
k

A
†
kAk = I

then the map is trace–preserving. Note that the Kraus operators of a linear CPT
map are not unique (see e.g. [35]).

4.2. Generalized measurements

When an experimentalist does a measurement on a quantum system, the system
interacts with the experimental equipment, which is an external physical system.
Consequently, the quantum system is no longer closed. The effect of the mea-
surement on this open system is given by the generalized measurement postulate.
Postulate 3 for projective measurements is an important special case of it.

Generalized measurement postulate

A quantum measurement is described by a collection of operators {Ma}, called
measurement operators acting on H. The index a refers to the possible outcomes
of the measurement. The measurement operators satisfy the completeness rela-
tion ∑

a

M†
aMa = I, (4.18)

where I is the identity operator acting on the Hilbert space H of the system to be
measured. If the system is in a pure state |ψ〉 immediately before the measure-
ment then the probability of getting the ath outcome is given by

p(a) = 〈ψ |M†
aMa|ψ〉, (4.19)

and the (normalised) state of the system after the measurement is

Ma|ψ〉√
〈ψ |M†

aMa|ψ〉
. (4.20)

The completeness relation (4.18) ensures that the probabilities of the outcomes
sum to unity∑

a

p(a) =
∑
a

〈ψ |M†
aMa|ψ〉 = 〈ψ |

∑
a

M+a Ma|ψ〉

= 〈ψ |I|ψ〉 = 〈ψ |ψ〉 = 1

(since the state |ψ〉 is normalized).
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Let us compare this with Postulate 3 for projective measurements. In that
case, instead of Ma , we have orthogonal projection operators Pa satisfying

P †
a = Pa; PaPa′ = δaa′Pa. (4.21)

The measurement operators Ma do not in general satisfy the restrictions (4.21).
Hence, projective measurements can be viewed as a special case of a generalized
measurement. If in addition to the completeness relation (4.18), we have that Ma

are orthogonal projection operators, i.e., M†
a = Ma and MaMa′ = δaa′Ma, then

the postulate of generalized measurement reduces to that of a projective measure-
ment.

More generally, if the state of the system before the measurement is described
by a density matrix ρ then the probability of the ath outcome is given by

p(a) = Tr(M†
aMaρ)

and the post–measurement state is given by

MaρM
†
a

Tr
(
M

†
aMaρ

) .
The denominator is a normalization factor which ensures that the post–measure-
ment state is a valid density matrix (i.e., of unit trace).

Like time evolution of an open system, a generalized measurement too can
be described by a quantum operation �. This is because it is a physical process
which affects the state of the system being measured. If ρ is the initial state of
the quantum system, and a quantum measurement described by the measurement
operators {Ma} yield the ath outcome, then the quantum operation is defined in
terms of the post–measurement state, through the relation

�(ρ) = MaρM
†
a

Tr
(
M

†
aMaρ

) . (4.22)

4.3. Implementation of a generalized measurement

Having stated the generalized measurement postulate, it is meaningful to ask how
one can implement a generalized measurement. We will see that projective mea-
surements together with unitary dynamics are sufficient for the implementation
of a generalized measurement.

Suppose we have a quantum system S with state space HS , and we want to
perform a measurement, described by measurement operators {Ma} on the sys-
tem S. To do this we introduce an auxiliary, uncorrelated quantum system (or
ancilla), A, with state space HA, with orthonormal basis vectors in HA being
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in one-to-one correspondence with the possible outcomes of the desired mea-
surement. The number of basis vectors spanning HA is equal to the number of
possible outcomes of the measurement, and hence is equal to the number of mea-
surement operators in the set {Ma}. We therefore denote the orthonormal basis in
HA by {|a〉}. The ancilla can either be viewed as a mathematical device appear-
ing in the construction, or it can be interpreted physically as an extra quantum
system introduced in the problem, which we assume has a state space with the
required properties.

Let |0〉 denote any fixed state of A. Define an operator U acting on tensor
products of states |ψ〉 ∈ HS with state |0〉 as follows:

U |ψ〉 ⊗ |0〉 =
∑
a

Ma|ψ〉 ⊗ |a〉 (4.23)

Note that the operators Ma act in HS . For |ψ〉, |φ〉 ∈ HS , let us consider the
scalar product of the following two vectors in HA ⊗HB :

|�〉 := U |ψ〉 ⊗ |0〉
and

|�〉 := U |φ〉 ⊗ |0〉.
〈�|�〉 = (〈φ| ⊗ 〈0|U†)(U |ψ〉 ⊗ |0〉)

=
∑
a,a′

(〈φ| ⊗ 〈a′|)M†
a′Ma

(|ψ〉 ⊗ |a〉)
=

∑
a,a′
〈φ|M†

a′Ma|ψ〉 〈a′|a〉

=
∑
a

〈φ|M†
aMa|ψ〉

= 〈φ|ψ〉 (4.24)

where we have used the orthonormality of the basis vectors |a〉 and the com-
pleteness relation (4.18). Hence, we see that the operator U preserves the scalar
products between states of the form |ψ〉 ⊗ |0〉. Consequently, U can be extended
to a unitary operator on the space HA ⊗HB [35]. We denote this extension also
by U .

Let the initial state of the composite system comprising the system S and the
ancilla A be given by |ψ〉⊗|0〉. We allow this state to evolve under U to the state
|�〉. Next we perform a projective measurement described by the projection
operator

Pa = IS ⊗ |a〉〈a|,
on the composite system.
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The outcome a occurs with probability

p(a) = 〈ψ |〈0|U†PaU |ψ〉|0〉
=

∑
a′,a′′
〈ψ |M†

a′ 〈a′|
(
IS ⊗ |a〉〈a|

)
M

a
′′ |ψ〉|a′′ 〉

=
∑
a′,a′′
〈ψ |M†

a′Ma
′′ |ψ〉 〈a′|a〉〈a|a′′ 〉

= 〈ψ |M†
aMa|ψ〉, (4.25)

just as in the postulate of generalized measurement. The joint state of the system
and ancilla after the measurement, conditional on the result a occurring, is given
by

PaU |ψ〉 ⊗ |0〉√〈�|Pa|�〉 =
Ma|ψ〉 ⊗ |a〉√
〈ψ |M†

aMa|ψ〉
.

Hence the post–measurement state of the system is given by

Ma|ψ〉/
√
〈ψ |M†

aMa|ψ〉, as in the generalized measurement postulate.
Thus any generalized measurement can be implemented by introducing an

ancilla, allowing unitary dynamics of the composite system and performing a
suitable projective measurement.

POVM

For a generalized measurement described by a set of measurement operators
{Ma}, let us define a set of operators {Ea}, where Ea := M

†
aMa . These op-

erators are obviously self–adjoint. Moreover, the completeness relation (4.18)
implies that the operators Ea yield a “partition of unity”, i.e.,∑

a

Ea = I. (4.26)

The set of operators {Ea} are referred to as a POVM (positive operator valued
measure) and the operators themselves are referred to as POVM elements. The
generalized measurement has an equivalent description in terms of these opera-
tors. There is a one-to-one correspondence between POVM elements and out-
comes of the measurement. The probability of the ath outcome is given by

p(a) = Tr (ρEa) .

However, no information about the post–measurement state is obtained from a
POVM. Very often we are interested only in the outcome of the measurement,
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and not in the post–measurement state. In these cases the POVM formalism
proves to be very useful.

The following example (taken from [35]) illustrates the usefulness of the
POVM formalism. Suppose Alice gives Bob one qubit which is prepared in one
of two states: |ψ1〉 = |0〉 or |ψ1〉 = (|0〉 + |1〉) /√2. Since these two states are
not mutually orthogonal, there is no projective measurement which can distin-
guish between them. However, it is possible to construct a POVM which never
leads to an error in identifying the state, even though it sometimes gives an in-
conclusive result. The measurement is described by the three POVM elements

E1 = c|1〉〈1|
E2 = c|−〉〈−|
E3 = I− E1 − E2, (4.27)

where |−〉 = (|0〉 − |1〉) /√2 and c = √2/
(
1+√2

)
.

Note that E1 projects onto the state |1〉, which is orthogonal to |0〉 (but not
to |+〉) whereas E2 projects onto the state |−〉, which is orthogonal to |+〉 (but
not to |0〉). If the outcome of the measurement is 1, then Bob can conclude with
certainty that the state that Alice sent was not |0〉 (since 〈0|E1|0〉 = 0) and hence
he infers that the state was |+〉. Similarly, the measurement outcome 2 implies
that the state was |0〉 since 〈+|E2|+〉 = 0. However, when the outcome is 3 the
result is inconclusive and Bob cannot infer with certainty whether the state that
Alice sent was |0〉 or |+〉.

5. Quantum entropy

Shannon entropy plays a pivotal role in Classical Information Theory. It provides
a limit to which data from a classical information source can be reliably com-
pressed. In Quantum Information Theory, the quantity analogous to the Shannon
entropy is called the von Neumann entropy, introduced in 1927 by von Neu-
mann, long before the birth of Quantum Information Theory. In this lecture we
will study some important properties of the von Neumann entropy.

A quantum information source is in general defined by a set of pure states
{|�k〉} ∈ H, and a set of corresponding probabilities {pk}. Here |�k〉 is a pure
state of a quantum mechanical system and pk is the probability that the system is
in this state. From the information theoretic point of view, we interpret |�k〉 as a
signal (or output) of the source and pk as the probability with which this signal
is produced. Hence a source can be completely characterized by {ρ,H}, where
ρ := ∑

k ρk|�k〉〈�k| is a density matrix and H is the Hilbert space on which it
acts.
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For any density matrix ρ, the von Neumann entropy is defined as

S(ρ) := −Tr(ρ log ρ). (5.1)

Here we use log to denote log2 and define 0 log 0 ≡ 0, as for the Shannon entropy.
If we choose an orthonormal basis {|ψi〉} of H, which diagonalizes ρ then we
obtain the spectral decomposition of ρ

ρ =
n∑

i=1

λi |ψi〉〈ψi |, (5.2)

where

λi ≥ 0 and
n∑

i=1

λi = 1, (5.3)

and n = dim H. Here {|ψi〉} are orthonormal eigenvectors of ρ corresponding
to the eigenvalues {λi}. In this case, the von Neumann entropy (5.1) reduces to a
Shannon entropy:

S(ρ) = −
n∑

i=1

λi log λi =: H(λ), (5.4)

where λ = {λi} denotes the set of eigenvalues of ρ. This is because the latter
forms a probability distribution.

In a later lecture we shall see that the von Neumann entropy quantifies the
data compression limit for a memoryless (or i.i.d.) quantum source (to be defined
below) – just as the Shannon entropy quantifies the data compression limit for a
classical i.i.d. information source.

Definition 5.1. (Relative Entropy) For any two density operators ρ1 and ρ2 acting
on a given Hilbert space H, the relative entropy is defined as

S(ρ1||ρ2) := Trρ1(log ρ1 − log ρ2). (5.5)

This is the quantum analogue of the classical relative entropy D(p||q) between
two probability distributions p = {p(x)} and q = {q(x)}.

Strictly speaking, S(ρ1||ρ2) is defined only if supp ρ1 ⊆ supp ρ2, where by
supp ρ we denote the support of the operator ρ. If this is not the case, we take
S(ρ1||ρ2) = ∞; e.g. if ρ1 and ρ2 are distinct pure states, their relative entropy is
always infinite.

Two important properties of the relative entropy are
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1. Non-negativity (Klein’s inequality)

S(ρ1||ρ2) ≥ 0, (5.6)

with equality if and only if ρ1 = ρ2.

2. Joint convexity The relative entropy is jointly convex in its arguments: For
p1, p2 ≥ 0 with p1 + p2 = 1,

S(p1ρ1 + p2σ1||p1ρ2 + p2σ2) ≤ p1S(ρ1||ρ2)+ p2S(σ1||σ2)

From this fact it also follows that the relative entropy is convex in each of its
arguments.

For a proof see e.g. [35].

5.1. Properties of the von Neumann entropy S(ρ)

(1) S(ρ) ≥ 0 with equality if and only if ρ is a pure state density matrix. If ρ is a
pure state, i.e., ρ = |ψi〉〈ψi | for some i, then in (5.2) λi = 1 and λj = 0∀ j �= i.
Hence S(ρ) = −1 log 1 = 0.
(2) S(ρ) is invariant under unitary transformations of ρ:

S(U†ρU) = S(ρ).

This is obvious because S(ρ) depends only on the eigenvalues of ρ and the spec-
trum of an operator remains invariant under a unitary transformation.
(3) If ρ acts in a Hilbert space H of dimension dim H = d , then

S(ρ) ≤ log d, (5.7)

with equality if and only if the system is in the completely mixed state I/d .
The property (3) as well as many other important properties of the von Neu-

mann entropy follows immediately from Klein’s inequality (5.6).
Let ρ1 = ρ and ρ2 = I/d where I is the identity operator acting on the Hilbert

space H.

S(ρ1||ρ2) ≡ S(ρ||I/d) = Tr ρ(log ρ − log(I/d))

= Tr(ρ log ρ)− log(1/d)Tr(ρI)

= −S(ρ)+ log d.

Hence
S(ρ1||ρ2) ≥ 0 ⇒ S(ρ) ≤ log d.

The converse follows easily from the definition of S(ρ).
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(4) Concavity: The von Neumann entropy is a concave function of its inputs.

Given probabilities pi , i = 1, . . . , n, with
r∑

i=1

pi = 1, and corresponding density

operators ρi :

S

(
r∑

i=1

piρi

)
≥

r∑
i=1

piS (ρi) . (5.8)

The equality holds if and only if all the states ρi for which pi > 0 are identical,
i.e., the von Neumann entropy is a strictly concave function of its inputs.
Note: The above property can be proved by making use of the concavity of
the function s(x) := −x log x and the spectral decompositions of ρi and ρ :=∑r

i=1 piρi .
In analogy with the classical entropies, we define quantum joint- and con-

ditional entropies and quantum mutual information for composite quantum sys-
tems.

The joint entropy S(A,B) of a composite system with two subsystems A and
B is defined as

S(A,B) ≡ S(ρAB) := −Tr(ρAB log ρAB).

where ρAB is the density matrix of the composite system AB.
The conditional entropy S(A|B) is given by

S(A|B) := S(A,B)− S(B).

Here S(B) = S(ρB), where ρB is the reduced density matrix of the subsystem
B.

The quantum mutual information of the subsystems A and B (of a compos-
ite system AB) is given by

S(A : B) = S(A)+ S(B)− S(A,B)

= S(A)− S(A|B) = S(B)− S(B|A). (5.9)

Some properties of the Shannon entropy are not valid in the quantum case.
For classical random variables X and Y , H(X) ≤ H(X, Y ). This is intuitively
obvious since the uncertainty of the random variable X cannot be more than the
uncertainty of the pair of random variables X and Y . However, this intuition is
not valid in the quantum case. For a bipartite quantum system AB, S(A) can
indeed exceed S(A,B). For example, let AB be an EPR pair of qubits. Then
S(A,B) = 0 since the joint state of the two qubits is a pure state (e.g. ρAB =
|�+AB〉〈�+AB |, with |�+AB〉 given by (4.6)). However, ρA = TrBρAB = IA/2,
and hence S(A) = 1. In this case, therefore the conditional entropy S(B|A) =
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S(A,B)− S(A) is negative. There is a direct relationship between entanglement
and negative conditional entropy: A pure state |�AB〉 of a bipartite system AB is
entangled if and only if S(B|A) < 0.

One important class of inequalities relates the entropies of subsystems to that
of a composite system. Consider a bipartite system AB with Hilbert space

HAB = HA ⊗HB,

where HA and HB are the Hilbert spaces of the individual subsystems. We shall
now study some of the inequalities in the above-mentioned class.

Additivity Let ρA and ρB be 2 density matrices acting on the Hilbert spaces HA

and HB respectively. Then the entropy of the density matrix ρA ⊗ ρB acting in
HA ⊗HB is

S(ρA ⊗ ρA) = S(ρA)+ S(ρB), (5.10)

and this generalizes to

S(ρ1 ⊗ ρ2 ⊗ · · · ⊗ ρn) = S(ρ1)+ S(ρ2)+ · · · + S(ρn)

Proof of (5.10). Let ρA and ρB have spectral decompositions

ρA =
∑
k

pk|φk〉〈φk|

and ρB =
∑
j

qj |ψj 〉〈ψj |.

Then |φk〉 ⊗ |ψj 〉is an eigenvector of ρA ⊗ ρB corresponding to the eigenvalue
pkqj . Hence,

S(ρA ⊗ ρB) = −
∑
j,k

pkqj log(pkqj )

= −
(∑

j

qj

)∑
k

pk log pk −
(∑

k

pk

)∑
j

qj log qj

= S(ρA)+ S(ρB)

since
∑

j qj = 1 =∑
k pk .

Note: The tensor product ρA ⊗ ρB implies that the two systems A and B, whose
states are ρA and ρB , are independent. They do not interact with each other.
Additivity is evident from the point of view of Quantum Information Theory: if
we are given two independent systems described by HA, ρA and HB, ρB respec-
tively, then the information of the total system described by HA ⊗HB, ρA ⊗ ρB

equals the sum of the information of its constituents.
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Subadditivity Like additivity, subadditivity refers to a system composed of 2
subsystems (A and B, say). However, they are no longer assumed to be inde-
pendent. They may interact with each other. Hence, the density matrix ρAB of
the composite system is no longer of the tensor product form: ρAB �= ρA ⊗ ρB .
Subadditivity states that

S(ρAB) ≤ S(ρA)+ S(ρB). (5.11)

A proof of subadditivity is obtained from the non-negativity of the relative en-
tropy (5.6):

S(ρ1||ρ2) ≥ 0.

Choose ρ1 = ρAB and ρ2 = ρA ⊗ ρB . Then

S(ρ1||ρ2) = TrρAB log ρAB − TrρAB log(ρA ⊗ ρB)

= −S(ρAB)− Tr
(
ρAB

(
log

(
ρA ⊗ IB

) (
IA ⊗ ρB

)))
= −S(ρAB)− Tr

(
ρAB log

(
ρA ⊗ IB

))
− Tr

(
ρAB log

(
IA ⊗ ρB

))
(5.12)

From the identity Tr
(
ρAB(TA ⊗ IB)

)
= TrA

(
ρATA

)
it follows that

Tr
(
ρAB(log

(
ρA ⊗ IB

)
)
)
= TrA

(
ρA log ρA

)
.

Hence,

RHS of (5.12) = −S(ρAB)− TrA
(
ρA log ρA

)− TrB
(
ρB log ρB

)
= −S(ρAB)+ S(ρA)+ S(ρB) ≥ 0. (5.13)

Hence, S(ρAB) ≤ S(ρA)+ S(ρB).
Hence the von Neumann entropy of a composite bipartite system is in general

less than or equal to the sum of the entropies of its constituent subsystems.
Note that subadditivity is analogous to the property

H(X, Y ) ≤ H(X)+H(Y)

of Shannon entropy. Here H(X, Y ) is the joint entropy of the random variables
X and Y .
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Bipartite system in a pure state If a composite bipartite system is in a pure state
ρAB then the von Neumann entropies of its subsystems (whose states are given
by the reduced density matrices of ρA and ρB ) are equal

S(ρA) = S(ρB)

This follows directly from Schmidt decomposition 4.1. By the Schmidt decom-
position we know that the non-zero eigenvalues of the density matrices ρA and
ρB are the same. The entropy is determined completely by the eigenvalues, and
hence S(ρA) = S(ρB).

Triangle inequality (or Araki-Lieb inequality) For a bipartite system AB in
state ρAB

S(ρAB) ≥ |S(ρA)− S(ρB)|. (5.14)

To prove this, introduce a reference system R which purifies the systems A and
B, i.e., the composite system ABR is in a pure state. By subadditivity

S(A,R) ≤ S(A)+ S(R) (5.15)

Since ABR is in a pure state, S(A,B) = S(R) and S(A,R) = S(B). Substitut-
ing these into (5.15) and rearranging terms yields

S(A,B) ≥ S(B)− S(A). (5.16)

By symmetry between the systems A and B we also have

S(A,B) ≥ S(A)− S(B). (5.17)

Combining (5.16) and (5.17) gives the triangle inequality (5.15).

Strong subadditivity This is one of the most important and useful results in
Quantum Information Theory. It states that for a trio of systems A,B,C,

S(A,B,C)+ S(B) ≤ S(A,B)+ S(B,C). (5.18)

Unfortunately, the proof of the strong subadditivity inequality is quite difficult
[see [32]].

Let us discuss two important consequences of this property.
(i) Conditioning reduces entropy

Suppose ABC is a composite system. Then

S(A|B,C) ≤ S(A|B). (5.19)
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Proof of (5.19).

S(A|B,C) = S(A,B,C)− S(B,C)

≤ S(A,B)+ S(B,C)− S(B)− S(B,C)

= S(A|B). (5.20)

The second line follows from strong subadditivity.

(ii) Discarding quantum systems never increases mutual information
Let ABC denote a tripartite quantum system. Then

S(A : B) ≤ S(A : B,C). (5.21)

Proof of (5.21).

S(A : B,C) = S(A)+ S(B,C)− S(A,B,C)

≥ S(A)+ S(B)− S(A,B)

= S(A : B). (5.22)

Here, too, the second line follows from strong subadditivity.

For other properties of quantum entropies, see e.g. [36].

6. Data compression in Quantum Information Theory

To find the data compression limit of a quantum information source, one con-
siders the latter to be defined by a sequence of density matrices ρ(n), acting on
Hilbert spaces Hn of increasing dimensions Nn, given by a decomposition

ρ(n) =
∑
k

p
(n)
k |�(n)

k 〉〈�(n)
k |, (6.1)

with p
(n)
k ≥ 0 and

∑
k p

(n)
k = 1. The vectors |�(n)

k 〉 need not be mutually

orthogonal. We interpret the |�(n)
k 〉 as signal states and p

(n)
k as their probabilities

of occurrence.
To compress data from such a source one encodes each signal state |�(n)

k 〉 by

a state ρ̃
(n)
k ∈ B(H̃n), where dim H̃n = dc(n) < Nn. Here B(H̃n) denotes the

algebra of all operators acting on the Hilbert space H̃n. Thus, a compression
scheme is a map C(n) : |�(n)

k 〉〈�(n)
k | �→ ρ̃

(n)
k ∈ B(H̃n). A corresponding decom-

pression scheme is a map D(n) : B(H̃n) �→ B(Hn). Both C(n) and D(n) must be
CPT maps.

Obviously, in order to achieve the maximum possible compression of Hilbert
space dimensions per signal state, the goal must be to make the dimension dc(n)
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as small as possible, subject to the condition that the information carried in the
signal states can be retrieved with high accuracy upon decompression.

The rate of compression is defined as

Rn := log(dim H̃n)

log(dimHn)
= log dc(n)

logNn

.

It is natural to consider the original Hilbert space, Hn, to be the n-qubit space.
In this case Nn = 2n and hence logNn = n. As in the case of classical data
compression, we are interested in finding the optimal limiting rate of data com-
pression, which in this case is given by

R∞ := lim
n→∞

log dc(n)

n
. (6.2)

Unlike classical signals, quantum signal states are not completely distinguish-
able. This is because they are, in general, not mutually orthogonal. As a result,
perfectly reconstructing a quantum signal state from its compressed version is of-
ten an impossible task and therefore too stringent a requirement for the reliability
of a compression–decompression scheme. Instead, a reasonable requirement is
that a state can be reconstructed from the compressed version which is nearly in-
distinguishable from the original signal state. A measure of indistinguishability
useful for this purpose is the average fidelity defined as follows.

Fn :=
∑
k

p
(n)
k 〈�(n)

k |D(n)(ρ̃
(n)
k )|�(n)

k 〉. (6.3)

This fidelity satisfies 0 ≤ Fn ≤ 1 and Fn = 1 if and only if D(n)
(
ρ̃
(n)
k

) =
|�(n)

k 〉〈�(n)
k | for all k. A compression–decompression scheme is said to be reli-

able if Fn→ 1 as n→∞.
The key idea behind data compression is the fact that some signal states have a

higher probability of occurrence than others (these states playing a role analogous
to the typical sequences of classical information theory). These signal states span
a subspace of the original Hilbert Space of the source and is referred to as the
typical subspace.

6.1. Schumacher’s Theorem for memoryless quantum sources

The notion of a typical subspace was first introduced in the context of Quan-
tum Information Theory by Schumacher in his seminal paper [41] in 1995. He
considered the simplest class of quantum information sources, namely, quantum
memoryless or i.i.d sources. For such a source the density matrix ρ(n), defined
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through (6.1), acts on a tensor product Hilbert space Hn = H⊗n and is itself
given by a tensor product

ρ(n) = π⊗n. (6.4)

Here H is a fixed Hilbert space (representing an elementary quantum subsystem)
and π is a density matrix acting on H; e.g. H can be a single qubit Hilbert space,
in which case dimH = 2, Hn is the Hilbert space of n qubits and π is the density
matrix of a single qubit. If the spectral decomposition of π is given by

π =
dim H∑
i=1

qi |φi〉〈φi |, (6.5)

then the eigenvalues and eigenvectors of ρ(n) are respectively given by

λ
(n)
k = qk1qk2 . . . qkn; (6.6)

and
|ψ(n)

k 〉 = |φk1〉 ⊗ |φk2〉 ⊗ · · · ⊗ |φkn〉. (6.7)

Thus we can write the spectral decomposition of the density matrix ρ(n) of an
i.i.d. source as

ρ(n) =
∑
k

λ
(n)
k |ψ(n)

k 〉〈ψ(n)
k |, (6.8)

where the sum is over all possible sequences k := (k1 . . . kn), with each ki taking
(dimH) values. Hence we see that the eigenvalues ρ(n) are labelled by a classical
sequence of indices k = k1 . . . kn.

The von Neumann entropy of such a source is given by

S(ρ(n)) ≡ S(π⊗n) = nS(π) = nH(X), (6.9)

where X is a classical random variable with probability distribution {qi}.
Let T (n)

ε be the classical typical subset of indices (k1 . . . kn) for which∣∣∣∣1

n
log

(
qk1 . . . qkn

)+ S(π)

∣∣∣∣ ≤ ε, (6.10)

as in the Theorem of Typical Sequences. Defining T (n)
ε as the space spanned

by the eigenvectors |ψ(n)
k 〉 with k ∈ T

(n)
ε then immediately yields the quantum

analogue of the Theorem of Typical Sequences – Theorem 6.1 given below. We
refer to T (n)

ε as the typical subspace (or more precisely, the ε–typical subspace).

Theorem 6.1. Typical Subspace Theorem Fix ε > 0. Then, for any δ > 0, there
exist n0(δ) > 0, such that for all n ≥ n0(δ) and ρ(n) = π⊗n, the following are
true:
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(a) Tr
(
P

(n)
ε ρ(n)

)
> 1− δ, and

(b) (1− δ) 2n(S(π)−ε) ≤ dim(T (n)
ε ) ≤ 2n(S(π)+ε),

where P
(n)
ε is the orthogonal projection onto the subspace T (n)

ε .

Note that Tr(P (n)
ε ρ(n)) gives the probability of the typical subspace T (n)

ε . As
Tr(P (n)

ε ρ(n)) approaches unity for n sufficiently large, T (n)
ε carries almost all the

weight of ρ(n). Let T (n)⊥
ε denote the ortho-complement of the typical subspace,

i.e., for any pair of vectors |ψ〉 ∈ T (n)
ε and |φ〉 ∈ T (n)⊥

ε , 〈φ|ψ〉 = 0. It follows
from the above theorem that the probability of a signal state belonging to T (n)⊥

ε

can be made arbitrarily small for n sufficiently large.
Let P (n)

ε denote the orthogonal projection onto the typical subspace T (n)
ε . The

encoding (compression) of the signal states |�(n)
k 〉 of (6.1), is done in the follow-

ing manner. C(n) : |�(n)
k 〉〈�(n)

k | �→ ρ̃
(n)
k where

ρ̃
(n)
k := α2

k |�̃(n)
k 〉〈�̃(n)

k | + β2
k |�0〉〈�0|. (6.11)

Here

|�̃(n)
k 〉 ≡

P
(n)
ε |�(n)

k 〉
||P (n)

ε |�(n)
k 〉||

αk ≡ ||P (n)
ε |�(n)

k 〉|| ; βk = ||(I− P (n)
ε )|�(n)

k 〉||, (6.12)

and |�0〉 is any fixed state in T (n)
ε .

Obviously ρ̃
(n)
k ∈ B(T (n)

ε ), and hence the typical subspace T (n)
ε plays the

role of the compressed space. The decompression D(n)(ρ̃
(n)
k ) is defined as the

extension of ρ̃(n)
k on T (n)

ε to Hn:

D(n)
(
ρ̃
(n)
k

)
= ρ̃

(n)
k ⊕ 0.

The fidelity of this compression–decompression scheme satisfies

Fn =
∑
k

p
(n)
k 〈�(n)

k | ρ̃(n)
k |�(n)

k 〉

=
∑
k

p
(n)
k

[
α2
k |〈�(n)

k |�̃(n)
k 〉|2 + β2

k |〈�(n)
k |�0〉|2

]
≥

∑
k

p
(n)
k α2

k |〈�(n)
k |�̃(n)

k 〉|2 =
∑
k

p
(n)
k α4

k

≥
∑
k

p
(n)
k (2α2

k − 1) = 2
∑
k

p
(n)
k α2

k − 1. (6.13)
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Using the Typical Subspace Theorem, Schumacher [41] proved the follow-
ing analogue of Shannon’s Noiseless Channel Coding Theorem for memoryless
quantum information sources:

Theorem 6.2. (Schumacher’s Quantum Coding Theorem) Let {ρn,Hn} be an
i.i.d. quantum source: ρn = π⊗n and Hn = H⊗n. If R > S(π) then there exists
a reliable compression scheme of rate R. If R < S(π) then any compression
scheme of rate R is unreliable.

Proof. (i) R > S(π): Choose ε > 0 such that R > S(π)+ ε.
For a given δ > 0, choose the typical subspace as above and choose n large

enough so that (a) and (b) of the Typical Subspace Theorem hold. Then note that

α2
k = 〈�(n)

k |P (n)
ε |�(n)

k 〉, (6.14)

and hence

RHS of (6.13) = 2
∑
k

p
(n)
k 〈�(n)

k |P (n)
ε |�(n)

k 〉 − 1

= 2Tr
(
P (n)
ε ρ(n)

)− 1. (6.15)

From the statement (a) of Theorem 6.1 it follows that the RHS of (6.13) > 1−2δ.
However, δ can be made arbitrarily small for sufficiently large n, and this implies
that there exists a reliable compression scheme of rate R whenever R > S(π).

(ii) Suppose R < S(π). Let the compression map be C(n). We may assume
that H̃n is a subspace of Hn with dim H̃n = 2nR . We denote the projection onto

H̃n as P̃n and let ρ̃(n)
k = C(n)

(
|�(n)

k 〉 〈�(n)
k |

)
. Since ρ̃

(n)
k is concentrated on H̃n,

we have ρ̃
(n)
k ≤ P̃n and hence D(n)(ρ̃

(n)
k ) ≤ D(n)(P̃n), for any decompression

map D(n). Inserting this into the definition of the fidelity we then have

F ≤
∑
k

p
(n)
k 〈�(n)

k |D(n)(P̃n) |�(n)
k 〉 = Tr

(
ρ(n) D(n)(P̃n)

)
≤

∑
k∈T (n)

ε

λ
(n)
k 〈ψ(n)

k |D(n)(P̃n) |ψ(n)
k 〉 +

∑
k /∈T (n)

ε

λ
(n)
k . (6.16)

By the Typical Subspace Theorem, the latter sum tends to 0 as n → ∞, and in
the sum over k ∈ T

(n)
ε we have λ

(n)
k ≤ 2−n(S(π)−ε). The first sum can therefore
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be bounded as follows:∑
k∈T (n)

ε

λ
(n)
k 〈ψ(n)

k |D(n)(P̃n) |ψ(n)
k 〉

≤ 2−n(S(π)−ε) ∑
k

〈ψ(n)
k |D(n)(P̃n) |ψ(n)

k 〉

= 2−n(S(π)−ε)Tr
(
D(n)(P̃n)

)
= 2−n(S(π)−ε) 2nR, (6.17)

since D(n) is a CPT map and dim H̃n = 2nR .

Even for a quantum source with memory, reliable data compression is achieved
by looking for a typical subspace T (n)

ε of the Hilbert space Hn, for a given ε > 0.
Schumacher’s approach was developed further in [5, 26, 27]. Extensions of

Schumacher’s theorem to some classes of non–i.i.d. quantum sources, i.e.,
sources for which the density matrix ρ(n) is not of the tensor product form of
(6.4), have been established in e.g. [6–8, 37, 38].

Let me mention one class of such sources, for which methods of Quantum
Statistical Mechanics can be employed to prove data compression. This class
of sources is modelled by Gibbs states of a finite, strongly–interacting quantum
spin system in � ⊂ Zd with d ≥ 2. Due to the interaction between the spins,
the density matrix of the source is not given by a tensor product of the density
matrices of the individual spins and hence the quantum information source is
non-i.i.d. We consider the density matrix to be written in the standard Gibbsian
form:

ρω,� = e−βHω
�

�ω,�
, (6.18)

where β > 0 is the inverse temperature. Here ω denotes the boundary condition,
i.e., the configuration of the spins in �c = Zd \ �, and Hω

� is the Hamiltonian
acting on the spin system in � under this boundary condition. (See [16] for
precise definitions of these quantities). The denominator on the right-hand side
of (6.18) is the partition function.

Note that any faithful density matrix can be written in the form (6.18) for
some self–adjoint operator Hω

� with discrete spectrum, such that e−βHω
� is trace

class. However, we consider Hω
� to be a small quantum perturbation of a classical

Hamiltonian and require it to satisfy certain hypotheses (see [16]). In particular,
we assume that H� = H0� + λV�, where (i) H0� is a classical, finite-range,
translation-invariant Hamiltonian with a finite number of periodic ground states,
and the excitations of these ground states have an energy proportional to the size
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of their boundaries (Peierls condition); (ii) λV� is a translation-invariant, expo-
nentially decaying, quantum perturbation, λ being the perturbation parameter.
These hypotheses ensure that the Quantum Pirogov–Sinai theory of phase transi-
tions in lattice systems (see e.g. [13]) applies.

Using the concavity of the von Neumann entropy S(ρω,�) one can prove that
the von Neumann entropy rate (or mean entropy) of the source

h := lim
�↗Zd

S(ρω,�)

|�|
exists. For a general van Hove sequence, this follows from the strong subadditiv-
ity of the von Neumann entropy (see e.g. [36]).

Let ρω,� have a spectral decomposition

ρω,� =
∑
j

λj |ψj 〉〈ψj |,

where the eigenvalues λj , 1 ≤ j ≤ 2|�|, and the corresponding eigenstates
|ψj 〉, depend on ω and �. Let Pω,� denote the probability distribution {λj } and
consider a random variable Kω,� which takes a value λj with probability λj :

Kω,�(ψj ) = λj ; Pω,�(Kω,� = λj ) = λj .

The data compression limit is related to asymptotic properties of the random vari-
ables Kω,� as � ↗ Zd . As in the case of i.i.d. sources, we prove the reliability
of data compression by first proving the existence of a typical subspace. The
latter follows from Theorem 6.3 below. The proof of this crucial theorem relies
on results of Quantum Pirogov–Sinai theory [13].

Theorem 6.3. Under the above assumptions, for β large and λ small enough,
for all ε > 0

lim
�↗Zd

Pω,�

(
| −1

|�| logKω,� − h| ≤ ε

)
= lim

�↗Zd

∑
j

λj χ{|−|�|−1 log λj−h|≤ε} = 1, (6.19)

where χ{... } denotes an indicator function.

Theorem 6.3 is essentially a Law of Large Numbers for random variables
(− log Kω,�). The statement of the theorem can be alternatively expressed as
follows. For any ε > 0,

lim
�↗Zd

Pω,�
(

2−|�|(h+ε) ≤ Kω,� ≤ 2−|�|(h−ε)
)
= 1. (6.20)
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Thus we can define a typical subspace T ω,�
ε as follows:

T ω,�
ε := span {|ψj 〉 : 2−|�|(h+ε) ≤ λj ≤ 2−|�|(h−ε)}. (6.21)

It clearly satisfies the analogues of (a) and (b) of the Typical Subspace Theorem,
which implies as before that a compression scheme of rate R is reliable if and
only if R > h.

7. Quantum channels and additivity

In Classical Information Theory, Shannon’s Noisy Channel Coding Theorem as-
serts that a classical communications channel has a well-defined information car-
rying capacity and it provides a formula for calculating it. However, Shannon’s
theorem is not applicable to communications channels which incorporate intrin-
sically quantum effects. In this lecture we shall discuss the transmission of infor-
mation through noisy quantum channels.

As mentioned earlier, the quantum analogue of a stochastic communications
channel is a linear, completely positive trace–preserving (CPT) map. It is referred
to as a quantum channel and we denote it as �. The channel acts on an input state
ρ, yielding the output state �(ρ) (see Fig. 5). The noise in the channel distorts

Figure 5. A quantum channel.

the message sent through it and hence �(ρ) �= ρ in general. An example of a
quantum communications channel is an optical fibre. The input to the channel
is a photon in some quantum state. The latter suffers from the effects of noise
in the optical fibre as it passes through it and consequently emerges from it in a
transformed quantum state.

A quantum channel � is said to be memoryless if using the channel n times
successively is described by the map

�⊗n = �⊗�⊗ . . .⊗� (n times).

In this case, the action of each use of the channel is identical and it is independent
for different uses. If � acts on density matrices on a Hilbert space H, then �⊗n

acts on density matrices in H⊗n. For example, consider H to be the single qubit
space. Then the input to �⊗n is an n–qubit state (say ρ(n)). In other words, the
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Figure 6. Information transmission through a product channel �⊗3. Here ρ(3) ∈ B(H⊗3).

n qubits are sent through the channel one by one and the resultant output state is
given by �⊗n(ρ(n)) (see Fig 6).

Let us consider two simple examples of single–qubit channels, i.e., quantum
channels acting on single qubits.

Bit flip channel: This channel flips the qubit sent through it with probability
p and leaves it invariant with probability (1 − p). If ρ is the input state to the
channel then the output is

�(ρ) = pσxρσx + (1− p)ρ.

This is the quantum analogue of the binary symmetric channel.

Depolarizing Channel: This channel leaves a qubit unaffected with a certain
probability, say (1 − p), and with probability p it replaces the state of the qubit
with the completely mixed state I/2. In other words the error completely ran-
domizes the state.

�(ρ) = (1− p)ρ + p
I
2
. (7.1)

The depolarizing channel can be generalized to quantum systems of dimension
d > 2

�(ρ) = p
I
d
+ (1− p)ρ, (7.2)

since I/d represents the completely mixed state in a Hilbert space of d-dimen-
sions.

An example of quantum error correction Let us see how one can correct for the
noise in the bit flip channel. To do this, the sender (Alice) encodes each qubit
(that she wants to send) into three qubits. Thus the encoding map is defined as
follows:

|0〉 → |0〉 = |000〉
(7.3)|1〉 → |1〉 = |111〉



450 N. Datta

Note that this code does not represent a cloning of the original qubit, but rather
an embedding of its two–dimensional (complex) Hilbert space into a particular
two-dimensional subspace of the eight–dimensional (complex) Hilbert space of
three qubits, namely the subspace spanned by the vectors |000〉 and |111〉.

Correspondingly, any arbitrary single qubit pure state |ψ〉 is encoded as fol-
lows:

|ψ〉 = a|0〉 + b|1〉 → |ψ〉 = a|0〉 + b|0〉 = a|000〉 + b|111〉. (7.4)

The encoded state is transmitted through the channel, one qubit at a time. The
receiver (Bob) at the output end of the channel waits until he receives all three
qubits and then does a collective measurement on them. He measures the follow-
ing projection operators

P0 ≡ |000〉〈000| + |111〉〈111|
P1 ≡ |100〉〈100| + |011〉〈011|

(7.5)
P2 ≡ |010〉〈010| + |101〉〈101|
P3 ≡ |001〉〈001| + |110〉〈110|

on the three-qubit state that he receives. The result of each measurement is called
an error syndrome. Let us denote the four error syndromes by s0, s1, s2 and
s3. Each of these can take a value 0 or 1 (the two eigenvalues of a projection
operator). Suppose, for example, that a bit flip occurs only on the second qubit.
As a result, the pure input state |ψ〉 transforms into the pure state

|ψ ′〉 = a|010〉 + b|101〉,

due to the noise in the channel. Note that 〈ψ ′|P2|ψ ′〉 = 1 in this case, whereas
〈ψ ′|Pk|ψ ′〉 = 0 for k ∈ {0, 1, 3}. Hence Bob obtains the error syndromes: s0 =
0, s1 = 0, s2 = 1 and s3 = 0, and he therefore deduces that a bit flip has occurred
in the second qubit. Note also that the pure state |ψ ′〉 remains unchanged under
this projective measurement. Bob can correct the error by acting on his three-
qubit state by the operator I⊗σx⊗ I. The latter flips the state of the second qubit
yielding the original signal state. Hence, error–correction is achieved as long as
the channel flips only one of the three qubits sent through it.

7.1. The noise in the channel

Under the effect of noise present in the channel, pure input states are typically
transformed into mixed output states. The amount of noise present in the channel
can be estimated by determining how close the output �(ρ) of a quantum channel
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� is to a pure state when the input ρ is pure. In other words, the output purity
provides a yardstick for the level of noise in the channel. There are various
measures of output purity, one of them is the the minimum output entropy of the
channel. The latter is defined as

h(�) := min
ρ

S(�(ρ)), (7.6)

where the minimum is taken over all possible input states ρ of the channel and
S(�(ρ)) is the von Neumann entropy of the output of the channel. The von
Neumann entropy S(�(ρ)) is zero if and only if �(ρ) is a pure state density
matrix. Hence, the minimum output entropy gives a measure of the extent to
which the output of a channel deviates from a pure state.

The minimization on the RHS of (7.6) can be restricted to pure input states.
This follows from the concavity of the von Neumann entropy and from the fact
that pure states correspond to extreme points of the convex set of all input states.
Hence, we can equivalently write the minimum output entropy in the form

h(�) = min
|ψ〉∈H,||ψ ||=1

S(�(|ψ〉〈ψ |)); (7.7)

Another measure of the output purity of a channel is its maximal p–norm. It
is defined as follows

νp(�) := sup
ρ

{||�(ρ)||p
}
, (7.8)

where ||�(ρ)||p =
[
Tr(�(ρ))p

]1/p is the p–norm of �(ρ) and 1 ≤ p ≤ ∞.
The case p = ∞ corresponds to the operator norm. In (7.8) the supremum is
taken over all input density matrices. However, due to convexity of the map
ρ �→ ||�(ρ)||p , it suffices to restrict this supremum to pure states. It is clear that
||�(ρ)||p ≤ 1, since �(ρ) is a density matrix. The equality holds if and only
if the latter is a pure state. Hence νp(�) ≤ 1 with equality if and only if there
is a pure state ρ for which the output �(ρ) is also pure. Thus νp(�) provides a
measure of the maximal purity of outputs from a quantum channel �.

7.2. Capacities of a quantum channel

The capacity of a classical communications channel is the maximum achievable
rate (in bits per channel use) at which classical information can be transmitted
through the channel, with arbitrarily low probability of error (as discussed in
Section 2.3). Shannon’s Noisy Channel Coding Theorem gives an explicit ex-
pression (2.15) for the capacity. Hence, the capacity of a classical communica-
tions channel is unique and is given by a single numerical quantity. A quantum
channel, in contrast, has various distinct capacities. This is because there is a lot
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of flexibility in the use of a quantum channel. The particular definition of the
capacity which is applicable, depends on the following:
• whether the information transmitted is classical or quantum;
• whether the sender (Alice) is allowed to use inputs entangled over various uses
of the channel (e.g. she can have an entangled state of two qubits and send the
two qubits on two successive uses of the channel) or whether she is only allowed
to use product inputs (see Fig 7);

Figure 7. Product state input to a product channel �⊗2.

• whether the receiver (Bob) is allowed to make collective measurements over
various outputs of the channel or whether he is only allowed to measure the out-
put of each channel use separately;
• whether the sender and the receiver have an additional resource like shared
entanglement, e.g. Alice and Bob could, to start with, each have a qubit of an
EPR pair;

7.3. Classical capacity of a quantum channel

Let us consider the transmission of classical information through a quantum
channel. We shall see later that any arbitrary quantum channel, �, can be used
to transmit classical information, provided the channel is not simply a constant
(i.e., provided �(ρ) �= constant, for all ρ).

Consider the following scenario: Suppose Alice wants to send a message M ,
from a finite set of classical messages M, to Bob, using a quantum system as a
communications channel �. She is allowed to use the channel many times. She
encodes her message M in a quantum state, say, a state ρ

(n)
M of n qubits. She then

sends this state to Bob through n uses of the channel �. See Fig. 8. Bob receives
the output σ

(n)
M = �⊗n

(
ρ
(n)
M

)
of the channel and does a suitable measurement

on it, in order to infer what the original message was. Let his measurement be
described by the POVM {Ea}, EM being the POVM element corresponding to
the message M . The probability of inferring the message correctly is given by

Tr(ρ(n)
M EM)
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Figure 8. Transmission of classical information through a product channel.

(see Section 4.2). Hence, the probability of error is given by
(
1 − Tr(ρ(n)

M EM)
)

and the average probability of error is defined as

p(n)
av =

∑
M∈M

(
1− Tr(ρ(n)

M EM)
)

|M| . (7.9)

The rate of transmission is the number of qubits required on average, to transmit
each bit of the classical message. It is given by

R := lim
n→∞

log |M|
n

. (7.10)

The transmission of classical information through the channel � under this
scheme is said to be reliable if p

(n)
av → 0 as n → ∞. As in the classical

case, a rate R (defined by (7.10)) is achievable if there exists a suitable encoding
M �→ ρ

(n)
M and a decoding given by a POVM {EM}, for which the transmission is

reliable. The capacity of the channel is defined as the maximum achievable rate,
the maximum being taken over all possible encodings of the channel. We want
to compute the maximum achievable rate at which Alice can send information to
Bob under the above protocol. In other words, we want to find the capacity for
sending classical information through �. Unfortunately, even this is not known.

What is known, however, is the classical capacity of � in the special case in
which Alice is allowed to encode her messages using only product states, i.e.,
states of the form ρ

(n)
M = ρ1 ⊗ ρ2 ⊗ . . . ⊗ ρn, where ρ1, ρ2, . . ., are input to

the channel on separate uses. We refer to this as the product state capacity and
denote it as C(1)(�)12. Bob is allowed to decode the output of the channel by
performing collective measurements over multiple uses of the channel. The prod-
uct state capacity is given by the celebrated Holevo–Schumacher–Westmoreland
(HSW) Theorem [24, 42]:

12The superscript (1) is used to denote that Alice is required to use the many available copies of
the channel one at a time, encoding her messages into product states.
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Theorem 7.1. (HSW) The product state capacity of a quantum channel � is
given by

C(1)(�) = χ∗(�),

where χ∗(�) is the Holevo capacity of the channel and is defined as follows:

χ∗(�) := max{pi,ρi }
χ({pi,�(ρi)}), (7.11)

where

χ({pi,�(ρi)}) := S

(
�

(∑
j

pjρj

))
−
∑
j

pjS
(
�(ρj )

)
. (7.12)

The maximum in (7.11) is taken over all ensembles {pi, ρi} of possible input
states ρi of the channel, with pi ≥ 0,

∑
i pi = 1.

Information transmission is improved when the outputs of the noisy channel
are more distinguishable. The quantity χ({pi,�(ρi)}) is a measure of the distin-
guishability of the ensemble of output states {�(ρi)}. It might seem natural that
the distinguishability of the output states would be maximised by maximising the
distinguishability of the input states, i.e., by using a set of mutually orthogonal in-
put states. However, this intuition was proved to be false (see e.g. [19] and [22]).
Consequently, the Holevo capacity can indeed be achieved on non–orthogonal
input states13.

The HSW Theorem tells us that Alice can reliably transmit classical informa-
tion to Bob, using a quantum channel �, at any rate below C(1)(�).
An interesting application of the HSW theorem is the following lemma.

Lemma 7.2. Any arbitrary quantum channel � can be used to transmit classical
information, provided the channel is not simply a constant.

Proof. This can be seen as follows. If � is not a constant, then there exist pure
states |ψ〉 and |φ〉 such that

�
(
|ψ〉〈ψ |

)
�= �

(
|φ〉〈φ|

)
. (7.13)

Consider the ensemble

{p1 = p2 = 1/2, ρ1 = |ψ〉〈ψ |, ρ2 = |φ〉〈φ|}.
13The maximum in (7.12) is potentially over an unbounded set. However, it was shown in [40] that

one can restrict the maximisation to pure state ensembles containing at most d2 elements [40], where
d is the dimension of the input to the channel.



Quantum entropy and quantum information 455

From (7.13) and the concavity (5.8) of the von Neumann entropy it follows that
χ({pi,�(ρi)) > 0. Hence, χ∗(�) > 0, which in turn implies that the quantum
channel � can transmit classical information if the latter is encoded into quantum
states which are then sent through the channel.

Product state capacity of the depolarizing channel Let us use the HSW The-
orem to calculate the product state capacity of the depolarizing channel in two
dimensions. Recall that the channel is defined as follows:

�dep(ρ) = pρ + (1− p)I/2. (7.14)

Let {pj , ρj }, with ρj = |ψj 〉〈ψj |, be an ensemble of pure quantum states. Then

�dep(ρj ) = p|ψj 〉〈ψj | + (1− p)
I
2
,

which is a quantum state with eigenvalues (1 + p)/2 and (1 − p)/2. Hence its
von Neumann entropy is given by

S
(
�dep(ρj )

) = −q log q − (1− q) log(1− q) ≡ H(q), (7.15)

where q = (1 + p)/2, and H(q) is the corresponding binary Shannon entropy.
Note that the von Neumann entropy does not depend on |ψj 〉. From (7.12) it
follows that for any such ensemble {pj , ρj } of pure states ρj = |ψj 〉〈ψj |,

χ({pj , ρj }) = S

⎛⎝∑
j

pj�dep(|ψj 〉〈ψj |)
⎞⎠−∑

j

pjS
(
�dep(ρj )

)
≤ 1−H(q)

∑
j

pj ≤ 1−H(q) (7.16)

The equality can be achieved by choosing {|ψj 〉} to form an orthonormal basis
for the single qubit space, e.g. |ψ1〉 = |0〉 and |ψ2〉 = |1〉, and pj = 1/2 for
j = 1, 2. This is because, for this choice∑

j

pj�dep(|ψj 〉〈ψj |) = I
2
,

the completely mixed state, for which the von Neumann entropy is equal to
log 2 = 1.

This leads to the result

C(1)(�dep) = 1−H(q). (7.17)
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Note that if p = 0 then H(q) = H(1/2) = 1 and hence C(1)(�dep) = 0. This is
expected since in this case every input pure state is mapped onto the completely
mixed state and therefore all the information encoded in the input states is lost.
For any p > 0, we have C(1)(�dep) > 0 with C(1)(�dep) = 1 for p = 1.
The HSW Theorem naturally leads to the following question:
(Q) Can one increase the classical capacity of a quantum channel by using
entangled input states?

This is still an open question. It is related to an important conjecture, namely,
the additivity of the Holevo capacity, which is as follows: For two given quantum
channels, �1 in H1 and �2 in H2:

χ∗(�1 ⊗�2) = χ∗(�1)+ χ∗(�2), (7.18)

where ⊗ denotes the tensor product. The product channel �1 ⊗ �2 for �1 =
�2 = �, denotes two successive uses of a memoryless channel. Let us see how
the conjecture (7.18) is related to the question (Q) above.

It can be shown that the capacity, Cclassical(�), of a quantum channel � to
transmit classical information, in the case in which inputs entangled between
different channel uses are allowed, is given by the regularised Holevo capacity

Cclassical(�) = lim
n→∞χ∗

(
�⊗n

)
. (7.19)

If the Holevo capacity is additive then χ∗(�⊗n) = nχ∗(�), which implies that
Cclassical(�) = χ∗(�), the Holevo capacity of the channel �. The latter is a fixed
quantity characteristic of the channel. Hence, if the Holevo capacity is additive
then the capacity of the quantum channel to transmit classical information cannot
be increased by using entangled inputs.

The validity of the additivity conjecture (7.18) has been proved when either of
the channels �1 or �2 is one of the following: an identity channel (i.e., �(ρ) =
ρ); a unital qubit channel [28]; a depolarizing channel [20,29]; an entanglement–
breaking channel [45]. Additivity has also been recently proved for some variants
of the depolarizing channel [12, 21] and for a class of channels for which the
norm of the output is maximised if the output is a projection [48]. Extensive
numerical searches by various groups have failed to yield any counterexample
to the additivity conjecture. However, whether the additivity holds “globally”
i.e., for all quantum channels, is still an important open problem of Quantum
Information Theory.

At this point it is worth mentioning that the capacity of a classical commu-
nications channel is always additive. This is evident from the solution of the
following simple problem.
Problem: Consider two independent, memoryless, discrete, classical communi-
cations channels, which are used in parallel (i.e., on each use of the channels,
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one symbol, from the relevant input alphabet, is sent through each of the two
channels). Show that the joint capacity of the two channels is given by

C = C1 + C2,

where C1, C2 are the capacities of the individual channels.
In a seminal paper [46] Peter Shor proved that the conjecture of additivity of

the Holevo capacity is equivalent to three other additivity-type conjectures, in
the sense that if one of the conjectures is true (or false) for all quantum channels
then so are the others. One of these conjectures is the additivity of the minimum
output entropy h(�), of a quantum channel �, (defined by (7.6)) 14: for two
given channels, �1 in H1 and �2 in H2:

h(�1 ⊗�2) = h(�1)+ h(�2). (7.20)

However, for the so–called irreducibly covariant channels (defined below), the
equivalence between the conjectures (7.18) and (7.20) is stronger. For any such
channel, if either one of the two conjectures is true, then so is the other.

Definition 7.3. A channel � is called covariant with respect to a group G (or
simply covariant) if there are unitary representations Ug , Vg of G such that

�(UgρU
∗
g ) = Vg�(ρ)V ∗g ; g ∈ G. (7.21)

If both representations are irreducible, we say that the channel is irreducibly co-
variant.

In this case there is a simple formula

χ∗(�) = log d − h(�), (7.22)

relating the Holevo capacity χ∗(�) of the channel with h(�) [23]. Since the
tensor product �1⊗�2 of irreducibly covariant channels �1 and �2 (with respect
to possibly different groups G1 and G2) is irreducibly covariant (with respect to
the group G1 × G2)), it follows that for two such channels, (7.20) is equivalent
to (7.36).
Examples A simple example of an irreducibly covariant channel is the depolariz-
ing channel defined through (7.2). In this case, irreducible covariance reduces to
invariance under unitary transformations:

�(UρU†) = U�(ρ)U†,

for any arbitrary unitary operator U .
Other examples of irreducibly covariant channels include the Werner–Holevo

channels [10, 47], the transpose–depolarizing channels [11, 18], and the spin

14The other two conjectures are the additivity of the entanglement of formation and the strong
superadditivity of the entanglement of formation. See [46] for details.
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channels introduced in [1] and studied in [14]. The latter are given by the follow-
ing bistochastic completely positive maps acting on spin–s systems:

�s(ρ) = 1

s(s + 1)

3∑
k=1

SkρSk. (7.23)

Here S1, S2, S3 are spin operators which satisfy the commutation relations
[Si, Sj ] = iεijkSk , and provide an irreducible representation {Us(n),n ∈ R3,

|n| ≤ 1} of the SU(2) group on a Hilbert space of dimension d = 2s + 1. The
irreducible covariance relation for these channels is given by

�s

(
Us(n)ρU†

s (n)
) = Us(n)�s(ρ)U

†
s (n). (7.24)

7.4. A sufficient condition for additivity

In this section I will state sufficient conditions for additivity of the minimum out-
put entropy and the Holevo capacity of a quantum channel �. These conditions
have interesting geometric interpretations.

The minimum output entropy of a single channel � and a product channel
�1 ⊗�2 are given by

h(�) = min
|ψ〉∈H,||ψ ||=1

S(�(|ψ〉〈ψ |)); (7.25)

h(�1 ⊗�2) = min
|ψ12〉∈H1⊗H2, ||ψ12||=1

S((�1 ⊗�2)(|ψ12〉〈ψ12|)), (7.26)

respectively. Here |ψ12〉〈ψ12| is a pure state of a bipartite system with Hilbert
space H1 ⊗H2, where Hi is the input Hilbert space of the channel �i , i = 1, 2.

A sufficient condition for additivity (7.20) is that the minimum on the RHS
of (7.26) is attained on unentangled vectors |ψ12〉, i.e., for vectors of the form
|ψ12〉 = |ψ1〉 ⊗ |ψ2〉, |ψi〉 ∈ Hi , i = 1, 2. In other words,
(C): The von Neumann entropy of the output of the product channel achieves its
minimum on unentangled pure states.

This holds, since if the condition (C) is true, then the minimum output entropy
of the product channel is given by

h(�1 ⊗�2)

= min
|ψ12〉∈H1⊗H2, ||ψ12||=1

S((�1 ⊗�2)(|ψ12〉〈ψ12|))
= min
|ψ1〉∈H1,|ψ2〉∈H2, ||ψ1||=1=||ψ2||

S(�1(|ψ1〉〈ψ1|)⊗�2(|ψ2〉〈ψ2|))
= min
|ψ1〉∈H1, ||ψ1||=1

S(�1(|ψ1〉〈ψ1|))+ min
|ψ2〉∈H2, ||ψ2||=1

S(�2(|ψ2〉〈ψ2|))
= h(�1)+ h(�2). (7.27)
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This sufficient condition can be stated as a geometric criterion. To see this
consider the Schmidt decomposition of the bipartite pure state |ψ12〉:

|ψ12〉 =
d∑

α=1

√
λα|α; 1〉 ⊗ |α; 2〉. (7.28)

Here
d = min

[
d1, d2

]
, di = dim Hi , i = 1, 2, (7.29)

{|α; j 〉} is an orthonormal basis in Hj , j = 1, 2, and λ = (λ1, . . . , λd) is the
vector of the Schmidt coefficients. The pure state |ψ12〉〈ψ12| can then be ex-
pressed as

|ψ12〉〈ψ12| =
d∑

α,β=1

√
λαλβ |α; 1〉〈β; 1| ⊗ |α; 2〉〈β; 2|. (7.30)

The Schmidt coefficients form a probability distribution:

λα ≥ 0;
d∑

α=1

λα = 1; (7.31)

thus the vector λ varies in the (d − 1)−dimensional simplex $d , defined by
these constraints. The extreme points (vertices) of $d correspond precisely to
unentangled vectors |ψ12〉 = |ψ1〉 ⊗ |ψ2〉 ∈ H1⊗H2. Then the additivity (7.20)
follows if for every choice of the bases {|α; 1〉} and {|α; 2〉}, the function

λ→ S (σ12( λ)) , (7.32)

attains its minimum at the vertices of $d . Here

σ12(λ) ≡ (�1 ⊗�2) (|ψ12〉〈ψ12|)

=
d∑

α,β=1

√
λαλβ�1(|α; 1〉〈β; 1|)⊗�2(|α; 2〉〈β; 2|). (7.33)

is the output of the channel.
The above condition can also be seen to be sufficient for the Holevo capacity.

To see this, let us recall the definition of the Holevo capacity:

χ∗(�) := max{pi,ρi }

[
S
(
�(

∑
j

pjρj )
)−∑

j

pjS
(
�(ρj )

)]
, (7.34)
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where the maximum is taken over all finite ensembles of states ρi with probability
pi . Any ensemble {pj , ρj } for which the maximum in (7.34) is achieved is called
an optimal ensemble (or, more precisely, an optimal signal ensemble) and ρav :=∑

j pjρj for such an ensemble is called an optimal average input. An optimal
ensemble is not unique. There is a useful characterization of an optimal ensemble
in terms of the relative entropy. Recall that the relative entropy of two density
matrices σ and ω is defined as S(σ ||ω) = Trσ log σ − Trσ logω. Hence for an
ensemble {pj , ρj }, with the average ρ̄ =∑

j pjρj ,

χ{pj ,�(ρj )}≡ S

(
�

(∑
j

pjρj

))
−
∑
j

pjS
(
�(ρj )

)=∑
j

pjS(�(ρj )||�(ρ̄)).

Hence,

χ∗(�) = max
pj ,ρj

ρ̄=∑j pj ρj

{∑
j

pjS(�(ρj )||�(ρ̄)) : pi > 0,
∑
i

pi = 1

}
.

The necessary and sufficient condition for an ensemble {pj , ρj }, with the average
ρ̄ =∑

j pjρj , to be optimal, is the “maximal distance property”

S(�(ρ)||�(ρ̄)) ≤ χ∗(�), for all input pure states ρ, (7.35)

with the equality achieved for the members of the ensemble with pj > 0, see
e.g. [43]. Now let �1,�2 be two channels with the optimal ensembles having
averages ρ̄1 =∑

i p
(1)
i ρ

(1)
i and ρ̄2 =∑

i p
(1)
i ρ

(2)
i . We ask for the additivity

χ∗(�1 ⊗�2) = χ∗(�1)+ χ∗(�2). (7.36)

The condition (7.35) applied to the product channel �1⊗�2 implies the follow-
ing necessary and sufficient condition for the product ensemble {p(1)

i p
(2)
k , ρ

(1)
i ⊗

ρ
(2)
k }.

S((�1 ⊗�2)(ρ12)||(�1 ⊗�2)(ρ̄
1 ⊗ ρ̄2)) ≤ χ∗(�1)+ χ∗(�2) (7.37)

for all pure input states ρ12 of the product channel. Moreover, equality must
hold for tensor products of the members of the optimal ensembles with positive
probabilities, i.e., for input states ρ

(1)
i ⊗ ρ

(2)
k for which p

(1)
i p

(2)
k > 0. The latter

easily follows from the corresponding equalities for the channels �1,�2.
A sufficient condition for (7.37), and hence for additivity of the Holevo ca-

pacity is that the relative entropy on the LHS of (7.37) attains its maximum for
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unentangled input states. This can be seen as follows. Let ρ̃1 ⊗ ρ̃2 denote an
unentangled state on which the LHS of (7.37) attains its maximum. Then

S((�1 ⊗�2)(ρ12)||(�1 ⊗�2)(ρ̄
1 ⊗ ρ̄2))

≤ S((�1 ⊗�2)(ρ̃1 ⊗ ρ̃2)||(�1 ⊗�2)(ρ̄
1 ⊗ ρ̄2))

= S(�1(ρ1)||�1(ρ̄
1))+ S(�2(ρ2)||�2(ρ̄

2))

≤ χ∗(�1)+ χ∗(�2), (7.38)

by the maximal distance property.
Let us inspect the relative entropy S((�1 ⊗�2)(ρ12)||(�1 ⊗�2)(ρ̄

1 ⊗ ρ̄2)).
Taking ρ12 = ρ12(λ) in the form (7.30), we can write it as a sum of two terms
which we denote as T1(λ) and T2(λ) respectively. The first term is the negative
of the output entropy (7.32)

T1(λ) = −S (σ12( λ)) .

The second term T2(λ) is affine in λ. Indeed, it can be transformed to the form

Trρ12(λ)(A1 ⊗ I2 + I1 ⊗ A2), (7.39)

where Aj = �∗j (log�j(ρ̄
j )); j = 1, 2, and �∗ denotes the dual channel, de-

fined through the relation

Tr
(
�(ρ)A

) = Tr
(
ρ�∗(A)).

The sufficient condition for additivity holds if the functions T1(λ) and T2(λ)

satisfy either of the following properties:

1. Concavity: This is because a concave function of λ, attains its global minimum
at the vertices of the simplex $d , defined by the constraints (7.31).

2. Schur Concavity [4, 25]: A real-valued function f on Rn is said to be Schur
concave if

x ≺ y =⇒ f (x) ≥ f (y). (7.40)

Here the symbol x ≺ y means that x = (x1, x2, . . . , xn) is majorized by

y = (y1, y2, . . . , yn) in the following sense: Let x↓ be the vector obtained by
rearranging the coordinates of x in decreasing order:

x↓ = (x
↓
1 , x

↓
2 , . . . , x

↓
n ) means x

↓
1 ≥ x

↓
2 ≥ . . . ≥ x↓n . (7.41)

For x, y ∈ Rn, we say that x is majorized by y and write x ≺ y if

k∑
j=1

x
↓
j ≤

k∑
j=1

y
↓
j , 1 ≤ k ≤ n, (7.42)
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and
n∑

j=1

x
↓
j =

n∑
j=1

y
↓
j . (7.43)

The relation between Schur concavity and the sufficient condition for additiv-
ity becomes evident from the following lemma [35].

Lemma 7.4. x ≺ y if and only if x can be written as a convex combination of y
and the vectors obtained by permuting its elements.

Any point on the simplex $d can be written as a convex combination of the
vertices of $d . Hence, every λ ∈ $d is majorized by the vertices of $d . This in
turn implies that a Schur concave function of λ attains its minimum at the vertices
of $d .

Additivity of the Holevo capacity and the minimum output entropy has been
established for a class of irreducibly covariant quantum channels (see e.g. [10],
[11]) by analytically verifying that the above properties hold.

7.5. Multiplicativity of the maximal p–norm

There is another related conjecture, namely the multiplicativity of the maximal
p–norm of a quantum channel. This reads

νp(�1 ⊗�2) = νp(�1).νp(�2), (7.44)

where �1 and �2 are quantum channels.
This multiplicativity was conjectured by Amosov and Holevo in [3]. In the

limit p → 1, (7.44) implies the additivity of the von Neumann entropy. The
multiplicativity (7.44) has been proved explicitly for various cases. For example,
it is valid for all integer values of p, when �1 and �2 are tensor products of
depolarizing channels [2]. It also holds for all p ≥ 1 when �2 is an arbitrary
quantum channel and �1 is an entanglement breaking channel [30]. However, it
is now known that the conjecture is not true for all p. A counterexample to the
conjecture was given in [47], for p > 4.79 in the case in which �1 and �2 are
Werner–Holevo channels (defined in [47]).

It is still widely conjectured, however, that multiplicativity holds for all 1 ≤
p ≤ 2. Once again, using the Schmidt decomposition (7.30), one can arrive at a
sufficient condition for the multiplicativity (7.44) for all p in this range.

The maximal p-norm for the product channel �1 ⊗�2 is given by

νp(�1 ⊗�2) = max
|ψ12〉∈H1⊗H2||ψ12||=1

{||(�1 ⊗�2)(|ψ12〉〈ψ12|)||p
}
. (7.45)
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The multiplicativity (7.44) holds trivially for p = 1 since Trρ̃ = 1 for any density
matrix ρ̃. For multiplicativity for 1 < p ≤ 2 to hold, it is sufficient to show that
the maximum on the RHS of (7.45) is achieved for unentangled vectors. Using
the Schmidt decomposition for the input state, as before, this condition reduces
to the condition that the maximum occurs at the vertices of the simplex $d .

Multiplicativity for the Werner-Holevo channel [15] and the transpose–de-
polarizing channel [11] for p in this range has been proved by analytically veri-
fying this sufficient condition.
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1. Introduction

Imagine to enter the auditorium and read the following (partially erased) phrase
on the blackboard

TH* L*CTU*E OF *********** WA* EX**EMELY B*RING.

You will be probably able to reconstruct most of the words in the phrase despite
the erasures. The reason is that English language is redundant. One can roughly
quantify this redundancy as follows. The English dictionary contains about 106

words including technical and scientific terms. On the other hand, the average
length of these words is about 8.8 letters 1. A conservative estimate of the number
of ‘potential’ English words is therefore 268 ≈ 2 · 1011. A tiny fraction (about
10−5) of these possibilities is realized [1]. This is of course a waste from the
point of view of information storage, but it allows for words to be robust against
errors (such as the above erasures). Of course, they are not infinitely robust:
above some threshold the information is completely blurred out by noise (as in
the case of the name of the speaker in our example).

A very naïve model for the redundancy of English could be the following. In
order for a word to be easily pronounced, it must contain some alternation of
vowels and consonants. Let us be rough and establish that an English word is
a sequence of 8 letters, not containing two consecutive vowels and consonants.

Fig. 1. A (too) naïve model for the English language.

1This estimate was obtained by the author averaging over 40 words randomly generated by the
site http://www.wordbrowser.net/wb/wb.html.
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Fig. 2. Example of Tanner graph.

This yields 2 · 21454 ≈ 2.4 · 108 distinct words, which overestimate the cor-
rect number ‘only’ by a factor 240. A graphical representation of this model is
reproduced in Fig. 1.

The aim of coding theory is to construct an optimal ‘artificial dictionary’ al-
lowing for reliable communication through unreliable media. It is worth intro-
ducing some jargon of this discipline. Words of natural languages correspond to
codewords in coding. Their length (which is often considered as fixed) is called
the blocklength: we shall denote it by N throughout these lectures. The dictio-
nary (i.e. the set of all words used for communication) is called codebook and
denoted as C. As in our example, the dictionary size is usually exponential in the
blocklength |C| = 2NR and R is called the code rate. Finally, the communication
medium referred to as the channel and is usually modeled in a probabilistic way
(we shall see below a couple of examples).

2. Codes on graphs

We shall now construct a family of such ‘artificial dictionaries’ (codes). For the
sake of simplicity, codewords will be formed over the binary alphabet {0,1}.
Therefore a codeword x ∈ C will be an element of the Hamming space {0,1}N
or, equivalently a vector of coordinates (x1, x2, . . . , xN) ≡ x.

The codebook C is a subset of {0,1}N . Inspired by our simple model of
English, we shall define C by stipulating that x is a codeword if and only if a
certain number M of constraints on the bits x1, . . . , xN are met. In order to
specify these constraints, we will draw a bipartite graph (Tanner graph) over
vertices sets [N ] and [M]. Vertices in these sets will be called, respectively,
variable nodes (denoted as i, j, . . . ) and check nodes (a, b, . . . ). If we denote
by ia1 , i

a
2 , . . . , i

a
k the variable nodes adjacent to check node a in the graph, then

xia1
, xia2

, . . . , xiak
must satisfy some constraint in order for x to be a codeword. An

example of Tanner graph is depicted in Fig. 2.
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Which type of constraints are we going to enforce on the symbols
xia1

, xia2
, . . . , xiak

adjacent to the same check? The simplest and most widespread
choice is a simple parity check condition: xia1

⊕ xia2
⊕ · · · ⊕ xiak

= 0 (where ⊕
is my notation for sum modulo 2). We will stick to this choice, although several
of the ideas presented below are easily generalized. Notice that, since the parity
check constraint is linear in x, the code C is a linear subspace of {0,1}N , of size
|C| ≥ 2N−M (and in fact |C| = 2N−M unless redundant constraints are used in
the code definition). For general information theoretic reasons one is particularly
interested in the limit of large blocklength N → ∞ at fixed rate. This implies
that the number of checks per variable is kept fixed: M/N = 1− R.

Once the general code structure is specified, it is useful to define a set of
parameters which characterize the code. Eventually, these parameters can be op-
timized over to obtain better error correction performances. A simple set of such
parameters is the degree profile (�, P ) of the code. Here � = (�0, . . . , �lmax),
where �l is the fraction of variable nodes of degree l in the Tanner graph. Anal-
ogously, P = (P0, . . . , Pkmax), where Pk is the fraction of check nodes of de-
gree k.

Given the degree profile, there is of course a large number of graphs having
the same profile. How should one chose among them? In his seminal 1948 paper,
Shannon first introduced the idea of randomly constructed codes. We shall fol-
low his intuition here and assume that the Tanner graph defining C is generated
uniformly at random among the ones with degree profile (�, P ) and blocklength
N . The corresponding code (graph) ensemble is denoted as LDPCN(�,P ) (re-
spectively GN(�,P )), an acronym for low-density parity-check codes. Gener-
ically, one can prove that some measure of the code performances concentrates
in probability with respect to the choice of the code in the ensemble. Therefore,
a random code is likely to be (almost) as good as (almost) any other one in the
ensemble.

An particular property of the random graph ensemble will be useful in the

following. Let G
d= GN(�,P ) and i a uniformly random variable node in G.

Then, with high probability (i.e. with probability approaching one in the large
blocklength limit), the shortest loop in the G through i is of length %(logN).

3. A simple–minded bound and belief propagation

3.1. Characterizing the code performances

Once the code is constructed, we have to convince ourselves (or somebody else)
that it is going to perform well. The first step is therefore to produce a model for
the communication process, i.e. a noisy channel. A simple such model (usually
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referred to as binary symmetric channel, or BSC(p)) consists in saying that
each bit xi is flipped independently of the others with probability p. In other
words the channel output yi is equal to xi with probability 1 − p and different
with probability p. This description can be encoded in a transition probability
kernel Q(y|x). For BSC(p) we have Q(0|0) = Q(1|1) = 1− p and Q(1|0) =
Q(0|1) = p. More generally, we shall consider transition probabilities satisfying
the ‘symmetry condition’ Q(y|0) = Q(−y|1) (in the BSC case, this condition
fulfilled if we use the +1, −1 notation for the channel output).

The next step consists in establishing a measure of the performances of our
code. There are several natural such measures, for instance the expected number
of incorrect symbols, or of incorrect words. To simplify the arguments below, it is
convenient to consider a slightly less natural measure, which conveys essentially
the same information. Recall that, given a discrete random variable X, with
distribution {p(x) : x ∈ X }, its entropy, defined as

H(X) = −
∑
x∈X

p(x) logp(x) (3.1)

is a measure of how ‘uncertain’ is X. Analogously, if X, Y are two random
variables with joint distribution {p(x, y) : x ∈ X , y ∈ Y}, the conditional
entropy

H(X|Y) = −
∑

x∈X , y∈Y
p(x, y) logp(x|y) (3.2)

is a measure of how ‘uncertain’ is X once Y is given.
Now consider a uniformly random codeword X and the corresponding channel

output Y (as produced by the binary symmetric channel). The conditional entropy
H(X|Y ) measures how many additional bits of information (beyond the channel
output) do we need for reconstructing x from y. This is a fundamental quantity
but sometimes difficult to evaluate because of its non-local nature. We shall
therefore also consider the bitwise conditional entropy

hb = 1

N

N∑
i=1

H(Xi |Y ). (3.3)

3.2. Bounding the conditional entropy

Before trying to estimate this quantities, it is convenient to use the channel and
code symmetry in order to simplify it. Consider for instance the conditional
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entropy. Denoting by 0 the ‘all zero’ codeword, we have

H(X|Y ) = −
∑
x,y

p(x)p(y|x) logp(x|y) = (3.4)

= −
∑
y

p(y|0) logp(0|y) = (3.5)

= −Ey logp(0|y), (3.6)

where Ey denotes expectation with respect to the probability measure p(y|0) =∏
i Q(yi |0). In the BSC(p) case, under this measure, the yi are i.i.d. Bernoulli

random variables with parameter p. Furthermore, by using Bayes theorem, we
get

H(X|Y ) = −Ey logp(y|0)+ Ey log

{∑
x∈C

p(y|x)
}
=

= −N
∑
y

Q(y|0) log Q(y|0) (3.7)

+ Ey log

{∑
x

∏
i

Q(yi |xi)
∏
a

I(xia1
⊕ · · · ⊕ xiak

= 0)

}
. (3.8)

The first term is easy to evaluate consisting in a finite sum (or, at most, a finite-
dimensional integral). The second one can be identified as the quenched free
energy for a disordered model with binary variables (Ising spins) associated to
vertices of the the Tanner graph G. Proceeding as in (3.6) one also gets the fol-
lowing expression for the single bit conditional entropy

H(Xi |Y ) = −Ey logp(xi = 0|y). (3.9)

A simple idea for bounding a conditional entropy is to use the ‘data processing
inequality’. This says that, if X → Y → Z is a Markov chain, then H(X|Y) ≤
H(X|Z). Let B(i, r) denote the subgraph of G whose variable nodes lie at a
distance at most r from i (with the convention that a check node a belongs to
B(i, r) only if all of the adjacent variable nodes belong to G). Denote by Y i,r

the vector of output symbols Yj , such that j ∈ B(i, r). The data processing
inequality implies

H(Xi |Y ) ≤ H(Xi |Y i,r ) = −Ey logp(xi = 0|y
i,r

). (3.10)

A little more work shows that this inequality still holds if p(xi |yi,r
) is computed

as if there weren’t parity checks outside B(i, r). In formulae, we can substitute
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0

a

j

Fig. 3. Radius 1 neighborhood of a typical site in the i in the Tanner graph.

p(xi = 0|y
i,r

) with

pi,r (xi = x|y
i,r

) ≡
∑

xi,r=x
pi,r (xi,r |yi,r

). (3.11)

where

pi,r (xi,r |yi,r
) ≡ 1

Zi,r (yi,r
)

∏
j∈B(i,r)

Q(yj |xj )
∏

a∈B(i,r)

I(xia1
⊕ · · · ⊕ xiak

= 0).

(3.12)

and Zi,r (yi,r
) ensures the correct normalization of pi,r (xi,r |yi,r

).
We are left with the task of computing pi,r (xi = 0|y

i,r
). As a warmup ex-

ercise, let us consider the case r = 1. Without loss of generality, we set i = 0.
Because of the remark made in the previous Section, the subgraph B(0, 1) is,
with high probability, a tree and must look like the graph in Fig. 3. Using the no-
tations introduced in this figure, and neglecting normalization constants (which
can be computed at the very end), we have

p0,1(x0|y0,1
) ∝

∑
{xj }

Q(y0|x0)
∏
a∈∂0

∏
j∈∂a\0

Q(yj |xj )
∏
a∈∂0

I(x0 ⊕ x∂a\0 = 0).

(3.13)

Here we used the notation ∂i (∂a) to denote the set of check nodes (respectively
variable nodes) adjacent to variable node i (resp. to check node a). Moreover,
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j           a

b k

a          j

Fig. 4. Graphical representation of the belief propagation equations.

for A = {i1, . . . , ik}, we wrote xA = xi1 ⊕ · · · ⊕ xik . Rearranging the various
summations, we get the expression

p0,1(x0|y0,1
) ∝ Q(y0|x0)

∏
a∈∂0

∑
xj , j∈∂a\0

I(x0 ⊕ x∂a\0 = 0)
∏

j∈∂a\0
Q(yj |xj ) ,

(3.14)

which is much simpler to evaluate due to its recursive structure. In order to stress
this point, we can write the above formula as

p0,1(x0|y0,1
) ∝ Q(y0|x0)

∏
a∈∂0

μ̂a→0(x0), (3.15)

μ̂a→0(x0) ∝
∑

xj , j∈∂a\0
I(x0 ⊕ x∂a\0 = 0)

∏
j∈∂a\0

μj→a(xj ), (3.16)

μj→a(xj ) ∝ Q(yi |xi). (3.17)

The quantities {μj→a(xj )}, {μ̂j→a(xj )} are normalized distributions associated
with the directed edges of G. They are referred to as beliefs or, more generally,
messages. Notice that, in the computation of p0,1(x0|y0,1

) only messages along
edges in B(0, 1), directed toward the site 0 were relevant.

In the last form, the computation of pi,r (xi |yi,r
) is easily generalized to any

finite r . We first notice that that B(i, r) is a tree with high probability. Therefore,
we can condition on this event without much harm. Then we associate messages
to the directed edges of B(i, r) (only messages directed towards i are necessary).
Messages are computed according to the rules

μj→a(xj ) ∝ Q(yj |xj )
∏

b∈∂j\a
μ̂b→j (xj ), (3.18)

μ̂a→j (xj ) ∝
∑

xk, k∈∂a\j
I(xj ⊕ x∂a\j = 0)

∏
k∈∂a\j

μk→a(xj ), (3.19)
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with boundary condition μ̂b→j (xj ) = 1/2 for all b’s outside B(i, r). These
equations are represented graphically in Fig. 4. Finally, the desired marginal
distribution is obtained as

pi,r (xi |yi,r
) ∝ Q(yi |xi)

∏
a∈∂i

μ̂a→i (xi). (3.20)

Let us now forget for a moment our objective of proving an upper bound on
the conditional entropy H(Xi |Y ). The intuitive picture is that, as r increases, the
marginal pi,r (xi |yi,r

) incorporates information coming form a larger number of
received symbols and becomes a more accurate approximation of p(xi |y). Ide-
ally, optimal decoding of the received message would require the computation of
p(xi |y), for which no efficient algorithm is known. In particular, the expected
number of incorrect bits is minimized by the rule x̂(y) = argmaxxi

p(xi |y). We
can however hope that nearly optimal performances can be obtained through the
rule

x̂i,r (y) = argmaxxi
pi,r (xi |yi,r

). (3.21)

Furthermore, a moment of thought shows that the recursive procedure described
above can be implemented in parallel for all the variables i ∈ [N ]. We just need
to initialize μ̂b→j (xj ) = 1/2 for all the check-to-variable messages, and then
iterate the update equations (3.18), (3.19) at all nodes in G, exactly r times. For
any fixer r , this requires just %(N) operations which is probably the smallest
computational effort one can hope for.

Finally, although Eqs. (3.18), (3.19) only allow to compute pi,r (xi |yi,r
) as far

as B(i, r) is a tree, the algorithm is well defined for any value of r . One can hope
to improve the performances by taking larger values of r .

3.3. A parenthesis

The algorithm we ‘discovered’ in the previous Section is in fact well known under
the name of belief propagation (BP) and the widely adopted for decoding codes
on graphs. This is in turn an example of a wider class of algorithms that is
particularly adapted to problems defined on sparge graphs, and are called (in a
self-explanatory way) message passing algorithms. We refer to Sec. 6 for some
history and bibliography.

Physicists will quickly recognize that Eqs. (3.18), (3.19) are just the equa-
tions for Bethe-Peierls approximation in the model at hand [2,3]. Unlike original
Bethe equations, because of the quenched disorder, the solutions of these equa-
tions depends on the particular sample, and are not ‘translation invariant’. These
two features make Eqs. (3.18), (3.19) analogous to Thouless, Anderson, Palmer
(TAP) equations for mean field spin glasses. In fact Eqs. (3.18), (3.19) are indeed
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the correct generalization of TAP equations for diluted models 2. Of course many
of the classical issues in the context of the TAP (such as the existence of multiple
solutions, treated in the lectures of Parisi at this School) approach have a direct
algorithmic interpretation here.

Belief propagation was introduced in the previous paragraph as an algorithm
for approximatively computing the marginals of the probability distribution

p(x|y) ≡ 1

Z(y)

∏
j∈[N ]

Q(yj |xj )
∏

a∈[M]
I(xia1

⊕ · · · ⊕ xiak
= 0), (3.22)

which is ‘naturally’ associated to the graph G. It is however clear that the func-
tions Q(yj |xj ) and I(xia1

⊕ · · · ⊕ xiak
= 0) do not have anything special. They

could be replaced by any set of compatibility functions ψi(xi), ψa(xia1
, . . . , xiak

).
Equations (3.18), (3.19) are immediately generalized. BP can therefore be re-
garded as a general inference algorithm for probabilistic graphical models.

The success of message passing decoding has stimulated several new ap-
plications of this strategy: let us mention a few of them. Mézard, Parisi and
Zecchina [4] introduced ‘survey propagation’, an algorithm which is meant to
generalize BP to the case in which the underlying probability distribution decom-
poses in an exponential number of pure states (replica symmetry breaking, RSB).
In agreement with the prediction of RSB for many families of random combina-
torial optimization problems, survey propagation proved extremely effective in
this context.

One interesting feature of BP is its decentralized nature. One can imagine
that computation is performed locally at variable and check nodes. This is par-
ticularly interesting for applications in which a large number of elements with
moderate computational power must perform some computation collectively (as
is the case in sensor networks). Van Roy and Moallemi [5] proposed a ‘consensus
propagation’ algorithm for accomplishing some of these tasks.

It is sometimes the case that inference must be carried out in a situation where
a well established probabilistic model is not available. One possibility in this
case is to perform ‘parametric inference’ (roughly speaking, some parameters of
the model are left free). Sturmfels proposed a ‘polytope propagation’ algorithm
for these cases [6, 16].

4. Density evolution a.k.a. distributional recursive equations

Evaluating the upper bound (3.10) on the conditional entropy described in the
previous Section, is essentially the same as analyzing the BP decoding algorithm

2In the theory of mean field disordered spin models, one speaks of diluted models whenever the
number of interaction terms (M in the present case) scales as the size of the system.
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defined by Eqs. (3.18) and (3.19). In order to accomplish this task, it is convenient
to notice that distributions over a binary variable can be parametrized by a single
real number. It is customary to choose this parameters to be the log-likelihood
ratios (the present definition differs by a factor 1/2 from the traditional one):

vi→a ≡ 1

2
log

μi→a(0)

μi→a(1)
, v̂a→i ≡ 1

2
log

μ̂a→i (0)

μa→i (1)
. (4.1)

We further define hi ≡ 1
2 log Q(yi |0)

Q(yi |1) . In terms of these quantities, Eqs. (3.18)
and (3.19) read

v
(r+1)
j→a = hj +

∑
b∈∂j\a

v̂
(r)
b→j , v̂

(r)
a→j = atanh

⎡⎣ ∏
k∈∂a\j

tanh v
(r)
k→a

⎤⎦ . (4.2)

Notice that we added an index r ∈ {0, 1, 2, . . . } that can be interpreted in two
equivalent ways. On the one hand, the message vr

j→a conveys information on
the bit xj coming from a (‘directed’) neighborhood of radius r . On the other r

indicates the number of iterations in the BP algorithm. As for the messages, we
can encode the conditional distribution pi,r (xi |yi,r

) through the single number

u
(r)
i ≡ 1

2 log
pi,r (0|yi,r

)

pi,r (1|yi,r
)
. Equation (3.20) then reads

u
(r+1)
i = hi +

∑
b∈∂i

v̂
(r)
b→i . (4.3)

Assume now that the graph G is distributed accordingly to the GN(�,P )

ensemble and that i → a is a uniformly random (directed) edge in this graph.
It is intuitively clear (and can be proved as well) that, for any giver r v

(r)
i→a will

converge in distribution to some well defined random variable v(r). This can be

defined recursively by setting v(0) d= h and, for any r ≥ 0

v(r+1) d= h+
l−1∑
b=1

v̂
(r)
b , v̂(r) d= atanh

⎡⎣k−1∏
j=1

tanh v
(r)
j

⎤⎦ , (4.4)

where {v̂(r)
b } are i.i.d. random variables distributed as v̂(r), and {v(r)

j } are i.i.d.

random variables distributed as v(r). Furthermore l and k are integer random
variable with distributions, respectively λl , ρk depending on the code ensemble:

λl = l�l∑
l′ l
′�l′

, ρk = kPk∑
k′ k
′Pk′

. (4.5)
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In other words v(r) is the message at the root of a random tree whose offspring
distributions are given by λl , ρk . This is exactly asymptotic distribution of the
tree inside the ball B(i, r). The recursions (4.4) are known in coding theory as
density evolution equations. They are indeed the same (in the present context)
as Aldous [7] recursive distributional equations, or replica symmetric equations
in spin glass theory. From Eq. (4.3) one easily deduces that u(r)

i converges in dis-

tribution to u(r) defined by u(r+1) d= h+∑l
b=1 v̂

(r)
b with l distributed according

to �l .
At this point we can use Eq. (3.10) to derive a bound on the bitwise entropy

hb. Denote by h(u) the entropy of a binary variable whose log-likelihood ratio is
u. Explicitly

h(u) = −(1+ e−2u)−1 log(1+ e−2u)−1 − (1+ e2u)−1 log(1+ e2u)−1.

(4.6)

Then we have, for any r ,

lim
N→∞EC hb ≤ Eh(u(r)), (4.7)

where we emphasized that the expectation on the left hand side has to be taken
with respect to the code.

It is easy to show that the right hand side of the above inequality is non-
increasing with r . It is therefore important to study its asymptotic behavior. As
r →∞, the random variables v(r) converge to a limit v(∞) which depends on the
code ensemble as well as on the channel transition probabilities Q(y|x). Usually
one is interested in a continuous family of channels indexed by a noise parame-
ter p as for the BSC(p), indexed in such a way that the channel ‘worsen’ as p

increases (this notion can be made precise and is called physical degradation).
For ‘good’ code ensembles, the following scenario holds. For small enough p,
v(∞) = +∞ with probability one. Above some critical value pBP, v(∞) ≤ 0
with non-zero probability. It can be shown that no intermediate case is possible.
In the first case BP is able to recover the transmitted codeword (apart, eventually,
from a vanishingly small fraction of bits), and the bound (4.7) yields EC hb → 0.
In the second the upper bound remains strictly positive in the r →∞ limit.

A particularly simple channel model, allowing to work out in detail the be-
havior of density evolution, is the binary erasure channel BEC(p). In this case
the channel output can take the values {0,1, ?}. The transition probabilities are
Q(0|0) = Q(1|1) = 1 − p and Q(?|0) = Q(?|1) = p. In other words,
each input is erased independently with probability p, and transmitted incor-
rupted otherwise. We shall further assume, for the sake of simplicity, that the
random variables l and k in Eq. (4.4) are indeed deterministic. In the other words
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1
p = 0.43 < pBP
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1

1
p = 0.58 < pBP

0

1

1
p = 0.61 > pBP

Fig. 5. Graphical representation of density evolution for the binary erasure channel, cf. Eq. (4.8).

all variable nodes (parity check nodes) in the Tanner graph have degree l (de-
gree k).

It is not hard to realize, under the assumption that the all zero-codeword has
been transmitted, that in this case v(r) takes values 0 or +∞. If we denote by
zr the probability that v(r) = 0, the density evolution equations (4.4) become
simply

zr+1 = p
(
1− (1− zr )

k−1)l−1
. (4.8)

The functions fp(z) ≡ (z/p)1/(l−1) and g(z) ≡ 1 − (1 − z)k−1 ares plotted in
Fig. 5 for l = 4, k = 5 and a few values of p approaching pBP. The recursion
(4.8) can be described as ‘bouncing back and forth’ between the curves fp(z) and
g(z). A little calculus shows that zr → 0 if p < pBP while zr → z∗(p) > 0 for
p ≥ pBP, where pBP ≈ 0.6001110 in the case l = 4, k = 5. A simple exercise
for the reader consists in working out the upper bound on the r.h.s. of Eq. (4.7)
for this case and studying it as a function of p.

5. The area theorem and some general questions

Let us finally notice that general information theory considerations imply that
H(X|Y ) ≤∑

i H(Xi |Y ). As a consequence the total entropy per bit H(X|Y )/N
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vanishes as well for p < pBP. However this inequality greatly overestimate
H(X|Y ): bits entering in the same parity check are, for instance, highly corre-
lated. How can a better estimate be obtained?

The bound in Eq. (4.7) can be expressed by saying that the actual entropy
is strictly smaller than the one ‘seen’ by BP. Does it become strictly positive
for p > pBP because of the sup-optimality of belief propagation or because
H(X|Y )/N is genuinely positive?

More in general, below pBP BP is essentially optimal. What happens above?
A way to precise this question consists in defining the distortion

DBP,r ≡ 1

N

N∑
i=1

∑
xi∈{0,1}

∣∣p(xi |y)− pi,r (xi |y)
∣∣ , (5.1)

which measures the distance between the BP marginals and the actual ones. Be-
low pBP, DBP,r → 0 as r →∞. What happens above?

It turns out that all of these questions are strictly related. We shall briefly
sketch an answer to the first one and refer to the literature for the others. However,
it is worth discussing why they are challenging, and in particular consider the
last one (which somehow implies the others). Both p(xi |y) and pi,r (xi |y) can
be regarded as marginals of some distribution on the variables associated to the
tree B(i, r). While, in the second case, this distribution has the form (3.12),
in the first one some complicate (and correlated) boundary condition must be
added in order to keep into account the effect of the code outside B(i, r). Life
would be easy if the distribution of xi were asymptotically decorrelated from the
boundary condition as r → ∞, for any boundary condition. In mathematical
physics terms, the infinite tree (obtained by taking r →∞ limit after N →∞)
supports a unique Gibbs measure [8]. In this case p(xi |y) and pi,r (xi |y) simply
correspond to two different boundary conditions and must coincide as r → ∞.
Unhappily, it is easy to convince oneself that this is never the case for good codes!
In this case no degree 0 or 1 variables exists and a fixed boundary condition
always determines uniquely xi (and more than one such condition is admitted).

As promised above, we conclude by explaining how to obtain a better esti-
mate of the conditional entropy H(X|Y ). It turns out that this also provide a
tool to tackle the other questions above, but we will not explain how. Denote

by wi = 1
2 log

p(xi=0|y∼i )
p(xi=0|y∼i )

the log-likelihood ratio which keeps into account all

the information pertaining bits j , with j different from i, and let w(r)
i be the cor-

responding r-iterations BP estimates. Finally, let w(r) be the weak limit of w
(r)
i

(this is given by density evolution, in terms of v(r−1)). We introduce the so-called
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GEXIT function g(w). For the channel BSC(p) this reads

g(w) = log2

{
1+ 1− p

p
e−2w

}
− log2

{
1+ p

1− p
e−2w

}
. (5.2)

And a general definition can be found in [9]. It turns out thar Eg(w(r)) is a
decreasing function of r (in this respect, it is similar to the entropy kernel h(u),
cf. Eq. (4.6)). Remarkably, the following area theorem holds

H(X|Y (p1))−H(X|Y (p0)) =
N∑
i=1

∫ p1

p0

g(wi) dp, (5.3)

where Y (p0), Y (p1) the note the output upon transmitting through channels with
noise levels p0 and p1. Estimating the wi’s through their BP version, fixing
p0 = 1/2 (we stick, for the sake of simplicity to the BSC(p) case) and noticing
that H(X|Y (1/2)) = NR, one gets

H(X|Y (p))/N ≥ R −
∫ 1/2

p

E g(w(r)) dp. (5.4)

The bound obtained by taking r →∞ on the r.h.s. is expected to be asymptoti-
cally (as N →∞) exact for a large variety of code ensembles.

6. Historical and bibliographical note

Information theory and the very idea of random code ensembles were first formu-
lated by Claude Shannon in [10]. Random code constructions were never taken
seriously from a practical point of view until the invention of turbo codes by
Claude Berrou and Alain Glavieux in 1993 [11]. This motivated a large amount
of theoretical work on sparse graph codes and iterative decoding methods. An
important step was the ‘re-discovery’ of low density parity check codes, which
were invented in 1963 by Robert Gallager [12] but soon forgotten afterwards. For
an introduction to the subject and a more comprhensive list of references see [13]
as well as the upcoming book [14]. See also [15] for a more general introduction
to belief propagation with particular attention to coding applications.

The conditional entropy (or mutual information) for this systems was initially
computed using non-rigorous statistical mechanics methods [17–19] using a cor-
respondence first found by Nicolas Sourlas [20]. These results were later proved
to provide a lower bound using Guerra’s interpolation technique [21], cf. also
Francesco Guerra lectures at this School. Finally, an independent (rigorous) ap-
proach based on the area theorem was developed in [9, 23] and matching upper
bounds were proved in particular cases in [22].
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1. Introduction

Understanding the evolution of individuals which live in a structured and fluc-
tuating population is of central importance in mathematical population biology.
Two types of structure are important. First, individuals live in a particular spa-
tial position and their rate of reproduction depends on where they are and who is
living near them. Second, genes are embedded in different genetic backgrounds.
Because genes are organised on chromosomes and these in turn are grouped into
individuals, different genes do not evolve independently of one another. The evo-
lution of a gene which is itself selectively neutral, in that it does not confer any
particular advantage or disadvantage to the organism that carries it, can nonethe-
less be influenced by selection acting on other genes in that same organism.

Typically, data is used to make inferences about the genealogical relationships
between individuals in a sample from a population and so it is these genealog-
ical relationships, in other words the family trees that relate individuals in the
sample, that we try to model. In 1982, Kingman [31], [32], introduced a process
called the coalescent. This process provides a simple and elegant description
of the genealogical relationships amongst a set of neutral genes in a large ran-
domly mating (biologists would say panmictic) population of constant size. With
the flood of DNA sequence data over the last decade, an enormous industry has
developed that seeks to extend Kingman’s coalescent to incorporate things like
varying population size, natural selection, recombination and spatial structure of
populations. This has been achieved with varying degrees of success.

Analytic results for these more general coalescent models are very hard to
obtain, but they are relatively easy, at least in principle, to simulate and so they
have become a fundamental tool in DNA sequence analysis. However, as the
sophistication of the underlying population model increases, so does the com-
putational complexity associated with simulating the corresponding coalescent.
Even numerically, it is only really tractable to consider interactions of a very
small number of genes. Substantial effects of natural selection are likely to be
due to the cumulative effects of weak selection acting on many different inter-
acting genes. This means that the number of genetic backgrounds that we must
track is large. For example, if we are modelling the interactions between, say,
ten different genes, each of which has just two possible forms, that is 210 dif-
ferent backgrounds and so it is certainly far from automatic that the number of

493



494 A. Etheridge

individuals in each of those backgrounds is big enough to justify a coalescent
approximation. Thus, not only do numerical computations become impractical,
but we must also be careful to check that the theoretical basis for the coalescent
approximation does not break down.

With a small number of genetic backgrounds, one often makes the assumption
that the number of individuals in each background is a constant. This sidesteps
the problem of actually modelling the population size in each background, there-
by considerably reducing the complexity of the model. However, we shall see
an example in which, although at first sight this approach seems eminently rea-
sonable, fluctuations matter. In this same example we shall see why we don’t
necessarily require the population size to be large in all backgrounds all of the
time in order to justify a coalescent approximation.

Similar problems arise with spatially structured populations. A species does
not typically form a single random mating unit because the distance over which
an individual migrates is usually much smaller than the whole species range. This
phenomenon was dubbed isolation by distance by Wright, [51], and in particular
means that we must take into account local effects. Many biological populations
are distributed across continuous two-dimensional habitats and even subdivided
populations may look approximately continuous when viewed over sufficiently
large spatial scales. To describe the genealogical relationships in a sample (from
well-separated locations) taken from such a population, we would like a simple
model that approximates a wide variety of local structures, in other words an ana-
logue of Kingman’s coalescent, but as we shall see, there is no really satisfactory
analogue of the coalescent in a two-dimensional continuum. Instead, we take as
our starting point a formula due to Malécot, [37], which provides an expression
for the generating function of the time to the most recent common ancestor of
two individuals sampled from a certain two-dimensional population model. Al-
though Malécot’s assumptions are now known to be internally inconsistent, we
shall see that a modification of his formula has the potential for fairly wide ap-
plication, but there are significant practicalities to overcome, not least in finding
explicit population models to which to apply the theory.

A popular alternative approach to spatial structure is to model such two-di-
mensional populations as though they are subdivided into demes arranged on a
suitable lattice, typically Z2. Although generally the demes are assumed to be
of constant size, the lesson from our example in the world of genetic structure is
that we should not ignore fluctuations in the number of individuals in each deme
and so once again we must find suitable models for the evolution of the spatial
distribution of the population. Spatial population models, both lattice based and
continuous, will be our final topic.

These notes can be viewed as falling into three broad sections. Although they
are interrelated, the mathematics in each is of quite a different flavour and it
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should be possible to read each in isolation. In particular, a reader who finds the
genetics heavy going should nonetheless be able to pick up the thread when we
talk about spatial population models in the last section. In the first part we recall
some classical coalescent theory and then present a simple example of genetic
structure which illustrates some of the problems that face us when we try to
tackle spatially structured populations. In the second, we present an approach to
spatially continuous models that builds on classical results of Malécot. The focus
here is on approximating the genealogical relationships between individuals in a
very general spatial population model. Our analysis is backwards in time and
makes no reference to the exact form of the model, but rather assumes that it has
certain properties. The final section will be devoted to some explicit forwards
in time population models. In particular, we shall be concerned with models
which overcome the problem of ‘clumping and extinction’ which are inherent in
branching process models in two dimensions.
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2. Some classical coalescent theory

We begin by recalling one of the many derivations of Kingman’s coalescent and
some elementary extensions. These ‘back-of-the-envelope’ calculations will be
a useful guide in what follows.

2.1. Kingman’s coalescent

Our starting point is the very simplest form of the Wright-Fisher model. Sup-
pose that we are modelling a haploid population (each cell has one copy of each
chromosome) of constant size, N . Reproduction takes place at discrete times
1, 2, . . . at which the whole population is replaced by a new generation with fam-
ily sizes determined by multinomial sampling with equal weights. (Equivalently
one can think of each offspring as choosing a parent at random from the previous
generation.)

Suppose now that we take a sample of size n from such a population. It is a
simple matter to determine the distribution of the genealogical trees that relate



496 A. Etheridge

individuals in the sample. For example, since the probability that two distinct
individuals share a common parent is 1

N
, the time to the most recent common

ancestor (MRCA) of two individuals sampled from the population has a geomet-
ric distribution with success probability 1

N
. Notice that this has mean N and so

for a large population it makes sense to measure time in units of size N and then
the time to the MRCA of a sample of size two is approximately exponentially
distributed with parameter one. More generally, for a sample of size n, since the
probability of three (or more) individuals sharing a common parent is O

( 1
N2

)
,

the time (in units of size N ) before the present at which two individuals in our
sample share a common ancestor is approximately exponentially distributed with
rate

(
n
2

)
. When this happens, because our population is exchangeable, it is equally

likely to be any pair of individuals whose ancestral lines merge or coalesce. Sim-
ilarly, as we continue to trace backwards in time, at rate

(
n−1

2

)
a pair (chosen at

random) of the resulting n − 1 ancestral lines will coalesce and so on. For large
populations this then provides an approximate description of the genealogy of
our sample. We now label individuals in the sample by {1, 2, . . . , n} and declare
two individuals to be in the same equivalence class at time t if they share a com-
mon ancestor at time t before the present. The resulting partition-valued process
is the restriction of Kingman’s coalescent to {1, 2, . . . , n} and is often called the
n-coalescent. We shall also use the name coalescent for the representation of this
process as an evolving system of coalescing lineages.

In passing to the large population limit we have taken what is known as a
diffusion approximation. The rôle of the Wright-Fisher model is to help us to
identify the correct diffusion approximation for population processes that cap-
ture the key features of the dynamics in which we are interested. In this case
we were concerned with neutral, panmictic (rapidly mixing) populations of con-
stant size. There is no claim that the Wright-Fisher model is realistic, but one
of the strengths of Kingman’s coalescent is that it is robust in the sense that
had we taken any other population model that captured these key features of the
population dynamics then for large populations the genealogy would be well-
approximated by this same coalescent process. In particular, we could have re-
placed the Wright-Fisher model by a Moran model. This is the continuous time
analogue of the Wright-Fisher model in which we see overlapping generations.
For example we can choose parameters so that at exponential rate N a pair of in-
dividuals is chosen at random (with replacement) from the population. The first
of the pair then dies and the second splits in two. Notice that a given individual
must wait an exponential parameter one amount of time before being involved
in such a reproduction event. Often one chooses parameters so that each pair of
individuals in the population has an exponential clock with rate one attached to
it. The expected intergeneration time is then 1

N
, so that this corresponds to taking

our diffusive rescaling in the Wright-Fisher model. Although biologists have a



Evolution in fluctuating populations 497

strong preference for working with the Wright-Fisher model, it is mathematically
often more convenient to take a Moran model. In these notes we shall use both,
but always as a means to identify an appropriate diffusion approximation.

2.2. Variable population size

The size of a population typically fluctuates through time. Another manifestation
of the robustness of Kingman’s coalescent is that provided such fluctuations (af-
ter suitable rescaling) can be approximated by a ‘nice’ continuous time process,
for example a one dimensional diffusion, then the genealogy of a sample from
the population is simply a (possibly stochastic) time change of the coalescent.
To see this, suppose that as we trace backwards in time from the present, the
population size at time t is N(t). If N(t) is large enough that, for example,
N(N(0)t)

N(0) is well-approximated by a function {ρ(t)}t≥0, bounded away from zero,
then our previous argument will go through when we measure time in units of
current population size, N(0), except that now each pair of lineages will coa-
lesce at instantaneous rate 1

ρ(t)
. (See [27] for a general result in this direction.)

The resulting coalescent can then be obtained from Kingman’s coalescent via the
timechange t �→ ∫ t

0
1

ρ(s)
ds.

2.3. Introducing structure

Now let’s see what we should expect if we introduce structure. As a first ex-
ample, we consider a population that is divided into just two genetic types (or
backgrounds) with mutation between the two. In the simplest model, we suppose
that there are N1 = .Nρ1/ individuals in background one and N2 = .Nρ2/ in-
dividuals in background two. We modify the Wright-Fisher model as follows.
Each population reproduces as before except that now, after each reproduction
step, a proportion of the population in each background is exchanged. In other
words μ̄1N1 individuals migrate (mutate) from background one to background
two and μ̄2N2 go the other way. In order to maintain constant population size in
each background, we take μ̄1N1 = μ̄2N2.

Suppose that we follow a single lineage ancestral to our sample. Since all
individuals in a given background are indistinguishable, backwards in time, the
probability that if the lineage is currently in background one it ‘migrates’ to back-
ground two in the next mutation step is the ratio of the number of lineages that
came from background two to the total size of the population in background one,
that is μ̄2N2

N1
= μ̄2ρ2

ρ1
. Mutation rates are typically rather low and in particular it

is not unreasonable to assume that Nμ̄i ∼ O(1) and so we write μ̄i = μi

N
. Once

again we measure time in units of size N . Since the chance of a mutation and a
coalescence event both affecting our ancestral lineages in a single generation is
O( 1

N2 ), in the diffusion timescale we only see coalescences between lineages in
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the same background. Notice that now our time unit is not the population size
in a given background, but the total population size, so for each pair of lineages
currently in background i, the instantaneous rate of coalescence is 1

ρi
. We are

implicitly assuming that Nρi is large. The genealogical trees for this toy popu-
lation model can then be described by the following very simple version of the
structured coalescent. As we trace backwards in time

1. ancestral lineages migrate from background one to background two at rate
μ2ρ2
ρ1

and from background two to background one at rate μ1ρ1
ρ2

,

2. any pair of lineages currently in background i coalesces at instantaneous rate
1
ρi

.

More generally, if the population is subdivided into any finite or countable col-
lection of discrete demes (backgrounds) then the structured coalescent is obtained
by allowing ancestral lineages to migrate between demes at rates dependent on
the population sizes in those demes (generally assumed to be constant) and im-
posing the additional condition that lineages coalesce while they are within the
same deme at a rate inversely proportional to the population size in that deme.
See [25] for an early survey of adaptations of the coalescent and [10] for a more
recent discussion of the structured coalescent (aimed at biologists).

3. Fluctuations matter

Armed with these simple examples, it should be easy to guess how to modify our
structured coalescent to incorporate, for example, fluctuating population sizes in
different demes. Whereas for a panmictic population, variation in total popu-
lation size can be captured via a timechange, for structured populations, except
in very special cases, the corresponding timechange would be different in each
background and so this simplification does not work. As a consequence, it be-
comes very difficult to find analytic expressions for even the simplest quantities
and typically one is faced with large systems of coupled, nonlinear differential
equations. Even simulation of the coalescent becomes costly and so unless fluc-
tuations are large, one usually makes the simplifying assumption that the pop-
ulation size in each background is constant. We’re going to investigate this as-
sumption in the context of a very simple, but important, genetic example. To do
this we will require some terminology from genetics. At the expense of losing
the motivation, it is possible to skip this and move directly to §3.6 to see that
we are really just looking at a structured coalescent with two demes in which the
total population size is constant, but the population size in each deme fluctuates
according to a Fisher-Wright diffusion. Full details can be found in [3].
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3.1. Balancing selection

When someone says natural selection is in force, one typically thinks of a gene
that comes in two (or more) different forms, one of which confers some specific
advantage or disadvantage to the individual that carries it, so that eventually, we
expect that less advantageous forms will be eradicated and the most advantageous
will become fixed in the population, that is everyone will carry it. For our illustra-
tive example, we shall be concerned with what is known as balancing selection
which, in contrast to the directional selection just described, maintains a balance
of different genetic types in the population. The most famous example of this is
the sickle cell gene. It has an allele that occurs extensively in the African pop-
ulation, but is almost never found among caucasians. An individual that carries
two copies of the sickle cell allele develops sickle cell anaemia – an often fatal
disease. So why has that allele not been eradicated by selection? It turns out that
carrying just a single copy of the allele offers some protection against malaria,
so for populations that spent much of their evolutionary history in regions where
malaria was rife, the allele has persisted. It won’t become fixed in the popula-
tion, because of the lethal consequences of carrying two copies. We shall model
here the case of selection in favour of heterozygosity in which an individual is
advantaged by carrying different alleles at the selected locus. Beyond that, in this
specific example, we shan’t distinguish between the two alleles. Modification of
our model to capture the sickle cell example is left as an exercise for the reader.

Suppose first that we are modelling the frequency of an allele that is subject
to some form of selection, we’ll specialise to balancing selection in a moment.
We suppose that the gene in question can occur in just two forms, P and Q, and
we track the frequency of the P -allele. We are also going to suppose that there is
mutation between the two types. Without this, in any finite population one type
would, eventually, be fixed. It will be convenient to suppose that this doesn’t
happen.

We must now model a diploid population (each individual has two parents
and chromosomes are carried in pairs) of size N . The customary way to do this
is to model the 2N chromosomes as though they formed a haploid population.
Notice that although one chromosome in any particular individual must come
from the male population, in the grandparental generation, that chromosome is
equally likely to have been associated with the male or the female population so
that there is very little loss of information in not segregrating the population into
males and females. In place of our Wright-Fisher model, we shall take a Moran
model. At an exponential rate N a pair of chromosomes is sampled. One will die
and the other will give birth. To account for selection, if the pair chosen is one P

and one Q, then with probability (1 + s̄)/2 it is the type P that gives birth. The
ratio 1+ s̄ : 1− s̄ reflects the relative reproductive success of P to Q individuals.
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The selection coefficient s̄ can, and in the case of balancing selection will, be a
function of the current frequency of P -alleles. In the case of directional selection
it is taken to be a constant.

So what will s̄ look like for balancing selection? In our specific example,
where we simply wish to favour heterozygosity, the reproductive success of a
chromosome should depend on whether it is paired with the same type or the op-
posite type in the diploid individual. Since diploids are formed in our model by
fusing the haploids at random into pairs, the chance that a type P is paired with a
type Q is just given by the proportion of type Q individuals in the population. If
the relative reproductive success of heterozygous (PQ) individuals to homozy-
gous (PP or QQ) is (1+ S̄) : (1− S̄), then given that the current frequency of P
individuals in the population is p, the relative reproductive success of a P indi-
vidual to a Q individual, written as P : Q, should be (1+ S̄)(1−p)+ (1− S̄)p :
(1+ S̄)p+ (1− S̄)(1−p), that is 1+ S̄(1− 2p) : 1− S̄(1− 2p). A reasonable
choice for the function s̄ would therefore be 2S̄( 1

2 − p) for some constant S̄.
To account for mutation, a type P gives birth to a type Q offspring with prob-

ability μ̄1 and similarly a type Q gives birth to a type P with probability μ̄2. For
each possible configuration of types of the pair chosen from the population to
participate in a reproduction event, the following table gives the probabilities for
each possible outcome of that event.

P death P death Q death Q death
P birth Q birth P Birth Q birth

PP 1− μ̄1 μ̄1 0 0

PQ
(1−s̄)

2 μ̄2
(1−s̄)

2 (1− μ̄2)
(1+s̄)

2 (1− μ̄1)
(1+s̄)

2 μ̄1

QQ 0 0 μ̄2 1− μ̄2

The rôle of the Moran model is, from our perspective, to identify the correct
diffusion approximation and so we now pass to a diffusion limit. Mutation and
selection are both assumed to be O( 1

N
) and so we set s̄(p) = s(p)

N
(where we

wish now to emphasize that the selection coefficient is a function of the current
frequency) and μ̄i = μi

N
and consider the large population limit, with time mea-

sured in units of size 2N . This is known as the weak-selection limit, since it
provides an approximation to large populations in which the selection coefficient
is O( 1

N
), but see Remark 3.6. Let us denote by p(t) the proportion of type P alle-

les in our population at time t . Then for suitable test functions f : [0, 1] → R, it
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is an easy matter to write down the generator, L(N) of the rescaled Moran model
described above. In particular, we have the following lemma.

Lemma 3.1. For any smooth function f : [0, 1] → R,

L(N)f (p) = (2s(p)p(1− p)− μ1p + μ2(1− p)) f ′(p)+ 1

2
p(1−p)f ′′(p)

+O(
1

N
),

where ′ denotes differentiation with respect to p.

Proof. We simply have a continuous time Markov chain whose transition proba-
bilities are determined by the table above. Events occur at rate 2N2 and changes
in the frequency of p alleles are in increments of size 1

2N . There is, of course, no
change of frequency if the individual that dies is of the same type as the offspring.
Thus

L(N)f (p)

= 2N2
{

2p(1− p)
(1+ s̄)

2
(1− μ̄1)+ (1− p)2μ̄2

}(
f (p + 1

2N
)− f (p)

)
+ 2N2

{
2p(1− p)

(1− s̄)

2
(1− μ̄2)+ p2μ̄1

}(
f (p − 1

2N
)− f (p)

)
.

Substituting for s̄ and μ̄i and expanding f in a Taylor series about p yields the
result.

Remark. The rescaling chosen here is slightly different from that in [3] where
time was measured in units of N rather than 2N . The scaling here is more
standard in the population genetics literature and does correspond to that cho-
sen in [2]. However, it is worth being aware that there is no accepted convention.
Moreover, in writing down a Moran model in place of a Wright-Fisher model,
great care is needed in establishing the correct parameter values. An example of
how this is done is provided in [3].

In particular then, in the special case of selection in favour of heterozygosity,
if time is measured in units of population size, for large populations the frequency
of P -alleles should be approximately governed by

dpt = (s0pt (1− pt)(1− 2pt )− μ1pt + μ2(1− pt )) dt

+√
pt(1− pt )dWt , (3.1)

where {Wt }t≥0 is a standard Brownian motion and s0 is a constant.
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3.2. A second neutral locus

Here then is the specific setting that we are interested in. Suppose that selection
is acting on a single genetic locus which carries two alleles, labelled P and Q.
We shall suppose that there is also a strictly positive mutation rate between these
alleles so that neither becomes fixed in the population (that is we never get stuck
in a state where everyone carries the same allele at the selected locus).

The selected locus is linked to a second neutral locus – so the two loci do
not reproduce independently. Now genetics is never quite as simple as we might
hope. When we inherit chromosomes from our parents we do not inherit an exact
copy of one of the two chromosomes from our mother and an exact copy of one of
the two chromosomes from our father. First there is mutation – a sort of copying
error – and second there is a process called recombination. (In fact there is much
more, but we consider just these two effects here.)

In a diploid population, during the reproductive process each individual pro-
duces a large (effectively infinite) number of germ cells (that is cells of the same
genotype) that split into gametes. Gametes are cells that contain just one chro-
mosome from each pair. It is the gametes that will fuse at random to form the
next generation. But during the process of splitting into gametes – which is called
meiosis – two chromosomes can exchange genetic material (we ignore sex chro-
mosomes here). This is best seen in a picture. Schematically:

Such an event is called a recombination or crossover event. In general there
could be more than one crossover event between the two loci, indeed the num-
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ber of crossovers is often modelled as a Poisson process, but for our purposes it
will suffice to assign a probability to the event that the type at the neutral locus
is inherited from a different parental chromosome from that at the selected lo-
cus. (It will not matter to us, but recombination is used to define distance on the
chromosome. One centi-Morgan, the genetic map unit, is the distance between
two genes for which one product of meiosis out of one hundred is recombinant.
Recombination rates are not constant with respect to physical distance.)

From the point of view of the neutral locus, two genomes swap types at the
selected locus. By this mechanism as well as by mutation an allele at the neu-
tral locus can find itself in a different genetic background (i.e. associated with a
different type at the selected locus) from its parent.

3.3. The problem

We think of the population of neutral alleles as being split into two genetic back-
grounds (determined by the type at the selected locus). An individual can move
between these backgrounds by mutation at the selected locus and by recombina-
tion. One can then ask about the genealogy of a sample from the neutral locus.
We’re going to look at this in the case of balancing selection. Provided μ1 and
μ2 are greater than zero, the diffusion governed by equation (3.1) has a unique
(non-trivial) stationary distribution. The boundaries p = 0 and p = 1 are acces-
sible or inaccessible according as the corresponding mutation rates μ1 and μ2 are
less than or greater than one half. Evidently for large s0 we expect the diffusion
to spend almost all of the time close to p = 1

2 and so it would seem reasonable
to assume that the frequencies in the two backgrounds are actually fixed. We’re
going to see whether this works or not.

Let’s briefly explain why questions like this are of biological importance. Typ-
ically we don’t know which genes are subject to selection, that is something that
we should like to find out. We do however know the locations of a large num-
ber of so-called neutral genetic markers, that is loci that we know to be neutral.
We have already said that because genes are grouped on chromosomes, different
genes certainly don’t evolve independently of one another. On the other hand,
because of recombination, the further apart two loci are, the less the allele fre-
quencies at those loci will be correlated. The idea is to look at samples from the
neutral loci and see if the genetic variation that we see there is consistent with a
model of neutrality. If it is not, then that may be a sign that some interesting evo-
lutionary force is acting on a nearby gene. In order to exploit this to try to infer
what form that evolutionary force takes, we need to understand how processes
like selection acting at one locus will distort the genetic variability of a sample
from a linked neutral locus. As usual, we model that variability by first estab-
lishing the genealogical relationships between individuals in a sample from the
neutral locus.
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3.4. The ancestral recombination graph and local trees

Before we go further into our very specific problem, it is perhaps worth paus-
ing for thought here to see why recombination makes life so difficult. Suppose
that as we trace the ancestry of an individual chromosome backwards in time we
encounter a recombination event between the selected and neutral loci. The an-
cestral lineages of the two loci before that time are then different and both must
be traced in order to establish the full history of the population. One way to think
of this is that, as we trace backwards in time, we see branches as well as coales-
cences in the genealogical trees. In particular, the trees are different at the neutral
and selected loci. Even the most recent common ancestor of the population will
in general be different at different loci. So how can the coalescent be extended to
this situation? The graph that results from simultaneously tracing the genealog-
ical trees of all the loci in a length of neutral genome is called the ancestral
recombination graph and is due to Griffiths and Marjoram, [24]. As we expect
from above, it has branches as well as coalescences. As we trace backwards in
time, we must keep track not just of the numbers of ancestors, but also for each
ancestor the block of genetic material that it contributes to the sample.

Under some circumstances, it is natural to follow the approach of Wiuf and
Hein, [50], who reconstruct the ancestral recombination graph by moving spa-
tially along sequences. If we fix a locus (position) on the genome, then the ge-
nealogy at that point is described by a standard coalescent. As we move along
the genome, that genealogy will change when an individual in the ancestry ex-
periences a recombination event. The position to the right of the recombination
event will have a different genealogy from that to the left, described by a new
local tree. The difficulty is that the process of local trees is not a Markov process
(as we explain below), with computational as well as analytic repercussions.

In the picture below we trace the ancestry of the block denoted [0, 3] for a
sample of size two. Next to each lineage we record the block of material from the
sample that it carries. There are two recombination events, at A and B resulting in
separate ancestral lines for the blocks [0, 2], [2, 3] and [0, 1], [1, 2] respectively.
The bold line is the ‘local tree’ for the block [1, 2]. Notice that at C, two lineages
coalesce and the resulting lineage carries two blocks of material from the sample,
separated by a ‘trapped’ block. A recombination in the trapped material would
result in the blocks separating again. The most recent common ancestor of [0, 1]
is at D, while that of [1, 2] is at E. Once we know that the coalescence of C has
taken place, until there is a further recombination event (which in this example
does not happen before the most recent common ancestor), we know that the
local tree of [2, 3] as we trace further into the past coincides with that at [0, 1]
(and in particular the most recent common ancestor of [2, 3] in this example is
also at D). This means that even conditional on knowing the local tree of [1, 2],
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the local tree of [2, 3] is not independent of that of [0, 1]. In other words the
process of local trees is not a Markov process. As we move along the genome,
new ancestral lineages formed by recombination can coalesce back into local
trees other than the most recent one.

In our setting, things are simplified because we are concerned with just two
loci, but complicated by the fact that one of those loci is undergoing selection.
As first observed by Krone and Neuhauser, [33], [43], for simple forms of se-
lection, one can generalise the coalescent, which applies to randomly mating
populations (in which all individuals are equally fit) to incorporate various sim-
ple forms of selection (including balancing selection) by including branches in
the coalescent which represent ‘potential ancestors’ arising at ‘potential selective
events’ (see also §4.3). This leads to the ancestral selection graph. One can even
simultaneously incorporate selection and recombination into an ancestral influ-
ence graph (see [15]). The difficulty with this approach is that for anything but
very small selection coefficients, the proliferation of potential ancestors makes
the process computationally very intensive. Since we are interested in investigat-
ing the case of large selection coefficients, when fluctuations in frequencies of
the two backgrounds determined by the selected locus are small, we must find
another approach.
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3.5. Back to the main plot

We are going to assume that at each reproduction event, alleles at the neutral
locus mutate to a new type, that has never been seen before, with probability ν.
This is called the infinitely many alleles model. The probability that a sample of
two alleles at the neutral site have the same type is then just the probability that
there has been no mutation since the time τ of their most recent common ances-
tor. Since mutations arrive independently in each generation, the probability of
identity at the neutral locus is just E[(1− ν)2τ ], that is the probability generating
function of τ (with parameter (1 − ν)2). Our aim is going to be to calculate the
probability of identity for a sample from the neutral locus, that is the probability
that all individuals in the sample have the same state. Although the technology
that we describe applies to arbitrary sample size n, it requires n(n+1)

2 coupled sec-
ond ordinary differential equations to describe the backwards in time evolution
of the distribution of the lineages ancestral to the sample and so we shall actually
only calculate the probability of identity for a sample of size two.

We take our Moran model of §3.1 to describe the evolution of frequencies
at the selected locus. We are really interested in the genealogy of a sample at
the neutral site. For this we must also take into account recombination. That
is straightforward. If we follow a sample at the neutral locus backwards in time,
with probability r , as we pass through a reproduction event, the neutral allele will
find itself associated with the type of a second parent, chosen at random from the
population. (In [3], the second parent is actually taken to be the individual that
dies. Since selection and recombination coefficients are both taken to be O( 1

N
),

in fact it makes no difference to the diffusion limit. See Remark 3.6 for a little
more on this issue.)

A difficulty is that we typically don’t know the current allele frequencies at
the selected locus. Indeed we typically do not know which the selected locus
is. We therefore assume that the frequencies at the selected locus have reached
stationarity. The Moran model has a stationary distribution and moreover it is
reversible so that, under this assumption, by careful consideration of the types
of individuals involved in birth-death events, it is straightforward, if tedious, to
calculate the generator of the process

(pt , n1(t), n2(t))

that encodes the allele frequencies at the selected site at time t before the present
and the number of ancestors of individuals in our sample in each of the P (de-
noted n1(t)) and Q (denoted n2(t)) backgrounds at that time. We are abusing
notation here and using pt to denote allele frequencies backwards in time. Be-
cause of reversibility they will be governed by the same equation (3.1) as the
forwards in time frequencies.
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3.6. The diffusion approximation

But the Moran model is far too special. Recall that a biologist would rather have
taken a Wright-Fisher model. So instead we pass to the diffusion approximation
and write down the corresponding generator. The advantage of using the Moran
model is that the Wright-Fisher process is not reversible and although one can re-
verse the process with respect to a stationary measure, no closed form expression
is available for the backwards in time probabilities. It is much more convenient
to work with the Moran model where those exact expressions are just the for-
wards in time transition probabilities and are straightforward to write down. The
diffusion approximation will be the same for both models.

To obtain the diffusion approximation we proceed exactly as we did in §3.1
when we obtained the diffusion for the (forwards in time) frequencies at the se-
lected locus. We speed up time by a factor of 2N but correspondingly assume
that the parameters of the model satisfy

μi =
μi

N
, r = r

N
, s = s

N
, ν = ν

N
.

As N → ∞ we have joint convergence of the process governing frequencies
in the different backgrounds and the jump processes n1 and n2 governing the
number of ancestral lineages in each background to the process with the gener-
ator A below. Mutations at the neutral locus will arrive at exponential rate 2ν
and the probability of identity of a sample of size two will be the Laplace trans-
form of the distribution of the time to their most recent common ancestor, that is
E[exp(−4ντ)].

Let E = [0, 1]×{1, . . . , n1(0)+n2(0)}2 and suppose that f (p, n1, n2) : E→
R is twice continuously differentiable with respect to p. Then for 0 < p < 1,
the generator A is given by

Af = 1

p

(
n1

2

)(
f (p, n1 − 1, n2)− f (p, n1, n2)

)
+ 1

q

(
n2

2

)(
f (p, n1, n2 − 1)− f (p, n1, n2)

)
+ p

q
μ1n2

(
f (p, n1 + 1, n2 − 1)− f (p, n1, n2)

)
+ q

p
μ2n1

(
f (p, n1 − 1, n2 + 1)− f (p, n1, n2)

)
+ rn2p

(
f (p, n1 + 1, n2 − 1)− f (p, n1, n2)

)
+ rn1q

(
f (p, n1 − 1, n2 + 1)− f (p, n1, n2)

)
+ (−μ1p + μ2q + spq) f ′ + 1

2
pqf ′′
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where q = 1− p and ′ denotes differentiation with respect to p.

Remark. Once again this differs from the generator obtained in [3] by a factor of
two, reflecting the rescaling of time by 2N rather than N .

There are absolutely no surprises in the form of this generator. The terms
on the last line are just the generator of the Fisher-Wright diffusion obtained in
Lemma 3.1 which governs frequencies of the alleles at the selected locus (al-
though now, of course, time is reversed). We shall denote this Apf . We now
identify the remaining terms as corresponding to a structured coalescent with
rates driven by that Fisher-Wright diffusion (compare with §2.3). The top line
is coalescence of pairs of individuals in the sample in background one – the P -
background. As we expect this happens at a per-pair rate inversely proportional
to p. Similarly, the second term is coalescence in the Q-background. The next
two terms are migration due to mutation. The original mutation rates are scaled
by the ratios of the population sizes in the two backgrounds. The remaining
two terms reflect the recombination. Notice that we only detect a recombination
event if it results in a change in background and such effective recombination
rates are proportional to the frequency in the target background. (That is rq

plays the rôle of μ1 and rp plays the rôle of μ2.) When scaled by the ratios of
population sizes in the two demes then we see that a recombination event will
increase n1 and decrease n2 at rate rn2p (a factor of q has cancelled top and
bottom).

Convergence of the processes to the limit corresponding to this generator is
guaranteed provided that s is a Lipschitz function of p and μi > 0. Although the
form of the limit is no surprise, the fact that we can get away with just non-zero
mutation rates here is surprising as for μi less than one half, the boundaries zero
and one become accessible to the diffusion that determines the allele frequen-
cies. One expects the coalescent to break down when the frequency in a given
background gets too small. In fact we are saved by the fact that the population
size is always big in at least one of the backgrounds and this is where lineages
ancestral to the sample reside. If the proportion of P alleles gets very small,
then the terms in our generator that become singular as p ↓ 0 drive the sample
into the Q background and vice versa. Crucially, if we write τ for the first hit-
ting time of zero by the diffusion p that determines the frequency in background
P , then

∫ τ 1
p(s)

ds diverges (with a similar statement at p = 1). This ensures
that any lineages ancestral to the sample will have jumped to the Q background
before the frequency actually hits zero (and similarly there will be no ancestral
lineages in background Q when its frequency hits zero). This in turn allows
one to prove that there will be no accumulation point of jumps for the limiting
process.
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Remark. I am grateful to Jay Taylor for pointing out two mistakes in the proof of
divergence of

∫ τ 1
p(s)

ds in [3]. First, in the notation of the proof of Lemma 4.4

there, the timechange should be σ 2, not σ , and, second, divergence of the integral
in equation (16) of that paper requires α at least two. The statement of the Lemma
is correct, the proof is not.

We now return to the problem of calculating the probability of identity in
allelic state at the neutral locus for a sample of size two.

What we have seen is that the sample dynamics are determined by a structured
coalescent, but now the parameters in that coalescent are themselves driven by a
diffusion and this makes applying the coalescent directly complicated. Instead,
we use our diffusion approximation to write down a coupled system of ordinary
differential equations for the probability of identity, indexed by the state at the
selected locus of the sample. Since we are considering a sample of size two,
the possible states are PP , PQ and QQ and, for example, fPP will denote the
probability of identity at the neutral locus for two individuals that are type P at
the selected locus.

First we write down the full generator for the process {(p(t), n1(t), n2(t))}t≥0.
Since [0, 1] is compact, we can deduce from [20], Chapter 8, Theorem 2.1, that
the closure of the generator {(f,Apf ) : f ∈ C2(E)} governing allele frequen-
cies is{

(f,Apf ) : f ∈ C2(0, 1), f ∈ C[0, 1], lim
x↓0

f ′(x) = 0 = lim
x↑1

f ′(x)
}
.

Notice that the process of jumps renders the boundaries {0} × {i} × {n2} and
{1} × {n1} × {i} inaccessible for i �= 0. The full generator of the process
{(p(t), n1(t), n2(t))}t≥0 is therefore{

(f,Af ) : f ∈ C2(E0) ∩ C(E), lim
p↓0

f ′(p, 0, n2) = 0 = lim
p↑1

f ′(p, n1, 0)

}
,

where, as usual, ′ denotes differentiation with respect to p, C2(E0) is the con-
tinuous functions on E that are twice continuously differentiable with respect to
p ∈ (0, 1) and C(E) denotes continuous functions on E.

Since there will be no point of accumulation of epochs of jump times for the
process, following [22] §X.3, we check (by first conditioning on {p(t)}t≥0) that
the transition probabilities are characterised as the minimal solution of the cor-
responding Kolmogorov equation. To see this, note that to establish a transition
probability one can first consider the probability of making the corresponding
transition with at most n jumps. These probabilities are defined iteratively and
because there is no limit point of jumps, as n→∞ the iterations must converge
to the full transition probability.
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In particular then we can characterise the distribution function of the coales-
cence times for the sample. More precisely, if the current allele frequency at
the selected locus is p (assumed as always to have reached stationarity), then
write FPP (t, p) for the probability that at time t the (backwards in time) process
{(p(t), n1(t), n2(t))}t≥0 is in [0, 1]×{0}×{1}∪[0, 1]×{1}×{0} given that at time
zero n1(0) = 2, n2(0) = 0. In other words, FPP (t) is the probability that the two
lineages ancestral to our sample have coalesced by time t if both individuals in the
sample are originally taken from the P background. Similarly define FPQ(t, p)

and FQQ(t, p). Given that p(0) is drawn from the (reversible) stationary dis-
tribution for the process {p(t)}t≥0, {FPP (t, p), FPQ(t, p), FQQ(t, p)} can be
characterised as the unique minimal solution to the following system of differ-
ential equations, subject to F ′PP (t, 1) = 0, F ′QQ(t, 0) = 0 and FPP (0, p) =
FPQ(0, p) = FQQ(0, p) = 0. We use Ḟ to denote the derivative of F with
respect to t .

ḞPP = 1− FPP

p
+ 2

(
μ2q

p
+ rq

) (
FPQ − FPP

)
+ (−μ1p + μ2q + spq) F ′PP +

1

2
pqF ′′PP

ḞPQ =
(
pμ1

q
+ rp

) (
FPP − FPQ

)+ (
qμ2

p
+ rq

) (
FQQ − FPQ

)
+ (−μ1p + μ2q + spq) F ′PQ +

1

2
pqF ′′PQ

ḞQQ = 1− FQQ

q
+ 2

(
μ1p

q
+ rp

) (
FPQ − FQQ

)
+ (−μ1p + μ2q + spq) F ′QQ +

1

2
pqF ′′QQ.

Recall that at the neutral locus, lineages mutate to a novel state at rate 2ν. Con-
ditional on the individuals coalescing at time t , the probability that they are iden-
tical in state, that is that there has been no mutation since time t along either
of their lines of descent, is e−4νt . Conditioning on the time to coalescence then
gives

fPP (p) =
∫ ∞

0
e−4νt dFPP (t, p)

dt
dt,

with similar expressions for fPQ(p) and fQQ(p). Integration by parts then
shows that, under the diffusion approximation, the probabilities for identity sat-
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isfy

0 = −4νfPP + 1− fPP

p
+ 2

(
μ2q

p
+ rq

) (
fPQ − fPP

)
+ (−μ1p + μ2q + spq) f ′PP +

1

2
pqf ′′PP ,

0 = −4νfPQ+
(
pμ1

q
+ rp

) (
fPP − fPQ

) + (
qμ2

p
+ rq

) (
fQQ− fPQ

)
+ (−μ1p + μ2q + spq) f ′PQ +

1

2
pqf ′′PQ,

0 = −4νfQQ + 1− fQQ

q
+ 2

(
μ1p

q
+ rp

) (
fPQ − fQQ

)
+ (−μ1p + μ2q + spq) f ′QQ +

1

2
pqf ′′QQ.

The probabilities of identity in state can be characterised as the minimal solution
to this system. These equations were originally written down by Darden, Kaplan
and Hudson, [28], [11], although they did not address mathematical issues such
as existence of the corresponding process or joint convergence of the discrete
population models and the corresponding coalescent trees.

Finally we are in a position to compare the predictions of this full model which
incorporates fluctuations in frequencies at the selected locus to the predictions of
the classical structured coalescent in which the background frequencies are taken
to be constant. Because we don’t necessarily know which genes are selected, we
don’t know the types at the selected locus, nor the current frequency of P -alleles
and so we assume that the types are those of a random sample and we average
over the stationary distribution of frequencies. That is we average

p2fPP + 2pqfPQ + q2fQQ

over the stationary distribution of the Fisher-Wright diffusion governed by Ap.
We denote the resulting quantity by f .

The following two figures are taken from [3]. The first is a graph of f against
strength of selection in the case of balancing selection with s = s0(1 − 2p).
We have set r = 0, so this is equivalent to studying the selected locus itself,
and μ1 = μ2 = 0.025 and ν = 0.1. The bottom picture is a graph of the
expected time to the most recent common ancestor. As s0 →∞ it does converge
to the prediction obtained by fixing the frequencies in the selected backgrounds,
but the selection coefficient has to be exceptionally large for this to be a good
approximation.



512 A. Etheridge

Remark. One has to be a little careful about letting s0 tend to infinity here. The
diffusion approximation assumes that Ns ∼ O(1). One can actually do a strong
approximation argument to see that this diffusion approximation remains valid
even when s ∼ O(1) for our particular choice of Moran model. However, the
details of both selection and recombination in the reproduction mechanism feed
into the diffusion approximation so that changing the details of the Moran model
would also change the details of the diffusion approximation. In this way we
lose the robustness of the diffusion approximation to changes in the details of the
model. This is pursued further (in a closely related context) in [19].

3.7. Extensions

It is probable that substantive effects of selection are the cumulative effects of
weak selection acting on many different genetic loci. It is therefore important to
understand the distortion of the genealogy of a neutral locus linked not just to
one but to multiple selected loci. As we have already said this means that there
are so many backgrounds that we cannot guarantee that the population is large
enough to justify a coalescent approximation. Barton and Navarro, [4], [42],
investigated the effects of balancing selection on multiple linked loci and showed
that in one particular model there was a threshold beyond which adding extra
loci made no difference to the probability of identity of a sample from the neutral
locus. This appears to be due to ‘clumping’ of the population. At any given time
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the population is concentrated in a small proportion of the possible backgrounds.
(The locations of these backgrounds change with time.) One can hope that this
clumping is sufficient to justify a structured coalescent approximation (with rates
driven by a stochastic process), but this remains an open problem. Even having
justified such an approximation, it is only really useful if we can establish ways
to calculate with it.

3.8. Summary and notes of caution

Let us summarise the lessons learned so far. First of all, fluctuations matter. Even
very small fluctuations can have a significant effect on the genealogies. This
reflects the nonlinear dependence of coalescence rates on the population size in
different demes. Second, once we take account of fluctuations, the coalescent is
much more robust than we would expect. In particular, it may still provide a valid
approximation even when the population sizes in some backgrounds are small.
As long as there is a significant population somewhere, so that the sample ‘has
somewhere to run’, there is hope for a coalescent approximation (albeit it with
stochastic jump rates).

We sound some notes of caution at this stage:

1. Biological populations are not infinite. It is often appropriate to use a diffusion
approximation as it provides an approximation to a wide variety of local struc-
tures, but it may be misleading if the rate of convergence is not sufficiently fast
or if we are considering extreme events. A typical size for a biological pop-
ulation might be 106 and certainly the logarithm of the population size is no
more than 20.

2. Biologists often quote not the population size, but the effective population
size. In constructing genealogical trees, we have seen that what matters is
the chance that two individuals in our sample have a common ancestor in the
previous generation, and this is of course effected by the breeding structure of
the population. If the population size is N individuals, corresponding to 2N
genes, then the effective population size Ne is supposed to be the number for
which the chance of drawing two copies of the same gene from the population
is 1

(2Ne)2 . If we are drawing two genes from the same locality in a spatially
structured population say, then Ne will be much less than the total population
size. For example, although the exact number varies, Ne for humans is usually
quoted as being O(104). If we are constructing a model for spatial structure,
then it is important to be aware that the quoted figures for effective population
size probably already take that structure into account and the true population
size, that is the census population size, may be very much bigger.
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3. The appropriate parameters, r , s, μ and so on in a diffusion approximation
depend on the population size that one is interested in. In approximating a
population of size N , the parameter s in the diffusion approximation is Ns

where s is the true selection coefficient for the population. Often one reports
results in terms of Ns to reflect the diffusive scaling.

4. Spatial structure and the Malécot formula

We now turn to spatial structure. From now on we will consider only the very
simplest form of selection in which our (haploid) population has just two genetic
types with relative fitnesses 1+ s : 1, or neutral populations (s = 0).

4.1. Branching process models

If we are trying to model the size of a biological population, then a natural start-
ing point is the Galton-Watson branching process in which each individual, in-
dependently, leaves behind a random number of offspring in the next generation.
However, such a model is very special. Indeed to characterise it we must specify
the whole offspring distribution – a countably infinite set of parameters – and so
we should like to replace it by an approximation that is valid for a wide class of
offspring distributions, but which has only a small number of parameters.

In his seminal paper of 1951, [21], which initiated the cross-fertilisation of
ideas between population genetics and diffusion theory, Feller observed that if
one is observing a large population over sufficiently long timescales (a number
of generations on the order of the population size), then, in suitable units, one
can approximate the evolution of the population size by a one-dimensional dif-
fusion. Suppose then that a population evolves according to a Galton-Watson
branching process with offspring distribution generated by �(s) say. We assume
that �′′(1) < ∞ (so that the offspring distribution has finite variance) and that
the population is initially large enough for it to make sense to measure it in units
of size N . Let us write Zn for the population size after n generations. If the mean
number of offspring of each individual is μ = 1 + a, then after N generations,
which will correspond to time one in Feller’s units, E[ZN ] = (1+ a)NZ0, so in
order to obtain a non-trivial limit we assume that a = a

N
. This should look famil-

iar from our diffusion approximations in the genetics world. Feller shows that as
the unit N tends to infinity, provided that the sequence {Z0

N
}N≥1 converges, then

so does the sequence of processes {Z.Nt/
N
}N≥1, and he identifies the limit process,

{X(t)}t≥0, which is often called the Feller diffusion in his honour, as the solution
to the one-dimensional stochastic differential equation

dXt = aXtdt +
√
σXtdBt .
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(A calculation analogous to that in the proof of Lemma 3.1 should suffice to
convince the reader that this is the correct limit.) Notice that Feller’s diffusion
approximation is parametrized by just two parameters, both of which we can
hope to estimate from data.

Just as when modelling the size of a population it is natural to start from the
Galton-Watson branching process, so for populations that are dispersed in Rd it
is natural to start from branching Brownian motion in which the number of in-
dividuals in the population is governed by a Galton-Watson branching process,
but during their lifetimes individuals follow independent Brownian motions. Off-
spring are born at the location at which their parents died. (We can either take
discrete generations or suppose that each individual has an independent exponen-
tially distributed random lifetime.) Like the Galton-Watson process, this model
has far too many parameters to fit to data, but also as for the Galton-Watson
process we can pass to a diffusion approximation. We use exactly the rescal-
ing applied by Feller in the case of the total population size. We do not rescale
the Brownian motion. The population is now represented by a measure, where
at the N th stage of the rescaling each individual is represented by an atom of
mass 1

N
, and the (measure-valued) diffusion limit approximates the whole spa-

tial distribution of the population. This measure-valued process is known as the
Dawson-Watanabe superprocess. It can be characterised in many ways, but the
most flexible is via a martingale problem. For positive, twice differentiable, test
functions φ,

〈φ,Xt 〉 − 〈φ,X0〉 −
∫ t

0
〈D�φ,Xs〉ds −

∫ t

0
〈aφ,Xs〉ds

is a martingale with quadratic variation∫ t

0
〈γφ2, Xs〉ds.

(The angle brackets here denote integration.) The analogue of this model for
subdivided space is super-random walk, which is obtained in exactly the same
way except that the population is restricted to Zd and during their lifetimes indi-
viduals follow random walk. We shall refer to the points of Zd as demes. The
limiting process can be thought of as a measure on Zd , characterised via a mar-
tingale problem in the same way as its continuum counterpart, but it is often more
convenient to represent it as the solution to a (countably infinite) set of stochastic
differential equations:

dXi(t) =
∑
j

mij

(
Xj(t)−Xi(t)

)
dt + aXi(t)dt +

√
σXi(t)dBi(t), i ∈ Zd ,
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where {Bi(t), t ≥ 0}i∈Zd is a collection of independent Brownian motions and
Xi(t) is the size of the population in deme i at time t . For an introduction to
superprocesses see, for example, [13], [17], [35], [45].

These diffusion approximations are attractive in that they approximate a wide
variety of local structures and are parametrized in terms of a small number of
parameters, all of which one could hope to estimate from data. However, they
have a significant drawback. For finite populations, branching process models
predict that the population will either grow without bound or it will become ex-
tinct. In the spatial setting, one can try to overcome this by considering infinite
populations evolving in the whole of Rd or Zd . Although in dimensions greater
than or equal to three the superBrownian motion and super-random walk models
have non-trivial equilibria, most biological populations live in two spatial dimen-
sions and there, not only is there no equilibrium, but moreover if the process is
not extinct then at large times it will form ‘clumps’ of arbitrarily large density
and extent (see [12] and [23] or [46] for the corresponding result for branch-
ing Brownian motion). It is easy to see why this might be in the context of
the Dawson-Watanabe superprocess. For definiteness, let’s start from Lebesgue
measure at time zero. Let {Tt }t≥0 denote the heat semigroup. Then

E[〈φ,Xt 〉] = eat 〈Ttφ,X0〉 = eat 〈φ,X0〉,

and so in order for the expected population size in a given region to remain
bounded above and below we must choose a = 0. Then it is an easy calcula-
tion to see that

var(〈φ,Xt 〉) =
〈∫ t

0
Tt−s((Tsφ)

2)ds,X0

〉
and this diverges as t → ∞ in one and two dimensions. Thus the mean of
the positive random variable 〈φ,Xt 〉 remains constant, while the variance grows
without bound. This reflects the fact that, at large times, with high probability
〈φ,Xt 〉 is zero, while with small probability the support of φ overlaps a ‘clump’
of the population and 〈φ,Xt 〉 is very large.

One way to control the total population size is to condition the superprocess so
that its total mass takes on some exogenously specified value. This leads to the
Fleming-Viot superprocess. However, this conditioning seems unnatural since
one expects a population to be regulated by local rules. An alternative approach
is to specify a local population size. This can be achieved in the context of super-
random walk and leads to one of the most popular processes in mathematical
population genetics, the so-called stepping stone model.
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4.2. The classical stepping stone model

The idea of the stepping stone model is simple. We introduce structure into a
Wright-Fisher model and pass to a diffusion limit. To see how this fits with
our discussion above, suppose that a population whose initial size is N evolves
according to a Galton-Watson process with Poisson offspring distribution. Now
suppose that we condition the population to have size N in the first generation.
Then if we write Zi for the number of offspring of the ith individual in the initial
population, we see that

P

[
(Z1, . . . ZN) = (m1, . . . , mN)

∣∣∣ N∑
i=1

Zi = N

]
= N !

m1! · · ·mN !
1

NN

if
∑N

i=1 mi = N and zero otherwise. In other words, the vector of family sizes
in the first generation is obtained by multinomial sampling, just as in the Wright-
Fisher model. To incorporate directional selection, we take different types of
individual, each reproducing according to a Galton-Watson process with Poisson
offspring distribution, but in which the parameter in the offspring distribution
depends on type. Conditioning the total population size to be constant yields the
Wright-Fisher model with (directional) selection.

Yet another ramification of the robustness of our diffusion approximations is
that it does not matter whether we condition on the total population size being
constant before or after passing to the diffusion limit. We now exploit this in-
terchange of limits in the spatial setting and identify the stepping stone model
by conditioning on local population size for super-random walk. In general the
demes into which the population is subdivided are indexed by a finite or count-
ably infinite set I . Here, for definiteness, we take I = Zd .

Suppose then that we have two populations, representing two genetic types
(or simply two different ancestral types), a and A say, evolving according to
independent super-random walks. Writing {Xi(t)}i∈Zd for the a-population and
{Yi(t)}i∈Zd for the A-population we have

dXi(t) = a1Xi(t)dt +
√
σXi(t)dBi(t)+

∑
j

mij

(
Xj(t)−Xi(t)

)
dt,

dYi(t) = a2Yi(t)dt +
√
σYi(t)dB̃i(t)+

∑
j

mij

(
Yj (t)− Yi(t)

)
dt,

where {Bi(t), B̃i(t), t ≥ 0}i∈Zd are independent Brownian motions. We take the
same migration mechanisms for the two populations, and the same value of σ ,
but the parameters governing growth rate can differ. We’re also going to suppose
that mij = mji , and that supi

∑
j mij < K < ∞. The particular example that

we have in mind is (continuous time) simple random walk. We’d now like to
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condition on the total population size in each deme being constant. To see what
the conditioned process will look like, it is convenient to write down a model
for the proportion of the population in each deme which is of type a. Writing
Ni = Xi + Yi for the total population in each deme and applying Itô’s formula
we obtain

dpi(t) = (a1 − a2) pi(t) (1− pi(t)) dt +
∑
j

Nj

Ni

mij

(
pj (t)− pi(t)

)
dt

+
√

σ

Ni

pi(t) (1− pi(t))dWi(t). (4.1)

(Here {Wi(t), t ≥ 0}i∈Zd is once again a family of independent Brownian mo-
tions.) If we now condition on the population size in each deme being a constant
we obtain the so-called stepping-stone model, p

t
= {pi(t)}i∈Zd where

dpi(t) = spi(t) (1− pi(t)) dt +
∑
j

mij

(
pj (t)− pi(t)

)
dt

+√
γpi(t) (1− pi(t))dWi(t).

We have written s = a1 − a2 and γ = σ/N (where N is the population size
in each deme). We have not included mutation in this derivation. This can be
introduced by allowing ‘individuals’ in the X and Y populations to give birth to
offspring of the opposite type. It is left as an exercise for the reader to check that
this leads to exactly the mutation term predicted by equation (3.1).

For this model it is possible to estimate parameters from data. The parameter
γ must be arrived at via pairwise correlations, s is the difference in growth rates
of the two types and the mij are migration rates. It should be emphasised that in
spite of the rather special derivation that we have given, this model approximates
a wide variety of individual-based models, including structured Wright-Fisher
models. In particular, it approximates a generalised Moran model in which re-
production events involve pairs of individuals sampled from the same deme and
migration is incorporated as an exchange of individuals between demes i and j at
rate mij . Selection can be introduced as in §3.1, but it will be convenient to think
of it slightly differently (we will obtain the same diffusion limit). We now sup-
pose that there are two types of birth event. For the first, each pair of individuals
within a deme has an exponential rate one clock attached. When it rings, one dies
and the other reproduces (with equal probabilities for the two individuals). The
second type of reproductive event is a potential selective event. These take place
at rate s per pair. When one of these exponential clocks rings, if exactly one of
the pair is of the fitter type, then it is necessarily that individual that reproduces.

If one really believes in the assumption of constant population size within
each deme, then this model has all the features that we want. It approximates
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a wide variety of local structures, it is parametrized in terms of a small number
of measurable parameters and, moreover, even though it is a countably infinite
system of interacting stochastic differential equations, we can actually calculate
with it. The reason for this somewhat unlikely claim is that the stepping stone
model has a nice dual process.

4.3. Duality

In general, the idea of duality is simple. We should like to express the distribution
of the process p that we are actually interested in, in terms of another (simpler)
random variable, n that may take values in a completely different state space.
The aim is to find a function f for which the following relationship holds:

d

du
E
[
f
(
p(u), n(t − u)

)] = 0, 0 ≤ u ≤ t, (4.2)

so that
E
[
f
(
p(t), n(0)

)] = E
[
f
(
p(0), n(t)

)]
.

If as the second argument varies f (·, ·) runs through a wide enough class of
functions, then this relationship is enough to characterise the distribution of p.
This can be generalised in various ways. A good reference is [20].

Finding dual processes is something of a black art, but in the case of the step-
ping stone model we are in the very nice setting of having an elegant moment
dual.

Suppose that we wish to calculate all the moments and mixed moments of the
process. Then we need to be able to calculate

E

[∏
i∈I

p
ni

i

]

where n = (ni)i∈I is a vector whose components are non-negative integers. We
are going to find a dual process whose state space is precisely the set of vectors
indexed by I (which we have taken to be Zd ), the same set that indexes our
demes, whose components are non-negative integers and we are going to think of
it as counting the number of particles in each deme for a certain particle system.
The function f is defined by

f (p, n) = pn ≡
∏
i∈I

p
ni

i .

The strategy is simple, we just calculate dpn with n held fixed and then try to
work out the dynamics of n that guarantee the duality relation holds. Applying
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Itô’s Lemma, we have

d
(
pn

) =∑
i

nip
n−ei

⎡⎣spi (1− pi)+
∑
j

mij

(
pj − pi

)⎤⎦ dt

+
∑
i

1

2
ni (ni − 1) pn−2ei pi (1− pi) dt +

∑
i

(. . .) dBi

Rearranging,

d
(
pn

) =∑
i

ni

∑
j

mij

(
p
n+ej−ei − pn

)
dt +

∑
i

nis
(
pn − pn+ei ) dt

+
∑
i

1

2
γ ni (ni − 1)

(
pn−ei − pn

)
dt +

∑
i

(. . .) dBi.

It is now a simple matter to choose the dynamics of n. (Note the extra minus
sign that we gain from the ‘t − u′ in the duality relation (4.2).) Since mij = mji ,
the particles should migrate according to the same random walk as governed the
evolution of the individuals in our biological population. To cancel the second
term we assume that s ≤ 0. Note that there is no loss of generality in doing this
because if we consider 1 − p in place of p, that is we look at the proportion of
A alleles instead of a alleles, then the only effect on the equations is to switch
the sign of s. If s < 0, then the second term will be cancelled by assuming that
particles in the dual give birth (split in two) at rate −s. Finally, at rate γ , each
pair of particles in deme i (independently) coalesces to form a single particle.
Note that particles only coalesce when they are in the same deme.

To summarise, the dual process n evolves as follows:
• ni �→ ni + 1 at rate −sni

•
{

ni �→ ni − 1
nj �→ nj + 1

at rate nimij

• ni �→ ni − 1 at rate 1
2γ ni (ni − 1)

and we have the duality relationship

E

[
pn0
t

]
= E

[
p
nt

0

]
.

In the neutral case, s = 0, we are back to our old friend the structured coalescent.
However, notice that this duality is much weaker than our previous statements.
The duality just tells us that we can relate the distribution of the stepping stone
model at a fixed time to that of the structured coalescent. Our previous results
were concerned with convergence of the genealogical trees of a sample from the
Moran model to those generated by the structured coalescent. Nonetheless, one
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might guess the stronger result from this analysis and, based on such an heuristic,
we can now see where the branches in the ancestral selection graph mentioned
in §3.4 come from. Keep in mind the Moran model described at the end of §4.2
in which selection was incorporated through a second type of reproductive event,
which we called a potential selective event. First notice that calculating E[pn0

t
]

is equivalent to asking for the probability that all individuals in the sample rep-
resented by n0 are type a. Taking on trust that tracing the evolution of nt is
equivalent to tracing the ancestry of the sample, as we have seen that it is in
the absence of selection, consider what happens when we encounter a potential
selective event, which happens at rate s. If we are to emerge with a type a indi-
vidual from such a selective event, then it must be that both individuals sampled
at the event were type a. If the event occurred on a lineage currently in deme
i, then this happens with probability p2

i , hence the branch in the backwards in
time process – beyond the selective event we must check the ancestry of both
individuals sampled, so two lineages replace one.

In fact this can be made rigrous. Powerful results of Donnelly and Kurtz, [15],
allow one to simultaneously construct the population and its genealogical trees
even in the presence of selection and recombination, but we are not going to go
into that here.

Since the branching and coalescing dual is relatively easy to simulate, this du-
ality greatly strengthens the popularity of the stepping stone model. But notice
that unless s is small, the number of ancestral lineages to track becomes pro-
hibitively large. Of course since the parameter s in the diffusion approximation
corresponds to Ns in the original population, this is really a rather restrictive
assumption.

4.4. Neutral evolution

Before discussing continuous space, let’s just use the stepping stone model to try
to make some qualitative statements about the longtime behaviour of our popula-
tion. Suppose that we have a population evolving in a two-dimensional habitat, so
we take I = Z2 and, for definiteness, suppose that individuals migrate according
to simple random walk. We take two cases separately.

First suppose s < 0. (For the sake of concreteness, we could take p0 = 1/2
everywhere, say, but it can be pretty much anything for what follows.) Let’s
calculate

E

[
pn0
t

]
as t →∞

for any non-trivial n0. Branches take place all the time, whereas particles only
coalesce when they are in the same deme, and the random walk is dispersing
them across Z2, so we expect the number of particles to eventually grow without



522 A. Etheridge

bound. Irrespective of n0 then,

E

[
pn0
t

]
→ 0 as t →∞.

This implies that p
t

must tend to zero everywhere. That is the proportion of type
a tends to zero in every deme.

Does this make sense? Well, s = a1 − a2 is the difference in the growth rates
between our two different alleles, so s < 0 means that the A-population grows
faster than the a population. We are conditioning the total population in each
deme to be constant, so since the A’s are growing at a faster exponential rate than
the a’s it makes sense that eventually the proportion of the population carrying
the a-allele tends to zero. Our population is subject to directional selection and
the fitter type wins.

Now what about the case s = 0? Neither type has a selective advantage. Let’s
see what happens to E

[
pipj

]
as t → ∞. To calculate this, we start the dual

process from one particle in deme i and one in deme j at time zero and see what
happens as t → ∞. Now there are no branches any more, just migration and
coalescence. The distance between the two particles follows a two-dimensional
simple random walk. Eventually then they will come together. When that hap-
pens, there is some positive probability, ρ say, that they will coalesce before they
move apart. If they don’t coalesce, eventually they will come back together and
once again they will have probability ρ of coalescence. And so on. Eventually,
they will coalesce. Then there will just be a single individual exploring Z2. The
same argument applies for any n0. Eventually, irrespective of n0, there will just
be a single individual exploring Z2. Thus

E

[
pn0
t

]
→ p as t →∞,

where p is a constant determined by the average initial proportion of a alleles in
the population at time zero. How can this happen? Well, only if

p
t
→

{
(1) with probability p

(0) with probability 1− p
as t →∞,

where (1) and (0) denote the vectors with all entries respectively one and zero.
So even though neither type has a selective advantage, eventually the population
will either consist entirely of a alleles or entirely of A alleles. This is called
neutral evolution and it is a natural (and unanswered) question to ask how much
of the genetic material that we all share is there because of such chance effects
and how much because of natural selection.

Notice that although we would have predicted the effect of directional selec-
tion using the corresponding deterministic (partial or coupled ordinary) differ-
ential equation model, we would not have predicted neutral evolution. No one
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doubts the importance of fluctuations in genetic models: stochastic models are
essential.

4.5. Random walks in random environments

Of course we have ignored our own advice and suppressed fluctuations in the
population sizes in different demes in this spatial setting. If we had a model
for those fluctuations, then the system of equations (4.1) and our work in §3
suggests that at least under some conditions it may be possible to use a struc-
tured coalescent approximation to the genealogical trees relating individuals in a
sample from such a population. The jump rates in the corresponding system of
coalescing lineages will be driven by the process that describes the fluctuations.
More precisely, the lineages ancestral to our sample will follow random walks in
a random environment and will coalesce at an instantaneous rate also governed
by that environment. Notice that this system does not lend itself to application
of known results about random walk in a random environment, not least because
we are interested in more than one lineage. Importantly, lineages will not evolve
independently backwards in time. This is easily understood as the migration
rates of lineages will be weighted by the ratio of the population size in the ‘target
deme’ to that in their current deme. Lineages are more likely to have come from
crowded regions. Nonetheless, it is widely believed that over sufficiently large
spatial and temporal scales, there will be some ‘averaging’ and an approximation
based on the stepping stone model (and corresponding ‘standard’ structured coa-
lescent) will be valid, but with effective parameters taking the place of migration
and coalescence rates. There is very little rigorous analysis. One of the reasons
for this is that there is not a widely accepted class of models for the fluctuations
in different demes to try to work with, an issue that we return to in §5.

4.6. Models in continuous space

Although over local scales a population living in two dimensions might be re-
stricted to live in discrete demes or it might be scattered over a continuous two-
dimensional habitat, or even distributed in some more complex pattern, regard-
less of the local details, over sufficiently large scales, the population will look
more or less continuous. To describe the genealogy of a sample from such a
population we would like to have a simple model which can approximate a wide
variety of local structures but which is parametrized in terms of just a few (mea-
surable) parameters. Wright and Malécot initiated the search for such models in
the 1940’s and it would be fair to say that we are still looking.

For the rest of this section, all populations are selectively neutral.
In spite of our warnings about fluctuating local population sizes, a natural first

step is to look for a continuous space version of the stepping stone model and the
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corresponding structured coalescent. In one dimension one can simply rescale
the stepping stone model according to the diffusive rescaling so that the random
walk converges to Brownian motion. In the limit one obtains a stochastic partial
differential equation:

∂p

∂t
= D�p + sp(1− p)+√

γp(1− p)Ẇ ,

where W is space-time white noise. This was obtained by Shiga, [47]. Conver-
gence of the first and second moments was proved by Nagylaki, [40], [41].

If one performs the corresponding rescaling in d = 2, then the limit is de-
terministic. We can see that this must be so by considering the coalescent dual.
In the limit, in one dimension coalescence will be determined by the local time
spent together by the Brownian motions corresponding to different lineages, but
there is no local time in two dimensions. It is easy to check that there is no
rescaling of this type in two dimensions that leads to a non-trivial limit.

Several authors have considered a continuous-space and time system of co-
alescing lineages in which coalescence is at an instantaneous rate given by a
function, typically Gaussian, of the current separation of the lineages. The diffi-
culty with such a model is that it has not been possible to establish the existence
of a forwards in time population model for which this really does describe the
genealogical trees, nor indeed a class of forwards in time models for which this
provides a reasonable approximation to the genealogy. Notice that the evolution
of lineages as independent Brownian motions, independent of their displacement
from one another, reflects an implicit assumption that local population density is
constant.

4.7. Malécot’s formula

In his 1948 book, [37] (or for the English translation [38]), Malécot took the
following approach to a neutral population distributed in continuous space. He
assumes that it evolves in discrete generations and has arrived at some sort of
stationary distribution. In fact he believed that this was consistent with a model
for the (forwards in time) evolution of the population in which individuals in-
dependently give rise to a Poisson number of offspring which are thrown off in
a Gaussian distribution about their current position. As we now know, in one
and two spatial dimensions, such models exhibit clumping, but as we shall see,
Malécot’s analysis of what he believed to be the corresponding backwards in time
model is of some interest.

Malécot assumes an infinitely many alleles model. Recall that this means that
when a mutation takes place it is to a type that has never been seen before in
the population. He then calculates the probability of identity in state for two
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individuals sampled from x, y ∈ R2. As we remarked before (see §3.5), this
device leads to the distribution of the time to the most recent common ancestor
of the two individuals. Historically Malécot’s work in this area, starting from
his paper of 1941, [36], is of central importance. In effect he establishes the
probability of identity by descent by tracing lineages backwards in time and then
superposes allelic differences by allowing a potentially infinite set of mutations
to occur along the lines of descent. In this sense he was a pioneer of an approach
which still lies at the heart of theoretical population genetics. Malécot makes
the assumption that (backwards in time) ancestral lineages follow independent
Brownian motions. Writing δ (not necessarily small!) for the local population
density, which is assumed to be constant, the probability that two lineages that
are currently at separation y (a vector in R2 in the most interesting setting) have
a common ancestor in the previous generation is 1

δ

∫
g1(y− z)g1(z)dz, where g1

is a Gaussian density. Writing k for the mutation probability and F(y) for the
probability of identity of two individuals currently at separation y, we have

F(y) = (1− k)2
(1− F(0)

δ

∫
g1(y − z)g1(z)dz

+
∫

g1(x)g1(x
′)F (y + x′ − x)dxdx′

)
. (4.3)

To find the probability of identity, Malécot now takes the Fourier transform. We
normalise the Fourier transform in two dimensions as follows:

φ̃(x̃) = 1

2π

∫
eix.x̃φ(x)dx, φ(x) = 1

2π

∫
e−ix.x̃ φ̃(x̃)dx̃.

Writing f (y) = 1−F(0)
δ

∫
g1(y − z)g1(z)dz and taking the Fourier transform of

equation (4.3) yields

F̃ (ỹ) = 1

2π

∫
eiy.ỹF (y)dy

= (1− k)2
(
f̃ (ỹ)+ 1

2π

∫
g1(x)g1(x

′)F (y + x′ − x)eiy.ỹdxdx′dy
)

= (1− k)2
(
f̃ (ỹ)

+ 1

(2π)4

∫
g̃1(ã)g̃1(b̃)F̃ (c̃)eiy.ỹe−ix.ãe−ix′.b̃e−i(y+x′−x).c̃

dxdx′dydãdb̃dc̃
)

= (1− k)2
(
f̃ (ỹ)+ (2π)2g̃1(−ỹ)g̃1(ỹ)F̃ (ỹ)

)



526 A. Etheridge

where in the last line we have used that

(2π)2δx =
∫

eix.x̃dx̃,

with δx denoting the Dirac delta-function at x. Rearranging, this gives

F̃ (ỹ) = (1− k)2f̃ (ỹ)

1− (1− k)2(2π)2g̃1(ỹ)g̃1(−ỹ) . (4.4)

Let us write (1− k) = e−μ. As g1 is a Gaussian, we have

g̃1(ỹ) = (2π)−1 exp(−1

2
σ 2||ỹ||2)

and

f̃ (ỹ) = 1− F(0)

2πδ
exp(−σ 2||ỹ||2),

hence

F̃ (ỹ) = e−2μ 1−F(0)
2πδ

exp(−σ 2||ỹ||2)
1− e−2μ exp(−σ 2||ỹ||2)

= 1− F(0)

δ

∞∑
k=0

e−2μ(k+1) exp(−(k + 1)σ 2||ỹ||2)
2π

.

If μ > 0, the sum converges absolutely and uniformly in R2. Inverting term
by term (and noting that the inverse Fourier transform of ỹ �→ exp(−(k +
1)σ 2||ỹ||2)/(2π) is the Gaussian density with variance 2(k+1)σ 2Id2) we obtain

F(y) = 1− F(0)

δ

∞∑
k=0

e−2μ(k+1) exp(−||y||2/(4(k + 1)σ 2))

4π(k + 1)σ 2
. (4.5)

Since (for a > 0)

∞∑
k=0

e−a(k+1)

k + 1
=
∫ ∞
a

∞∑
k=0

e−(k+1)xdx

=
∫ ∞
a

e−x

1− e−x
dx = log(1− e−x)

∣∣∣∞
a
= − log(1− e−a)

this gives in particular

F(0) = 1− F(0)

4πσ 2δ
log

( 1

1− e−2μ

)
,
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that is,

F(0) = 1

1− 4πσ 2δ/ log(1− e−2μ)
.

Thus, the solution of (4.4) can be written as a series:

F(y) = 1

4πσ 2δ − log(1− e−2μ)

∞∑
k=0

e−2μ(k+1)

k + 1
exp(−||y||2/(4σ 2(k + 1))).

(4.6)
This then provides an approach to the probability of identity of two individuals

sampled from a population in continuous space with discrete generation times. It
can be extended in a natural way to populations evolving in continuous time in
which case equation (4.5) is replaced by

F(y) = (1− F(0)

δ

∫ ∞
0

1

4πσ 2t
e−2μte−‖y‖2/(4σ 2t)dt.

Since∫ ∞
0

e−pt tν−1e−
α
4t dt = 2

(
1

4

α

p

)ν/2

Kν(
√
αp), Reα > 0, Rep > 0,

where Kν denotes the modified Bessel function of the second kind, rearranging,
we obtain

F(y) = (1− F(0))

δ2πσ 2
K0

(‖y‖
σ

√
2μ

)
.

Of course we cannot now simply set y = 0 and solve for F(0), instead we assume
that there is some local scale κ over which identity is approximately constant. In
other words F(κ) ≈ F(0) and using that K0(z) ∼ log(1/z) as z→ 0 we obtain

F(y) ≈ 1

N + log(σ/κ
√

2μ)
K0(

√
2μ‖y‖/σ), ‖y‖ > κ, (4.7)

where N = 2πδσ 2 is Wright’s neighbourhood size which measures the number
of ‘potential parents’ of each individual. This formula corresponds to asymptotic
results for the stepping stone model obtained by Kimura and Weiss, [30]. In
fact simulations in [1] show that for the appropriate choice of κ , equation (4.7)
gives an astonishingly good approximation to the probability of identity, even for
individuals sampled from neighbouring demes, in the two-dimensional stepping
stone model.

Malécot’s equation (4.3) is the equilibrium version of a recursion for the prob-
ability of identity over successive generations. Such a recursion can be written



528 A. Etheridge

down under very general conditions. For example, suppose that we have some
(unspecified, but translation invariant) population model in R2. In order to dis-
tinguish from the special case considered by Malécot, let us now denote by φ(y)

the probability of identity of two genes separated by the vector y ∈ R2. We could
be analysing discrete or continuous models, but we consider a recursion over a
timeslice �t . Let us write �t

2ρe
h(y) for the probability that two individuals at sep-

aration y are identical by descent (i.e. have a common ancestor) at time �t before
the present and g(x, x′, y) for the probability that individuals currently separated
by y are descendants of individuals at time �t before the present whose dis-
placements from the current individuals are x and x′ respectively. Notice that the
integral of g over all possible displacements will be 1− �t

2ρe
h(y). The function h

is normalised to have integral one, which provides a definition of the inbreeding
effective density, ρe (compare with our discussion of effective population size in
§3.8). Notice that ρe depends on �t . Roughly h tells us the distribution of the
distances between pairs that coalesce during the time slice �t . Assuming that
mutation along each lineage is at rate μ, the analogue of Malécot’s equation is

φ(y) = e−2μ�t
( �t

2ρe

h(y)+
∫

φ(y + x − x′)g(x, x′, y)dxdx′
)
. (4.8)

Of course we are making a further approximation here since if two individuals
do coalesce during the timeslice �t , it may not be at the beginning of that times-
lice and so the factor e−2μ�t is not strictly correct. For large �t we therefore
make the additional assumption that the mutation rate μ is small. To recover
equation (4.3), we set �t = 1, h(y) = ∫

g1(x)g1(y − x)dx, δ = 2ρe and
g(x, x′, y) = g1(x)g1(x

′)
(
1 − 1

2ρe
δ0(y + x − x′)

)
where δ0 is the Dirac delta

function at the origin.
Implicit in this is the assumption that we can choose our timeslice �t suffi-

ciently large that the evolution of lineages over successive timeslices are approx-
imately independent. Notice that we expect the population to consist of tran-
sient local clusters and so if �t is too small, regions that are crowded during
one timestep will still have high probability of being crowded during the next
and so the evolution of lineages will be temporally correlated. To make fur-
ther progress, we also assume that for sufficiently well separated genes, first the
chances of coancestry in the last timeslice are negligible and second that the
movements of lineages are independent. One can then apply an analysis entirely
similar to that above and see that for populations satisfying these assumptions,
Malécot’s formula remains true over all but local scales, but the parameters must
be replaced by effective parameters. The effective dispersal rate depends on the
rate of diffusion of lineages backwards in time. It may be considerably larger
than the corresponding forwards in time dispersal rate, reflecting the fact that in
a reasonable model, lineages that disperse out of crowded regions may have a
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better chance of reproductive success than those that don’t. Simulations in [1]
show how in the example of a model introduced by Bolker and Pacala, [6], (an
analogue of which we return to in §5) this inflation of the dispersal rate when we
reverse time can be very substantial. The effective population density, ρe is one
over the probability that genes that are currently close together were identical by
descent at time �t before the present. The local scale, κ , once again represents
the distance over which the probability of identity is assumed to be constant.

Although this looks promising, other than the stepping stone model, there is
no known example of a forwards in time population model for which we can
explicitly identify either our functions h and g or our effective parameters. Once
again this is at least in part due to the absence of a good collection of forwards
in time models for the fluctuations in the local population size and it is to this
problem that we now turn.

5. Spatial models

In a truly continuous population, we cannot separate population genetics and
population dynamics. Necessarily there will be local interactions between nearby
ancestral lineages, reflecting fluctuations in the local population density. Even in
subdivided populations, we need adequate models for the fluctuations in popu-
lation sizes in different demes. In this section, we therefore turn to models for
the population dynamics. We shall shamelessly flip between models in discrete
and continuous space. Established results for the models we describe are very
incomplete and it is clear that existing techniques cannot be extended to capture
the full results that we believe to be true and so for most of this section we shall
concentrate on conjectures.

5.1. Locally regulated populations

As we already mentioned in §4.1, the problem with spatial models based on
branching processes is that for finite populations they predict that the population
will either become extinct or it will grow without bound. Moreover, in two di-
mensions, if not extinct then at large times it will develop clumps of arbitrarily
large density and extent. In a natural population, one expects there to be limited
local resources and so such clumps will not develop. In this section we consider
a class of models based on branching processes, but with a self-regulation term.
Individuals living in locally crowded regions will have a lower reproductive suc-
cess than those living in sparsely populated regions.

In 1997, Bolker and Pacala, [6], introduced a model to the ecology literature
that attempts to incorporate such local regulation. It is a natural model that is



530 A. Etheridge

easily adapted to the superprocess setting where it is parametrized by a vector
(h,M, α, γ ). The idea is that the reproductive success of individuals, which
translates into local rate of population growth, should be governed by ‘local pop-
ulation density’. For an individual at the point x ∈ R2, we define this local pop-
ulation density as the integral of a suitable test function h centered on x against
the current state of the population. For example, we might take h(x, y) to be the
indicator function of the unit ball centered at x in which case the local population
density is just the size of the population in the unit ball about x. If the maxi-
mum local population size that can be supported by the environment is M then
we define the growth rate to be

a(s, x) = α
(
M − 〈h(‖x − y‖),Xs(dy)〉

)
.

One could replace this by any function of M−〈h,X〉 but this is a natural starting
point. If the process is to exist when started from suitable infinite initial measures
(in particular Lebesgue measure), then one needs an integrability condition on
the function h to prevent an immediate catastrophe for the population. We shall
assume for simplicity that h(x, y) is a function of ‖x − y‖ and abuse notation by
writing h(r) = h(x, y) for ‖x − y‖ = r . The required condition is∫ ∞

0
h(r)rd−1dr <∞. (5.1)

In the super-random walk setting the corresponding model is

dXt(i) =
∑
j

mij (Xt (j)−Xt(i)) dt

+ α

⎛⎝M −
∑
j

λijXt (j)

⎞⎠Xt(i)dt +
√
γXt(i)dB

(i)
t .

We shall refer to this as the stepping-stone version of the Bolker-Pacala model.
Of course such models considerably predate Bolker & Pacala, they can be ob-
tained from the Dawson-Watanabe superprocess (and super-random walk) by the
Dawson-Girsanov transform, but they are difficult to study because many of the
powerful tools used in the study of superprocesses depend on the branching prop-
erty, and this is destroyed by the interactions introduced by this nonlinear growth
rate.

A problem in studying this process is that the moment equations are not
closed – the equation for the first moment involves the second, for the second
involves the third and so on. Bolker and Pacala overcome this problem by declar-
ing third and higher moments to be negligible resulting in a closed system of
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equations. They also use simulations and remark that after some forty genera-
tions or so the population appears to have reached a statistical equilibrium. In
particular, they claim that the population will persist.

Of course we should be cautious about moment closure techniques in this
world. In two spatial dimensions, the moments of the superprocess actually
blow up for large times (reflecting the clumping). So does the Bolker-Pacala
model overcome the tendency to clumping and extinction seen in the super-
process model? Notice that the spatial ingredient in the model must be crucial.
The process is a spatial analogue of the Feller diffusion with logistic growth,

dpt = αp(1− p)dt +√p dBt ,

and this process will, with probability one, hit zero in finite time. The following
result shows that the form of the interaction kernel, is also crucial. Recall that a
p-tempered measure, μ, on Rd is a locally finite measure for which∫

Rd

1(
1+ ‖x‖2

)p/2
μ(dx) <∞,

Theorem 5.1 (See [18]). 1. For each fixed interaction kernel h and γ,K > 0
there exists α0 = α0(K, γ, h) such that for α > α0, the superprocess version
of the Bolker-Pacala model with parameters (h,K/α, α, γ ) started from any
finite initial measure dies out in finite time. If h also satisfies (5.1), then when
started from any tempered initial measure (with p > d) the process with these
parameters suffers local extinction.

2. Let α > 0 be fixed.

(a) If the interaction kernel h is such that r2−δh(r) is unbounded for some
δ > 0, then for each fixed γ > 0, there is an M0 > 0 such that for M <

M0 the superprocess version of the Bolker-Pacala model with parameters
(h,M, α, γ ) started from any finite initial measure dies out in finite time.
If h also satisfies (5.1), so that in particular d = 1, then when started
from any tempered initial measure (with p > 1) the process with these
parameters suffers local extinction.

(b) Suppose that the population {{Xt(i)}i∈Zd }t≥0 evolves according to the step-
ping stone version of the Bolker-Pacala model, then if mij > cλij , for some
c > 0, then there exists M1 > 0 such that for M > M1 the process survives
for all time with (strictly) positive probability (started from any non-trivial
initial condition).

Remark. 1. For infinite initial measures, because we did not prove uniqueness of
the solution to the martingale problem, we define the superprocess version of
the model to be the limit of a system of rescaled branching particle systems.
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2. The results in (2) are in some sense complementary. If we wanted to approxi-
mate our superprocess version of the model by a subdivided population, then
we should apply the diffusive rescaling to our migration mechanism mij and
then the condition mij > cλij translates into 1/r2 > ch(r). In other words
r2h(r) is bounded. (In two spatial dimensions, the integrability condition (5.1)
ensures this.) If the spatial motion of individuals were a stable process of in-
dex β ∈ (0, 2) rather than Brownian motion, then this condition would be
replaced by the condition that rβh(r) be bounded.

3. Since we require r2−δh(r) to be bounded to even construct the process started
from a translation invariant initial conidtion, one suspects that it should be
possible to take M0 = ∞.

Roughly, the result says that the population can only survive if it spreads out
fast enough that individuals colonize vacant regions before being killed by the
crowd of their own close relatives. Law, Murrell and Dieckmann, [34], using
simulations, independently reached the same conclusion. In fact the proof rests
on this idea. In the continuous case one couples the process to one in which in-
dividuals are only killed by their own extended family. When the family range is
too big (so that the killing is no longer bounded below) then we split the family
into subfamilies and start again. This allows comparison to a subcritical branch-
ing process. Crucial to this argument is that the support of the Dawson-Watanabe
superprocess is compact. This proof therefore does not translate to the stepping
stone version of the model, since super-random walk instantly propagates over
all of Zd . Recently Hutzenthaler and Wakolbinger, [26], have proved the corre-
sponding extinction result for the subdivided population model using completely
different techniques. They also have ergodicity results.

For survival in the subdivided setting, we compare to oriented percolation (the
contact process in discrete time). A deme is said to be occupied if the popula-
tion size there is above a certain threshold. Without migration, by comparison
with the Feller diffusion with logistic growth, we see that a deme would eventu-
ally become empty. High migration rates guarantee that an occupied deme can
seed populations in neighbouring demes before itself hitting zero. The reader is
referred to [16] for very general comparison techniques for interacting particle
systems.

The proof of survival for the continuum version of the model has never been
written down in detail, but could surely follow a similar route to the discrete ver-
sion. Here we simply present an heuristic argument which explains the result
in the case of the two-dimensional superprocess version of the model. We pro-
ceed by rescaling this version of the model according to a rescaling under which
the Dawson-Watanabe superprocess starting from Lebesgue measure is invari-
ant.
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Suppose then that d = 2. Define Xθ by

〈φ,Xθ
t 〉 =

〈
1

θ2
φ
(x
θ

)
, Xθ2t (dx)

〉
.

We write hθ (r) = θ2h(θr). Then

〈φ,Xθ
t 〉 − 〈φ,Xθ

0 〉 −
∫ t

0
〈D�φ,Xθ

s 〉ds

−
∫ t

0

〈
θ2α

(
M − 〈hθ (‖x − y‖),Xθ

s (dy)〉
)
φ(x),Xθ

s (dx)
〉
ds

is a martingale with quadratic variation∫ t

0
〈γφ2, Xθ

s 〉ds.

Note then that if r2h(r) → ∞ as r → ∞, then hθ grows without bound as
θ →∞, suggesting extinction.

Moreover, in d = 2, for the classical Dawson-Watanabe superprocess, if x is
a typical point in the support of Xt , then

lim
r↓0

E(x)

[ 〈χB(x,r), Xt 〉
r2 log(1/r)

]
= k

for a constant k (independent of x and t). Undoing the rescaling, this tells us
about the clumps of the superprocess. In particular, for the Dawson-Watanabe
superprocess

〈hθ (‖x − y‖),Xs(dy)〉 ∼ log θ.

If this were also true for the Bolker-Pacala model then we would expect extinc-
tion. This suggests that survival in two dimensions reflects successful eradica-
tion of clumping by the density dependent regulation term in the Bolker-Pacala
model.

For the subdivided version of the model, the proof of eradication of clumping
is an essential step in the proof of coexistence of the two competing populations
described in the next section.

5.2. Competing species

Of course populations don’t evolve in isolation. Natural populations interact not
only with their environment but also with one another in complex ways. No
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mathematical model can possibly incorporate all such interactions and yet re-
main analytically tractable and so, in order to understand the effects of a feature
of a population’s dynamics, it is often useful to study ‘toy models’. The Bolker-
Pacala models of the last section are readily adapted to this rôle. To maintain
tractability, we work in the subdivided setting. This can be viewed as a com-
promise between fully spatial models which don’t appear to be amenable to a
rigorous mathematical analysis and interacting particle system models which are
not, at present, sufficiently flexible to incorporate all the competitive strategies
that it is believed populations of, say, plants may adopt.

We are going to describe two models. More details can be found in [5], but
the results obtained there are far from complete and new techniques are required
to capture what we believe to be true. Here we concentrate on conjectures rather
than results. Our second model also exhibits an intriguing duality which creates
a link between this and a particle system that has attracted considerable interest
in the physics literature.

Model I
Following [7] we assume that the strategies for survival that individuals in our

model can employ are: (i) to colonise relatively unpopulated areas quickly, (ii) to
quickly exploit resources in those areas and (iii) to tolerate local competition. We
take two different populations (species) and each can adopt a different combina-
tion of strategies for survival. Our populations will be restricted to live on Zd , but
the dynamics of the model are entirely analogous to those considered in [7] and
[39] in a spatially continuous setting. We write {X(t)}t≥0 = {Xi(t), i ∈ Zd}t≥0
and {Y(t)}t≥0 = {Yi(t), i ∈ Zd}t≥0 for our two populations. We shall suppose
that the pair of processes {X(t)}t≥0, {Y(t)}t≥0 solves the following system of
stochastic differential equations:

dXi(t) =
∑
j∈Zd

mij

(
Xj(t)−Xi(t)

)
dt

+ α

(
M −

∑
j∈Zd

λijXj (t)−
∑
j∈Zd

γij Yj (t)

)
Xi(t)dt +

√
σXi(t)dBi(t),

dYi(t) =
∑
j∈Zd

m′ij
(
Yj (t)− Yi(t)

)
dt

+ α′
(
M ′ −

∑
j∈Zd

λ′ij Yj (t)−
∑
j∈Zd

γ ′ijXj (t)

)
Yi(t)dt +

√
σYi(t)dB

′
i (t),
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where {{Bi(t)}t≥0, {B ′i (t)}t≥0, i ∈ Zd} is a family of independent Brownian mo-
tions. The (bounded non-negative) parameters mij , m′ij , λij , λ′ij , γij , and γ ′ij are
all supposed to be functions of ||i − j || alone (where || · || denotes the lattice
distance L1(Zd)) and to vanish for ||i − j || > R for some R < ∞. In other
words the range of both migration and interaction for the two populations will be
taken to be finite. (Notice that by a change of units there is no loss of generality
in taking the same σ for both populations and indeed we may set σ = 1.)

For the X-population, fast colonisation (the first two strategies above) corre-
sponds to taking large mij and large αM , while the tolerance to competition is
reflected by small values of λij (conspecific competition) and γij (interspecific
competition). By varying M we can also model how efficiently the species uses
the available resources: a species that can tolerate lower resource levels will have
a higher value of M .

For any p ≥ 1, Model I has a continuous positive solution in the space �
4p
� =

{x ∈ RZ
d : ||x||�,4p <∞}, where

||x||�,4p =
⎛⎝∑

i∈Zd

�ix
4p
i

⎞⎠
1

4p

,

and where the sequence {�i}i∈Zd is such that �i > 0 for i ∈ Zd ,
∑

i �i < ∞
and �i/�j < f (||i − j ||) for a continuous function f : [0,∞)→ [0,∞). For
example, �i = e−||i|| satisfies this condition.

Notice that if γij = γ ′ij = 0, then we are back to the self-regulated populations
of the previous section. In [5], to prove coexistence for some choices of parame-
ter (small γij , γ ′ij and large M , M ′), the Y -population is regarded as determin-
ing an environment with a random carrying capacity in which the X-population
evolves. By ensuring that this environment does not have too many demes which
are denuded of carrying capacity (corresponding to clumps in the Y -population)
and making a comparison with oriented percolation, one can check that the X-
population survives. It is then possible to check that the symmetric argument can
be applied to the Y -population for a compatible set of parameter values. How-
ever, as we explain in §5.5, we would expect a much stronger result to be true
than can be captured by this approach.

Let us now describe the second model that we have in mind. It is simpler than
the first, but nonetheless mathematically challenging to analyse.

Model II
This model is motivated by our derivation of the stepping stone model in §4.2.

It will be convenient for later discussion to begin in a fairly general setting. Sup-
pose then that the evolution of our population follows Model I. For simplicity



536 A. Etheridge

we assume that individuals from both populations migrate according to simple
random walk so that, in particular, mij = m′ij . Following our previous work, we
derive the system of equations governing the proportion of the total population at
time t at site i that belongs to the X-subpopulation. As before we use the notation

Ni(t) = Xi(t)+ Yi(t), and pi(t) = Xi(t)

Ni(t)
.

Then an application of Itô’s formula (and some rearrangement) gives

dpi(t) =
∑
j∈Zd

mij

Nj (t)

Ni(t)

(
pj (t)− pi(t)

)
dt

+
⎛⎝αM − α′M ′ +

∑
j∈Zd

(
α′λ′ij − αγij

)
Nj(t)

+
∑
j∈Zd

(
αγij + α′γ ′ij − α′λ′ij − αλij

)
Nj(t)pj (t)

⎞⎠pi(t) (1− pi(t)) dt

+
√

σ

Ni(t)
pi(t) (1− pi(t))dWi(t) (5.2)

where {{Wi(t)}t≥0, i ∈ Zd} is a family of independent Brownian motions.
In order to derive Model II we make the more drastic assumptions that the

neighbourhood over which each individual competes is just the deme in which it
lives so that the only interaction between different demes is through migration.
Following our derivation of the classical stepping stone model, we now condition
the total population size in each deme to be a constant N . In this way we arrive
at the much simpler model

dpi(t) =
∑
j∈Zd

mij

(
pj (t)− pi(t)

)
dt + spi(t) (1− pi(t)) (1− μpi(t)) dt

+
√

1

N
pi(t) (1− pi(t)) dWi(t), (5.3)

where
s = αM − α′M ′ + (

α′λ′ii − αγii
)
N,

μ =
(
α′λ′ii − αγii

)
N + (

αλii − α′γ ′ii
)
N

αM − α′M ′ + (
α′λ′ii − αγii

)
N

and {Wi(t), i ∈ Zd}t≥0 is a family of independent Brownian motions.
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Coexistence of course now corresponds to the vector {pi(t)}i∈Zd of frequen-
cies being non-trivial. If we think of the model as a genetic one then we can
interpret the quantity s as a selection coefficient. In this language, if μ < 1,
then in each deme i there is selection in favour of either the X-type or the Y -type
according to whether s > 0 or s < 0. If μ > 1, in each deme i we have selection
in favour of heterozygosity if s > 0 and selection in favour of homozygosity if
s < 0.

Notice that we have selection in favour of heterozygosity precisely when(
αλii − α′γ ′ii

)
N > αM − α′M ′, and

(
α′λ′ii − αγii

)
N > α′M ′ − αM.

Comparing the quantities α′λ′ii − αγii and αλii − α′γ ′ii tells us about the relative
effectiveness of the X and Y populations as competitors. If the first is smaller,
then the X-population is a less effective competitor. However, provided that
αM > α′M ′, we can still have selection in favour of heterozygosity. This reflects
a competition-colonisation tradeoff.

Again by a comparison with oriented percolation it is possible to show that
for μ > 1 and sufficiently large s we do indeed have coexistence of the two
populations for all time. In fact we have coexistence within each deme for all
time. However, again our result falls well short of what we believe to be true
and so now we turn to making some conjectures about our two models. First we
simplify Model II still further to reduce it to a form where there is a nice duality.

In the case when the two populations evolve symmetrically, Model II reduces
to

dpi(t) =
∑
j

mij

(
pj (t)− pi(t)

)
dt + spi(t) (1− pi(t)) (1− 2pi(t)) dt

+
√

1

N
pi(t) (1− pi(t)) dWi(t), (5.4)

S By a time change, there is no loss of generality in setting N = 1 and so from
now on we assume this. For general s there is no convenient moment dual, but
there is an alternative duality with a system of branching annihilating random
walks.

5.3. Branching annihilating random walk

Definition 5.2 (Branching annihilating random walk). The Markov process
{ni(t), i ∈ Zd}t≥0, in which ni(t) ∈ Z+, with dynamics{

ni �→ ni − 1,
nj �→ nj + 1

at rate nimij (migration)

ni �→ ni +m at rate sni (branching)
ni �→ ni − 2 at rate 1

2ni(ni − 1) (annihilation)
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is called a branching annihilating random walk with offspring number m and
branching rate s.

A consequence of our result about the interacting populations is the following.

Corollary 5.3. There exists s0 ≥ 0 such that if s > s0 the branching annihilating
random walk with offspring number two, started from an even number of particles
at time zero, will survive for all time with positive probability.

Remark. Notice that in a branching annihilating random walk with offspring
number two, a birth event results in one individual splitting into three, a net
increase of two, whereas an annihilation event results in the loss of two particles.
As a result, we have parity preservation: if we start from an odd number of par-
ticles in the system, then there will always be an odd number of particles in the
system (so, in particular, at least one). This is why we restrict the initial number
of particles in Corollary 5.3 to be even.

Branching annihilating random walk has received considerable attention from
physicists (see [49] for a review). Much of the work relates to the analogous
process with instant annihilation of any two particles in the same site (and off-
spring therefore thrown onto neighbouring sites) which is easier to simulate nu-
merically and indeed in one spatial dimension it is amenable to a rigorous math-
ematical analysis as it can be understood as the ‘boundaries’ in a voter model
with swapping, [48]. The process with instant annihilation does not behave in
the same way as the model with delayed annihilation described above. Cardy
and Täuber, [8], [9], consider the process with delayed annihilation and our con-
jectures for Model II, stated in §5.4, are based on their results, which in turn are
based on perturbation theory and renormalization group calculations.

5.4. A duality and a conjecture for Model II

Our conjectures for Model II are based on the symmetric case, implying μ = 2.
The model then reduces to the system (5.4). First we make the duality with
branching annihilating random walk explicit. We begin by transforming the equa-
tions. Let xi(t) = 1− 2pi(t). Then

dxi(t) =
∑
j

mij

(
xj (t)− xi(t)

)
dt + 1

2
s
(
x3
i (t)− xi(t)

)
dt

−
√(

1− x2
i (t)

)
dWi(t). (5.5)
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Lemma 5.4. The system (5.5) is dual to branching annihilating random walk
with branching rate s/2 and offspring number two, denoted {ni(t), i ∈ Zd}t≥0
through the duality relationship

E

[
x(t)n(0)

]
= E

[
x(0)n(t)

]
,

where
xn ≡

∏
i∈Zd

x
ni

i .

This can be checked in much the same way as the duality for the stepping
stone model in §4.3.

The results of [8] [9], for the branching annihilating random walk suggest that
when the offspring number is two, although in one dimension the optimal value
for s0 in Corollary 5.3 is strictly positive, in two dimensions one can take s0 = 0.
Based on this we make the following conjecture.

Conjecture 5.5 (See [5].). For Model II with μ = 2 and d = 1, there is a critical
value s0 > 0 such that the populations described by system (5.4) will both persist
for all time with positive probability if and only if s > s0. In d = 2, there is
positive probability that both populations will persist for all time if and only if
s > 0. For d ≥ 3 this probability is positive if and only if s ≥ 0.

In our view, it would be odd if the case μ = 2 were pathological and so with
rather less evidence we extend our conjecture.

Conjecture 5.6 (See [5].). Conjecture 5.5 holds true for any μ > 1, where in one
dimension s0 will now also depend on μ.

5.5. Conjectures for Model I

We now turn to Model I. We assume that the migration mechanisms governing
the two populations are the same. Suppose first that α = α′, M = M ′, λij = γ ′ij
and λ′ij = γij . We then see that the system of equations (5.2) looks like a selec-
tively neutral stepping stone model with variable population sizes in each lattice
site (deme). As we saw in §4.5, this process is dual to a system of coalescing ran-
dom walks in a space and time varying environment. There will be no longterm
coexistence of our two populations if any pair of walkers in this environment will
eventually coalesce. At least if we start from a translation invariant initial condi-
tion, we can hope for this provided the environment doesn’t either develop very
large ‘holes’ so that two walkers never meet (but then both populations are ex-
tinct in large regions anyway) or if the environment develops such dense clumps
that when two walkers do come together they have an ever decreasing chance of
coalescing before moving apart again. A large part of the work in proving the
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coexistence results that are available in [5] is in showing that if one of the popu-
lations survives then it does not develop such clumps. In fact we conjecture from
this, that in this ‘neutral case’ the behaviour of Model I should be the same as
that for Model II.

More generally we believe, still assuming that the migration for both popula-
tions is simple random walk and that α = α′, M = M ′, provided that at least
one population persists, the question of longtime coexistence of the populations
described by Model I will not be changed by assuming that competition only acts
within individual lattice sites and moreover in that case the question of coexis-
tence will be the same as for the populations described by Model II. Namely we
make the following conjecture.

Conjecture 5.7. Let mij = m′ij , α = α′, M = M ′ be fixed. Suppose that both
X and Y populations start from non-trivial translation invariant initial conditions
and that the parameters are such that each population has positive chance of sur-
vival in the absence of the other. Further let λij = λ′ij , γij = γ ′ij .

1. If λij < γij for all j , then eventually only one population will be present.

2. If λij > γij for all j , then if d ≥ 2, with positive probability both populations
will exihibit longterm coexistence.
In one dimension the same result will hold true provided that λij − γij is
sufficiently large.

3. If λij = γij and d ≥ 3 then with positive probability both populations will
exhibit longterm coexistence.
If d ≤ 2 then with probability one, eventually one of the populations will die
out.

This conjecture is in complete agreement with numerical results of Murrell
and Law [39] for a closely related model.

When αM �= α′M ′, we would expect to see a competition-colonisation trade-
off, but we do not have a precise formulation of a conjecture in this context.

5.6. Heteromyopia

The paper [5] was inspired by the work of Murrell and Law, [39]. Here is the
ecological background to the problem that it set out to study (although the work
did not yet reach a satisfactory conclusion).

It is far from clear how spatial structure influences coexistence probabilities
for competing populations. One might expect that space would promote coexis-
tence as one population could exploit ‘gaps’ in the landscape left by the other.
However, for many models it is known that because spatially distributed pop-
ulations segregate into types, it is interactions at the boundaries of clusters of
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different types that dominate and, as in the case of the interacting particle system
models considered by Neuhauser and Pacala, [44], space actually makes coexis-
tence harder. As we have already said, in order to make spatial stochastic models
tractable, one must make some fairly drastic simplifying assumptions. In partic-
ular, in the case of competing species, one typically assumes that the parameters
of the neighbourhoods over which individuals compete are the same, irrespective
of species. Using simulations and moment closure, Murrell and Law show an ex-
ample in which if we maintain some asymmetry, space can promote coexistence
of species. More precisely, in their example the overall strength of interspecific
and intraspecific competition is the same (

∑
j λij =∑

j γij in our notation) but
the distance over which individuals sense their heterospecific neighbours (that
is their competitors) is shorter than that over which they sense their conspecific
neighbours. They coin the term heteromyopia for ‘shortsighted’ populations of
this type.

An examination of equation (5.2) provides a possible explanation for coexis-
tence under Murrell and Law’s heteromyopia. They work in a continuous space
with the strength of competition between individuals decaying with their distance
apart according to a Gaussian kernel. By analogy, in our setting we take the sym-
metric version of Model I with λij = λ (‖i − j‖), γij = γ (‖i − j‖), where
the functions λ and γ are monotone decreasing and

∑
j λij = ∑

j γij , but the
range of λij is greater than that of γij . Using equation (5.2) we see that then over
small spatial scales there is homozygous advantage, whereas over larger scales
there is heterozygous advantage. Again we expect to see the population forming
homogenic clusters, but now the cluster boundaries will be maintained because
the heterogeneity there confers an advantage to individuals within the clusters
which counteracts the disadvantage to the individuals actually on the boundary.
Reversing the sign to give populations with ‘heterohyperopia’ gives the opposite
effect. In this case an individual’s own offspring, which are necessarily born at
the same location as their parent and are of the parental type, will help to destroy
clusters. Murrell and Law observe founder control in this case (the outcome of
the competition is entirely determined by the initial conditions). We make the
following conjecture.

Conjecture 5.8 (See [5]). Suppose that the parameters of Model I are chosen to
be symmetric and are such that in the absence of the other type, each population
would survive for all time with positive probability and that the initial condition
for each population is non-trivial and translation invariant.

In dimensions d ≥ 2, if the populations are heteromyopic, then with positive
probability we will see longterm coexistence, whereas in d = 1, the populations
must be strongly heteromyopic for there to be positive probability of longtime
coexistence of types.
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1. Spatial diffusion models of population genetics

We are concerned here with the stochastic evolution of populations consisting of
individuals carrying a certain type and being located in a geographic space. The
time evolution of the population is driven by the migration of individuals between
geographic locations and by the change of generation such that the change from
one generation to the next involves random fluctuations in the flow of types (pure
genetic drift) mutations of the types, selection according to types and recombi-
nation of types.

The model we discuss is a spatial version of the Fleming-Viot diffusion with
selection, mutation and recombination. We view this as a model which allows on
the one hand to incorporate simple versions of the essential mechanism of popula-
tion genetics but on the other hand has a mathematical structure which allows for
a rigorous analysis. In other words we obtain in the model many qualitative phe-
nomena exhibited by populations on a mathematically sound basis. In particular
and this is a key point can we include in the analysis the evolution of the whole
genealogy of the population alive at time t in mathematically tractable terms and
we can discuss some key concepts as quasi-equilibria, punctuated equilibria and
other qualitative phenomena.

(1) Ingredients of the basic model
The state space of a single component (describing frequencies of types) will

be

P(I) = set of probability measures on I, with I = type space. (1.1)

Typically I is a finite, countable set or a continuum like [0, 1] and we use u, v,w

for typical elements of I .
The geographic space providing the set of components or colonies, demes

will consist of an abelian group #, which is countable. The state space X of the
system is therefore

X = (P(I))# (1.2)

and a typical element of the state space is written

X = (xξ )ξ∈#, with xξ ∈ P(I). (1.3)

551
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(i) Important choices for the geographical space # are

# = Zd, d = 2, 3 or # = #N. (1.4)

The hierarchical group #N indexing the colonies is defined:

#N =
{
ξ = (ξi)i∈N | 0 ≤ ξi ≤ N − 1, ξi ∈ N,

∞∑
i=0

ξi <∞
}
, (1.5)

with addition defined as componentwise addition modulo N . Here N is a para-
meter with values in {2, 3, 4, . . . }.

An element (ξ0, ξ1, ξ2, . . . ) of #N should be thought of as the ξ0-th village
in the ξ1-th county in the ξ2-th state, etc. In other words we think of colonies as
grouped according to degrees of neighborhood.

The hierarchical distance d(·, ·) is the following ultrametric

d(ξ, ξ ′) = inf(k | ξj = ξ ′j ∀j ≥ k). (1.6)

(ii) The transition kernel a(·, ·) on #×#, modeling migration.

We shall only consider homogeneous transition kernels, which have on #N in
addition the exchangeability property between colonies of equal distance. That
is a(·, ·) has the form:

a(ξ, ξ ′) = a(0, ξ ′ − ξ), a(0, ·) ∈ P(#) (1.7)

On #N we choose:

a(0, ξ) =
∑
k≥j

(ck−1N
−(k−1))N−k if d(0, ξ) = j ≥ 1, (1.8)

where
ck > 0 ∀k ∈ N,

∑
k

ckN
−k <∞. (1.9)

The kernel a(·, ·) should be thought of as follows. With rate ck−1N
−(k−1) we

choose a distance k, and then each point within distance k is picked with equal
probability as the new location. Note that the scaling factor Nk in the rate ckN

−k
represents the volume of the k-ball in the hierarchical metric.

(iii) The selection matrix (V (u, v))u,v∈I.

We choose a special form of this matrix, describing the relative fitness of u

compared to v, corresponding to so-called additive selection, where fitness of a
pair (u, v) is derived from a fitness function of a single type. For a discussion
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of this assumption compare [4][1993] chapter 10.2 and [22]. Then set (compare
here (1.18) for intuitive understanding)

V (u, v) = χ(u)+ χ(v). (1.10)

(iv) Mutation matrix

Mutation changes the types of individuals spontaneously and can be described
by the mutation rate and the probability of a mutation of type u to type v.

Let m denote the total mutation rate and let M(u, dv) denote the probability
distribution of the type, which results if a type u undergoes mutation. We will
sometimes want to consider the case of, at least partly, state independent mutation
distribution. If there exists ϕ ∈ P(I), m̄ ∈ (0, 1) with M(u, dv) ≥ m̄ϕ(dv),
then we define M̄(u, dv) by

M(u, dv) = m̄ϕ(dv)+ (1− m̄)M̄(u, dv). (1.11)

On a finite type space we can often pick the uniform distribution for ϕ.

(v) Recombination

By recombination two types v1 and v2 combine to give a new type u at a rate
based on the ingredients

α(v1, v2) and R(v1, v2, du), (1.12)

where α(v1, v2) is R+-valued, measureable, bounded and symmetric on I×I and
R(v1, v2; du) is a probability transition kernel on I2 × I.

At rate α(v1, v2) types v1 and v2 associated with the parent particles undergo
recombination and the kernel R(v1, v2; du) tells us, with which probability the
type u results from recombining strings from v1 and v2.

(2) The interacting Fleming-Viot processes with selection, mutation and re-
combination

The process will be defined as solution to a martingale problem. We need
some objects to be able to define the associated generator L.

We start by defining a second order partial differential operator on functions
on (M(I))#, with M denoting finite measures. For a function

F : (M(I))# −→ R, (1.13)

we define the derivative in the point x = (xξ )ξ∈# with respect to xη and in
direction δu as

∂F (x)

∂xη
(u) = lim

ε→0

F(xη,ε,u)− F(x)

ε
, u ∈ I, (1.14)
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where

x
η,ε,u
ξ =

{
xξ + εδu for ξ = η

xξ for ξ �= η.

Since positive linear combinations of point masses approximate finite measures
in the weak topology it suffices to consider directions δu for perturbations as long

as F has a weakly continuous derivative. The second derivative ∂2F
∂xξ ∂xξ

(u, v) is

obtained by using (1.14) on ∂F (x)
∂xξ

(u) as function of x.

Let A be the algebra of functions on (M(I))# ⊇ (P(I))# generated by func-
tions F of the form:

F(x) =
⎡⎣∫

I

. . .

∫
I

f (u1, . . . u�)xξ1(du1) . . . xξ�(du�)

⎤⎦ (1.15)

f ∈ C0(I�) (ξ1, . . . , ξ�) ∈ (#)�, � ∈ N.

These functions are at least twice differentiable (with weakly continuous de-
rivatives). Then we can define the generator L on functions F ∈ A in x ∈
(P(I))#.

Let d,m and r are positive real numbers and

Qxξ (du, dv) = xξ (du)δu(dv)− xξ (du)xξ (dv). (1.16)

L(F)(x) =
∑
ξ∈#N

⎡⎣c
∑

ξ ′∈#N

a(ξ, ξ ′)
∫
I

∂F (x)

∂xξ
(u)(xξ ′ − xξ )(du) (1.17)

+ d

∫
I

∫
I

∂2F(x)

∂xξ ∂xξ
(u, v)Qxξ (du, dv)

+ s

∫
I

∫
I

∫
I

∂F (x)

∂xξ
(u)V (v,w)xξ (dv)Qxξ (du, dw)

+m

∫
I

⎧⎨⎩
⎧⎨⎩
∫
I

∂F (x)

∂xξ
(v)M(u, dv)

⎫⎬⎭− ∂F (x)

∂xξ
(u)

⎫⎬⎭ xξ (du)

+ r

∫
I

∫
I

⎡⎣⎧⎨⎩
∫
I

∂F (x)

∂xξ
(u)R(v1, v2, du)− ∂F (x)

∂xξ
(v1)

⎫⎬⎭α(v1, v2)

xξ (dv1)xξ (dv2)

⎤⎦⎤⎦ .
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The first term in the r.h.s. of (1.17) models migration, the second one resam-
pling the third one selection, the fourth mutation and the fifth recombination.
These diffusion models are the large population per colony diffusion limits of
particle models. Compare for example [41], [21], [4].

Remark. For our special choice of the selection matrix (additive selection) the
third term in (1.17) can be simplified and this will be used occasionally so we
write this out here. If V is of the form in (1.10) an explicit calculation gives that
the selection term has the form:

s

∞∫
0

∂F (x)

∂xξ
(u)

[
χ(u)−

∫ ∞
0

χ(v)xξ (dv)

]
xξ (du) (1.18)

= s

∞∫
0

∞∫
0

∂F (x)

∂xξ
(u)χ(v)Qxξ (du, dv).

This means that types u which have higher than average fitness in the colony ξ ,
that is

χ(u) >

∫ ∞
0

χ(v)xξ (dv)

will grow in frequency and those having lower than average fitness will decrease
in frequency.

Recall the concept of a solution to a martingale problem. Namely the law
L[(X(t))t≥0] is a solution to the (L, ν)-martingale problem if L[X(0)] = ν and
for every F ∈ A:⎛⎝F(X(t))−

t∫
0

LF(X(s))ds

⎞⎠
t≥0

is a martingale. (1.19)

This will in our context then guarantee that we can define a strong Markov
process with a generator given on A by L and which has initial law ν.

We first establish that our model is well defined:

Theorem 1.1. (Existence and Uniqueness)
Let ν be a probability measure on (P(I))#. Then the (L; ν)-martingale problem
on C([0,∞), (P(I))#) is well-posed.

Definition 1.2. (Interacting Fleming-Viot process)
The system of interacting Fleming-Viot processes with selection, mutation, re-
combination and initial distribution μ is the canonical process X(t) on C([0,∞),
(P(I))#) with law given by the unique solution of the (L,μ) martingale problem.
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Corollary 1.3. The Fleming-Viot process with selection, mutation and recombi-
nation is a strong Markov process on C([0,∞), (P(I))#).

2. Duality and representation via coalescent processes

In the analysis of population models two closely related concepts play an impor-
tant role: duality and the historical process. In this section we describe the basic
ideas behind the concept of duality. In Section 3 we will relate this to the concept
of the historical process.

A duality relation for two Markov processes, say Xt and Yt on state spaces
E1 and E2 expresses the quantity E[H(Xt , Y0)|X0] by E[H(X0, Yt )|Y0] for a
function H(x, y) from E1 × E2 into R such that {H(·, y), y ∈ E2} is measure-
determining. In order for this to be useful the point is that Y is a process which
is simpler to analyse than the original process X. In the theory of spatially inter-
acting stochastic systems many such duality relations are known and exploited.
Compare [4] and [35] for examples. The art consists of finding both H and Y .
For some processes many (different) dualities are known, as is the case for our
model. The material of this section was developed by Dawson and Greven in [6]
and [9].

2.1. The function-valued dual process

In order to obtain a dual representation of a (P(I))#-valued process (Xt )t≥0 we
need two ingredients, a family of functions on the state space that is measure-
determining and the stochastic dynamics of a dual process.

Recall that in order to determine the marginal distribution at time t of the law
PX0 of the system X(t) = (xξ (t))ξ∈#, with initial point X(0) = X0 ∈ (P(I))#, it
suffices to calculate a suitable form of mixed moments, i.e. we have to determine
the following quantities parametrized by ξ0 (the initial state of the intended dual
dynamics) and a collection of basic functions f :

Ft((ξ0, f ),X0) :

= EX0

⎛⎝∫
I

. . .

∫
I

f (u1, . . . , un)xξ0(1)(t)(du1) . . . xξ0(n)(t)(dun)

⎞⎠ ,

for all n ∈ N, ξ0 = (ξ0(1), . . . , ξ0(n)) ∈ (#)n and f ∈ L∞((I)n,R). The class
given above contains the functions which we will use for our dual representations.

The dual process (ηt ,Ft )t≥0 is constructed from the following ingredients:
• (Nt )t≥0 is an non-decreasing N-valued process,
• ζt = {1, 2, . . . , Nt } is an ordered particle system,
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• ηt = (ξt , πt )

– ξt is a map πt → #N describing the spatial locations
– πt = (π1

t , . . . , π
|πt |
t ) is a partition of the set ζt , that is, πt is a mapping from

{1, 2, . . . , Nt } onto {1, 2, . . . , |πt |} and |π0| = |N0| = n, π0(j) = j .
• the index of a partition is defined as the smallest element.
• Conditioned on ηt , {Ft } is a function-valued process with Ft ∈ L∞(I|πt |).

Note Nt = |π1
t | + · · · + |π |πt |

t |. (Recall that |πt | is the number of partition
elements and |πi

t | is the number of individuals in the ith partition element.)
We will use two main types of such processes

(ηt ,Ft ), respectively (ηt ,F+t ) and (ηt ,F++t ), (2.1)

where the first component, ηt , is as above and the second component Ft ,F+t has
values in the function space

∞⋃
m=1

L∞((I)m), resp.
∞⋃

m=1

L+∞((I)m) (2.2)

(that is measureable, bounded, resp. bounded and non-negative functions of fi-
nitely many I-valued variables).

We describe the dynamics of the process in two steps, first we give the dy-
namics of (ηt )t≥0 and then construct (Ft )t≥0 given a realization of η.

Step 1 The dynamics of {ηt } involves corresponding to resampling, migration and
selection the following principal type of mechanisms:
• coalescence of partition elements: if two partition elements are at the same
site, then they coalesce at a constant rate; the resulting enlarged partition element
is given the smaller of the indices of the coalescing elements and the remaining
elements are reordered to preserve their original order.
• migration of partition elements: for j ∈ {1, 2, . . . , |πt |}, the partition element
j can migrate to another site in # which means we have a jump of ξt (j),
• due to every partition element birth of new particles: if there are currently Nt

particles then a newly born particle is given index Nt + 1 and it forms a partition
element of one particle and this partition element is given index |πt | + 1. Its
location mark is the same as that of its parent particle.
The rates are c, d, s and the migration kernel is ā(ξ, η) = a(η, ξ).

Thus the process (ηt )t≥0 has the form

ηt = ((ξt (1), ξt (2), · · · , ξt (|πt |); πt ), (2.3)
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where ξt (j) ∈ #, j = 1, . . . , |πt |, and πt is an partition (ordered tupel of
subsets) of the current basic set of the form {1, 2, . . . , Nt } where Nt also grows
as a random process. We order partition elements by their smallest elements
and then label them by 1, 2, 3, . . . in increasing order. Every partition element
has a location in #, namely the i-th partition element has location ξt (i). (The
interpretation is that we have Nt particles which are grouped in |πt |-subsets and
each of these subsets has a position in #).

The evolution of Ft , respectively F+t , starts in the state

F0 = F+0 = f, (2.4)

with a function f of |π0|-variables, a parameter we denoted by n. The evolution
of (Ft )t≥0 involves the following two mechanisms, corresponding to the selec-
tion mechanism and the mutation mechanism:

(i) If a birth occurs in the process (ηs) due to the partition to which the element
i of the basic set belongs, then for Ft the following transition occurs from an
element in L∞((I)m) to elements in L∞((I)m+1):

f (u1, . . . , um) −→ χ(ui)f (u1, . . . , um)− χ(um+1)f (u1, . . . , um). (2.5)

(i’) For F+t (2.5) is for χ ≤ 1 replaced by

f (u1, · · · , um) −→ f̂ (u1, . . . , um+1)

= (χ(ui)+ (1− χ(um+1)))f (u1, · · · , um).

(ii) We now introduce some basic objects used to incorporate the mutation mech-
anism into the dual. Let M∗t denote the semigroup on

⋃
n L∞(In) induced by the

mutation process acting on L∞(I). The generator of the semigroup M∗t has the
form

M∗ =
∑
j

(Mj − I ), (2.6)

where Mj acting on f ∈ L∞(Im) is given by

Mjf (u1, . . . , uj , . . . , um) =
∫
I

f (u1, . . . , v, . . . , um)M(uj , dv). (2.7)

If no transition occurs in (ηt )t≥0 then Ft , respectively F+t follows the determin-
istic evolution given by the semigroup M∗t acting on L∞(Im) if Ft , respectively
F+t , at the last transition in (ηs)s≥0 became an element of L∞((I)m).
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Step 3 Combining Step 1 and Step 2 we have uniquely defined a bivariate
Markov process (ηt ,Ft )t≥0, respectively (ηt ,F+t )t≥0, in which the jumps occur
only at the times of jumps in (ηt )t≥0 and other changes occur deterministically
in a continous way (action of mutation semigroup).

One advantage of the process (ηt ,Ft ) (or (ηt ,F+t )) is that it can be explicitly
constructed and only a finite number of random transitions occur in a finite time
interval whereas changes occur instantaneously in countably many components
of the process X in any finite time interval.

Proposition 2.1. (Duality relation – signed with Feynman-Kac dual)
Let (Xt )t≥0 be a solution of the (L,X0)-martingale problem with L as in (2.12)
and the ingredients of the form described in Section 1 and with X0 = (xξ )ξ∈#.
Choose ξ0 ∈ (#)n and f ∈ L∞((I)n) for some n ∈ N. Let π(i) denote the label
of the partition element to which the i-th of the n particles {1, 2, . . . , n} belongs.

Assume that t0 is such that:

E

(
exp

(
s

∫ t0

0
|πr |dr

))
<∞. (2.8)

Then, for 0 ≤ t ≤ t0, (ηt ,Ft ) is the Feynman-Kac dual of (Xt ), that is:

Ft ((ξ, f ),X0) = E(η0,F0)

{[
exp

(
s

t∫
0

|πr |dr
)]
·

·
[∫

I

. . .

∫
I

Ft (uπ(1), . . . , uπ(Nt ))xξt (1)(du1) . . . xξt (|πt |)(du|πt |)
]}

,

where the initial state (η0,F0) is for n ∈ N given by

η0 = [ξ(1), · · · , ξ(n); ({1}, {2}, . . . , {n})],
ξ(i) ∈ # for i = 1, ·, n;

F0 = f.

Remark. In [8] it was shown that there exists t0 > 0 for which (2.8) is satisfied.

Proposition 2.2. (Duality relation – non-negative)
With the notation and assumptions as in Proposition 2.1 (except 2.8) we get for
χ with 0 ≤ χ ≤ 1 that:

Ft((ξ, f )),X0)

= E(η0,F+0 )

⎡⎣∫
I

· · ·
∫
I

F+t (uπ(1), · · · , uπ(Nt ))xξt (1)(du1) · · · xξt (|πt |)(du|πt |)

⎤⎦ .

(2.9)
Moreover, F+t is always non-negative if F+0 is.
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It is useful to change the dynamics of Ft ;F+t by replacing the deterministic
evolution driven by the mutation semi-group by a random jump process.

Namely, introduce the transitions:

f −→ Mif (2.10)

where Mi denotes the application of the operator M to the ith component (see
(2.7)). For each i these jumps occur at rate m and this jump time is independent
of everything else. We denote by

F̂t , F̂+t (2.11)

the resulting modified function-valued processes. The process η remains un-
touched.

Proposition 2.3. The previous duality relations remain valid if we replace (Ft )t≥0
by (F̂t )t≥0 or (F+t )t≥0 by (F̂+t )t≥0.

2.2. The refined dual process

We consider refinements of the dual (ηt ,F+t ), (resp. (̃ηt ,F+t ) or (ηt , F̂+t )) which
mainly (but not exclusively) require a change of the mechanism corresponding
to selection in the function-valued part of the dual and which works (only) for a
smaller set of duality functions which however is still distribution-determining.

This construction is possible for the case of a finite type space

I = {1, . . . , K}. (2.12)

From that we can then draw conclusions about countable I .
The state space for this new dual process changes since its function-valued

part changes. Namely instead of
∞⋃
n=1

Cb
0 (I

n) it is now the following subset of

functions on In, n ∈ N. For k ∈ N, define as a first step the space

Fk ≡
{
f =

n∑
i=1

ki∏
j=1

1Bi,j
(uj ),

Bi,j ⊂ I,

k = max
i=1,...,n

ki;
∫

I
f dμ⊗k ≤ 1 ∀μ ∈ P(I)

}
.

This function space is associated with the situation in which we have k particles
in the dual particle process η. For consistency the product running up to ki could
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be thought of as filled up with k − ki indicators of the whole type space I. The
parameter n allows us to consider the evolution of functions in which there is a
mechanism that replaces a product of indicators by a sum of products of indicator
functions.

The state space of the function-valued component of the refined dual process
is given by:

F ≡
∞⋃
k=1

Fk. (2.13)

With each variable we associate a position in space. However this is not
changed under selection, mutation or resampling. Hence in order to explain
the dual mechanism for each of those we can ignore the spatial aspect for the
moment.

We now explain the dual mechanisms corresponding to selection, mutation,
resampling and migration in the original process step by step.

(i) Selection. We begin with the change of the transition in the function-valued
component of the dual. Assume that there are � fitness levels reaching from 0 to
1 and denote them by

0 = e1 < e2 < · · · < e� = 1. (2.14)

Define for i − 1, with i = 2, · · · , � the set

Ai ≡ {i ∈ I : χ(i) ≥ ei}. (2.15)

Then calculate and abbreviate as follows:

χ(·) =
�∑

i=2

(ei − ei−1)1Ai
(·) =

�∑
i=2

(ei − ei−1)χi . (2.16)

Let f be a function of k-variables and define

�Cf ≡
k∑

m=1

[1C(um)f (u1, . . . , uk)+ f (u1, . . . , uk)(1− 1C(uk+1))]. (2.17)

Observe that (ψC − Id) is the generator of a jump process on F, if we introduce
at rate 1 transitions:

f −→ 1j
Cf + f ⊗ (1− 1k+1

C ), where 1j
C = 1C(uj ). (2.18)
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Introduce transitions for the function-valued part by choosing C = Ai :

f −→ ψ
j,k
i f from Fk → Fk+1, (2.19)

which will replace the transition we had in F+t whenever a birth in η occurred.
For that purpose change the dynamics of the first component, i.e. η, so that the

birth process is replaced by a multitype birth process, more precisely a (� − 1)-
type birth process. Births occur at total rate s but now when a birth occurs the
type (∈ {2, . . . , �}) is chosen i.i.d. with probabilities

(ej − ej−1)j=2,··· ,�. (2.20)

Now introduce at occurrence of a birth of type i the transition in (2.19).
The type does not influence the further evolution of η, it only will change the

function-valued part occurring at this transition of ηt ; we therefore do not enlarge
the state space of the process η to store the type.

(ii) Mutation. Note that we can write the mutation generator in the form

Mf (i) =
K∑

j=1

M(i, j)(f (j)− f (i)) =
K∑

�=1

K∑
j=1

M̃(i, j)[k, �]f (�), (2.21)

where {M̃(i, j), i = 1, · · · ,K; j = 1, · · · ,K; i �= j} is a collection of ker-
nels M̃(i, j)[·, ·] given by

M̃(i, j)[i, j ] = mi,j (2.22)

M̃(i, j)[i, i] = −mi,j i

M̃(i, j)[k, �] = 0, for k, � /∈ {i, j}.
Note that each M̃(i, j) is the generator of a mutation semigroup with only mu-
tations from type i to type j at rate mi,j . The mutation semigroup acting on
indicator functions can also be represented by a indicator-function-valued dual
(random) process whose jumps are given next.

First let B ⊆ {1, · · · ,K} and consider the indicator 1B(u). Since this indica-
tor can be written as

1B(u) =
∑
k∈B

1{k}(u), (2.23)

it suffices to specify for each pair (i, j) the jumps f (·) → f̃ (·) which cor-
responds to the generator action

∑
k M(i, j)[·, k]f (k) on the indicators f =

1{�}(·), with � ∈ {1, . . . , K}.
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This transition occurs at rate

m ·mi,j ; i, j ∈ {1, 2, · · · ,K} (2.24)

and results in the jumps (depending on whether � ∈ {i, j} or not)

1{j} −→ 1{i}∪{j} (2.25)

1{i} −→ 0

1{�} −→ 1{�} � �= {i, j}
for i, j ∈ {1, 2, · · · ,K} and j �= i. We now have a function-valued dual process
Fmut

t for the mutation semigroup with jumps for each � from f ∈ Fk .
This transition associated with (i, j) is obtained by applying the matrix (in

(k, �))

M̄(i, j)[k, �] =
{

1 k = � �= i, (k, �) = (i, j)

0 otherwise.
(2.26)

Then the transition has the form:

f (u1, · · · , u�, . . . uk) −→
∑
v

M̄�(i, j)[u�, v]f (u1, · · · , v, · · · uk); (2.27)

i, j ∈ {1, · · · ,K}
at rate

mmi,j , (2.28)

and where M� indicates that M is applied to the �th variable.

(iii) Resampling-Coalescence. Here as before we identify two variables lo-
cated at the same site in the corresponding factor of all summands of the element
in Fk we are dealing with. When coalescence occurs the resulting (coalesced)
element is given the lower of the indices of the coalescing elements and the re-
maining elements are reordered to eliminate gaps but preserve the original order.
Therefore this operation sends effectively

f ∈ Fk −→ f ∈ Fk−1. (2.29)

(iv) Migration. The action of the migration is as before and has only to do
with the process ηt assigning locations to the variables but not with the function-
valued part.

The process (ηt ,F++t )t≥0 is defined as (ηt ,F+t )t≥0 except that births have
now a type which is influencing the dynamics of F++t . Namely the transition
occurring in the second component at a birth event is modified as follows: if
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F++t ∈ Fk and a birth of a type i occurs at time t from partition number j we
have the transition (recall (2.18):

f → ψ
j,k
i f = χ

j
i f + f ⊗ (1− χk+1

i ) (2.30)

and the mutation transition is replaced by jumps according to (2.27)–(2.28).
The mutation dynamic of the dual process is replaced by the transition given

in (2.24–2.25).

Proposition 2.4. (Refined duality)
Under the assumption of state-independent mutation and finite type space we
have the following duality relation: if |ξ | = k and f ∈ Fk , then

Ft ((ξ, f ),X0) = (2.31)

E(ξ,f )

[∫
I

· · ·
∫
I

F++t (uπt (1), · · · , uπ(Nt ))xξt (1)(du1) · · · xξt (|πt |)(du|πt |)
]

and analogously for the state-independent mutation and (̂ηt , F̂++t ).

In order to carry out the required calculations with the dual, i.e. calculating the
r.h.s. of the equation (2.31), we now exploit more fully the additional properties
of the selection and mutation mechanisms if we let them act only on indicator-
functions. The key fact is the following.

For 1 ≤ �1 ≤ �2 ≤ K , let

C�1,�2 = {k : �1 ≤ k ≤ �2}. (2.32)

Then at rate ei − ei−1, we have a jump 1(C�1,�2) → �Ai
◦ 1(C�1,�2) where we

define ψAi
by:

�Ai
◦ 1(C�1,�2) =

⎧⎪⎨⎪⎩
1(C�1,�2)⊗ 1(C1,i−1) if i > �2

1(Ci,�2)+ 1(C�1,�2)⊗ 1(C1,i−1), if �1 ≤ i ≤ �2

1(C�1,�2)+ 1(C�1,�2)⊗ 1(C1,i−1), if i < �1.

(2.33)
In some cases we can calculate the r.h.s. of (2.31) by viewing the dual process

(ηt ,F++t )t≥0 differently. The key point is to work with products of indicators
in the calculation rather than with a sum of such products. This means we have
to code the sum as additional expectations. This will be achieved by introducing
additional Feynman-Kac terms.

To see how to proceed return to the transition in (2.18) and note that we can
replace this transition by

f −→ f ⊗ (1− 1k+1
C ) (2.34)
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provided that 1Cf is equal to f if we then add a Feynman-Kac term correspond-
ing to the potential:

s1. (2.35)

Since we have the restriction that 1Cf = f in order for this relation to hold we
cannot view this as defining a new dual process since we can make this replace-
ment only for a suitable current state of the process Ft . However it is useful
to calculate the dual expression, i.e. the expectation w.r.t. (ηt ,F++t ) in certain
cases. We indicate this by writing

FKF++t . (2.36)

2.3. Application: ergodic theorem

One important application of the duality is the analysis of the behavior of L(X(t))

as t →∞. One can prove using the duality:

Theorem 2.5. (Ergodicity of spatial process)

(a) Consider the process (X(t))t≥0 defined in (1.17). Assume that we have
mutation kernel M such that mM ≥ m̄1⊗ ρ where ρ is a measure with support
I, m̄ > 0 and with resampling rate d > 0. Furthermore the fitness function χ is
assumed to be bounded.

There exists a unique equilibrium state �
m,s,c,d
M,χ for the process (X(t))t≥0 on

(P(I))#. Here m is the mutation rate, M the mutation kernel, s the selection
rate, χ the fitness function.
(b) For every initial state X(0):

L(Xt )=⇒
t→∞

�
m,s,c,d
M,χ . (2.37)

(c) If m = s = r = 0, then the process is not ergodic. If we start in
a translation-invariant initial state with type intensity θ , then with â(ξ, ξ ′) =
1
2a(ξ, ξ

′)+ 1
2a(ξ

′, ξ) we have

L[X(t)]=⇒
t→∞

∫
I

δaθ(da) for â recurrent (2.38)

L[X(t)]=⇒
t→∞

νθ , (2.39)

where νθ is translation-invariant, invariant for the dynamics with intensity θ .
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3. Historical processes

We shall describe here the basic idea of the historical process for the so-called
neutral model, which involves only migration and resampling, but no selection,
mutation or recombination. This allows also to give an interpretation of the an-
alytical duality relations in terms of genealogies of a sample of a finite number
of tagged individuals. All this has been developed in Greven, Limic and Winter
in [26].

3.1. The neutral models: IMM and IFWD

We will study two types of models, particle models called spatial Moran mod-
els (IMM), and their diffusion limit called interacting Fisher-Wright diffusions
(IFWD), which we define below in (i) and (ii), respectively. In (iii) we define the
corresponding historical processes.

The basic ingredient for our processes is a random walk (RW) on a count-
able Abelian group, G: let (Rn)n∈N be a non-degenerate and irreducible RW in
discrete-time with transition probability a(x, y) = a(0, y − x). We denote its
n-step transition probabilities by a(n)(x, y), x, y ∈ G. The transition kernel of
its continuous time version, R ≡ (Rt )t≥0, is then denoted by at (x, y).

(i) The spatial Moran model, ξ , on G is a locally finite population model where
individuals of the population are assumed to be of one of the possible genetic
types chosen from the type-space, K ⊆ R. It is defined by the following two
mechanisms which act independently of each other as follows:
• Migration Each individual moves in G independently of the other individu-
als according to the law of R.
• Resampling Each pair of individuals situated at the same site dies at rate γ

and will be replaced by a new pair of individuals. Each new individual adopts
a type by choosing the parent independently at random and independent of all
other resampling events. This defines a branching mechanism where the size of
the population in a branching step is preserved.

Remark. Note that the local population size remains constant during times with-
out a migration step. Therefore the properties of the resampling part of the evo-
lution are as in the traditional fixed size population dynamic.

Following this description we can define the stochastic evolution of all the in-
dividuals and their descendants via collections of independent versions of R, of
exponential waiting times, and of a sequence of {0, 1}-valued random variables
used for choosing parents, provided that the initial state is chosen suitably (we
discuss this below). The result generates a forest-indexed random walk by asso-
ciating with each individual the path of its descendants, the edges corresponding
to the individuals and the edge length to the life-time.
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Remark. These rules of evolution have an important projection property. If start-
ing with a set of types K we combine certain types to a new type resulting in a
new set K ′ of fewer types, we obtain the same process by first running the dy-
namics with types K and then relabeling according to K ′, as by first relabeling
according to K ′ and then running the dynamics.

Very often we are only interested in the numbers of particles of a certain type
at certain sites. For this purpose note that the individuals generate a random
population at time t > 0, inducing an integer-valued measure whose restrictions
on finite sets are atomic, i.e.,

ηt ∈ N (G×K). (3.1)

Of course, in order to construct a countable particle system with always fi-
nitely many particles per site, it is in general necessary to impose some growth
restrictions on the initial configuration of the process at infinity: fix a strictly
positive and finite measure α on G such that for some finite constant �∑

y∈G
a(x, y)α({y}) ≤ �α({x}). (3.2)

Take for instance a strictly positive and finite measure β on G and set

α({y}) ≡
∑
n≥0

�−na(n)(y, z)β({z}). (3.3)

Use as possible initial configurations those configurations which give rise to a
measure η ∈ EG if each individual is associated with a δ-measure on its current
position and type, and here

EG ≡
{
η ∈M(G×K) : ‖ η ‖�1

α
≡

∑
x∈G

η({x} ×K)α({x}) <∞
}
. (3.4)

Note that in the context of particle models, EG was first introduced in Liggett and
Spitzer (1981) [36], and is therefore referred to as the Liggett-Spitzer space. The
stochastic process η = (ηt )t≥0 can be described as a Markov process with state
space EG.

It is obvious that the projection of η on the location coordinate simply yields
a countable system of independent random walks,

χ ≡ (χt )t≥0. (3.5)

(ii) Next we derive the second class of models, namely interacting Fisher-
Wright diffusions (IFWD) as the high density - low mass limit of functionals of
the particle models previously discussed.
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We introduce the scaling limit as follows: define the interacting Fisher-Wright
diffusion (IFWD), ζ = (ζt )t≥0, as the Markov process with the following pregen-
erator. Let C2

0([0, 1]G) be the set of twice continuously differentiable functions
depending only on finitely many coordinates of ϕ = (ϕx)x∈G ∈ [0, 1]G. Then
for each f ∈ C2

0([0, 1]G) set

Lζf = Lχf + γ

2

∑
x∈G

(1− ϕx)ϕx

∂2f

∂ϕ2
x

, (3.6)

where

Lχf ≡
∑
x∈G

(∑
y∈G

(ā(x, y)− δ(x, y))ϕy

)
∂f

∂ϕx

, (3.7)

and ā(x, y) ≡ a(y, x) denotes the reversed kernel. Note that C2
0([0, 1]G) is a

core for Lζ and Lχ , a fact which is established in Shiga (1980) [40]. Thus one
has existence and uniqueness of the process ζ .

Remark. The law of IFWD, ζ , is given by the solution of the (Lζ , C
2
0([0, 1]G))-

martingale problem which is well-posed. That is, for each f ∈ C2
0([0, 1]G),(

f (ζt )−
∫ t

0
Lζf (ζs)ds

)
t≥0

(3.8)

is a continuous martingale for the canonical filtration.

3.2. The concept of the historical process

We can define for the Moran model the historical process (ξ
∗,ρ
t )t≥0 as follows.

Take at time t the population and assign to every individual its path of descent in
geographic space. This is the spatial path leading from the current individual and
its location to the location of the father at the time of death (which is the time of
birth of the individual), then to the location of the grandfather, etc. Then consider
the measure on the space of path D(R,G) arising by continuing the path first as
constant path for time index < 0 and > t , and then putting a δ-measure on that
path. The sum of all these δ-measures over the current (at time t) population
results in a locally finite measure on G we call ξ∗t .

If the numbers of particles on G are given by a Poison system with rate ρ we
write ξ

∗,ρ
t . A path has a unique type inherited from the ancestor at time 0 so we

could also consider a measure on D(R,G×K), to describe the information.
If one now gives mass ρ−1 to every individual and lets ρ → ∞, one obtains

the historical process (ζ ∗t )t≥0 associated with the Fisher-Wright diffusion. This
way we are able to discuss ancestral relations of this model in the diffusion limit.
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It is a topic of current research, Greven, Pfaffelhuber, Winter ( [27]) to extend
the dynamics to a dynamics of random (weighted) genealogical marked forests,
which are collections of weighted, marked trees. It is then possible to endow the
space of all these objects with a topological structure which then opens the possi-
bility to formulate wellposed martingale problems for such type of processes and
to discuss convergence statements such as needed to show that the genealogies
of the IMM do have a “diffusion limit”, namely the genealogical structures of
IFWD.

Remark. The big challenge is to extend this analysis on forest level to models
including selection, mutation and recombination. This is the next step in the
research program.

3.3. The concept of the look-down process

The main tool for establishing analytical characterizations by well-posed martin-
gale problems and for constructing dualities for the historical processes will be
the so-called historical look-down process. This is a particle process such that on
the underlying probability space we can realize a whole collection of historical
IMM with a given type intensity θ and total mass intensities ρ ∈ R+ as well as
the diffusion limit the historical IFWD. For such a construction to be possible it
is essential to use the exchangeability between all lines of descent. The historical
look-down process corresponds to a representation of the enriched IMM, ξ , as a
historical process ξ∗ (the enriched historical IMM), i.e., a collection of random
paths.

(i) Fix a countable index set I representing the reservoir of individuals we shall
have to consider for every fixed value of t . Note that we would need a larger set
of indices if we want to label all individuals present at some time! The historical
look-down, X∗ ≡ (X∗t )t≥0, is a process of the form

X∗t = {X∗, ιt ; ι ∈ I} ∈ (D(R,G×K)× U)I , (3.9)

with label set U ≡ {uι; ι ∈ I} a countable subset of [0,∞) which will play a rôle
in defining the dynamics, in particular it determines the look-down order which
is needed to define the dynamic of countably many individuals.

The initial state of X∗ will be given by specifying initial positions in G,
{xι; ι ∈ I}, and labels, {uι; ι ∈ I}, which have to be chosen such that for
each ρ ∈ (0,∞), the spatial configuration arising from positions corresponding
to labels less than or equal to ρ lies in the Liggett-Spitzer space. That is, for each
ρ ∈ (0,∞), with πG denoting projection on the G-component

πG ◦
(∑

ι∈Iρ

δ{xι}

)
∈ EG, (3.10)
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where for each ρ ∈ R+,

Iρ ≡ {ι ∈ I : uι ≤ ρ}. (3.11)

Notice that condition (3.10) is preserved if the individuals perform independently
RW with kernel a(x, y).

Convention Moreover we choose as initial types kι ≡ uι, that is, as mentioned
above we use at this point

K = U ≡ {uι; ι ∈ I}. ♦ (3.12)

The initial state is then defined as follows:

X∗0 ≡
{
(constant path through (xι, kι), uι); ι ∈ I

}
. (3.13)

The initial positions, types, and labels are random and defined on (#0,F0,P0).

(ii) Next we want to give an explicit construction of the dynamics of the
process X∗. The construction is split into three steps.

Step 1 (Migration) We assume there is a probability space (#1,F1,P1) sup-
porting the following construction. There is a P(G)× B(R+)×F1–measurable
mapping R : G × R+ × #1 → G such that R(x, 0, ω) = x, for each x ∈ G,
P1-a.s., and (R(z, t, ·))t≥0 is a Markov process with transition function at (x, y)

starting in z. We abbreviate R(x, s) for the random variable R(x, s, ·).
Let now on (#1,F1,P1)

{Rι; ι ∈ I} (3.14)

be a collection of independent realizations of R.

Step 2 (Resampling) Let

{Nι1, ι2; ι1, ι2 ∈ I, uι1 < uι2}, (3.15)

be independent realizations of rate γ Poisson processes, defined on a probability
space (#2,F2,P2).

Each time t ∈ Nι1, ι2 , ι1, ι2 ∈ I such that uι1 < uι2 , is a candidate time for a
resampling event at which the particle with index ι1 copies its path of descent and
type and pushes the path of descent and type with index ι2 out of the configuration
and this transition is realized if both individuals are sharing the same site, i.e.,
Rι1(xι1 , t) = Rι2(xι2 , t).

Next we combine migration and resampling.
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Step 3 (Migration and resampling combined) Consider the probability space
(#,F ,P) which is the product of the (#i,Fi ,Pi ), i = 0, 1, 2. That is, on
(#,F ,P) the initial configuration X∗0 , the random walks R, and the Poisson
processes N are all independent of each other.

We define each coordinate of {(X∗, ιt )t≥0; ι ∈ I} as a random element of
D(R,G × K) × U in the following way. Between two look-down events the
individual indexed by ι2 moves according to the law of R on G, while at the
jump times it looks down at the individual sharing the same site and indexed by
ι1 (uι1 < uι2 ) in order to adopt both the path of descent and the type of ι1 (which
is actually a constant path through the type space). The individual always keeps
its label. Formally this is done as follows.

Let for ι1, ι2 ∈ I such that uι1 < uι2 ,

Bι1, ι2([0, t]) ≡ #
{
s ∈ [0, t] : Rι1(xι1 , s) = Rι2(xι2 , s), (3.16)

Nι1, ι2([0, s]) = Nι1, ι2([0, s))+ 1
}
.

Then Bι1, ι2 measures the number of look-down events between the individuals
with index ι1 and ι2. Whenever the particle with index ι2 looks down at the
particle with index ι1 the particle with index ι2 adopts both the type and the
spatial path of the particle with index ι1, but it never changes its label. This
defines effectively a resampling event.

For ι, ι1, ι2 ∈ I, n ≥ 1, let us denote by

γ 1
ι ≡ min

{
s > 0 :

∑
ι′∈I: uι′<uι

Bι′, ι([0, s]) = 1

}
(3.17)

the time of the first look-down event of the particle with index ι to some particle
(with a smaller label than uι), by

τn
ι1, ι2
≡ min{s > 0; Bι1, ι2([0, s]) = n} (3.18)

the time of the nth look-down event in which the particle indexed by ι2 looks
down at the particle indexed by ι1, and by

γ n
ι1, ι2
≡ min{τn′

ι′, ι2 > τn
ι1, ι2
; ι′ ∈ I, uι′ < uι2 , n′ ≥ 1} (3.19)

the first time after τn
ι1, ι2

at which the particle with index ι2 looks down at some
particle.

At time t ≥ 0, for any ι ∈ I, the random “path” X
∗, ι
t is defined by requiring

that X
∗, ι
t is a “path” which is constant before time 0 and after time t , and is

defined for intermediate times depending on t as follows:
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• for 0 ≤ t < γ 1
ι ,

(X
∗,ι
t )s ≡

(
Rι(xι, s), kι, uι

) ∀ s ∈ [0, t], (3.20)

• and for τ k
ι′, ι ≤ t < γ k

ι′, ι,

(X
∗,ι
t )s ≡

⎧⎨⎩ (π∗G×K(X
∗,ι′
t )s , u

ι) s ∈ [0, τ k
ι′, ι)

(Rι(xι, s), π∗K(X
∗,ι′
τk
ι′, ι

), uι) s ∈ [τ k
ι′, ι, t]

, (3.21)

where π∗G×K resp. π∗K denotes the projection of elements in D(R,G × K) × U
into D(R,G×K) resp. K .

This construction makes use of the facts that for each ι ∈ I, and fixed time
t ≥ 0, there are a k ≥ 1, and ι′ such that uι′ < uι and t fits in one of the two
cases above, and that the particle with index ι looks down at most finitely often
up to time t . The latter allows to keep track all of its ancestors, and reconstruct
the path of descent in a unique way.

It can be shown that the whole construction is well-defined.

Remark. The historical look-down denoted by X∗ is the analogue of the look-
down process by Donnelly and Kurtz (1996) first given in [14], extended in Don-
nelly, Evans, et al. (1999) [13], and in Kurtz (1998) [33].

3.4. Representation theorem via look-down

We are now ready to outline the historical approach to interacting Fisher-Wright
diffusions, which has three aspects: (1) Use the Moran model to approximate the
IFWD. In particular, relate the long-term behavior of η and ζ . (2) In order to
obtain representations for the family decomposition, evaluate the whole informa-
tion about genealogies contained in the historical processes. (3) The analysis of
the historical process becomes more manageable if we construct the approximat-
ing IMM and their diffusion limit IFWD on the same probability space. The link
is given by the historical look-down process, X∗.

The idea behind such a construction, which goes back to Donnelly and Kurtz,
is to reorder for a fixed time t the individuals in the population according to the
time they will remain in the population. That means in the nonspatial case, the
individuals are labeled in such a way that an individual with a smaller label will
be replaced later than one with a larger label, and therefore during any resampling
event the type is always passed from the individual with smaller label to the
individual with the larger label.

More precisely we will give now in (i) a representation for a collection of
{ξ∗,ρ, ρ > 0} on the same probability space on which we introduced the his-
torical look-down, X∗. The historical IFWD is then obtained as an a.s. limit of
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functionals of the historical look-down process X∗. This will be stated in The-
orem 3.1 below. We conclude in (ii) with a discussion concerning the random
configurations as initial states of our processes.

(i) The nice point observed first by Donnelly and Kurtz in the models with-
out migration is that both processes, X∗t and ξ

∗,ρ
t can be defined on the same

probability space and we denote this space by

(#̄, F̄ , P̄). (3.22)

In order to construct this object we take the probability space (#,F ,P) defined
in the sequel of (3.13) and enrich it (independently from everything we already
have) by an independent countable collection of coin flipping experiments.

On this space we can now, via the next theorem, also define a whole collection
{(ξ∗,ρt )t≥0; ρ > 0} which then allows us to represent also the historical IFWD on
that probability space.

Theorem 3.1. (Representation via look-down) Consider the probability space
(#̄, F̄ , P̄) as basic space.
(a) Fix some ρ > 0. Then there exist random bijections σ

ρ
t ≡ {σρ

t (ι); ι ∈ Iρ}
from Iρ onto Iρ on the basic space such that the following holds: Define for
each X∗ ∈ (D(R,G×K)× U)I and each t ≥ 0 the random map:

ρ∑
t

X∗ ≡ {π∗G×KX∗,(σ
ρ
t )−1 (̃ι); ι̃ ∈ Iρ}. (3.23)

Furthermore introduce the random variable

ξ̃
∗,ρ
t ≡

ρ∑
t

X∗t . (3.24)

Then for fixed t , ξ̃∗,ρt is a version of an enriched historical IMM with Ĩ = Iρ at
time t .
The random bijections σ

ρ
t can be given explicitly.

(b) Assume that we have an initial state for X∗ such that

1

ρ

∑
ι∈Iρ

δπ∗G×K(X
∗, ι
0 ) converges L(X∗0)−a.s., as ρ →∞, (3.25)

to the random element denoted ζ ∗0 with values in M(D(R,G×K)) concentrated
on constant paths such that ζ ∗0 ({y ∈ D(R,G×K) : y0 ∈ {x} ×K}) = 1 for all
x ∈ G. Then for each t ≥ 0,

ζ̃ ∗t ≡ lim
ρ→∞

1

ρ

∑
ι∈Iρ

δπ∗G×K(X
∗, ι
t ) (3.26)
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exists a.s. where the limit is taken in the weak topology on M(D(R,G)) and
L[̃ζ ∗t ] is the law of the historical IFWD at time t started in ζ ∗0 .

Remark. The basic idea behind the construction of the random bijections σ
ρ
t is

to successively and locally symmetrize the pecking order introduced by the look-
down through coin-flipping experiments.

(ii) The above theorem relates the historical look-down to the historical IMM
and IFWD. In the applications we want to consider the latter starting in a random
configuration which is typically associated with a random set of labels.

Another reason why one would like to introduce a random set of labels rather
than a deterministic one arises when we consider as type space an uncountable set
like [0, 1] which is often done in Fleming-Viot models, and consider the random
countable set of types which exist in the system for strictly positive time.

However, in both cases one could try to transfer the situation to the case of a
deterministic set of labels. There are in principle two strategies one can follow:
either to code the random set of labels by a deterministic set of labels using a
clever device, or to define the dynamics based on the set of possible labels in
such a way that it is possible to answer the same questions as in a model with a
fixed set of labels.

Since we are interested in a countable representation but would still like to
have the Fleming-Viot model in mind, we follow a mixed strategy in enriching
the notation by enumerating the individuals deterministically but choosing for
each individual a random label from an uncountable set. However, the label set
and the index set are supposed to be closely related by the fact that there is a
concrete random bijection which maps one into the other.

We next describe the procedure to choose jointly the initial positions and the
labels corresponding to the initial types.

Step 1 (Initial state of X∗) Fix I countable, θ ∈ [0, 1], and let K ≡ {0, 1}.
Sample a Poisson field on G×K×[0,∞) with intensity n⊗{(1−θ)δ0+θδ1}⊗
λ, where n is counting measure on G, and λ is Lebesgue measure on [0,∞).
Enumerate the countably many sampled points by I, and let for the ιth point,
ι ∈ I, xι, kι and uι be its G-valued, K-valued, and U-valued coordinate. This
defines by considering constant paths through an element in G × K uniquely a
I-indexed collection of D(R,# × K) × U-valued random variables which we
can use as initial state for X∗. We denote this initial state as

�(θ) ≡ {
( constant path through (xι, kι), uι); ι ∈ I

}
. (3.27)

Step 2 (Initial state of ξ∗,ρ, ηρ and η∗,ρ) Fix ρ ∈ R+, Ĩ countable, θ ∈ [0, 1],
and let K ≡ [0, 1]. Sample a Poisson field on G×K with intensity ρ n⊗ {(1−
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θ)δ0 + θδ1}. Enumerate the countably many sampled points by Ĩ. Once more
for ι̃ ∈ Ĩ, let x̃̃ ι and k̃̃ι be ι̃’s G-valued and K-valued coordinate, respectively.
Each of these points defines a constant path in G × K . We then start the IMM
distinguishing individuals in the corresponding element of D(R,G × K)Ĩ . The
initial state of ηρ is then given by:

�̃(ρ, θ) ≡
∑

ι̃∈Ĩ δ(̃x̃ι ,̃k̃ι). (3.28)

Note that our sampling procedure ensures that the πG×K -projections of

�(ρ, θ) ≡
∑

ι∈Iρ
δ(xι,kι,uι) (3.29)

equal in law �̃(θ, ρ).

3.5. Representation via coalescent

Above we have given a representation of the historical processes by the historical
look-down process. The next step is now to use the idea of duality. This means
we are now looking for a dual dynamic which is Markov and generates the history
of the time t-population by running it starting from the configuration at time t of
the Moran model, over time t . In our case this means that we shall consider
the historical spatial coalescent starting with a countable reservoir of individuals
at each site which will provide us with this Markov backward dynamic for the
Moran model and the Fisher-Wright model at the same time. Since this object is
locally infinite the definition requires some care.

Step 1 (The EG-marked coalescent) Fix a countable index set I. We proceed
as follows. Let �I define the partitions of I. The EG-marked I-coalescent,

(Ct , Lt )t≥0, (3.30)

is a Markov process with values in the marked partitions P ∈ �I of I, where
for a partition element π ∈ P , the marks L(π) are positions in G. The process
starts at time 0 in the partition C0 ∈ �I , where the partition elements π ∈ P are
marked by L0(π) such that the corresponding configuration lies in the Liggett-
Spitzer space, i.e., ∑

π∈C0

δ(L0(π)) ∈ EG. (3.31)

The dynamics of the EG-marked I-coalescent with coalescence rate γ is given
as follows:
• Migration The marks of the partition elements perform independent contin-
uous time ā(x, y)-random walks on G, where ā(x, y) ≡ a(y, x).
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• Coalescence Each pair of partition elements merges independently of the
others into one partition element at rate γ when possessing the same marks, and
continues to move and coalesce as one partition element.
• Independence Migration and coalescence are independent of each other.

A key property of the EG-marked I-coalescent is that the definition can be
extended in the setting where the starting configuration has countably many par-
tition elements with the same mark provided we introduce an additional label.

We proceed as follows. Let φI ′P denote the restriction of a partition P ∈
�I on a subset I ′ ⊆ I by removing all ι′ �∈ I ′, and ignoring empty partition
elements. Fix a countable subset of labels U ≡ {uι; ι ∈ I} of [0,∞), and let for
ρ ∈ R+,

Iρ ≡ {ι ∈ I : uι ≤ ρ}. (3.32)

The following definition is taken from [26].

Definition 3.2. (The marked (I,U)-coalescent)
The E↑G-marked (I,U)-coalescent, denoted (Ct , Lt )t≥0, is a Markov process with
values in marked partitions of I with marks in G such that for each ρ ∈ R+, the
restriction φIρ (Ct , Lt ) = (φIρ (Ct ), Lt ) is a EG-marked (Iρ)-coalescent.

It has been shown, see Proposition 2.2 in [26], that this problem is well-posed
if the initial state satisfies (3.31).

Step 2 (Representation of IMM and IFWD via the coalescent) Sample a Pois-
son field on G × [0,∞) with intensity measure nG × λ[0,∞), where n and λ

denote the counting measure and the Lebesgue measure on the indicated sets re-
spectively. Enumerate the points by an index set I, and let for ι ∈ I, the projec-
tion of ι’s coordinates into G, and [0,∞), be denoted by xι, and uι, respectively.
Define U ≡ {uι; ι ∈ I}. Denote by � = �(θ, ρ) the law of the corresponding
configuration, i.e.,

� ≡ L
[∑

ι∈I
δ(xι,uι)

]
. (3.33)

Let (Ct , Lt )t≥0 be the E↑G-marked (I,U)-coalescent started in

(C0, L0) ≡ {({ι}, xι); ι ∈ I}, (3.34)

and let for each ι ∈ I, and t ≥ 0, C{ι}t , and L
{ι}
t , denote the partition element at

time t which covers {ι}, and its position, respectively. The latter objects may be
thought of as ι’s group of relatives which are the indices with which ι is coalesced
with by time t together with the position of this class. This will be related, as we
shall see, to the genealogy in the Moran model.
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Now construct an independent collection {�θ(π); π ⊆ I} of 0’s and 1’s dis-
tributed according to a Bernoulli distribution with parameter θ . These random
variables are used to assign types to the family clusters which are generated by
the partition of the coalescent at the final time t . If considering particles ι with
label uι ≤ ρ only, we restrict the analysis to the IMM with particle intensity ρ

and frequency θ .

Now consider η
ρ,θ
t started in a Poisson configuration with intensity ρ, and

type 1 frequency θ . Then by Corollary 2.8, and Theorem 3 in [26] we obtain the
following.

Duality relations for historical IMM, IFWD: For each ρ ∈ [0,∞), t ≥ 0,

L
[
η
ρ,θ
t

]
≡ L

[∑
ι∈Iρ

δ
(L
{ι}
0 ,�θ (C

{ι}
t ))

]
. (3.35)

Moreover by Theorem 3 in [26], for each t ≥ 0, there is an unique measure
ζ̃t ∈M(G × {0, 1}) such that in the sense of convergence for each finite subset
A ⊂ G× {0, 1},

ζ̃t ≡ lim
ρ→∞

1

ρ

∑
ι∈Iρ

δ
(L
{ι}
0 ,�θ (C

{ι}
t ))

, a.s., (3.36)

and ζ̃t (·, {1}) equals in distribution ζt started in ζ0 ≡ θ .

Remark. From this relation we see that moment dualities arise since the back-
ward evolution of a sample of tagged individuals is given by a spatial coalescent.

4. Quasi-equilibria: elements of the multi-scale analysis

In population models often an evolution on different time scales is observed. The
process remains for a long time in a particular state before it evolves on longer
time scales to other states. How can we formalize such phenomena?

We will now turn for that purpose to a hierarchical model in the hierarchical
mean-field limit. Here we consider # = #N and let N →∞. Then the notion of
quasi-stationary states can be made precise. They arise as stationary states of the
so-called McKean-Vlasov dynamic, which we introduce in this section following
the work of Dawson and Greven in [8]. A key element in this whole approach are
mean-field models which we describe first before we introduce the hierarchical
model and study the concept of punctuated equilibria in the last section.
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4.1. Mean-field models and McKean-Vlasov limit

An important role in the analysis of hierarchical models is played by so-called
mean-field (in the genetics literature known as N -island model) models and their
limiting dynamics. Return to the dynamics described in Section 2 and specialize
it as follows. Consider the dynamics where the site space is

{0, 1, · · · , N − 1}. (4.1)

The migration kernel is

a(i, j) = 1

N
; i, j ∈ {0, 1, · · · , N − 1}. (4.2)

We denote the resulting process by

(YN(t))t≥0 where YN(t) = (y0(t), · · · , yN−1(t)). (4.3)

The basic question is to find the limiting dynamics for N →∞.
The McKean-Vlasov limit In order to formulate the limit theorem for YN

t as
N →∞ (Mc Kean-Vlasov limit) we start by formulating a nonlinear martingale
problem for a single component of the limiting process (nonlinear means the
generator shall involve a functional of the law of the process).

Consider for a function F on M(I) of the form F(z)= ∏n
k=1〈z,�k〉, �k(u)=

e−λku for some λk > 0 and let π be a probability measure on P(P(I)). Define
the operator Lπ

M,ϕ,R by:

Lπ
M,ϕ,R(F )(z) = c

∫
I

∂F (z)

∂z
(u)

⎛⎜⎝
⎡⎢⎣ ∫
P(I)

z′π(dz′)

⎤⎥⎦ (du)− z(du)

⎞⎟⎠ (4.4)

+ d

∫
I

∫
I

∂2F(z)

∂z∂z
(u, v)Qz(du, dv)

+ s

∫
I

∫
I

∫
∂F (z)

∂x
(u)(ϕv + ϕw)z(dv)Qz(du, dw)

+m

∫
I

⎡⎣∫
I

∂F (z)

∂z
(v)M(u, dv)− ∂F (z)

∂z
(u)]

⎤⎦ z(du)

+ r

∫
I

∫
I

α(v1, v2)⎧⎨⎩
∫
I

∂F (z)

∂z
(u)R(v1, v2, du)− ∂F (z)

∂z
(v1)

⎫⎬⎭ z(dv1)z(dv2).



Multi-scale analysis of population models 579

We now define the notion of solution of a nonlinear martingale problem. Let
P be a measure on C([0,∞], P(I)) and denote by �tP the time t-marginal
distribution of P .

Definition 4.1. (Limiting process)
Given an initial measure ν on P(I), the probability measure Pν on C([0,∞),
P(I)) is a solution to the (L

πt

M,ϕ,R, ν) nonlinear martingale problem. This means

that for all F in C2(P(I)):

�0P = ν(
F(z(t))−

∫ t

0
L

�sPν

M,ϕ,R(F )(z(s))ds

)
t≥0

is a Pν-martingale. (4.5)

Remark. The marginal law can be characterized as a consequence of (4.5) as
follows. Define πt ≡ �tPν. The measure πt is a weak solution of the following
equation (called McKean-Vlasov equation):

〈πt , F 〉 − 〈π0, F 〉 =
∫ t

0
〈πs, (L

πs

M,ϕ,RF )〉ds, νs =
∫

P(I)

zπs(dz). (4.6)

Proposition 4.2. (McKean-Vlasov limit)

L[(YN(t))t≥0] =⇒
N→∞

L[(Y∞(t))t≥0] (4.7)

and Y∞(t) = (y∞0 (t), y∞1 (t), · · · ) where y∞i are i.i.d. and their law is the solu-
tion of the nonlinear martingale problem (4.5).

Example: (Mean-field island model.) In the case of a single level this
mean-field limit as the number of colonies (demes) goes to infinity, is frequently
used in statistical physics and was introduced into evolutionary theory by Kimura
[30] in his discussion of the development of altruistic traits. The extension of the
mean-field limit to the hierarchical case was introduced in [8].

4.2. The mean-field dual

The next objective is to obtain a duality relation for the non-linear Markov process
defined in (4.4) with r = 0 and partly state independent mutation with rate m̄ > 0
and distribution ρ for the mutants.

The dual process has as site space

{0} ∪ {1, 2, 3 · · · } ∪ {∗} (4.8)
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where site {0} corresponds to the “tagged” site, the sites {1, 2, 3 · · · } are used
to incorporate migration to independent copies of the tagged site (corresponding
to the propagation of chaos property of the mean-field limit). As before, the
“cemetery state” {∗} arises from the state-independent mutation.

We introduce the bivariate process consisting of components with values in
marked partitions and a function-valued component:

(̃ηt ,Ft )t≥0. (4.9)

The evolution of (̃ηt )t≥0 has three components which all act independently of
each other: The mechanism in each of the sites consists of

coalescence of each pair of partition elements at rate d (4.10)

births of a new partition elements at rate s for each existing
partition element

jumps of the partition elements to {∗} at rate m̄, (4.11)

due to state-independent mutation and finally a modified migration mechanism
for partition elements due to the mean-field term, namely,

migration of each partition element occurs at rate c

to the unoccupied site with the lowest current label.

The dynamics of Ft resp. F+t is as before.
The quantity ‖π̃t‖ is now defined as the total number of partition elements at

time t which are at one of the sites 0, 1, 2, · · · (excluding ∗).
Proposition 4.3. (Mean-field dual)
(a) The dual representation is given by the following equation where on the left
side E denotes the expectation with respect to Yt and on the right side E denotes
expectation with respect to the process (̃ηt ,Ft )t≥0, respectively (̃ηt ,F+t ):

E

[∫
f (u1, u2, . . . , un)Yt (du1) · · · Yt (dun)|Y0 = Y

]
= E

⎡⎣exp

⎛⎝s

t∫
0

‖π̃r‖dr
⎞⎠

< Ft (uπ̃(1), · · · , uπ̃(Nt )),

|π̃t |⊗
i=1

zξ̃t (i)
(dui) > |F0 = f

⎤⎦ ,

= E

[
< F+t (uπ̃(1), · · · , uπ̃(Nt )),

|π̃t |⊗
i=1

zξ̃t (i)(dui) > |F+0 = f

]
,
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where |π̃t | is the total number of partitions including those in {∗} and

zη =
{

Y if η ∈ {0, 1, · · · }
ρ if η = ∗. (4.12)

For the first identity we have to assume t ≤ t0 (recall (2.8)) again.
(b) As before we can replace Ft by F̂t and F+t by F̂+t defined below (2.10).

4.3. Longtime behavior of McKean-Vlasov process

A key problem is to determine the behavior of the models we have introduced for
t → ∞. Are there unique invariant measures? Does the system converge to the
unique equilibrium? Some answers to these questions can be given. Let

�
c,d
θ (4.13)

be the unique equilibrium of (4.5) with s = r = m = 0. (Uniqueness and
ergodicity is proved right away by the duality.) Then we get adding selection and
mutation the following.

Theorem 4.4. (Equilibrium states of McKean-Vlasov limit)
Assume that r = 0 (no recombination), and M(u, dv) = '(dv), m̄ > 0. Assume
that I is countable.
(a) The equilibrium state of the McKean-Vlasov limit satisfies:

(i) There is a one-to-one correspondence between equilibrium states for the so-
lutions of the McKean-Vlasov nonlinear martingale problem of (4.5) and
fixed points ν ∈ P(I) of the equation ν = G(ν), where

G(ν) = Z−1
∫

μeV (μ)�
m̄+c,d
(αν+(1−α)')(dμ) (4.14)

with

V (μ) =
∫
I

ϕuμ(du), α = c

c + m̄
. (4.15)

(ii) Given a fixed point ν∗ of G, the corresponding invariant measure of the
process defined in (4.5) has the “Gibbs” representation

P ν∗
eq (dμ) = Z−1

⎡⎣exp

⎛⎝2
∫
I

ϕuμ(du)

⎞⎠⎤⎦�
m̄+c,d
(αν∗+(1−α)')(dμ) (4.16)

and the process (Y∞(t))t≥0 has an equilibrium state
⊗

N
P

ν∗
eq .
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(b) There is a unique fixed point ν∗.
(c) For every initial measure ν one has

�tPν=⇒
t→∞

P ν∗
eq . (4.17)

4.4. Large time-space scale behavior of mean-field model

The McKean-Vlasov dynamic describes the quasi-stationary state on the given
level of fitness. What happens if we now introduce the fitness function

ϕ(u)+ 1

N
χ(u) (4.18)

where ϕ and χ are bounded? Assume first that there is no mutation. Then in
short times for large N we will see the maxima of ϕ, but in longer time scales
the χ-component of the fitness function will differentiate further between types
and a new quasi-equilibrium will be approached. We shall here study this effect
first without mutation. The rare mutations will be discussed in Section 5 together
with a hierarchically structured selection.

The main point of this section is to analyze YN(t) in large time scales rather
than passing as in the previous subsections to the McKean-Vlasov limit for fixed
time t , that is we look at the rescaled process

(YN(tN))t≥0. (4.19)

Here we assume
r = m = 0, (4.20)

i.e. no recombination or mutation.
The spatial average over the N -active components, Ȳ N (t), defined by

Ȳ N (t) = 1

N

N∑
i=1

yi(t). (4.21)

is important for this new object as N →∞. We will denote the time, respectively,
time-space rescaled processes by

Ỹ N (t) = YN(tN),
�
Y

N(t) = Ȳ N (tN). (4.22)

The idea now is to show the convergence of (Ỹ N (t))t≥0 by proving that
�
Y

N(t) for N → ∞ converges to a limiting process and that as a consequence

L(Ỹ N (t)|�Y N(t) = %) converges as N → ∞ to �
c,d
% . The reason is that Ȳ N (t)
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varies slowly compared to the components, so that in the time scale where Ȳ N

fluctuates the components have relaxed into an equilibrium state of the system
where the center of drift is fixed and equal to the value of Ȳ N and furthermore no
selection occurs, since over time spans o(N) no ϕ-selection takes place because
the inferior types with respect to ϕ have already disappeared at time tN .

We want to find the limiting dynamics of (
�
Y

N(t))t≥0. Note first that the
process Ȳ N (t) is a functional of the system YN(t) and solves (not necessarily
uniquely) the (ḠN , π%)-martingale problem on P(I) on the probability space
generated by the component process. For a function F on P(I) (in A) consider
the function F̃ : (P(I))N → R, given by

F̃ (z) = F

(
N−1

N∑
i=1

zi

)
(4.23)

and express the action of GN on F̃ in terms of F to get (here z = (zi)i∈#N
, z̄ =

N−1 ∑N
1 zi and integrals extend over I) and define:

ḠN(F )(z̄) = GNF̃ (z) (4.24)

=
N∑
i=1

[
s

N2

∫ ∫ ∫
∂F (z̄)

∂z̄
(u)(χ(v)+ χ(w))zi(dv)Qzi (du, dw)

+ s

N

∫ ∫ ∫
∂F (z̄)

∂z̄
(u)(ϕ(v)+ ϕ(w))zi(dv)Qzi (du, dw)

+ d

N

∫ ∫
∂2F(z̄)

∂z̄∂z̄
(u, v)Qzi (du, dv)

]
.

Define Ḡ∞, the natural candidate for the limit of ḠN , by:

Ḡ∞(F )(z̄) (4.25)

=
(

cs

c + d

)∫ ∫ ∫
∂F (z̄)

∂z̄
(u)(χ(u)+ χ(w))z̄(dv)Qz̄(du, dw)

+
(

cd

c + d

)∫ ∫
∂2F(z̄)

∂z̄∂z̄
(u, v)Qz̄(du, dv).

It is well-known that the (Ḡ∞, δz̄)-martingale problem is well-posed for z̄ ∈
P(I). Namely the process generated by Ḡ∞ is the following Fleming-Viot process
with selection on I: The resampling rate is cd/(c+d) the selection rate sc/(c+d)

and the selection matrix is given by V (u, v) = (χ(u)+ χ(v)). (See [4], subsec-
tion 2.7 and section 5).
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The key arguments in analyzing the longtime behavior are now the following
two Propositions 4.3 and 4.5 which determine the behavior of Ỹ N (t) (recall 4.22)
as N →∞ and combine to the main result (4.30) of Section 5, which is given in
Corollary 4.9 below.

We define the intensity τ as the limiting intensity of types for the McKean-
Vlasov process reached for t →∞.

The first key point is the following implication (recall (4.22) for Ỹ , ˜̄Y ):

Proposition 4.5. (Local equilibria)
Suppose that (Nk)k∈N is a sequence with Nk ↑ ∞ as k → ∞ and such that on
C([0,∞), P(I)):

L((
�
Y

Nk (t))t>0)=⇒
k→∞

L((Ȳ ∗(t))t>0). (4.26)

We define
Q∗t (τ, ·) = L(Ȳ ∗(t)). (4.27)

Then the following holds for every t ∈ [0,∞):

L(Ỹ Nk (t))=⇒
k→∞

∫
Q∗t (τ, d')�c,d

' . (4.28)

To complete the analysis of the behavior of Ỹ N
t as N → ∞, according to

(4.28) we need information on the average
�
Y

N(t) and two facts are crucial:

Lemma 4.6. The sequence L((
�
Y

N(t))t>0) is tight.

Lemma 4.7. A weak limit point of L((
�
Y N(t))t>0) as N →∞ satisfies the well-

posed (Ḡ∞, τ )-martingale problem for Ḡ∞).

Combining Lemma 4.6 and 4.7 we obtain immediately (recall (4.21), (4.22)):

Proposition 4.8. (Convergence of the mean process)
On C([0,∞), P(I)):

L((
�
Y

N

(t))t>0)=⇒
N→∞

L((Ȳ (t))t>0), (4.29)

where Ȳ (t) is the Fleming-Viot process on I with selection generated by Ḡ∞ and
with Ȳ (0) = τ .

As a Corollary of the above two Propositions 4.3 and 4.5 we obtain the main
result of this subsection:
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Corollary 4.9. (Finite system scheme)
For every t ∈ (0,∞):

L(Ỹ N (t))=⇒
N→∞

∫
Qt(τ, d')�

c,d
' , (4.30)

where Qt(·, ·) is the transition kernel of Ȳ (t), the Fleming-Viot process with se-
lection, where the resampling rate equals cd/(c + d) the selection rate equals
sc/(c + d) and the selection matrix V (u, v) = (χ(u)+ χ(v)) (recall 4.25).

This result shows how we obtain transitions from one quasi-equilibrium to the
next one, due to small selective differences. This phenomenon can be observed
in the infinite interacting system with geographic space # = #N for N → ∞
and a hierachically structured selection. In addition we have to bring mutation
back into the picture. This will be extensively discussed in the next section.

5. Punctuated equilibria and hierarchical mean-field limit

In this section we describe how we can use the framework built up so far to study
beyond the concept of the quasi-stationary states that of a punctuated equilib-
rium. Here we describe results by Dawson and Greven in [9].

First consider a system without mutation and a hierarchically structured fit-
ness function. Then the system moves due to selection through a series of states
concentrated on types which have small fitness differences. If the fitness differ-
ences become larger we obtain quasi-stationary states which are stationary states
of a scaling limit. If we have also a hierarchically structured mutation, then we
can observe the phenomenon of a punctuated equilibrium. Here the idea is that
we have a system going through a series of quasi-stationary states in which the
system remains a long time and then rapidly makes a transition to a new equi-
librium on a higher level of fitness due to the appearance of rare mutants. In
this process the spatial structure plays a very important role and this we want to
exhibit.

We assume here that the geographic space # = #N , the hierarchical group
which we introduced in subsection 5.2. In addition we use the migration kernel
defined in this subsection as well. If we pick ck = ck and let c = 1, then we
obtain a migration mechanism which for N →∞ approximates the behavior of
a symmetric random walk on Z2 with finite variance. This justifies the choice of
the geographic space and of the migration mechanism.
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5.1. Detailed specification of selection and mutation mechanisms

The analysis of specific questions about the evolutionary process in the classes of
models requires a specific set-up for the key ingredients, in particular selection
and mutations. This we provide in this subsection, the biological interpretation
follows in the next subsection. An important point here is the inclusion of a
scaling parameter N fitting the scaling of geographic space.

(i) The hierarchical fitness function χ .
Haploid selection drives the population towards domination by the “superior
types”, that is, types u at which the fitness function χ(·) is a maximum. Here
we will be interested in fitness functions having a special structure which we
describe below.

In order to model the adaptive landscapes as introduced above, we will con-
sider here a fitness function χ : I→ R+ corresponding to a sequence of adaptive
peaks of increasing fitness and arranged in a hierarchical structure based on their
fitness and stability.

Definition 5.1. (Fitness function)
The function χ is defined for (k, �) ∈ I by (here � = 1, · · · ,M)

χN((k, �)) = M
(
1+ 1

N
+ · · · + 1

Nk−1

)+ �
Nk for k ≥ 1

χN((0, �)) = �, χN((0, 0)) = 0.

We usually suppress N in this notation and write χ for χN . Furthermore we scale
χ by (N−1M(N − 1))−1, to get something in [0, 1].

We call (k, �) a level-k type and denote by Ek the set of such types.

Furthermore we denote by

χj ((j, �)) = Nj(χ(j, �)− max
k<j,�′

χ((k, �′)) ♦ (5.1)

This parametrization of the types and fitness function inducing a hierarchical
structure on the set of types with the following properties:
• It can be ordered according to a sequence of fitness levels indexed by k ∈ N as
well as an ordering of types at the same level by finer distinction within levels,
• The countable set of types can be ordered by fitness with the minimal type
being (0, 0).

Remark. These notions are useful because types of level k differ in fitness by a
term const

Nk but differ from all lower level types (except the type (k−1,M) whose

special role becomes clear once we discuss mutation rates) by at least 1
N(k−1) and
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hence for large N the difference in fitness within a level set is small compared
to the advantage over types of lower level. This means that as the population
evolves, the competition between types in a level-k set can only be observed at
times of order Nk at which lower level types have essentially disappeared.

(ii) Intra- and inter-level mutation rates
A mutation occurs when an offspring has a type different from that of the parents.
As explained above in our model the set of types are hierarchically structured and
the mutation mechanism we shall consider here will explicitly depend on this
structure which provides a sequence of adaptive peaks of increasing fitness.

The basic idea of the model is that mutation in the space of types proceeds as
follows: during the evolutionary process new types are created out of the existing
ones in a random manner and the new types have three properties:
• they represent small perturbations in fitness of the types present in the system
at that time
• the higher level types are more stable against (deleterious) mutationi,
• very rarely superior types arise by mutation.

Since higher level types have more complex organization that results in higher
stability and fitness, this means that the transitions to successive fitness levels
are achieved in successively longer time scales. A key point for the longtime
behavior is that both fitness levels and the mutation rates determine the longterm
success of different types. More precisely, in order for a type of given fitness to
survive over long time scales, it is essential that its mutation rate to types of lower
fitness be small relative to the difference in fitness.

Guided by the above principles we introduce the mutation transition rates
m(u, v) from type u to v based on matrices for transition rates of level k types
among each other denoted mk,k(·, ·) and rates mk,�(·, ·) between different level
types in addition to a scaling factor:

Definition 5.2. (Mutation rates)

m((k1, j1), (k2, j2)) = mk,k(j1,j2)

Nk if k1 = k2 = k

= mk,k+1(j1,j2)

Nk+1 if k1 = k, k2 = k + 1

= mk,�(j1,j2)

Nk if k1 = k, k2 = � < k

= 0 otherwise

where 0 ≤ mk,�(j1, j2) ≤ K and mk,k(j1, j2) > 0, ∀ j1, j2, and mk,k+1(j1,

j2) > 0 for at least one pair (j1, j2).

The form of m(·, ·) implies that level k types are more stable than lower level
types and mutation to higher level types proceeds always by one step if N be-
comes large.
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Remark. The rates given above mean for the dynamics given by this system of
mutation rates the following, where one should think of N getting large. At the
fitness level denoted by k the natural time scale for selection is of the order of Nk

and consequently to model the mutation rate so that it is comparable to selection
on that level, this rate should be of order 1/Nk . In particular, this means that if
a mutant of lower fitness is produced say and the fitness difference is 1/Nk−1

or more, then on time scale Nk the difference creates a drift term O(N) and it
immediately disappears. On the other hand if the difference is 1/Nk it persists
on time scale Nk . Therefore mutations between the level k types change their
relative frequencies and in the natural time scale for level k a mutation-selection
quasi-equilibrium is reached.

Definition 5.3. (State-independent mutation part)
If there exists ' ∈ P(I), m̄ ∈ (0, 1] with M(u, dv) ≥ m̄'(dv), then we define
M̄(u, dv) by

M(u, dv) = m̄'(dv)+ (1− m̄)M̄(u, dv). (5.2)

On a finite type space we can pick the uniform distribution for '.

As a further simplification to keep things more transparent, we shall assume:

Definition 5.4. (Mutation rates, simplified form)
Let 'k be a positive distribution on the level-k types and let mk,j be positive
numbers satisfying mk,� ≤ K <∞. Define:

mk,k+1(j1, j2) = m+k 'k+1(j2),

mk,k(j1, j2) = mk'k(j2),

mk,k−1(j1, j2) = m−k 'k−1(j2),

mk,�(j, ·) ≡ 0 if � �= k − 1, k, k + 1.

(5.3)

In fact we will often use for 'k the uniform distribution on the level-k types.

Remark. With these definitions above we have completely specified the model
we use in the sequel in Theorems 5.6–5.8. We know that the corresponding
martingale problem is well-posed and defines for each N ∈ N a Markov diffusion
process with state space (P(I))#N .

5.2. Interpretation of the model from the point of view of evolutionary theory

We now review the nature of the model we have introduced from the viewpoint
of evolutionary theory. The mutation mechanism described above satisfies three
qualitative requirements: (i) a type at a certain level of complexity can only mu-
tate to types of comparable or lower levels of complexity at the natural time scale
of his level, (ii) mutations to lower level types occur at a rate comparable to the
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natural time scale of the original level so that by the selective disadvantage of this
mutant it cannot be persistent in the time scale in which it arises, (iii) a type can
mutate to the next higher level of complexity but this occurs with a lower order
rate.

This structure of the mutation means that the more complex a type is the more
stable it is against random perturbations, more precisely, deleterious mutations
but on the other hand the improvements occurring are rarer and rarer. Note that
in the level j -time scale lower order mutants (of level less than j ), even though
they occur, will be wiped out in shorter time scales. Altogether we note that the
more complex types evolve at a slower rate than the simpler ones, both as far
as selection and mutation goes. How does that fit in the context of evolutionary
theory?

In Wright’s model of evolution on an adaptive landscape the population can
be viewed as a “cloud” of individuals undergoing reproduction with mutation
and selection acting. For simplicity we can assume that initially the population
consists of individuals of a simple type denoted by (1, 0) and subsequently tends
towards a peak in the adaptive landscape by hill-climbing. Near the adaptive
peaks stabilizing selection tends to keep the population clustered near the peak.
As a result many small mutations are suppressed but after a long period a rare
sequence of small mutations can result in a transition to a higher level type. As a
result the population is dominated by successively more complex types having a
fitness advantage and greater stability, for example due to local stabilizing selec-
tion. The latter is analogous to transitions between deeper and deeper potential
wells due to large deviations that have been introduced in statistical physics and
is described below.

The mutation matrix m((k1, j1), (k2, j2)) relates to Wright’s adaptive land-
scapes as follows. Consider a sequence of adaptive peaks, labeled by k ∈ N,
in the adaptive landscape in which to get to the (k + 1)st level one must climb
through the previous k levels. This resembles the situation of a random walk in
a linear random potential. One can pass to the next highest level only by go-
ing through a valley in the landscape of the random potential of height uk with
e−uk = mk,k+1

Nk+1 , that is, uk ≈ (k + 1) logN for large N . On the other hand in
order to dominate in the time scale in which the k + 1-adaptive peak is reached,
a fitness difference of only 1

Nk is needed.

5.3. The basic scenario

We now describe the phenomenon of a punctuated quasi-equilibrium, punctuated
by rare mutations, leading after a long time to a transition to a higher fitness level
which occurs nevertheless due to the spatial interaction earlier as expected from
just looking at the rate of mutation at a fixed site.
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We need some preparation to describe the limiting dynamics, but we first give
a brief preview of the results to be formulated below on the multiple scale behav-
ior and renormalization scheme in the hierarchical mean-field limit.

Let S(N) and T (N) be sequences tending to infinity but satisfying:

T (N) = o(logN), logN << S(N) << N. (5.4)

The system evolves now in five different phases as follows.
Phase 0:

At the time T (N)Nj the selection-mutation-migration mechanism has pro-
duced a level-j quasi-equilibrium at a tagged j -block that is concentrated on
level-j types. This is because asymptotically no mutations to level-(j + 1) types
will occur at a tagged region of hierarchical radius j and since migration in this
time scale from outside a region of hierarchical radius j is negligible.

In terms of the spatial structure in time scale T (N), the random field is asymp-
totically j -dependent, that is, the states at sites separated by hierarchical distance
greater than j are independent. Moreover the structure of the random field at
spatial scales 1, 2, . . . , j − 1 is described by an interaction Markov chain to be
defined below.
Phase 1:

The emergence of level-(j+1) types in the tagged j -block occurs at times

CNj logN (5.5)

for some constant C depending on all parameters This stage of the development
is of particular interest because due to rare mutations level-(j + 1) types are
created somewhere in a region of radius j , more precisely, before times of order
Nj+1 they develop nontrivial intensity in some (j−1)-sub-blocks of the j -block
in the limit N → ∞. However before times of order o(Nj logN) they will not
develop a noticeable intensity in the whole j -block.
Phase 2:

The take-over of the j -block by level-(j + 1) types is captured considering
the macroscopic times t defined by

CNj logN + tNj . (5.6)

In that time scale we find for a tagged j -block average in the limit N → ∞
an evolution, which is described by an entrance law of a Markov process in a
random medium, the medium describing the independent feeding in of the rare
mutants from somewhere in the (j + 1)-block.

Phase 3:
Then at the time scale S(N)Nj the invasion and complete take over of a region

of radius j by mutants of level-(j + 1) type has occurred but the (j + 1)-level
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population may not be in equilibrium. This is a result of the fact that the effec-
tive selective advantage of the level (j + 1)-type over the level j -type, due to
the greater stability against mutation to lower levels of fitness, is of order N−j
but must overtake a population of the very same size. Therefore t varies from
S(N)Nj to S(N)Nj + tNj with t = o(N) an intermediate “neutral” quasi-
equilibrium on (j + 1)-level types develops in the tagged j -block.

Phase 4:

Finally one observes convergence to a quasi-equilibrium concentrated now
on level (j + 1)-types in a tagged (j + 1)-block by time T (N)Nj+1. The quasi-
equilibrium is obtained as the equilibrium of a nonlinear McKean-Vlasov equa-
tion as discussed later on in subsection 5.4.

5.4. The hierarchical mean-field limit

The final step now is to work with large parameter N and time scales arising by
modulating the basic time and space scales, which are

Nj , j ∈ 1, 2, · · · (5.7)

by a factor U(N) which takes a different form depending on the phenomenon.
The hierarchical mean-field limit of N → ∞ consists in viewing the system in
multiple time-space scales in this limit. That is we consider the block averages

xξ,k = 1

Nk

∑
ξ ′

xξ ′ , (1d(ξ
′, ξ) ≤ k) (5.8)

in time scales (k ≤ j + 1)
U(N)Nj + sNk. (5.9)

The limiting object (certain nonlinear Markov processes) will allow us to describe
asymptotically the various states through which the system passes on its way
to equilibrium. At each stage j we see three types of processes depending on
whether U is S, T or tN . To establish this one uses the ergodic theorem for such
non-linear Markov processes obtained in subsection 4.

(ii) Basic limit objects

In order to precisely formulate the above we introduce the following ingre-
dients of the multiple space-time scale analysis and the subsequent hierarchical
mean-field limit N →∞. Define first

#∞ = {(ξ i)i∈N | ξ i ∈ N, ∃k with ξ i = 0 ∀i > k} (5.10)

and note that (as sets)

#N ⊆ #′N ⊆ #∞ ∀N and N ′ with:N,N ′ ∈ N, N ≤ N ′. (5.11)
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The basic ingredients for the description of the limiting objects arising by
applying the multiple space-time scale analysis and then letting N →∞ are the
following.

(α) The equilibrium �
c,d
θ and the equilibrium Fleming-Viot process (Zθ,(c,d)

t )t≥0
with immigration, emigration (without selection and mutation):
Fix a type space K = {1, . . . ,K} positive constants c, d and a θ ∈ P(K) and then
consider the P(K)-valued processes (Z̃

θ,(c,d)
t )t≥0 the solution of the (L

c,d
θ , δθ )-

martingale problem. We define a martingale problem generator acting on func-
tions F on P(K) which are twice continuously differentiable by:(

L
c,d
θ F

)
(z) = c

∫
K

∂F

∂x
(z)[u](θ(du)− x(du)) (5.12)

+ d

∫
K

∂2F

∂z∂z
(z)[u, v]Qz(du, dv), z ∈ P(K).

This process has a unique equilibrium state (compare [7]) denoted �
c,d
θ .

(β) The equilibrium �m,s,c,d
ρ,χ and the equilibrium process of the (non-spatial)

nonlinear Fleming-Viot process with immigration-emigration, selection and mu-
tation given as follows:
Fix a finite set K = {1, 2, . . . , K} as type set and fix the resampling constant d ,
immigration-emigration constant c, mutation matrix M with mutation rate m and
fitness function χ with selection rate s. Consider the solution (Y (t))t≥0 of the
(L

πt

M, δz) nonlinear martingale problem on C([0,∞),P(K)) generated by the
operator below where πt = L(Y (t)) or where πt is a random process independent
of the evolution.
Let π ∈ P(P(K)) and set:

Lπ
M,ψ(F )(z) = c

∫
K

∂F (z)

∂z
(u)

⎛⎜⎝
⎡⎢⎣ ∫
P(K)

z′π(dz′)

⎤⎥⎦ (du)− z(du)

⎞⎟⎠ (5.13)

+ s

∫
K

{
∂F (z)

∂z
(u)

(
χ(u)−

∫
K
χ(w)z(dw)

)}
z(du)

+m

∫
K

⎡⎣∫
K

∂F (z)

∂z
(v)M(u, dv)− ∂F (z)

∂z
(u)]

⎤⎦ z(du)

+ d

∫
K

∫
K

∂2F(z)

∂z∂z
(u, v)Qz(du, dv).
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It has been established in [8] that the martingale problem (L
πt

M,χ , δz) is well-
posed for the case πt = L(Yt ). The proof carries over to the case of independent
random πt . We will show below under which conditions we have a unique equi-
librium for this process, which we denote by �

m,s,c,d
M,χ .

5.5. Two interaction chains

For the analysis of block averages in multiple time scales the concept of the
interaction chain is useful, which was introduced for measure-valued processes
by Dawson, Greven and Vaillancourt in [11], where it described a whole sequence
of quasi-equilibria and their joint distribution. In order to describe sequences of
block averages in the limiting dynamics below we now introduce two different
interaction chains.

The first corresponds to the distribution at spatial scales k = 1, . . . , j + 1
when quasi-equilibrium has been reached concentrated on level j types. The
second describes the distribution at spatial scales k = 1, . . . , j + 1 in the time
scale in which fixation of level j+1 types has occurred but level j+1 selection is
still negligible. These are time-inhomogeneous Markov chains with state spaces

P(Ej ) respectively P(Ej+1), (5.14)

with transition kernels (on different sets but of the same nature) and with two
different initial states, (which we specify precisely below) one determined by the
selection-mutation equilibrium on the level j , the other by the mutation kernel
producing (j + 1)-types. The initial distribution concentrated on level j -types
arises as the equilibrium state of a version of the nonlinear Fleming-Viot process
introduced in (5.13), while the other one is determined by the mutation matrix
{mj,j+1(·, ·)}.

The transition kernels will be determined at indices −j + 1,−j + 2, . . . , 0
by resampling and migration alone since in time-scales of order Nk with k < j ,
there is no mutation and selection taking place anymore if the system is of age
T (N)Nj or S(N)Nj (in the limit N →∞ of course).

Define the kernel for the transition from time −k − 1 to time −k by the fol-
lowing device. Note that we use for �

c,d
θ the notation �

c,d,(j)
θ if the type space

is Ej , if this is necessary to avoid confusion. Let

K
j
−k(θ, dρ) = �

ck,dk,(j)
θ (dρ) on P(Ej )× P(Ej ) resp. (5.15)

K
∗,j
−k (θ, dρ) = �

ck,dk,(j+1)
θ (dρ) on P(Ej+1)× P(Ej+1) (5.16)

with in both cases

dk+1 = ckdk

ck + dk
, d0 = d. (5.17)
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Furthermore we define the random initial states. Define random objects θ ∈
P(Ej ) and θ∗ ∈ P(Ej+1) by (recall (2.37), (5.3)) setting:

L[θj (·)] = �
mj ,sj ,cj ,dj
'j ,χj

, s1+j = sj

(
cj

cj + dj

)
(5.18)

L[θ∗j (·)] = �
cj ,dj
'j+1 . (5.19)

Since there is no mutation and selection for the process in the case (5.19) we note
that the initial mean measure is 'j+1. Note the fact that these objects are now
in both cases defined based on dynamical parameters c, d etc. on level j rather
than on level (j + 1). This is due to the fact that we have now included muta-
tion leading to mutation-selection equilibria rather than the migration-resampling
equilibria occurring previously in neutral models where the next order block av-
erage was the relevant input.

This allows us now to introduce two key concepts of the analysis via renor-
malization and hierarchical meanfield limit:

Definition 5.5. (Interaction chains)
(a) The interaction chain on level j on P(Ej ), denoted (M

j
k )k=−j−1,...,0 is the

time inhomogeneous Markov chain with:

transition kernel Kj
−k at time − k − 1

and random initial state θj at time − j.

(b) The interaction chain on level j after rare mutation on P(Ej+1), denoted

(M
∗,j
k )k=−j−1,...,0 is the time inhomogeneous Markov chain with:

transition kernel K∗,j−k at time − k − 1 and random initial state θ∗j
at time − j − 1.

This completes the list of concepts needed to formulate the basic limit results.

5.6. Basic limit theorem

With the notation just introduced we formulate now the three basic limit results
describing the system which has evolved for times of orders T (N)Nj , S(N)Nj

and tNj+1 successively, i.e. phases 0, 3 and 4 in the terminology of Subsection
5.4. In each of these phases we describe the behavior of the system in the spatial
scales indexed by k = 0, 1, · · · , j + 1 and the corresponding time scales. We
use the following convention: If Zθ,c,d

t is defined for K = Ej we write

Z
θ,c,d,(j)
t . (5.20)

Then we can state:
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Theorem 5.6. (Phase 0: low-level quasi-equilibrium)
Assume that the system starts in the state completely occupied by the basic type.
Then for every j ∈ N and ti > 0, i = 0, 1, · · · , j + 1:

L
[(

xN
ξ,|k|(T (N)Nj + t|k|N |k|)

)
k=−j−1,...,0

]
=⇒
N→∞

L
[
(M

j
k )k=−j−1,...,0

]
.

and furthermore with θ = M
j

k−1 (recall (5.12))

L
[
(xN

ξ,|k|(T (N)Nj + tN |k|)t≥0

]
=⇒
t→∞

L
[
(Z̃

θ,cj ,dj ,(j)

t )t>0

]
. (5.21)

Theorem 5.7. (Phase 3: neutral evolution on higher level)
Assume that the system starts in the state completely occupied by the basic type.
Then for every j and ti > 0, i = 0, 1, · · · , j + 1:

L
[(

xN
ξ,|k|(S(N)Nj + t|k|N |k|)

)
k=−j−1,...,0

]
=⇒
N→∞

L
[
(M
∗,j
k )k=−j−1,...,0

]
.

and furthermore with θ = M
∗,j
k−1

L
[
(xN

ξ,|k|(S(N)Nj + tN |k|)t≥0

]
=⇒
t→∞

L
[
(Z̃θ,cj ,dj ,(j+1))t>0

]
. (5.22)

Remark. Note that Mj
k is concentrated on level j -types, while M

∗,j
k is concen-

trated on level (j + 1)-types but note that in both cases we refer to a spatial
region of size j . This means in particular that the system has long periods of nor-
mal evolution, where a selection-mutation equilibrium builds up on a certain level
of fitness and shorter periods, where rare mutations occur which rapidly spread
and take over the system leading to an equilibrium determined by migration and
resampling and based on the relative frequency of the various mutations.

Next we can ask the question how the system relaxes into the new mutation-
selection quasi-equilibrium once the invasion by the rare mutants has taken place.
This relaxation will take place in times of order Nj+1 and now we observe every-
thing in a spatial region of size j + 1. This means we want to look at:

L
[(

xM
ξ,j+1(tN

j+1)
)
t≥0

]
(5.23)

in the limit N → ∞. This limit is a dynamic which lives on the set of level-
(j + 1) types. Recall that the intensity measure of the random measure θ∗j is
'j+1.
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Theorem 5.8. (Phase 4: equilibration on higher level)
Assume that the system starts in the state completely occupied by the basic type.
Then for every j ∈ N:

L
[(

xN
ξ,j+1(tN

j+1)
)
t≥0

]
=⇒
N→∞

L
[
(Z(t))t≥0

]
, (5.24)

where (Z(t))t≥0 is the solution to the L
πt

M,χ -martingale problem of (5.13) defined
for K equal to set of the level-(j +1) types with the following specification of the
parameters:

Z(0) = 'j+1 (5.25)

c = cj+1, d = dj+1, m = mj+1,j+1, sj , χ = χj+1. (5.26)

With these results we have a complete set of limiting dynamics, which allows
us to investigate more specific questions concerning the role of mutation. Namely
a key point is to clarify how the transition between the phases (phase 0 and 3 in
the terminology of Subsection 5.4) described in the first two theorems actually
looks like.

5.7. Punctuated equilibria: emergence and take-over

In this subsection we ask detailed questions on the emergence of rare mutants and
the process of subsequent invasion of other colonies. In point (i) we formulate
the questions, in (ii) we introduce the required concepts, and in (iii) we state
the results on how the emergence of and invasion by rare mutants till the final
take-over develops.

(i) Questions concerning the take-over by rare mutants
The last three theorems raise the question what we can say about the intermediate
phases between phase 0 and phase 3 or 4, all described in the previous theorems.
This is related to another question, namely, what are the distributions of the times
needed for the transition from level j -types to level (j + 1)-types and how is the
transition achieved.

For this purpose we define for a fixed site ξ and small ε > 0 the random time
T̄

ε,j
N and T

ε,j
N by (recall Ej is the set of the level j -types)

T̄
ε,j
N = inf(t |xN

ξ,j+1(t)(Ej+1) ≥ ε), (5.27)

T
ε,j
N = inf(t |xN

ξ,j (t)(Ej+1) ≥ ε), (5.28)

which describes the point of time at which the mutants of level-(j + 1) have
achieved a positive spatial density of at least ε in the (j + 1)-block around 0 re-
spectively in a tagged (j)-block. From this time on we see an evolution involving
both level-j and level-(j + 1) types.
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Once the population of level-(j + 1) types has reached a positive intensity in
the (j + 1)-block, we can ask how the evolution of the population in a tagged
subblock of size k = j, j − 1, j − 2, · · · , 1, 0 behaves in their natural time scale
tNk . This means to consider

L
[
(xN

ξ,k((T̄
ε,j
N + tNk)+))t∈R

]
(5.29)

in the limit N →∞. Here we can then define

T
ε,(j,k)
N = inf

(
t |xN

ξ,k(T̄
ε,j
N + tNk)(Ej+1) ≥ ε

)
(5.30)

T̂
ε,(j,k)
N = sup

(
t |xN

ξ,k(T̄
ε,j
N + tNk)(Ej+1) = 0

)
. (5.31)

The key observation now is that the random time T̄
ε,j
N has two components

which have different order of magnitude. One component is the time to build up
”some” mass somewhere in the (j + 1)-block and then some time (much less) to
increase this mass all the way up to a positive intensity ε. We expect that T̄ ε,j

N

has the form C Nj logN + T̄
ε,j∞ Nj for a specific constant C, depending on j

and a nondegenerate random variable T̄
ε,j∞ and in the limit N → ∞. A similar

decomposition holds for T ε,j
N .

Then four questions arise:
• Can we split T̄

ε,j
N asymptotically in two components, i.e. being of the form

1
bj

(Nj logN) + T̄
ε,j∞ Nj asymptotically and describing the occurrence and sub-

sequent build-up of rare mutant types of level (j + 1)? What is the relation
between T̄

ε,j
N and T

ε,j
N ?

• Does T̂
ε,(j,k)
N converge in law as N →∞ to a random limiting variable? How

can we characterize the limiting laws?
• Is it possible to renormalize the system by forming the level-(j + 1) block-
averages and rescale time counted from T̄

ε,j
N on by Nj , respectively Nk such

that the laws

L
[(

xN
ξ,j+1(T̄

ε,j
N +Nj t)

)
t∈R

]
=⇒
N→∞

L
[(
Z∗,jε (t)

)
t∈R

]
(5.32)

L
[(

xN
ξ,k(T

ε,j
N +Nkt)

)
t∈R

]
=⇒
N→∞

L
[(

Z∗,(j,k)ε (t)
)
t∈R

]
(5.33)

converge as N → ∞ to a stochastic limiting dynamic (Z
∗,j
ε (t))t∈R, resp.

(Z
∗,(j,k)
ε (t))t∈R?

• Can we explicitly determine the dynamic (Z
∗,j
ε (t))t∈R in terms of some T̄

ε,j∞
and independently of the parameter ε in terms of a suitably chosen Fleming-Viot
process with mutation, immigration-emigration and selection? Can the object
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(Z
∗,(j,k)
ε (t))t∈R be determined? Do we get for k = j a Fleming-Viot process

with mutation and selection evolving in a random medium given by the limiting
dynamics of the (j + 1)-block average? Is this for k < j a Fleming-Viot process
with immigration-emigration but without mutation and selection?

Which factors drive these phenomena? The important point is the loss of
mass of the level-j types due to mutation to types of fitness of order N−1 lower
is of order N−j but the one of those of level-(j + 1) types is of order N−j−1.
The lower order mutants are then absorbed by the level-(j + 1) types and by the
level-j types due to selection at rates of the same order. This means that the level-
(j + 1) types do not lose mass due to mutation in the time scale (logN)Nj and
therefore they increase their relative frequency steadily at the cost of the level-j
types. Due to the resampling term the whole process is of a stochastic nature
and a key role is played by migration since the process involves rare mutation far
away and subsequent invasion.

(ii) Asymptotics of invasion times
We now have to describe three types of limiting evolutions, the one of the em-
pirical density in the (j + 1)-block, the one of the tagged (j)-block for given
empirical density in the (j + 1)-block and the ones of the k-blocks for k =
(0, 1, 2, · · · , j − 1). All these processes are of different nature since in the first
case the time scale is small compared to the one in which fluctuations of bigger
(j + 1)-blocks are observed. For k = j we have such fluctuations plus selection
and mutation effects. For k ≤ j − 1 we then find neutral evolutions only. We
describe these processes in detail below.

First we have to identify the random variable which describes the fluctuations
which occurred in the early growth of the population of level-(j + 1) types in the
block of size Nj+1. Then we have to describe the subsequent invasion process
within the j -block, i.e. (Z∗,jε (t))t≥0. The evolution (Z

∗,j
ε (t))t∈R has the form

Z∗,jε (t) = Z
∗,j
0 (T̄ j

ε + t) (5.34)

with
T̄

ε,j∞ = inf (Z
∗,j
0 (t) = ε). (5.35)

Now we are ready to state the result on the order of magnitude of the time
when the rare mutants of level-(j + 1) emerge in the (j + 1)-block respectively
the tagged j -block.

Theorem 5.9. (Phase 1 and 2: Emergence and take-over times)
Assume that the system starts in the state completely occupied by the basic type.
Then the transition from level-j to level-(j+1) types within the (j+1) respectively
j -ball occurs as follows.
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(a) With the definition (5.27) for every ε ∈ (0, 1) there exist bj ∈ (0, sj ) and

nondegenerate random variables T̄
ε,j∞ , T

ε,j∞ such that:

L
[
T̄

ε,j
N −

(
1

bj
(Nj log(N))−Nj T̄

ε,j∞
)]
=⇒
N→∞

δ0. (5.36)

Here T̄
ε,j∞ is a random variable with law given by

T̄
ε,j∞ : Z∗,j0 (T̄

ε,j∞ ) = ε. (5.37)

(b) For the emergence time of the tagged j -block we get

L
[
T

ε,j
N −

(
1

bj
Nj logN −NjT

ε,j∞
)]
=⇒
N→∞

δ0, (5.38)

where we will introduce below a limiting dynamic such that

T
ε,j∞ = inf(t |Z∗,(j,j)ε (t) = ε). (5.39)

(iii) Results on emergence, invasion and take-over by rare mutants
Now we are ready to state the result on the order of magnitude of the time when
the rare mutants of level-(j + 1) emerge in the (j + 1)-block respectively the
tagged (j)-block.

A key phenomenon here is that we observe in the limit a random McKean-
Vlasov evolution. This means given the state Z

∗,j
0 (t) at a time t0 we have a

deterministic evolution but this marginal at t0 is really random. It describes the
randomness which took place in the time up to CNj logN and which is then
deterministically evolved through times tNj .

The dynamic we want to define next in order to describe the limit of (5.33), is
a dynamic which lives for k = j both on level-j and level-(j+1) types. Its initial
state L(Z

∗,(j,k)
ε (0)) is concentrated on configurations putting mass ε on Ej+1 and

this law converges as ε → 0 to a law concentrated on Ej only namely the level
j -equilibrium as it appears in (5.17)–(5.18). On the other hand its state at times
tending to infinity will be in distribution equal to the law of θ∗j , the equilibrium
state of a Fleming-Viot process with immigration and emigration (recall (5.19)).
What problems do we have to cope with?

The first effect we have is that an influx of (j + 1)-types is provided at rate cj
due to the communication with the N other j -blocks within the (j + 1)-block.

The second effect we have is that level-j types have deleterious mutations
at rate N−j which are recovered in time scale Nj−1 because of the selective
advantage of level j and level (j+1) over level (j−1). Since level (j+1) gains
the ones lost by level-j at a rate proportional to its own mass we get a term which
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describes an effective selection of level (j+1) over level j . In addition the level-
(j +1) types grow in proportion because the maximal level-j type loses mass by
mutation to level-j types not maximal which are absorbed by level-(j + 1) types
and the other level-j types which are superior.

Finally we have the case where k ≤ j − 1, in which case we simply have a
neutral evolution with immigration and emigration where immigration is from a
constant source. We define (if the limit exists) with |A denoting restriction to A:

λ̂ε
j = w − lim

N→∞L
(
xN
ξ,j (T̄

ε,j
N )|Ej∪Ej+1

)
. (5.40)

Definition 5.10. (Level-(j, j + 1) selection)
Consider the set Êj of level-j and level-(j + 1) types and define the fitness
function χ̂j :

χ̂j (v) = max
u∈Ej

χj (u), v ∈ Ej+1, (5.41)

χ̂j (v) = χj (v), v ∈ Ej

and extend the mutation matrix mj,j (·, ·) to a mutation matrix m̂j,j (·, ·) on Êj

by putting it equal to zero if at least one entrance is in Ej+1.
We call the resulting matrix m̂j,j .

The key process ruling the emergence of level-(j + 1) types is as follows.

Definition 5.11. (Emergence and take-over of level-(j + 1) types in (j + 1)-
blocks)

Z
∗,j
0 (t)(Ej+1) = fE∗(t) (5.42)

and
fE∗(t) = f (t + E∗) (5.43)

f (t) =
∑

k∈Ej+1

1∫
0

xuk(t, x)dx (5.44)

and uk(t, x) is the density vector satisfying the McKean-Vlasov equation:

d

dt
u = (L

πt

M,χj
)∗u, e−bj tf (t) −→ 1, (5.45)

where E∗ is a random variable with values in R+ whose distribution is determined
in terms of the dual process.

Remark. It is conjectured and proved in some cases that exp(ξ∗) is Gamma dis-
tributed.
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Now we are ready to give precise formulations:

Definition 5.12. (Take-over processes for tagged j -blocks and k-blocks)
Define now the evolution of (Z

∗,(j,k)
ε (t))t≥0 as the solution of the L

πt

M,χ -martin-
gale problem defined in (5.13) with parameters

πt = Z∗,jε (t) for k = j, (5.46)

πt ≡ Z∗(j,k+1)
ε (0) for k ≤ j − 1, (5.47)

c = ck, d = dk, (5.48)

m = mj , mutation matrix m̂j,j (·, ·), fitness function χ̂j for k = j (5.49)

and m = 0, χ ≡ 0 for k < j

where the random initial state Z
∗,(j,k)
ε (0) concentrated on Êj has law λ̂ε

j .

Remark. Note here we consider types of level j and j+1 but everything is taking
place in a spatial region of size k and hence migration and resampling parameters
are ck and dk .

Remark. Since the resampling coefficients dj depend on the (ck)k=0,...,j the
sequence (ck)k∈N plays an important role. An explicit calculation shows that
dk+1 = ckdk/(ck + dk), which has the explicit solution

dk+1 = d0/1+ d0

k∑
j=0

c−1
j . (5.50)

This means that the role of the stochastic part depends for large j strongly on the
asymptotic behavior of the (ck)k∈N as k→∞.

In the concepts described above always the parameter ε appears which is of
course somewhat arbitrary. Before we can continue, we therefore establish the
unique existence of an entrance law for Z∗,j (t) from the starting point with total
mass 0 on Ej+1, if we prescribe the behavior as t →∞ and t →−∞.

Then we prove:

Proposition 5.13. Under the assumptions above (Z
∗,(j,j)
ε (t))t∈R satisfies:

L[(Z∗,jε (t))t∈[0,∞)) = L[(Z∗,j0 (T̄
ε,j∞ + t))t∈[0,∞)], (5.51)

where ((Z
∗,j
0 (t))t∈R is the unique entrance law at mass 0 on Ej+1 at t = −∞

and with mean relative frequencies on Ej+1 at time t ∈ (−∞,∞) given by ρj+1
and exponential decay of the total mass on Ej at rate bj as t →−∞.
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Remark. Note the entrance law depends on the level−(j+1) mutation law ρj+1,
which regulates the frequencies at which the types of the next level appear.

The developed concepts allow us now to formulate our result on the emergence
and the take-over by rare mutants:

Theorem 5.14. (Phase 1 and 2: Emergence and take-over processes)
(a) We have for the (j + 1)-block:

L
[[

(xN
ξ,j+1(T̄

ε,j
N + t))t∈R

]
=⇒
N→∞

L
[
(Z∗,jε (t))t∈R

]]
(5.52)

(b) We have for the tagged (j)-block:

L
[
(xN

ξ,j (T̄
ε,j
N + t))

]
=⇒
N→∞

L
[
(Z∗,(j,j)ε (t))t∈R

]
. (5.53)

(c) After invasion the process of averages in a k-block for k = 0, 1, · · · , j − 1
follows a limiting evolution on level j and level-(j + 1) types:

L
[(

xN
ξ,k(T̄

ε,j
N + tNk)

)
t∈R

]
=⇒
N→∞

L
[(

(Z
∗,(j,k)
ε (t)

)
t∈R

]
.
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1. Elements of introduction

1.1. The goal

Nonequilibrium statistical mechanics does not exist as a systematic or well-
understood physical theory, certainly not to the extent or with the power of its
equilibrium counterpart. That is not so surprising; the ambition goes even well
beyond more traditional physics subjects. Arguably biophysics or physics of
the life sciences will have to deal with fundamental problems in nonequilibrium
statistical mechanics. One also finds concepts and models of nonequilibrium
physics in economy, in the social sciences, in computer science or in the field of
complex systems. But also well within standard physics, major problems remain.
A good example is turbulence, perhaps the greatest challenge, which is some-
times addressed at as the last great unsolved problem of classical physics. From
a more general perspective, we lack a global description of far–from–equilibrium
systems, we do not have a controlled perturbation theory and many conceptual
debates have not found their generally accepted and logical conclusions.

From the mathematical point of view, nonequilibrium statistical mechanics is
often presented in the form of a collection of models. (More or less) exactly
solvable models are obviously an important source of inspiration. Depending on
the community, the mathematical models could e.g. give rise to studies in differ-
ential equations (transport equations, hydrodynamics), deterministic or stochas-
tic dynamics, to questions in interacting particle systems and cellular automata.
For many years, also studies of (mostly smooth) dynamical systems have been
added. These nice fields full of beautiful flowers along the road should however
not distract us from the more ultimate goal, to construct a form of nonequilibrium
statistical mechanics. Yet, the mathematical challenge of specifying the appropri-
ate nonequilibrium ensembles appears formidable and even conceptually simple
model questions have defied repeated and serious mathematical efforts. Mathe-
matics can however still be very helpful in clarifying simple physics questions;
if only to certify what is true. That is how I will present these lectures. Via sim-
ple examples or via a simplified mathematical set-up, some more generally valid
principles should get clearer. As nonequilibrium phenomena are so diverse and
so rich, I have a good excuse to present only some elements. These elements of
nonequilibrium statistical mechanics will not offer a complete overview of the

611
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subject, of course. They are just separate subjects that perhaps throw some light
on fundamental questions from which more interesting challenges can be started.
They are presented to a mathematically oriented public but the physics, the nature
of nature so to speak, will remain central.

1.2. The plan

Before the journey let us draw the map. Nonequilibrium phenomena are dis-
cussed in many subdomains of scientific exploration, boundaries are vague and
many areas are still subject of investigation. In general we speak of two main
continents, the so called closed systems and, on the other side, the open systems.
In fact, their mutual boundary is not so clear as the words seem to suggest. There
are all kinds of overlap and quite many in betweens as a system can be closed
for one type of traffic but open or perhaps open only in one direction to trans-
port of other quantities. These quantities can be matter of a certain kind, charged
particles, radiation or energy or anything else that can be displaced.

For closed systems, we must certainly come to terms with the problem of
relaxation to equilibrium. That equilibrium can take again various forms de-
pending on the physical situation. For open systems, the problem of relaxation
remains, but another interesting regime opens, that of the nonequilibrium steady
state. There we look at a regime where reservoirs or driving forces can be iden-
tified that can cause currents to flow in the system. The driving can also be
time-dependent, in which possibly various nonequilibrium states get connected.
Here we enter into real nonequilibrium physics. The system is connected to or
interacts with different environments with contradictory wishes. As a result gra-
dients in intensive quantities are built up and inhomogeneous profiles in particle
or energy densities exist.

Below I start with some elements of entropy, since long one of the main play-
ers in nonequilibrium physics. I come back to some older arguments which are
related to the derivation of an H-theorem. For that discussion I am using a paper
in collaboration with Wojciech De Roeck and Karel Netočný, [5]. A simple but
quite interesting illustration that also takes a step in the quantum formalism is
in [6] in collaboration with Tim Jacobs, Wojciech De Roeck en Karel Netočný.
Secondly, I am turning to some topics in heat conduction. That part is based
on work with Karel Netočný and Michel Verschuere, [28]. Finally I come to,
what I have started calling in [24], Lagrangian statistical mechanics. An impor-
tant ingredient is the insight into the relation between entropy production and
time-reversal. I wrote it first down in [25] but more fundamentally, with Karel
Netočný, in [27]. Some extensions are available in [24, 26, 29].

To avoid confusion or misinterpretation let me once more emphasize that the
following concerns only some elements of nonequilibrium statistical physics.
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Topics in turbulence, kinetic theory, hydrodynamics, phase transitions, linear
response theory... are (mostly) not treated and many standard illustrations and
examples are simply absent. For a more systematic attempt, see e.g. [16, 36].

2. Elements of an H-theorem

The general struggle for existence of living creatures is therefore not one for the
basic elements – the elements of all organisms are present in abundance in air,

water, and the soil – or for energy, which is unfortunately contained in
abundance in any body in the form of unconvertible heat, but it is a struggle for
the entropy that is available through the passage of energy from the hot Sun to

the cold Earth.
Ludwig Boltzmann (1886), [3]

2.1. Heuristics of an H-theorem

In physics as in many other sciences it is useful and often also necessary to con-
sider different levels of description. Statistical mechanics is a transfer mechanism
for relating the microscopic laws to macroscopic phenomena. The difference in
scales is truly enormous. The manifest image of a thermodynamic system is ob-
tained from a collection of macroscopic variables. We speak of a macro-state
M , a region in phase space containing all micro-states x that correspond to the
given macroscopic condition. Think of a gas in a vessel for which we observe the
spatio-temporal profiles in density and in velocity (macro-state) as determined at
each time by the micro-state formed by the positions and momenta of all gas par-
ticles. More generally and when we are lucky we can discover a small collection
of macroscopic observables that form a closed system of dynamical variables,
at least at a certain scale of description. We think of hydrodynamics and the
standard transport equations. The joint dynamics of the macroscopic variables is
closed — the macro-state follows an autonomous evolution. It is a major prob-
lem in nonequilibrium physics to understand that situation and it is is certainly
related to symmetries, conservation laws and the distinction between fast and
slow variables. I will not enter here in that discussion.

Suppose indeed that there is an autonomous deterministic evolution taking
macro-state Ms at time s to macro-state Mt at time t ≥ s. Then, for a closed
mechanical system at constant total energy, under the Liouville dynamics U the
volume in phase space |Ms | = |UMs | is preserved. On the other hand, since
by autonomy about every micro-state x in Ms evolves under U into one cor-
responding to Mt , we must have, with negligible error that UMs ⊂ Mt . We
conclude that |Ms | ≤ |Mt | which gives monotonicity of the Boltzmann entropy
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S = kB log |M|. (kB is Boltzmann’s constant.) That is referred to as an H-
theorem. The history goes back to the work of Ludwig Boltzmann on the equa-
tion governing the density and velocity profile for a dilute gas. A major achieve-
ment there, certainly conceptually and on the mathematical side, has been the
derivation by Lanford, [22, 36], of that Boltzmann equation, be it only for short
times.

The above observation has appeared in older work, as far as I know most
clearly and for the first time on page 84 in [20], but see also e.g [18] page 9–
10, [19] page 280–281, [13] Fig.1 page 47, [27] page 278, page 301, and most
recently in [14,15]. In [5] we have added some mathematical precision of which
I give a summary in what follows. The following Sections 2.2–2.4 are therefore
joint work with W. De Roeck and K. Netočný.

2.2. H-theorem: the problem

The word H-theorem originates from Boltzmann’s work on the Boltzmann equa-
tion and the identification of the so called H-functional. The latter plays the role
of entropy for a dilute gas and the H-functional of the solution of the Boltzmann
equation is monotone in time.

Consider a dynamical system (#, f, ρ) with a transformation f on the ele-
ments x of the probability space (#, ρ). The probability measure ρ is left invari-
ant by f , ρ(f−1A) = ρ(A) for events A. Denote by Ac the complement of A in
#.

Proposition 2.1. Suppose there is a sequence of events (Mn), n = 0, 1, . . . in #

for which

ρ((f−1Mn+1)
c ∩Mn) = 0, n = 0, . . . , τ (2.1)

Then, log ρ(Mn) is non-decreasing for n = 0, . . . , τ .

Proof. By the invariance of ρ under f and by the hypothesis (2.1)

ρ(Mn+1) = ρ(f−1Mn+1) ≥ ρ(f−1Mn+1 ∩Mn) = ρ(Mn)

Therefore ρ(Mn) is non-decreasing for n = 0, . . . , τ .

As a simple consequence, we have a pointwise monotonicity as in

Corollary 2.2. Let #′ ⊂ # and let α be a map from # to a class of subsets of #
for which

Mn(x) = α(f nx)
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satisfies (2.1) for all x ∈ #′. Then,

Hn(x) ≡ log ρ(α(f nx)) (2.2)

is monotone in n = 0, . . . , τ whenever x ∈ #′.

We call the Hn in (2.2) an entropy function; it is monotone along the paths
starting from states in #′. The condition (2.1) basically requires that from the
knowledge of α(y) we can predict all α(f ny), n = 0, . . . , τ . In that sense the
transformation f gets replaced on the α−level with a new autonomous dynam-
ics. That condition (2.1) is thus extremely strong and cannot be expected verified
as such in physical examples. Don’t forget that the α is supposed to index the
macroscopic variables. For a system composed of many particles, we can ex-
pect a (Markovian) autonomous evolution over a certain time-scale for α mostly
in some scaling limits, e.g. as the number of particles in the physical system
gets very large. Mathematically (thermodynamic or hydrodynamic) limits are in-
volved. It is therefore relevant and even necessary to parameterize our dynamical
system with some N that stands for the degrees of freedom and (2.1) is only valid
in some limit N ↑ ∞, as comes now.

2.3. Macroscopic H-theorem

Let N be an integer that labels the dynamical systems (#N,UN
t , ρN). #N is the

phase space with states x ∈ #N and is equipped with a probability measure ρN ,
invariant under the dynamics UN

t : #N → #N . The relation between systems
with different N is not explicitly needed but for N one thinks of the size or of
the number of particles of a physical system. Dividing or multiplying by N , as in
what follows, has no absolute sense but can hopefully be interpreted in specific
examples.

We suppose a map

mN : #N → F (2.3)

which maps every state x into an element mN(x) of a metric space (F , d) (inde-
pendent of N ). One should think of mN(x) giving the macroscopic state corre-
sponding to the micro-state x. In many examples it is made from the arithmetic
mean over all particles of some local observable. For m ∈ F and δ > 0 denote

mN(x)
δ= m for d(mN(x),m) ≤ δ. The physical idea is that by considering the

limit N ↑ +∞ the law of large numbers starts to play with deviations governed
by

H(m) ≡ lim
δ↓0

lim
N↑+∞

1

N
log ρN

(
mN(x)

δ= m
)
, m ∈ F (2.4)
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That does not need to exist in general, but we make that definition part of our as-
sumptions and set-up. For what follows under Theorem 2.3 it is in fact sufficient
to take the lim sup in (2.4) (if we also take the lim sup in the next (2.5)). The
limit (2.4) is then a natural notion of entropy à la Boltzmann.

In the case that the dynamical system and in particular the measure ρN cor-
responds to equilibrium, the ρN will be given by some Gibbs distribution for a
suitable ensemble. Then the theory of large deviations applies and the entropy H

can be given as a relative entropy density between Gibbs measures.
The macroscopic observables are well-chosen when they satisfy an autonomous

dynamics, sharply so in the proper limit of scales. Here we assume dynamical au-
tonomy in the following sense: there is an interval [0, T ] and a map φt : F → F
for all t ∈ [0, T ] such that ∀m ∈ F ,∀δ > 0, and 0 ≤ s ≤ t ≤ T

lim
κ↓0

lim
N↑+∞

1

N
log ρN

(
mN(UN

t x)
δ= φt (m)

∣∣d(mN(UN
s x)

κ= φs(m)
)) = 0

(2.5)

Because of the logarithm and the 1/N in (2.5) that condition of autonomy is
rather weak and allows for bifurcations in the evolution of the macro-state.

Theorem 2.3. ∀m ∈ F and for all 0 ≤ s ≤ t ≤ T ,

H(φt (m)) ≥ H(φs(m)) (2.6)

Proof. Writing out H(φt (m)) we find that for every κ > 0

log ρN
(
mN(x)

δ= φt (m)
) = log ρN

(
mN(UN

t x)
δ= φt (m)

)
≥ log ρN

(
mN(UN

t x)
δ= φt (m)

∣∣mN(UN
s x)

κ= φs(m)
)

+ log ρN
(
mN(UN

s x)
κ= φs(m)

)
(2.7)

The equality uses the invariance of ρN and we can use that again for the last term
in (2.7). We divide (2.7) by N and we first take the limit N ↑ +∞ after which
we send κ ↓ 0 and then δ ↓ 0.

As the entropy H is monotone, the autonomous equation will drive φt (m) to
a value which is the typical value of mN(x) under ρN,N ↑ +∞.

2.3.1. Semigroup property
If the dynamics (UN

t ) satisfies the semigroup property

UN
t+s = UN

t UN
s t, s ≥ 0 (2.8)
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and there is a unique macroscopic trajectory (φt ) satisfying (2.5), then

φt+s = φt ◦ φs t, s ≥ 0 (2.9)

In practice the map φt will mostly be the solution of a set of first order differential
equations.

2.3.2. Autonomy on a finite partition
We come back to the remark at the end of Section 2.2. The limiting procedure
N ↑ +∞ in (2.5) is needed to reach the possibility that the entropy is strictly
increasing. Let us take the same start as above but I assume also that UN

t #N =
#N and I specify (2.3) as follows:

Proposition 2.4. Suppose there is a finite partition (Mi), i ∈ I, I finite, ρN(Mi)>

0 of # for which there is a map at on I with ρN(UN
t Mi ∩Mc

at i
) = 0. Then, at is

a bijection on I .

Proof. Suppose for a moment that there is a j ∈ I so that j �= at i for no matter
which i ∈ I , or more precisely∑

i∈I
ρN(UN

t Mi ∩Mj) = 0

Then obviously ρN(Mj ) = 0 which is excluded. Hence, at is a bijection on
I .

2.3.3. Reversibility
We often deal with a reversible microscopic dynamics. That means that there
is an involution π on the micro-states, compatible with the other mathematical
structures, so that the time-reversed dynamics can be implemented by the original
dynamics as UN−t = πNUN

t πN . A standard example is the sign-reversal of the
momenta in Hamiltonian dynmaics. In the reversible case, the probability of
a deviating macroscopic trajectory is governed by the difference of the entropy
functions.

Equation (2.5) invites the more general definition of a large deviation rate
function for the transition probabilities

−Jt,s(m,m′) ≡ (2.10)

lim
δ→0

lim
κ→0

lim
N→∞

1

N
log ρN(mN(UN

t x)
δ= m′ |mN(UN

s x)
κ= m) t ≥ s

assumed to exist.
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Proposition 2.5. Assume that the dynamical system (#N,UN
t , ρN) is reversible

under an involution πN , UN
t = πNUN−tπN , ρNπN = ρN , πNmN = mN , then

Jt,s(φt (m), φs(m)) = H(φt (m))−H(φs(m)) t ≥ s (2.11)

Proof. The bounds of (2.7) give

H(m′) ≥ H(m)− Jt,s(m,m′) (2.12)

for all m,m′ ∈ F and t ≥ s. In particular

H(φt (m)) ≤ H(φs(m))+ Jt,s(φt (m), φs(m)) t ≥ s (2.13)

while, as from (2.5), Jt,s(φs(m), φt (m)) = 0. Hence, under dynamical reversibil-
ity

H(m′)− Jt,s(m
′,m) = H(m)− Jt,s(m,m′) (2.14)

for all m,m′, t ≥ s and (2.13) is an equality.

2.3.4. Propagation of constrained equilibrium
Condition (2.5) actually follows from a much stronger assumption. Hence, that
condition also implies the H-theorem 2.3.

Proposition 2.6. Assume that UN
t ◦ (Us)

−1, t ≥ s is well defined. The condition

lim
ε↓0

lim
N↑∞

1

N
log

ρN {x ∈ AN
i |mN(x)

ε= φt (m)}
ρN {UN

t x ∈ AN
i |mN(x)

ε= m}
= 0 (2.15)

for all m ∈ F , t > 0, i = 1, 2 with AN
1 ≡ {mN(x)

δ= φt (m)}, AN
2 ≡

{mN(UN
t (UN

s )−1x)
δ= φt (m)} ⊂ #N implies condition (2.5).

Proof. First, for AN
1 , (2.15) yields

lim
ε↓0

lim
N↑∞

1

N
log ρN {mN(UN

t x)
δ= φt (m) |mN(x)

ε= m} = 0

Second, using the invariance of ρN ,

ρN {mN(UN
t x)

δ= φt (m) |mN(UN
s x)

ε= φs(m)}
= ρN {mN(UN

t x)
δ= φt (m) |mN(x)

ε= m} ×

× ρN {mN(UN
t (UN

s )−1x)
δ= φt (m) |mN(x)

ε= φs(m)}
ρN {mN(UN

t (UN
s )−1UN

s x)
δ= φt (m) |mN(x)

ε= m}
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and by applying condition (2.15) once more but now with AN
2 and taking the

limits, we get (2.5).

Arguably, (2.15) is a (weak) version of propagation of constrained equilib-
rium. Forgetting again about the log and the 1/N , what is written is that the
probability to fall in a phase space region A, given that the macro-state is φtm,
is equal to the probability to evolve into the set A when started from macro-state
m. In other words, knowing the macro-state in the past does not introduce any
further bias than knowing that the present or future macro-state is always the one
evolved from the original one. In that way, the system evolves like under that
macroscopic constraint only.

2.4. Pathwise H-theorem

We will now define an H-function on the micro-states. We can thus follow it over
the microscopic trajectories. Typically it increases, as we see now.

Consider

HN,ε(m) = 1

N
log ρN [mN(x)

ε= m] (2.16)

for (macrostate) m ∈ F . For a micro-state x ∈ #N , define

H
N,ε

(x) = sup
m

ε=mN(x)

HN,ε(m)

HN,ε(x) = inf
m

ε=mN(x)

HN,ε(m)

Instead of the hypothesis (2.5) of macroscopic autonomy, we assume here that

lim
ε↓0

lim
N↑∞ ρN [mN(UN

t x)
ε= φt (m) |mN(Usx)

ε= φs(m)] = 1 (2.17)

for all m ∈ F and 0 < s < t . That corresponds to the situation in (2.5) where
there is a unique macroscopic trajectory, which one observes typically. Now we
have

Proposition 2.7. Assume (2.17). Fix a finite sequence of times 0 < t1 < . . . <

tK . For all m ∈ F , there exists δ0 > 0 such that for all δ ≤ δ0

lim
ε↓0

lim
N↑∞ ρN

[
H

N,δ
(UN

tj
x) ≥ HN,δ(UN

tk−1
x)− 1

N
,

j = 1, . . . , K |mN(x)
ε= m

]
= 1 (2.18)
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Proof. Put

gN,δ,ε(s, t, m) ≡ 1− ρN
[
mN(UN

t x)
δ= φt (m) |mN(Usx)

ε= φs(m)
]

(2.19)

then

ρN
[
mN(Utj x)

δ= φtj (m), j = 1, . . . , K |mN(x)
ε= m

]
≥ 1−

K∑
j=1

gN,δ,ε(0, tj , m) (2.20)

Whenever mN(Utx)
δ= φt (m), then

HN,δ(UN
t x) ≤ HN,δ(φt (m)) ≤ H

N,δ
(UN

t x)

As a consequence, (2.20) gives

ρN
[
HN,δ(Utj x)

≤ HN,δ(φtj (m)) ≤ H
N,δ

(Utj x), j = 1, . . . , K |mN(x)
ε= m

]
≥ 1−

K∑
j=1

gN,δ,ε(0, tj , m) (2.21)

By the same bounds as in (2.7) we have

HN,δ(φtj (m)) ≥ HN,δ(φtj−1(m))+ 1

N
log[1− gN,δ,δ(tj−1, tj , m)]

The proof is now finished by choosing δ0 such that for δ ≤ δ0 and for large
enough N (depending on δ).

K

min
j=1

(
log[1− gN,δ,δ(tj−1, tj , m)]) ≥ −1

Whether the above H-theorems are interesting or even important obviously
depends on the domain of application. They just describe some general first
features of relaxation to equilibrium. In principle, they can also be applied for
describing relaxation to nonequilibrium states m except that there we mostly do
not know ρN and hence, we do not know the H-function. It is on the other hand a
very active domain of research in e.g. the thermodynamics of ecosystems to look
for so called goal functions, i.e. analogues of H(m), that would characterize that
nonequilibrium state. Unfortunately however, there, no generally accepted and
useful results appear available.
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3. Elements of heat conduction

Consider a finite connected graph G = (V ,∼) with vertex set V . Two vertices
(=sites) i �= j ∈ V are called nearest neighbors if there is an edge between
them: i ∼ j . Every site i ∈ V carries a momentum and a position coordinate
(pi, qi) ∈ R2. We select a non-empty subset ∂V ⊂ V , called boundary sites.
Microstates (p, q) are elements ((pi, qi), i ∈ V ) ∈ R2|V | and ρ will denote a
probability density (with respect to dpdq =∏

i dpidqi) on it.
The coupling between the degrees of freedom is modelled by the Hamiltonian

H(p, q) =
∑
i∈V

p2
i

2
+ U(q) (3.1)

with a symmetric nearest neighbor potential

U(q) =
∑
i

Ui(qi)+
∑
i∼j

λij�(qi − qj ) (3.2)

where λij = λji �= 0 whenever i ∼ j and � is even.

3.1. Hamiltonian dynamics

The above mechanical system of coupled oscillators has a time-evolution given
by Newton’s equations of motion,

dqi = pidt, (3.3)

dpi = −∂U

∂qi
(q)dt, i ∈ V

which is well-defined under standard conditions on the Ui and �. We assume that
these are infinitely differentiable and such that (3.3) yields existence of uniquely
defined global solutions with Hamiltonian flow generated by the Liouville oper-
ator

LH ≡ p · ∇q − ∇qU · ∇p (3.4)

where the dot product is a sum over i ∈ V .
The Gibbs measures with densities

ρβ(p, q) ≡ 1

Z
e−βH(p,q) (3.5)
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at inverse temperatures β > 0 are stationary under (3.3) assuming normalizabil-
ity, and they satisfy the Kubo-Martin-Schwinger (KMS) conditions∫

∂f

∂qi
ρ(p, q) dpdq = β

∫
f

∂H

∂qi
ρ(p, q) dpdq, (3.6)∫

∂f

∂pi

ρ(p, q) dpdq = β

∫
f

∂H

∂pi

ρ(p, q) dpdq

for smooth functions f , for all i ∈ V .
Clearly, many other distributions than the equilibrium ρβ are stationary under

the Hamiltonian flow. The KMS conditions pick out exactly the equilibrium one.
Since we want to go to nonequilibrium scenario’s we can first wonder whether
perhaps there are other conditions that would pick out the appropriate nonequilib-
rium distribution. Since nonequilibrium could get installed by thermal reservoirs
at the boundary, we could look now only at the second KMS-condition (3.6) but
only for i ∈ ∂V :∫

∂f

∂pi

ρ(p, q) dpdq = βi

∫
f pi ρ(p, q) dpdq, i ∈ ∂V (3.7)

where the βi > 0 are thought of as the inverse temperatures of imagined reser-
voirs connected to the i ∈ ∂V . Observe that (3.7) implies∫

p2
i ρ(p, q)dpdq = 1

βi

, i ∈ ∂V

which says that the kinetic temperature at the boundary sites (left-hand side) must
be equal to the imagined corresponding reservoir temperatures (right-hand side).

A first important remark is here that applying the KMS-conditions only at the
boundary of the graph cannot guarantee uniqueness, even at equal temperatures.
The following explicit counterexample is due to Karel Netočný.

3.2. Non-uniqueness

Consider the graph G = (V ,∼) defined as follows: V = {1, 2, 3, 4}, ∂V =
{1, 2}, and 1 ∼ 3, 3 ∼ 2, 2 ∼ 4, 4 ∼ 1.

The self-potential and the pair interaction be purely quadratic: Ui(qi) =
α2q2

i /2 and �(q) = q2/2; take λij ≡ λ > 0. Let the temperatures be equal,
β1=β2=β, and consider the family of probability densities ρc= exp(−Wc)/Zc

parameterized by c > −1/2 (to allow normalizability) such that

Wc(p, q) ≡ βH(p, q)+ cβ

2

[
(p3 − p4)

2 + (α2 + 2λ)(q3 − q4)
2] (3.8)
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The remarkable thing is that Wc−βH is a conserved quantity of the Hamiltonian
dynamics even though it does not depend on all the coordinates of the system,
{Wc,H } = 0. Since, trivially, the boundary KMS conditions (3.7) are verified,
we thus have here a family of densities all different from the Gibbsian ρβ , which
are also invariant under the Hamiltonian flow and that satisfy the KMS conditions
at the boundaries of the graph.

3.3. Boundary conditions to the Hamiltonian flow

For the following statements I restrict myself to the case of a linear chain. That is
not really necessary but the conditions on the potential � and the proofs are more
transparant in that case. Therefore, from now on I suppose that V = {1, . . . , N}
with ∂V = {1, N} and i − 1 ∼ i ∼ i + 1.

Proposition 3.1. Let �′′ �= 0. Then a smooth density ρ > 0 invariant under the
Hamiltonian flow and satisfying the boundary KMS conditions

∂ ln ρ

∂pi

= −βipi, for all i ∈ ∂V (3.9)

exists if and only if all the temperatures are equal: βi = β, i ∈ ∂V . In that case
the density is unique and given by ρ = ρβ .

Proof. Writing the density ρ in the form ρ = exp(−β1H −W), the invariance
under the Hamiltonian flow, {H, ρ} = 0, is equivalent to

p · ∇qW − ∇qU · ∇pW = 0 . (3.10)

Similarly, the KMS condition (3.9) at the boundary 1 is

∂W

∂p1
= 0 (3.11)

and, differentiating (3.10) with respect to p1, one also gets

∂W

∂q1
= 0 (3.12)

Taking the derivative of (3.10) with respect to q1, we get, for all (p, q),

�′′(q1 − q2)
∂W

∂p2
= 0 (3.13)

and we can iterate the same scheme for the second point and then for all other
points of V . In the end we reach the other boundary at N and we obtain a con-
tradiction unless β1 = βN = β. In the last case, we obtain the full set of KMS-
conditions and hence that W = 0.
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That means that the programme outlined above (3.7) fails; we cannot obtain
a nonequilibrium scenario by only specifying boundary conditions, insisting so
to say on a specific boundary (kinetic) temperature and for the rest only requir-
ing stationarity under the Hamiltonian flow. If we only want to see the subsystem
coupled to thermal reservoirs, we must leave the standard Hamiltonian dynamics.
That takes me to a very popular model and to the discussion in [28] in collabora-
tion with K. Netočný and M. Verschuere.

3.4. Heat bath dynamics

In this case the dynamics is Hamiltonian except at the boundary ∂V where the
interaction with the reservoirs has the form of Langevin forces as expressed by
the Itô stochastic differential equations

dqi = pidt, i ∈ V (3.14)

dpi = −∂U

∂qi
(q)dt, i ∈ V \ ∂V

dpi = −∂U

∂qi
(q)dt − γpi +

√
2γ

βi

dWi(t), i ∈ ∂V

The βi are the inverse temperatures of the heat baths coupled to the boundary sites
i ∈ ∂V ; Wi(t) are mutually independent, one-dimensional Wiener processes.

Appropriate conditions on the potentials allow the existence of the corre-
sponding Markov diffusion process with a strongly continuous semigroup gener-
ated by

L ≡ LH − γ
∑
i∈∂V

pi

∂

∂pi

+
∑
i∈∂V

γ

βi

∂2

∂p2
i

(3.15)

The Gibbs measure (3.5) is (generalized) reversible for the process whenever
βi = β, i ∈ ∂V (also called, reversible in the Yaglom sense), i.e., then L∗ =
πLπ on L2(ρβ). Here, the kinematical time-reversal π is given by the involution
defined as: πf (p, q) = f (−p, q). The question of uniqueness and mixing
properties of a stationary density ρ has been discussed in [7, 8, 34].

3.5. Entropy production and heat currents

Let ω = ((q(t), p(t)), t ∈ [−τ, τ ]) denote the evolution of the system in the
period [−τ, τ ].

Consider the decomposition H = ∑
i Hi of the Hamiltonian (3.1) into local

versions

Hi(q, p) ≡ 1

2
p2
i + Ui(qi)+ 1

2

∑
j :j∼i

λij�(qi − qj ) (3.16)
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which should be interpreted as the energy stored at site i ∈ V . After defining
local time-integrated currents J τ

ij = −J τ
ji by J τ

ij (ω) ≡ ∫ τ

−τ Jij (q(t), p(t)) dt

where

Jij (q, p) ≡ 1

2
λij (pi + pj )�

′(qi − qj ) (3.17)

we obtain a local version of energy conservation:

Hi(ωτ )−Hi(ω−τ ) = −J τ
i (ω)−

∑
j :j∼i

J τ
ij (ω) (3.18)

where the first term on the right-hand side is to be omitted whenever i �∈ ∂V .
When i ∈ ∂V the term J τ

i (ω) is present and need to be interpreted as the heat
current into the corresponding heat bath (minus the work performed on the sys-
tem by Langevin forces acting at the site). Formally,

J τ
i (ω) ≡

∫ τ

−τ

[
γp2

i (t)dt −
√

2γ

βi

pi(t) ◦ dWi(t)

]
(3.19)

where the ‘◦’ stresses the Stratonovich integration. A global energy conservation
statement follows from (3.14):

H(ωτ )−H(ω−τ ) = −
∑
i∈∂V

J τ
i (ω) (3.20)

The conservation laws (3.20) and (3.18) have a number of implications for the
steady state. Steady state expectations will be denoted by brackets and I take
for granted that the steady state has a smooth stationary probability density ρ =
exp[−W ]: if f depends on the state (pt , qt ) at a single time, then

〈f 〉 =
∫

dpdq f (p, q) ρ(p, q)

That is a non-trivial mathematical assumption but it is supported by the analysis
of [7, 8, 33, 34] to which we refer for details. In the steady state regime, one has
〈J τ

i 〉 =
∑

j :j∼i〈J τ
ji〉 and

∑
i〈J τ

i 〉 = 0. Since 〈LHi〉 = 0, we have

∑
j :j∼i
〈Jji〉 = γ

(
〈p2

i 〉 −
1

βi

)
, i ∈ ∂V (3.21)

or

1

2τ
〈J τ

i 〉 = γ

(
〈p2

i 〉 −
1

βi

)
, i ∈ ∂V (3.22)
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The total entropy production of the system plus reservoirs is the sum of the
change of entropy in the system and the change of entropy in the reservoirs.
From the point of view of the system, the change of entropy in the reservoirs
corresponds to the entropy current JS , that is the energy dissipated in the envi-
ronment per unit time divided by the temperature of the reservoirs: in the steady
state and over the time-interval [−τ,+τ ]

JS = 1

2τ

∑
i∈∂V

βi〈J τ
i 〉 (3.23)

and the entropy of the system does not change, Hence, the total steady state
entropy production equals (3.23). We can see from (3.22) that it is zero when the
kinetic temperatures 〈p2

i 〉 = 1/βi, i ∈ ∂V . That reconnects with the remarks and
observations following (3.7).

3.6. Mean entropy production

Theorem 3.2. When ρ > 0 is a smooth stationary density, then

JS =
∑
i∈∂V

γ

βi

∫
dpdq

[
e−βip

2
i /2

√
ρ

∂

∂pi

(eβip
2
i /2ρ)

]2

(3.24)

Proof. In a stationary state the time derivative of the Shannon entropy is zero:

0 =
∫

dpdq
dρ

dt
ln ρ =

∫
dpdq (L+ρ) ln ρ (3.25)

where L+ is the forward generator (the adjoint of L with respect to dpdq). Let
me split it into the Hamiltonian and the reservoir parts, L+ = L+H + L+R , with

L+Hρ = −p · ∇qρ + ∇qU · ∇pρ (3.26)

and

L+Rρ = γ
∑
i∈∂V

[
∂

∂pi

(piρ)+ 1

βi

∂2ρ

∂p2
i

]
=

∑
i∈∂V

γ

βi

∂Xi

∂pi

(3.27)

where use was made of the shorthand Xi ≡ e−βip
2
i /2 ∂

∂pi
(eβip

2
i /2ρ). Using the

invariance of the Shannon entropy under Hamiltonian flows, we get

0 = −
∫

dpdq (L+Rρ) ln ρ =
∑
i∈∂V

γ

βi

∫
dpdq Xi

∂

∂pi

ln ρ

=
∑
i∈∂V

γ

βi

∫
dpdq Xi

(Xi

ρ
− βipi

)
(3.28)
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Minus the second term reads

γ
∑
i∈∂V

∫
dpdq piXi = γ

∑
i∈∂V

∫
dpdq pi

( ∂ρ

∂pi

+ βipiρ
)

= γ
∑
i∈∂V

βi

∫
dpdq ρ

(
p2
i −

1

βi

)
(3.29)

Substituting (3.29) into (3.28), we immediately obtain the desired identity.

3.7. Strict positivity of mean entropy production

Again in the context of the linear chain:

Theorem 3.3. If �′′ �= 0 and if β1 �= βN , then the steady state entropy produc-
tion JS is always strictly positive.

Proof. We see from (3.2) that if ρ is a smooth stationary density and if its steady
state entropy production JS = 0, then

∂

∂pi

(eβip
2
i /2ρ) = 0, i ∈ ∂V

This is equivalent to (3.7). Moreover, it also implies that L+Rρ = 0, see (3.26).
Hence, ρ is invariant under the Hamiltonian flow: L+Hρ = L+ρ−L+Rρ = 0. The
statement now immediately follows from Theorem 3.1.

As a consequence of the previous Theorem 3.3, for the steady state entropy
production of the linear chain, when β1 �= βN ,

JS = (β1 − βN)J > 0 (3.30)

where J is the heat current from i to i − 1. If therefore β1 > βN (it is colder at 1
than at N ), then J > 0 or the heat flows effectively from N to 1.

3.8. Getting work done

One of the prime applications of maintaining heat gradients is to get work done.
That can be modelled after the scheme of Section 3.4 by inserting external forces
Fi = Fi(q) at the i ∈ V \ ∂V . We then have the forced heat bath dynamics

dqi = pidt, i ∈ V (3.31)

dpi = −∂U

∂qi
(q)dt + Fidt, i ∈ V \ ∂V

dpi = −∂U

∂qi
(q)dt − γpi +

√
2γ

βi

dWi(t), i ∈ ∂V
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I will again assume the existence and smoothness properties of the process with
stationary density ρ.

The work done by the system over the time-interval [−τ, τ ] is

Wτ
o ≡ −

∑
i∈V \∂V

∫ τ

−τ
Fi pi dt (3.32)

I claim that for an arbitrary β > 0,

〈Wτ
o 〉 ≤

∑
i∈∂V

(
βi

β
− 1

)
〈J τ

i 〉 (3.33)

Fixing an arbitrary boundary site v ∈ ∂V and taking β = βv in (3.33) yields

〈Wτ
o 〉 ≤

∑
i∈∂V

βi − βv

βv

〈J τ
i 〉 (3.34)

In fact, (3.33) and (3.34) are equivalent (as can be seen by eliminating 〈J τ
v 〉 in

(3.33) via (3.36)).
In the case where the boundary ∂V = {v,w} contains just two sites (system

coupled to two heat reservoirs) and we write βv ≡ 1/Tv, βw ≡ 1/Tw, then (3.34)
reads as

〈Wτ
o 〉 ≤

(
Tv

Tw

− 1

)
〈J τ

w〉 (3.35)

which gives an upper bound on the work W ≡ 〈Wτ
o 〉 that can be extracted from

the engine: If Thot ≡ Tw > Tv ≡ Tcold and Qhot ≡ −〈J τ
w〉 > 0 (energy input at

the hot reservoir), we get as maximal efficiency that of the Carnot cycle:

W
Qhot

≤ 1− Tcold

Thot

For a heat pump, when now Thot = Tv > Tw = Tcold and Qcold = −〈J τ
w〉 > 0

(energy input at the cold reservoir), we get from (3.35) a lower bound on the
work W ′ = −〈Wτ

o 〉 that needs to be delivered on the system:

W ′
Qcold

≥ Thot

Tcold
− 1

The proof of (3.33) has not been completed in [28]. The first point is however
that the global energy conservation relation (3.20) in the steady state must be
changed to∑

i∈∂V
〈J τ

i 〉 + 〈Wτ
o 〉 = 0 (3.36)
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The inequality (3.33) is then obtained once it is shown that∑
i∈∂V

βi〈J τ
i 〉 ≥ 0 (3.37)

We only need to replace the right-hand side in (3.37) by β times the left-hand
side of (3.36) for arbitrary β > 0. I am leaving it to the reader to show that (3.37)
is true.

4. Lagrangian approach

The Hamiltonian is the central object of equilibrium statistical mechanics. From
it the Gibbs formalism constructs probability distributions on the microscopic
phase space appropriate to the physical situation. There is no such construction
for nonequilibrium problems. Usually one starts from a set of equations specify-
ing the dynamics on a chosen scale of description. One is then supposed to find
the transient and steady properties of the system. The dynamics needs not be fully
microscopic to be useful; various models are valid, effective and useful in some
regimes, under some approximations and for some purposes. Most important is to
keep the presence of symmetries or conservation laws. In Lagrangian statistical
mechanics, far or close to equilibrium, I attempt a Gibbs formalism but now for
distributions of space-time histories. One advantage is that the step to quantum
mechanical processes is much easier to make. Another advantage is that the sta-
tionary distribution, the projection to the temporal hyperplane, becomes available
for perturbation theory as it is the exponential of Hamilton’s principal function,
see [2, 21]. The most immediate advantage however is that the space-time dis-
tribution seems much more accessible. In fact, a local Markov dynamics for a
spatially extended system is just a special case of a Gibbsian measure on space-
time; the space-time Hamiltonian, which I call here the Lagrangian, is obtained
from a Girsanov-type formula.

At the present moment, one requirement for the Lagrangian stands out: that
the antisymmetric part under time-reversal be given by the entropy production.
That will be the first thing that I will explain below. The Lagrangian is how-
ever more than just its time-antisymmetric part. For perturbation theory beyond
linear order, also the time-symmetric part matters. While trivial, this is an im-
portant thing to remember: also time-symmetric observables will in general have
expectations that depend on the driving away from equilibrium.

4.1. First goal

I will argue that the entropy production gives a measure of irreversibility. In the
Lagrangian approach that I just mentioned, that means that the entropy produc-
tion can be identified with the source term of time-reversal breaking.
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Given some type of dynamics on phase space, we are interested in the prob-
ability Pρ0(ω) of a trajectory ω of reduced variables. For ω, think of a time-
sequence of values for some macroscopic observable, or more generally, about
some type of contracted description of the system’s evolution. The subscript ρ0
gives the initial distribution on phase space. There is a natural notion of time-
reversal, denoted by %, which transforms ω into a new trajectory %ω. At some
later time τ > 0, the state of the system is described by the distribution ρτ , its
time-reversal is denoted by ρτπ , and we are interested in the logarithmic ratio

R(ω) = kB log
Pρ0(ω)

Pρτπ (%ω)
(4.1)

The constant kB is Boltzmann’s constant which I will forget. I claim that, when-
ever a physical interpretation is at all possible, R(ω) is the physical entropy pro-
duction over the time-interval [0, τ ], up to a total time-difference.

By entropy production I always mean here the total change of entropy in the
universe. As seen from the system, the change of the entropy in some environ-
ment can correspond to an entropy current but I will not make that distinction if
unnnecessary.

Looking back at (4.1) we thus write, formally

Pρ0(ω) = ρ0(ω0) e
−L(ω) (4.2)

Under time-reversal, the antisymmetric term in the Lagrangian L gives

S(ω) = L(%ω)− L(ω) = R(ω)+ log ρt (ωt )− log ρ0(ω0) (4.3)

and is the variable entropy production modulo a temporal boundary term. That is
true for time-dependent or homogeneous dynamics, stochastic or deterministic,
in the transient or in the steady state regime (for which ρ0 = ρτ ).

The statement needs a clearer mathematical formulation, is non-trivial, and
should be argued. Of course, that claim can only be understood when already
some physical notion of entropy production is available. For that we look at the
standard treatment in irreversible thermodynamics close to equilibrium. Within
that framework, introduced directly below, I come back to the main claim in
Section 6.2.

4.2. Entropy in irreversible thermodynamics

If we have an equilibrium system with energy E and particle numbers Ni in a
volume V , the entropy S(E,N, V ) is defined from the exact differential

dS = 1

T

(
dE + pdV −

∑
μidNi

)
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where T is the absolute temperature, p is the pressure and μi are the chemical
potentials.

That definition of thermodynamic entropy can be extended to systems in local
thermodynamic equilibrium. We then have around the spatial coordinate r a local
energy density e(r), a particle density n(r) (for one component) and a velocity
profile u(r) for which I take

∫
V
n(r)u(r) dr = 0. Ignoring surface effects,

S(e, n, u) =
∫
V

s
(
e(r)− 1

2
mn(r)u2(r) , n(r)

)
dr (4.4)

One imagines here the system as composed of microscopically very large do-
mains that are still much smaller than the thermodynamic size of the system.

Let us assume that during the process the system remains in local thermody-
namic equilibrium. One must then add the macroscopic evolution equations for
the quantities et (r), nt (r) and ut (r) and introduce intensive quantities like local
temperature to obtain the entropy balance equation. For example, if the system is
isolated with local temperature T (r) and constant n(r) and u(r) = 0, the changes
in energy satisfy the conservation law det (r)/dt+divJ (r) = 0 with J the heat
current and we have by partial integration

d

dt

∫
V

s(e(r)) dr =
∫
V

J · ∇ 1

T
dr

The linear transport law (here, Fourier’s law) defines the coefficient λ for which
J = −λ/T 2 ∇T and the entropy production rate equals

d

dt

∫
V

s(e(r)) dr =
∫
V

λ

(
∇ 1

T

)2

dr ≥ 0

requiring λ ≥ 0. These manipulations serve many different scenarios, for open or
for closed systems, in a stationary or in a transient regime, and are typical for, or,
what is worse, are restricted to irreversible thermodynamics close to equilibrium.

The above summary contains some standard propositions of macroscopic phe-
nomenology and can be found in many textbooks. Yet, it is not particularly il-
luminating when asked what entropy really is and how to extend it to truly non-
equilibrium situations. The microscopic understanding of entropy and the second
law was first present in the works of Maxwell, Boltzmann and Gibbs. It is in fact
the start of statistical mechanics. What I will do in the next paragraphs is to argue
for a statistical interpretation of the entropy production in irreversible thermody-
namics that extends beyond the usual range of application.
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5. A little entropology

The purpose of the present section is not in the first place to present interesting
mathematical results. It is just a little summary of some of the starting points
of statistical mechanics, in particular nonequilibrium statistical mechanics, as
regards the various notions of entropy. We had some of that already in previous
sections, in particular in Section 2, but here we make a closer connection with
the microscopic dynamics as we know it from classical physics. What follows
next is a slight adaptation of what can be found in [27].

One usually starts from the phase space # of a closed isolated mechanical
system with x ∈ # representing the canonical variables for a classical system
of N particles, x = (q1, . . . , qN , p1, . . . , pN). The Hamiltonian dynamics x �→
φt (x) maps x ∈ # (at some initial time zero) into φt (x) at time t . The dynamics is
reversible which means that πφtπ = φ−1

t where the kinematical time-reversal π
on # is the involution that changes the sign of the momenta pi . The Hamiltonian
flow preserves the phase space volume (Liouville’s theorem), i.e., the Jacobian
determinant equals unity, |dφt (x)/dx| = 1 for each t and the Liouville measure
dx is time-invariant.

Fix a time-interval δ and write f ≡ φδ . Of course, f preserves the phase
space volume and πfπ = f−1.

5.1. Reduced variables

As the time evolution preserves the total energy, we look at the energy shell
#E ≡ �, corresponding to a fixed total energy E or as one often prefers, some
interval around it. The phase space volume |A| of a region A ⊂ � is measured by
the projection of the Liouville measure into �. Since � is thought of as containing
a huge number of degrees of freedom, it is reasonable to divide it further. It could
be that we look at macroscopic variables or it could be that we choose to ignore
some microscopic information, for whatever reason.

We do not commit ourselves to one picture but rather imagine somewhat ab-
stractly a map M : � → �̂ : x �→ M(x) where �̂ is the reduced phase space,
a finite partition of �. When having in mind macro-states, that space �̂ would
correspond to the μ−space of Gibbs. The fact that the partition is assumed fi-
nite is not realistic, it is more like embedded in Rd , but it is convenient for the
notation and it is not essential here. With some abuse of notation, the elements
of �̂ are denoted by M (standing for all possible values of M(x)) and of course,
every microscopic trajectory γ = (x, f x, . . . , f nx) gives rise to a trajectory
ω = (M(x),M(f x), . . . ,M(f nx)) in �̂.

We also assume for simplicity that πM is well defined via πM = Mπ , that is
Mx = My implies Mπx = Mπy, for all x, y ∈ �.
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We emphasize once more that the coarse-graining or reduction via the map M

should not be seen as a (purely) mathematical freedom. Rather it corresponds to
the physics of the system and to what is being monitored.

5.2. Distributions

We are mostly uncertain about the exact micro-state of the system. That is so
when preparing the system and also later when we observe the system. Even
when we know the reduced state, we still need to evaluate the plausibility of back-
ground configurations in order to predict the future development on the level of
the reduced states. A natural choice here is to use the microcanonical ensemble.
That is, we sample the reduced variables according to some probability distrib-
ution ν̂ on �̂ and we impose the microcanonical distribution on each phase cell
M . If ν̂ is a probability on �̂, then r(ν̂) (x) ≡ ν̂(M(x))/|M(x)| is the proba-
bility density on � obtained from ν̂ by uniform randomization (microcanonical
ensemble) inside each M ∈ �̂. In words, the probability of a micro-state x is the
probability (under ν̂) of its corresponding reduced state Mx multiplied with the
a priori probability (under the Liouville measure) of x given the reduced state
Mx. So if we take ν̂ = δ(M − ·) concentrated on the reduced state M ∈ �̂,
then r(ν̂) is the initial probability density corresponding to an experiment where
the system is started in equilibrium subject to constraints; that is a uniform (i.e.,
microcanonical) distribution of the phase points over the set M .

For the opposite direction, we note that every density ν on � gives rise to its
projection p(ν), a probability on �̂, via

p(ν)(M) ≡ ν(M) =
∫

dx ν(x) δ(M(x)−M)

and obviously, p(r(ν̂)) = ν̂.

5.3. Entropy functional

There is first the von Neumann–Shannon–information-type entropy S(μ), a func-
tional on probability densities μ on �:

S(μ) ≡ −
∫

dxμ(x) lnμ(x) (5.1)

We can also define the Shannon entropy Ŝ(μ̂) for probability laws on �̂ through

Ŝ(μ̂) ≡ −
∑
M

μ̂(M) ln μ̂(M) (5.2)
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It is important to observe that S(μt ) is invariant under the Liouville evolution on
probability densities on �. It can therefore not directly be usefully identified with
the thermodynamic entropy for nonequilibrium systems.

5.4. Microcanonical entropy

There is secondly the Boltzmann–Planck–Einstein entropy SB which is first de-
fined on M ∈ �̂, and then for each micro-state x ∈ � as

ŜB(M) ≡ ln |M|; SB(x) ≡ ŜB(M(x)) (5.3)

The dependence on the number of particles N is ignored here as it shall be of
no concern. Most frequently, I have in mind here macroscopic variables (such as
density and/or velocity profile(s)) for characterizing the reduced states as was al-
ready done in Sections 2.3 and 2.4. The Boltzmann entropy thus tells how typical
a macroscopic appearance is from counting its possible microscopic realizations.
Also the Shannon entropy has its origin in counting (for example in evaluating
Stirling’s formula or other combinatorial computations) and it is therefore not
surprising that there are relations between the two. The mathematical theory of
large deviations, see e.g. [37] for a recent introduction, as e.g. pioneered by
Laplace, Boltzmann and Gibbs has many of these relations.

5.5. Equilibrium entropy

Thirdly, there is the Gibbs entropy SG(ν̂) which is a functional on the statistics ν̂

of reduced states:

SG(ν̂) ≡ sup
p(μ)=ν̂

S(μ) (5.4)

Equivalently,

SG(ν̂) = S(r(ν̂)) (5.5)

because we always have p(r(ν̂)) = ν̂ and a standard computation shows that
S(r(ν̂)) ≥ S(μ) for every density μ on � for which also p(μ) = ν̂ (Gibbs
variational principle). The Gibbs entropy is the maximal Shannon entropy given
the macroscopic constraints, or more precisely, given the statistics on the reduced
states.

At the same time, note that for ν̂ = δ(M − ·),

ŜB(M) = S(r(ν̂))
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Combining this with (5.5), we observe that in case ν̂ concentrates on one M ∈ #̂,
then the Boltzmann and the Gibbs entropies coincide:

ŜB(M) = SG(δ(M − ·)) (5.6)

which indicates that the Gibbs entropy is, mathematically speaking, an extension
of the Boltzmann entropy since it lifts the definition of ŜB to the level of distrib-
utions on �̂. On the other hand, the Gibbs entropy is not defined on micro-states,
like in Section 2.4 and therefore, the Boltzmann entropy SB(x) is more general
and useful for path-space considerations. Only in equilibrium is SB(x) typically
equal to the (thermodynamic) equilibrium entropy.

5.6. Dynamical entropy

Finally, there is the dynamical entropy SK that is an immediate extension of
the Boltzmann entropy but defined on trajectories: for a given trajectory ω =
(M0,M1, . . . ,Mn) in �̂, we put

SK(ω) ≡ ln | ∩nj=0 f−jMj | (5.7)

counting the micro-states x ∈ � for which M(f jx) = Mj(≡ ωj ), j = 0, . . . , n.
In ergodic theory, this dynamical entropy (5.7) is related to the Kolmogorov-Sinai
entropy via Breiman’s theorem. In that way, the Kolmogorov-Sinai entropy gives
the asymptotics of the number of different types of trajectories as time tends to
infinity. Note however that in the physical case we have in mind, �̂ does not
correspond to some kind of mathematical coarse graining and there is no way in
which it is assumed generating nor do we intend to let it shrink �̂→ �.

For our purposes it is also important to remark that

| ∩nj=0 f−jπMn−j | = | ∩nj=0 f jMn−j | = | ∩nj=0 f−jMj | (5.8)

where we first used πf−1π = f and then the stationarity of the Liouville mea-
sure under f . That expresses the time-reversal invariance of the dynamical en-
tropy, SK(ω) = SK(%ω), which excludes it as candidate for entropy production.

6. Closed systems

When, for all we know at time zero, the statistics of the reduced variables is given
in terms of the probability ν̂ on �̂, then, at time t , the statistics on �̂ is obtained
from

ν̂t ≡ p((r(ν̂))t )
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where (r(ν̂))t gives the distribution at time t as solution of the Liouville equation
with initial distribution r(ν̂) on �.

Given an initial probability ν̂ on �̂ and the resulting distribution r(ν), we can
look at the probability of paths ω = (M0,M1, . . . ,Mn), (n fixed). We denote the
resulting distribution on these paths by P ν̂ ; it defines the path space measure on
trajectories in �̂.

Proposition 6.1. For every probability μ̂ on �̂, and for all M0, . . . ,Mn ∈ �̂,
nδ = t

R ≡ ln
P μ̂(M0,M1, . . . ,Mn)

P μ̂t π (πMn, πMn−1, . . . , πM0)
=

[SB(Mn)− SB(M0)] + [− ln μ̂t (Mn)+ ln μ̂(M0)] (6.1)

Moreover, the expectation of R in P μ̂ equals the (Gibbs-) entropy production:

Eμ̂[R] = SG(μ̂t )− SG(μ̂) ≥ 0 (6.2)

Proof. It suffices to see that

r(μ̂) (∩nj=0f
−jMj ) = μ̂(M0)

|M0| | ∩
n
j=0 f−jMj |

and then to apply the remark under Section 5.6: the factor | ∩nj=0 f−jMj | will
cancel when taking the ratio as in (6.1). The rest is a simple computation.

6.1. Extensions

The previous treatment of closed systems is slightly misleading due to the choice
of the set-up. It could give the impression that the statement is very restricted to
special choices of dynamics and of initial states. That is however not the case.
We can easily treat the case of time-dependent dynamics, give the appropriate
extension when the transformation is not dynamically reversible or deal with
larger classes of initial states. Some of that is contained in [24, 26].

6.2. Example: diffusion in local thermodynamic equilibrium

I consider diffusion processes whose space-time fluctuations in the history ω of
the particle density nt (r) at space-time (r, t) in the volume V are governed by a
Lagrangian

L(ω) = 1

2

∫ τ

0
dt

∫
V

dr

(
?w,

1

χ(ns(r))
?w
)

(6.3)
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where (·, ·) denotes the scalar product in R3 and

?w = ∇−1
(
∂nt (r)

∂t
− 1

2
∇ · (D(nt (r))∇nt (r))

)
is the vector whose divergence equals the difference between left-hand side and
right-hand side in the hydrodynamic equation

∂nt (r)

∂t
= ∇ · Jr(nt ), Jr (nt ) = 1

2
χ(nt (r))∇(−s′(nt (r)))

= 1

2
D(nt (r))∇nt (r))

D(nt (r)) is the diffusion matrix, connected with the mobility matrix χ via

χ(nt (r))
−1D(nt (r)) = −s′′(nt (r)) Id

for the identity matrix Id and the local thermodynamic entropy s.
The mathematical meaning of (6.3) is in the theory of large deviations around

hydrodynamic equations; it plays the role of a rate function. Formally and up to
prefactors such as the number of particles, it corresponds to the R in (6.1). Such
a quadratic form for L can be derived for a number of stochastic dynamics but it
is believed to be very general for diffusion processes, see e.g. [2]. For the simple
symmetric exclusion process in one dimension the mobility is χ(n) = n(1 − n)

and the diffusion constant equals one.
Clearly, (4.3) equals

S(ω) =
∫ τ

0
dt

∫
V

dr

(
∇−1

(
∂nt (r)

∂t

)
, χ(nt (r))

−1D(nt (r))∇nt (r)

)
or

S(ω) = −
∫ τ

0
dt

∫
V

dr

(
∇−1

(
∂nt (r)

∂t

)
,∇s′(nt (r))

)
That is of the form, current ∇−1(∂tnt (r)) times a gradient in the local chemical
potential −s′(nt (r)) as we are used to find in expressions of entropy production
for local thermodynamic equilibrium. If there is no particle current in or out of
the system, we can integrate by parts to find

S(ω) =
∫
V

dr [s(nτ (r))− s(n0(r))] = S(τ)− S(0)

the total change of entropy.
Apart from the nonlinearities in (6.3), that is fully in line with the Onsager-

Machlup set-up of 50 years ago, [32], and makes thus contact with Section 4.2.
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7. Open systems

I will not try a general formulation here but I will argue by giving examples. For
that I am following [24]. Other examples have been considered in [30].

7.1. Heat conduction

Consider again the example of Section 3.4 for coupled oscillators.
Consider a time-interval [0, τ ]; we start the dynamics from the distribution

ρ0 on the (pi, qi) obtaining a distribution ρτ at time τ . The kinematical time-
reversal is π(p, q) = (−p, q). A trajectory ω = (pi(t), qi(t)) has time-reversal
%ω = (−pi(τ − t), qi(τ − t)). The density (4.1) was computed in [28] and was
found to be (with kB = 1)

R(ω) =
∑
i∈∂V

βiJi(ω)+ log ρ0(p(0), q(0))− log ρτ (p(τ), q(τ )) (7.1)

where the Ji = J τ
i of (3.19), are the time-integrated heat currents at the bound-

ary. The change of entropy in the reservoirs corresponds to that energy dissi-
pated in the environment divided by the temperature of the reservoirs: S(ω) =∑

i βi Ji(ω).
That is variable with ω; its steady state average equals (3.23).
The computation that leads to (7.1) is the generalization of a Langevin-type

calculation starting from:

dx(t) = −F(x(t)) dt +√2 dW(t)

for which the path-space measure (4.2) is formally given by

P(ω) = exp−1

4

∫ τ

0
dt
[ (

ẋ(t)+ F(x(t))
)2 − ∇F(x(t))

]
The antisymmetric part under time-reversal in the action logP indeed gives the
dissipated power in terms of a stochastic Stratonovich integral of the “force”
F(x(t)) times the “velocity” ẋ(t).

The application of the above for obtaining a fluctuation symmetry is in [33].

7.2. Asymmetric exclusion process

I now look at a bulk driven diffusive lattice gas where charged particles, subject
to an on-site exclusion, hop on a ring in the presence of an electric field and in
contact with a heat bath at inverse temperature β. Write ξ(i) = 0 or 1 depending
on whether the site i ∈ T is empty or occupied; T = {1, . . . , �} with periodic
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boundary conditions. The electric field does work on the system and the ‘proba-
bility per unit time’ to interchange the occupations of i and i + 1 is given by the
exchange rate

c(i, i + 1, ξ) = eβE/2ξ(i)(1− ξ(i + 1))+ e−βE/2ξ(i + 1)(1− ξ(i)) (7.2)

Consider a path ω of the process in which at a certain time, when the configu-
ration is ξ , a particle hops from site i to i + 1, obtaining the new configuration
ξ i,i+1. Then, the time-reversed trajectory shows a particle jumping from i + 1 to
i. Therefore, our (4.1) is given by summing over all jump times, contributions of
the form

log
c(i, i + 1, ξ)

c(i, i + 1, ξ i,i+1)
= βE [ξ(i)(1− ξ(i + 1))− ξ(i + 1)(1− ξ(i))] (7.3)

The right-hand side reconstructs the particle current because we get +1 or −1
depending on whether the particle has jumped at time t in the direction of E or
opposite to it. In the steady state ρ0 = ρt = ρ is uniform over all configurations
with the same particle number. Since that number is unchanged, ρ(ωτ ) = ρ(ω0).
Therefore, (4.3) equals

S(ω) = βE
∑
i,t

Ji,t (ω)

with Ji,t (ω) = ±1 depending on whether a particle has passed i → i + 1 or
i + 1 → i. Multiplying the current with the force E (with charge and distance
taken to be 1) we obtain the variable Joule heating.

The above is not surprising as it is already implicit in the very definition of the
model. The same structure will always be recovered for Markov chains. Here is
how it goes:

Suppose that K is a finite set and let (x(t), t ∈ [0, τ ]) be a K−valued sta-
tionary Markov process. The transition rate to go from a to b is denoted by
k(a, b), a, b ∈ K and we assume that k(b, a) = 0 whenever k(a, b) = 0 (dy-
namic reversibility). Suppose now that

k(a, b)

k(b, a)
= ko(a, b)

ko(b, a)
eE J(a,b) (7.4)

with the detailed balance condition

ko(a, b)

ko(b, a)
= eU(b)−U(a)
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for the reference (equilibrium) process with (driving) E = 0. The time-reversal
of a trajectory ω = (x(t)) is %ω = (x(τ − t)). We can compute (4.1) or (4.3)
directly via a so called Girsanov formula:

S(ω) = U(x(τ))− U(x(0))+ E
∑
t

J (x(t), x(t+))

where we sum over all the jump times t at which x(t) → x(t+). If the model
has a physical interpretation with (7.4) expressing local detailed balance for a
driving force E and a current J , then S(ω) indeed reproduces the entropy pro-
duction. One can extend that to spatially extended systems, so called interacting
particle systems, without major difficulties. One shows there can be no current
without heat, meaning that detailed balance is equivalent with zero mean entropy
production.

7.3. Strongly chaotic dynamical systems

Here there is a priori no notion of physical entropy production but sometimes,
making analogies with systems described via effective thermostated dynamics,
one thinks of the phase space contraction as entropy production, see also [1, 12].
The trajectory ω is given by an orbit (x, ϕ(x), . . . , ϕτ (x)) in phase space. For so
called Anosov diffeomorphisms ϕ, there is a natural stationary distribution P(x)

which turns out to be a Gibbs measure for the potential

U(x) = − log ||Dϕ|Eu(x)||
where Eu(x) is the unstable subspace of the tangent space at the point x (U(x)

is the sum of the positive local Lyapunov exponents). Over a trajectory, the
Lagrangian equals

L(ω) =
τ∑

t=0

U(ϕtx)

There is a time-reversal π for which ϕ is dynamically reversible: π ◦ϕ = ϕ−1◦π
and we write % = π ◦ ϕ,%2 = id.

For (4.3) we need

U(%x) = log ||Dϕ|Es(x)||
where the stable subspace Es(x) of the tangent space at the point x appears. The
expansions and contractions in the unstable and stable directions give together
rise to a net contraction rate (positive or negative) U(%x)− U(x). Therefore,

S(ω) �
τ∑
0

J (ϕtx)
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with J (x) = − log ||Dϕ(x)||, the phase space contraction rate. That is again a
version of (4.1) but now obtaining the phase space contraction rate for (4.3). I
refer to [29] for the mathematical details.

8. Why is it useful?

The above considerations have argued for the identification in the Lagrangian of
the source term of time-reversal breaking with the physical entropy production.
That is interesting to know as such. If we want to construct nonequilibrium
statistical mechanics in that Lagrangian way, we already know what to write for
its time-antisymmetric part.

Another reason why it is useful is that some further symmetry relations follow
from it for the variable entropy production, which then again lead to response
relations. The true and unifying reason why fluctuation symmetries are valid
goes invariably back to Proposition 6.1: entropy production is essentially the
source of time-reversal breaking in the nonequilibrium action. To understand
the general philosophy for deriving fluctuation symmetries, it suffices to give a
standard computation, which is next.

8.1. Gibbs formalism

Consider the standard two-dimensional Ising model in a lattice square V with say
periodic boundary conditions. Its Hamiltonian is

HV (σ) = −
∑
|i−j |=1

σiσj − h
∑
i

σi

The last term (with bulk magnetic field h �= 0) breaks the spin flip symmetry
σ → −σ . We want to find out whether the magnetization in some subsquare �

which is much smaller than the volume V satisfies a fluctuation symmetry. The
object of study is thus

M� =
∑
i∈�

σi

with distribution obtained from the Gibbs measure PV ∼ exp[−βHV ]. The idea
is that we first let V be very very large and only afterwards consider growing �.
Thus, we want to obtain a symmetry q →−q in the behavior of

p�(q) = lim
V

PV [M� � q|�|]

as � gets larger.
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Here is how to get it in complete analogy with the above suggestions but with
spin configurations replacing space-time trajectories, spin flip replacing time-
reversal, the Ising Hamiltonian replacing the space-time Lagrangian and two di-
mensions being thought of as 1 spatial and 1 temporal dimension. Let %� apply
a local spin flip: (%�σ)i = −σi if i ∈ � and (%�σ)i = σi otherwise. It is
immediate that

R�(σ) ≡ log
PV (σ )

PV (%�σ)
(8.1)

= βHV (%�σ)− βHV (σ) = 2hβ
∑
i∈�

σi +O(|∂�|)

where the last term is of the order of the boundary of �. Observe that the depen-
dence on the volume V or on its possible boundary conditions has disappeared.
Clearly, by construction R satisfies an exact fluctuation symmetry: for every V ,
hence also for every limit point:

〈e−zR�〉β,h = 〈e−(1−z)R�〉β,h, z ∈ C

From here we substitute (8.1) and we see, by easy manipulations, that also M�

satisfies a fluctuation symmetry up to corrections of order |∂�|/|�|:

lim
�

1

|�| log
p�(q)

p�(−q) = 2hβ q (8.2)

(The prefactor 2hβ can of course be scaled away by a proper normalization of
M�.) That is called a local fluctuation theorem. The first proof of a similar
statement but in the context of smooth dynamical systems and for the distribution
of the phase space contraction rate was contained in [12, 35] and was further
developed in e.g. [10, 23, 25, 29–31].

Note that there is nothing special about the Ising model in the above reasoning.
If we had started from another Hamiltonian, perhaps containing 3-spin interac-
tions, we would still obtain the same symmetry for R� but it would not equal
the magnetization. Going to nonequilibrium statistical mechanics, the point is
now that the antisymmetric part under time-reversal of the Lagrangian (or, the
space-time Hamiltonian) always equals the entropy production, possibly up to
temporal boundary terms, but its explicit expression can of course change from
case to case. By the method above illustrated for the Ising model, if all goes well,
the entropy production will thus satisfy a fluctuation symmetry similar to (8.2)
in great generality. That is mathematically easier for Examples 7.2 and even 7.3
than for Example 7.1 but the same and unique algorithm applies.
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8.2. An application: Jarzynski’s identity

Thermodynamic potentials are everywhere in applications of thermodynamics.
They are tabulated and predict what processes are workable, under what condi-
tions. For example, for a system that can extract heat from an environment at
constant temperature T , the energy that is available to do work is exactly the free
energy F ≡ U − T S, that is its energy U minus the heat term T S where S is the
entropy of the system. Turning it around, it suffices to measure the work done
under isothermal conditions in changing the parameters of the system and it will
be equal to the free energy difference. That however is only valid if the ther-
modynamic process involved is reversible, a scenario that cannot be hoped for
in many cases. It was therefore very welcome that an extended relation between
free energy and work was proposed and exploited in a series of papers since the
pioneering work of Jarzynski in 1997, [17]. That identity reads

e−β�F = 〈e−βW 〉 (8.3)

In the left-hand side �F is what we want to measure, the difference in free ener-
gies between two thermal equilibria, say with parameter values κτ and κ0 in the
system Hamiltonian. That parameter could for example correspond to a spring
constant. The right-hand side is an average over all possible paths that take the
system in equilibrium for parameter value κi in its initial Hamiltonian to a state
where that parameter is changed into κf . The work done W depends on the path
if the process is not adiabatic (i.e., without heat transfer) or if it is not quasi-static.
The protocol, i.e., the sequence of forcing in the time-dependent Hamiltonian, is
always kept fixed.

I move to the context of a Markov jump dynamics. It is originally due to
Crooks, in [4], but can be directly transformed into an illustration of the main
claim, that the variable total change of entropy in the world can be obtained from
the Lagrangian as the time-antisymmetric part under time reversal. Mathemat-
ically speaking, the Jarzynski identity is nothing else than the statement that a
certain Radon-Nikodym derivative is normalized.

One imagines a time-dependent Hamiltonian Ht for a system in contact with
a heat bath at inverse temperature β. An effective dynamics can for example be
obtained from a weak coupling limit, where then the driving protocol has to vary
on the same time scale as the dissipation processes. At any rate, we start here
from a discrete time-inhomogeneous Markov chain on a finite state space with
transition probabilities pt (η, η

′) for η→ η′. That governs the thermal transitions
in exchanging heat with the reservoir. There is detailed balance with respect to
Ht : for any pair of states η, η′,

pt(η, η
′)

pt (η′, η)
= e−β[Ht (η

′)−Ht (η)] (8.4)
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If we start the system in equilibrium for H0, the probability to see a trajectory
γ = (η(0), η(1), . . . , η(τ )) is

Pβ(γ ) = e−βH0(η(0))

Z0
p1(η(0), η(1)) . . . pτ (η(τ − 1), η(τ ))

Expectations, needed for the right-hand side of (8.3), are denoted by 〈G〉β =∑
γ G(γ )Pβ(γ ). Obviously, that process does not instruct us about the dynamics

of changing the parameters in the Hamiltonian. One can think of an instantaneous
change in which Ht is modified into Ht+1 after every thermal transition.

The total change in energy is �U = Hτ (η(τ) − H0(η(0)) and the total heat
that flows in the heat bath in the thermal transitions (8.4) is

J (γ ) = −
τ∑

t=1

[Ht(η(t))−Ht(η(t − 1)) ] (8.5)

or the sum of energy differences that each time correspond to a heat flow at fixed
Hamiltonian.

The total work is therefore defined as

W(γ ) = J (γ )+�U =
τ−1∑
t=0

[Ht+1(η(t))−Ht(η(t))] (8.6)

Proposition 8.1.

〈e−βW 〉β = e−β�F (8.7)

where �F = −1/β logZτ/Z0 is the difference in free energies corresponding
to Hτ and H0 respectively.

Proof. The simplest way to prove (8.7) is to use the relation between entropy
production and time-reversal. The reversed dynamics just reverses the protocol
and starts from the equilibrium distribution for Hτ . So we let

P̃β(γ ) = e−βHτ (η(0))

Zτ

pτ (η(0), η(1)) . . . p1(η(τ − 1), η(τ )) (8.8)

and compute the promising

R(γ ) = log
Pβ(γ )

P̃β(%γ )
(8.9)
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A simple computation that uses (8.4) gives

R(γ ) = β[Hτ (η(τ))−H0(η(0))]
+ log

Zτ

Z0
− β

τ∑
t=1

[Ht(η(t))−Ht(η(t − 1))]

Hence, from the definitions (8.5)–(8.6), one arrives at

R = β�U − β�F + βJ = βW − β�F (8.10)

Now comes the time to profit from the form of R as in (8.9). The point is that we
have the normalization condition 〈exp(−R)〉β = 1 or, explicitly,∑

γ

Pβ(γ )
P̃β(%γ )

Pβ(γ )
= 1

Inspection shows however that upon substituting (8.10) for (8.9), the last normal-
ization is exactly equivalent with (8.7) and we are done.

A specific but rather trivial example of a similar (but diffusion-)type concerns
the case of a Brownian particle in a moving trap, in one dimension,

dxt = −1

2
(xt − vt)dt + dWt (8.11)

where Wt is standard Brownian motion. The protocol is given by the sequence
of positions of the center of the harmonic potential, moving with a speed v. The
work done on the system over a time-interval [0, τ ] is

W = −
∫ τ

0
dt v (xt − vt)

but the change of free energy is zero: independent of t ,∫
dx exp[−(x − vt)2/2] = √2π

At time zero the particle has position x0 drawn from exp[−x2/2]/√2π and we
can compute the probability density p(γ ) of a trajectory γ = (xt ) with respect
to the reference Brownian motion. We now reverse the protocol v → −v and
we start the particle from distribution exp[−(x − vτ)2/2]/√2π to compute the
probability p̃(%γ ) of the time-reversed trajectory %γ = (xτ−t ). It is a standard
exercise in stochastic calculus to find

p(γ )

p̃(%γ )
= expW
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As a consequence, by normalization,
∫
p(dγ )e−W = 〈e−W 〉 = 1. On aver-

age, the work is positive, 〈W 〉 ≥ 0 but there is a finite p(γ )-probability that
W = W(γ ) is negative. For these trajectories, the particle extracts heat from the
environment and transforms it to work (letting the trap move).

The above realization in terms of inhomogeneous Markov processes is of
course a serious limitation. The general philosophy is however never very dif-
ferent. Some controversy can arise when the Jarzynski identity is written as in
(8.3) with sometimes ambiguously defined concepts of work and free energy. A
formulation that avoids that possible confusion concentrates on the entropy pro-
duction.

Let us therefore look at a more general set-up. Let � be the phase space with
a dynamics, invertible transformations ft , possibly depending on t , and I write

ϕt = ft ◦ ft−1 ◦ . . . f1, t = 1, . . . , n

for the time-inhomogeneous updating after t steps. We call that sequence of
dynamics a protocol. If we reverse the order (for fixed n), we get the reversed
dynamics or reversed protocol

ϕ̃t = fn−t+1 ◦ . . . ◦ fn−1 ◦ fn

The phase space � supports a measure ρ that is left invariant by ϕn: ρ(ϕ−1
n B) =

ρ(B). � is further equipped with an involution π that also leaves ρ invariant. I
assume dynamical reversibility in the sense that for all t ,

ft ◦ π = π ◦ f−1
t

As a consequence, πϕ̃t
−1π = fn ◦ . . . fn−t+1 or ϕ−1

n πϕ̃t
−1π = ϕ−1

n−t .
I now divide the phase space further in the spirit of Section 5.1. We have a

finite partition and we start from a distribution μ̂ on its elements. More precisely,
the initial probability measure is given as

r(μ̂)(A) =
∑
M

ρ(A ∩M)

ρ(M)
μ̂(M)

The entropy is defined as

S((M) = ln ρ(M)

Exactly like in Proposition 6.1 but for the time-inhomogeneous dynamics we
obtain
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Proposition 8.2. For every probability μ̂ and ν̂ on �̂, and for all M0, . . . ,Mn ∈
�̂, the expectation in P μ̂

〈exp[−S(Mn)+ S(M0)+ ln ν̂(Mn)− ln μ̂(M0)]〉 = 1 (8.12)

Proof. The proof is a copy of that of Proposition 6.1. What is called R in (6.1)
in Proposition 6.1, is now

R = ln
P μ̂(M0,M1, . . . ,Mn)

P̃ ν̂π (πMn, πMn−1, . . . , πM0)

where the denominator uses the reversed protocol.
We now only have to look closer at the consequences of the dynamic re-

versibility. By using that ρ(B) = ρ(ϕ−1
n πB), we have of course that

ρ
[∩nt=0ϕ̃t

−1πMn−t
] = ρ

[∩nt=0ϕ
−1
n πϕ̃t

−1πMn−t
]

but moreover, by reversibility, the last expression equals

ρ
[∩nt=0ϕ

−1
n πϕ̃t

−1πMn−t
] = ρ

[∩nt=0ϕ
−1
n−tMn−t

]
which is all that is needed.

Obviously, as clear form the proof above

R = S(Mn)− S(M0)− ln ν̂(Mn)+ ln μ̂(M0) (8.13)

and various realizations can be considered. A simple choice takes an isolated
system where the reduced variables Mi refer to the energy of the system. I choose
M0 corresponding to some ‘initial’ energy E and Mn to some ‘final’ energy E′.
We have still the freedom to choose μ̂ and ν̂. Let me take μ̂(M0) = 1 where
indeed M0 refers to the initial energy E. Let me finally take ν̂(Mn) = 1, i.e., the
system is then randomly distributed on the energy shell E′. For these choices, in
‘suggestive’ notation, (8.13) becomes

ln
PE(E → E′)
P̃E′(E′ → E)

= S(E′)− S(E)

The mathematically trivial identity (8.12) is the mother of all Jarzynski relations.
The way in which it gets realized as for example an irreversible work-free energy
relation depends on the specific context or example. In (8.12) the point of view is
from system plus environment where the total entropy production equals a differ-
ence in entropies. When projecting on the system’s trajectories, that difference
becomes a trajectory depending entropy current. The reduced variables can for
example be chosen to consist of the microscopic trajectory for the system and of
the sequence of energies of the environment. For a thermal environment at all
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times in equilibrium at inverse temperature β, we thus get S(Mn)− S(M0) equal
to βQ where Q is the heat into the reservoir. On the other hand we can take μ̂

and ν̂ as equilibrium distributions, say of the weak coupling form

μ̂(M) = e−βU(λ0,x)

Z(λ0)
h(E)

where M = (x, E) combines the micro-state of the system and the energy of the
environment and U(λ, x) is the energy of the system with parameter λ. Similarly,

ν̂(M) = e−βU(λn,x)

Z(λn)
h(E)

If we have that h(E0) � h(En), i.e., that the energy exchanges to the environ-
ment remain small compared to the dispersion of the energy distribution in the
reservoir, we get from (8.12) in that context that

〈eβQ−βU(λn,xn)+βU(λ0,x0)〉 = Z(λn)

Z(λ0)

which is a version of (8.3).

8.3. Response relations

Let us take an antisymmetric G,G(%ω) = −G(ω). An important example is
G(ω) = Jr(ω) a current of some type r , be it particle or heat or yet another type
of current. By its antisymmetry under time-reversal∫

G(ω) dP (ω) = 1

2

∫
G(ω)(1− e−R(ω)) dP (ω) (8.14)

where

R ≡ ln
dP

dP%

The integral over dP can be realized as a steady state expectation in a nonequi-
librium state driven by thermodynamic fields E = (Er). Equation (8.14) is of
course an immediate albeit formal consequence of Proposition 6.1 and of the
identity (6.1).

Equilibrium corresponds to E = 0 = R. Close to equilibrium, when the Er

are very small, R is also small and we can expand to first order in the Er :

∂

∂Er ′

[∫
G(ω) dP (ω)

]
E=0
= 1

2

∫
G(ω)

[
∂R(ω)

∂Er ′

]
E=0

dPE=0(ω) (8.15)
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That is called a Green-Kubo relation. If we have

R =
∑
r ′

Er ′Jr ′

and take G = Jr , then (8.15) becomes

∂

∂Er ′

[∫
Jr(ω) dP (ω)

]
E=0
= 1

2

∫
Jr(ω)Jr ′(ω) dPE=0(ω) (8.16)

giving the usual expression for the linear transport coefficients with the Onsager
reciprocity. That reciprocity refers to the symmetry between r and r ′.

That structure is not rigorously valid for R equal to the entropy production
because of the temporal boundary terms, see (4.3), but asymptotic forms are ob-
tained when dividing by τ and letting τ ↑ +∞. I refer to e.g. [11, 25] for a
rigorous version of the argument in a context where everything is under control.

While I have not given the full story, it is clear that fluctuation-dissipation re-
lations will follow from the observation that the entropy production is the source
of time-reversal breaking in the nonequilibrium action. That is to say, these rela-
tions will be obtained to linear order.

9. What is missing — among other things?

The last section is somewhat speculative and looking at further adventures. It
starts from realizing that while insights on the nature of the fluctuating entropy
production are interesting, something essential is being missed.

9.1. The problem

The Gibbs formalism of equilibrium statistical mechanics yields general iden-
tities and inequalities involving thermodynamic quantities and correlation func-
tions. Typical examples include relations between the response of a system to an
external force and the fluctuations of some system variables. Away from equilib-
rium no such general relations exist; irreversible thermodynamics works close to
equilibrium and is mostly limited to the so called linear response regime.

Above I have suggested that the situation can be improved and a broader range
of thermodynamic and fluctuation relations would also be available further away
from equilibrium. Let me briefly repeat that and summarize for the case of steady
states. There, a fluctuation symmetry for the entropy production has been pro-
posed and studied in various contexts. Schematically, that fluctuation relation
goes somewhat like

Prob[�S = σ ] = Prob[�S = −σ ] exp σ (9.1)
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where the probability distribution is over the steady state and �S denotes the
variable total change (in dimensionless units) of entropy in the world over a long
time interval [0, τ ]. Symmetries such as (9.1) first appeared in [9, 12] in the
context of thermostated and smooth dynamical systems where the phase space
contraction is identified with entropy production. A slightly stronger statement
is (4.3) or, that

〈f%〉 = 〈f e−�S〉 (9.2)

where f is a function of the history ω = (ωt )
τ
0 of the system over the time interval

[0, τ ] and % is the time-reversal, %ω = (ωτ−t )τ0 (forgetting the kinematical time-
reversal π). I have been trying above and in [25–27, 29, 30] to show how that
follows exactly and quite generally and is deeply related to the identity (6.1).
Yet, while that symmetry is very generally valid and while the symmetry-identity
is non-perturbative, i.e., not restricted to close to equilibrium situations, so far its
consequences have only been made visible in the derivation of linear response
relations such as those of Green en Kubo, see e.g. [11, 25]. The bad news is that
while relations such as (9.1) or (9.2) look very general indeed, their non-trivial
consequences for expansions around equilibrium are necessarily limited to first
order, the linear regime. What is missing is a thermodynamic meaning for the
time-symmetric part in the space-time action or Lagrangian over the space-time
histories.

No systematic expansion around equilibrium is at all possible from the rela-
tions (9.1) or (9.2). The reason is simply the following.

If f is time-symmetric, f% = f , then (9.2) gives

〈f 〉 = 〈f e−�S〉 (9.3)

For small deviations from equilibrium exp−�S � 1− λ · J where λ denotes the
driving field and J is the current. As a consequence, in linear order,

〈f 〉 = 〈f 〉 − λ · 〈J f 〉eq

and indeed, the product Jf is antisymmetric under time-reversal, hence vanishes
under equilibrium expectation. Conclusion, (9.3) results in the identity 0 = 0
to first order in λ and (9.2) gives no information on the first order term around
equilibrium for time-symmetric observables.

The situation is different for time-antisymmetric observables. If g is antisym-
metric, g% = −g, then repeating (8.14), from (9.2),

〈g〉 = 1

2
〈g (1− e−�S)〉 (9.4)
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Again, in linear order where we substitute exp−�S � 1− λ · J

〈g〉 = 1

2
λ · 〈gJ 〉eq

which is the formal equivalent of the Green-Kubo-relation when g is itself a
current; then, the right-hand side is a current-current correlation in equilibrium.
Clearly, the second order term requires information about the first order term of
〈gJ 〉 but that information is lacking because of the arguments above applied to
the time-symmetric observable f = gJ .

We conclude that, even forgetting about all possible technical details related to
an expansion, there is fundamentally no possibility to extract any useful informa-
tion from (9.2) and hence from (9.1) about currents beyond linear order around
equilibrium.

The situation here resembles somewhat that of variational principles that are
sometimes mentioned in the context of nonequilibrium statistical mechanics. I
have in mind the minimum (or is it maximum?) entropy production principle,
or specific forms that have been suggested for steady states: they are at best
limited to the linear regime because they only inform us about observables that
are antisymmetric under time-reversal.

9.2. The missing link

Remaining on the level of generalities, let us look back at Section 4.1. The equa-
tion (9.2) is nothing else than the statement under (4.1)–(4.3): the source of time-
reversal breaking is (essentially) given by the variable entropy production. That
has been confirmed by many physically motivated examples and models and was
also derived in much greater generality, such as in [27, 30].

From the above remarks, it is clear what is missing. We need information
about the generation of time-symmetric observables. That is again made most
visible in a Lagrangian set-up. It appears there that we must obtain extra infor-
mation about the time-symmetric part of the Lagrangian L in (4.2) in order to
have only a chance to go beyond linear order in the nonequilibrium response-
functions. It is important to understand here that the nonequilibrium driving can
generate an extra term in L which is symmetric under time-reversal. That is
somewhat different from the situation one has for the energy of a system which
is mostly additive in its sources. Turning on an extra external field, just adds to
the Hamiltonian in the form of a potential term. Here in contrast, adding a non-
equilibrium driving can change the time-symmetric part in the space-time action.
That finally is the reason why the response functions cannot be generated by the
expression for the entropy production alone.
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To unravel the time-symmetric part of L in (4.2), we can exploit other trans-
formations. Often, time-reversal breaking is entangled with other broken sym-
metries. Think about heat conduction through a metal bar. Left and right ends
must be kept at unequal temperatures to allow conduction and hence, the re-
flection symmetry is broken. In some cases, reversing time is not at all equiv-
alent with reflection. The time-symmetric term in the Lagrangian can contain
reflection-antisymmetric terms. By applying a greater class of transformations,
more structure will be determined in L.

9.3. Example

I come back to Section 3.4 and the heat bath dynamics (3.14). By standard sto-
chastic calculus we can compute the time-symmetric part in the Lagrangian, see
e.g. [28]. It is

L(%ω)+ L(ω) = β2
1 − β2

β

∫ τ

0
p2

1(t)dt +
β2

2 − β2

β

∫ τ

0
p2

2(t)dt (9.5)

where β1, β2 are the inverse temperatures of the left and the right reservoir and
where β is the inverse temperature of a reference reservoir (the equilibrium situ-
ation). Clearly, that time-symmetric part has itself a part which is antisymmetric
under left/right reflection and can be used to control expectations of observables
that are symmetric under time-reversal and are antisymmetric under spatial re-
flection.
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1. Introduction

In 1988, Bak, Tang and Wiesenfeld (BTW) introduced a lattice model of what
they called “self-organized criticality”. Since its appearance, this model has been
studied intensively, both in the physics and in the mathematics literature. It shows
how a simple dynamics can lead to the emergence of very complex structures
and drive the system towards a stationary state which shares several properties
of equilibrium systems at the critical point, e.g. power-law decay of cluster sizes
and of correlations of the height-variables.

Some years later, Deepak Dhar generalized the model, discovered the “abelian
group structure of addition operators” in it and called it “the abelian sandpile
model” (abbreviated from now on ASM). He studied the self-organized critical
nature of the stationary measure and gave an algorithmic characterization of re-
current configurations, the so-called “burning algorithm”. This algorithm gives a
one-to one correspondence between the recurrent configurations of the ASM and
rooted spanning trees. The correspondence with spanning trees allowed Priez-
zhev to compute the height probabilities in dimension 2 in the infinite-volume
limit. Probabilities of certain special events -so-called “weakly allowed clusters”-
can be computed exactly in the infinite-volume limit using the “Bombay-trick”.
In the physics literature people studied critical exponents with scaling arguments,
renormalization group method and conformal field theory (in d = 2), and it is
argued that the upper critical dimension of the model is d = 4 [35]. Dhar and
Majumdar studied the model on the Bethe lattice where they computed various
correlation functions and avalanche cluster-size distributions exactly in the ther-
modynamic limit, using a transfer matrix approach.

Since the discovery of the abelian group structure of the set of of recurrent
configurations, in the mathematics literature (especially combinatorics and alge-
braic combinatorics) one (re)introduces the model under the names “chip-firing
game, Dirichlet game” [6], [7]. “The sandpile group of a graph” is studied [6],
and the intriguing geometric structure of its neutral element is investigated e.g.
in [23]. Asymmetric models are studied in [36], [15], and one finds a generaliza-
tion of the “burning algorithm”: the so-called “script algorithm”.

In the meanwhile, several other models of “self-organized criticality” were
introduced, such as e.g. forest fires, the Bak-Sneppen evolution model, and
Zhang’s model which is a (non-trivial) variation of the BTW-model with con-
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tinuous heights (see [38], [3], [21] for a good overview of SOC-models). The
paradigm of “self-organized criticality” became very popular and is now used in
many areas of the natural sciences such as geology, biology, cosmology. The
underlying idea is always that some simple dynamical mechanism generates
a stationary state in which complex behavior (manifested e.g. through power-
laws tails of avalanche sizes) appears in the thermodynamic limit (i.e., large
system size). This complex structure appears “spontaneously”, i.e., as a re-
sult of the dynamics, more precisely without having fine-tuned certain para-
meters (such as temperature or magnetic field) as has to be done in order to
reach “an ordinary critical point” in a model of equilibrium statistical mechan-
ics such as e.g. the Ising model. Let us remark however that the concept of
SOC, especially as opposed to ordinary criticality, has also been criticized see
e.g. [13]. From the mathematical point of view, one does not have a unambigu-
ous definition of SOC, but this is not really a problem because the models in
which some kind of SOC appears such as the BTW-model are interesting and
challenging, and are a starting point of many well-defined mathematical ques-
tions.

These notes provide an introduction to the ASM and focus on the problem
of defining and studying the stationary measure of the ASM and its stationary
dynamics in the infinite-volume limit. There are several motivations to do this.
First, all interesting properties such as power-law decay of avalanche sizes and
height-correlations, emerge in the large volume limit. It is therefore a pertinent
and basic question whether this large-volume limit actually exists, i.e., whether
all expectations of local functions of height variables have a well-defined infinite-
volume limit. Although for special local functions this can be proved because the
infinite-volume limit expectations can be computed exactly using the “Bombay-
trick”, for simple functions such as the indicator that two neighboring sites have
height two, it was not even known whether the infinite-volume expectation ex-
ists.

Second, from the mathematical point of view, defining the infinite-volume dy-
namics is a non-trivial and interesting problem because one has to deal with the
strongly “non-local” nature of the sandpile dynamics (adding a grain at a par-
ticular site can influence the heights at sites far away). In that respect both the
construction and the study of ergodic properties of such processes in infinite-
volume are very different from classical interacting particle system theory [24],
where processes have the Feller property and are constructed via a semigroup on
the space of continuous functions. Continuity in the product topology is related
to “locality” (a continuous function of the height-configuration does uniformly
weakly depend on height variables far away). In the sandpile model this con-
struction and all its beautiful corollaries (such as the relation between stationary
measures and the generator) break down. The non-locality can be controlled only
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for “typical configurations” i.e., the probability that the height at a fixed site is
influenced by additions far away is very small. This non-uniform control of the
locality turns out to be sufficient to define a stationary dynamics (i.e., starting
from typical configurations). Moreover the abelian group structure which can be
recovered in infinite volume is of great help in the definition and the study of the
ergodic properties of the dynamics.

The systematic study of the ASM in infinite volume began in [27] where the
one-dimensional ASM is defined, using a coupling and monotonicity approach,
in the spirit of [25]. The one-dimensional ASM has no non-trivial stationary dy-
namics (the infinite-volume limit of the stationary measures is the Dirac measure
on the all-two configuration), so the only interesting properties lie in the transient
regime of the evolution of all initial height configurations to the all-two configu-
ration. In [28] we studied the infinite limit of the ASM on the Bethe lattice (i.e.,
rootless binary tree), using the transfer matrix method developed in [11]. In [29]
we investigate the dissipative model, which is not critical anymore (the tail of the
distribution of avalanche sizes is exponential) but still has some (better control-
lable) form of non-locality. In this context, one recovers the full group structure
of the finite-volume ASM, and obtains unique ergodicity of the dynamics. In [1]
the authors prove the existence of the infinite-volume limit μ of the stationary
measures μV of the ASM for Zd using the correspondence with spanning trees,
and properties of the infinite-volume limit of uniform spanning trees, as studied
first by Pemantle [32] (see also [4] for an extended study of uniform spanning
forests). The question of existence of the dynamics starting from μ-typical con-
figurations is solved in d > 4 in [18]. In [18] we also prove almost-sure finiteness
of avalanches and ergodicity of the infinite-volume dynamics in d > 4. Defini-
tion and properties of the dynamics in d = 2 remains an open and challenging
problem.

These notes are organized as follows. In chapter two we study the one-
dimensional model and introduce much of the material of the Dhar-formalism
such as abelian group structure, burning algorithm, spanning trees, toppling num-
bers. In chapter three we introduce the Dhar-formalism in the general context,
introduce “waves of topplings” and explain the Bombay-trick. In chapter four
we introduce the basic questions about infinite-volume limits of the stationary
measure and of the dynamics. In chapter five we study the dissipative model and
its ergodic properties. Finally in chapter 6 we come back to the critical model
and summarize the results of [1], [18]. I have chosen to include only “simple”
(i.e., short and non-trivial) proofs, whereas complicated proofs are scotched in
such a way that the reader will (hopefully) be convinced of their correctness and
is capable of reading them in full detail without difficulty.
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2. Prelude: the one-dimensional model

2.1. The crazy office

In the crazy office, N persons are sitting at a rectangular table. Person 1 is sitting
at the left end, person N at the right end. We can e.g. think of them as com-
missioners who have to treat files (e.g. proposals for funding of projects). All of
them can treat at most two files, and initially all of them have at least one file (to
save the appearance). In fact, commissioners never treat the files (that is one of
the reasons of the craziness of the office), so in normal circumstances these files
are just laying there in front of them. From time to time however the director of
the commission comes in. He doesn’t treat files either, he distributes them. When
he enters, he chooses a commissioner at random and gives him an extra file. If
the resulting number of files is still below 2, then the commissioner accepts, oth-
erwise he gets crazy, and gives one file to each of his neighbors (this is called
a “toppling”). For the leftmost commissioner this means giving one file to his
right neighbor, and throwing one file through the window, and analogously for
the rightmost commissioner. This process goes on until all commissioners again
have at most two files in front of them. The process is called “a period of activ-
ity” or “an avalanche”. A little thought about the presence of the windows reveals
that the process always stops (this would not be the case if it were a round table).
We now only look at the stable configurations (without crazy commissioners) in
this process.

A stable configuration of files (later we will call this a height configuration) is
a map

η : V = {1, . . . , N} → {1, 2}
The set of all stable configurations is denoted by #. A general (i.e., possibly
unstable) configuration is a map

η : V = {1, . . . , N} → {1, 2 . . .}
The set of all configurations is denoted by H. We call S(η) the stable result
of η, i.e., the configuration left when all activity of crazy commissioners has
stopped. At this point one can (and should) doubt whether this map S : H→ #

is well-defined, i.e., what to do if two commissioners get crazy, stabilize them
both together, or in some order. It turns out that in whatever way you organize
the activity of stabilization, you will always end up with the same stable config-
uration.

The configuration at time n of the process just described is given by

ηn = S
(
η0 +

n∑
i=1

δXi

)
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where Xi are i.i.d. uniformly distributed on {1, . . . , N}, representing the places
where the director adds a file, and where S denotes stabilization. This defines
a Markov chain on the finite state space #, and so in the long run we will only
see the recurrent configurations of this Markov chain. The Markov chain is not
irreducible. In particular there are transient configurations. Consider e.g. N = 3
and the configuration 211. Once the two neighboring ones disappear, they will
never come back. Indeed, in this process a height one can only be created by a
toppling, but then the neighboring site cannot have height one anymore. A little
thought reveals what is the end-result of an addition in some configuration of
type

2222212̇2212222222

Suppose that the dotted two is the place where we add a file. Then think a mirror
in the middle between the two closest sites where the height is one, to the left and
to the right of the dotted site, say e+(x, η), e−(x, η), where x is the site where we
added. After stabilization, e+(x, η), e−(x, η) will have height two, and a height
one is created at the mirror image of the place where the addition took place. In
the example, this gives,

2222222212222222

If one adds now at the left-most two say, then one plays the same game where the
mirror is in between the closest one to the right and an additional site to the left,
i.e., the result is

2222222122222222

Finally, upon addition at

2222222222222222

the mirror is placed between an extra site to the left and an extra site to the right,
e.g., addition at the dotted site in

2̇2222222222222222

gives

222222222222222221

From this description, it is clear that in the long run we will be left with N +
1 configurations that have at most one site with height one. Restricted to that
unique class of recurrent configurations, which we denote by R, the Markov
chain is irreducible, i.e., every element of R can be reached from every other
element of R.
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2.2. Rooted spanning trees

Let us now reveal some interesting properties of the (in our case) simple set R.
First |R| = N + 1, and it is not a coincidence that

N + 1 = det(�) (2.1)

where the matrix � is defined by �ii = 2, �ij = −1 for |i − j | = 1, i, j ∈
{1, . . . , N}. Verifying (2.1) is a simple exercise. The matrix � is well-known
in graph theory under the name discrete lattice Laplacian, which comes from the
fact that−� = ∂2 is a discrete version of the Laplacian (with Dirichlet boundary
conditions). Indeed, if we think of our set {1, . . . , N} as a lattice with lattice
spacing ε, and realize that

f (x + ε)+ f (x − ε)− 2f (x) = ∂2f = ε2f ′′(x)+O(ε3)

∂2f is an approximation of the second derivative. The determinant of � is equal
to the number of rooted spanning trees on {1, . . . , N}. In our simple setting a
rooted spanning tree is defined as follows. Define the set V ∗ = V ∪ {∗}; the
∗ is an artificial site, called the root, added to V . By definition ∗, 1 and ∗, N

are neighbors in V ∗. Formally, we are thus defining a graph (V ∗, E∗) where the
edges are between neighboring sites. A spanning subgraph is a graph (V ∗, E′)
where E′ ⊆ E∗, and a rooted spanning tree is a connected spanning subgraph
that does not contain loops. The matrix tree theorem (see e.g. [5]) gives that
the number of rooted spanning trees of a graph equals the determinant of �. So
we expect that a natural bijection can be found between the set R of recurrent
configurations and the set of rooted spanning trees.

This bijection can be defined with the help of “the burning algorithm” intro-
duced by Dhar [9]. The burning algorithm has as an input the set V = {1, . . . , N}
a configuration η ∈ #, and as an output a subset V ′ ⊆ V . It runs as follows. Ini-
tially, V0 = V . In the first step remove (“burn”) all sites x from V which have a
height η(x) strictly bigger than the number of neighbors of x in V . Notice that by
stability of the configuration, these sites are necessarily boundary sites. After the
first burning one is left with the set V1, and one then repeats the same procedure
with V replaced by V1, etc. until no more sites can be burnt. The output B(η, V )

is the set of sites left when the algorithm stops.
It is easy to see that in our example B(η, V ) = ∅ if and only if η ∈ R. Since

the burning algorithm applied to a recurrent configuration burns all sites, one can
imagine that specifying the paths of burning of every site defines the genealogy
of a tree, and since all sites are burnt, this tree is spanning. Let us now make
this correspondence more precise. Start from a configuration in R. We give to
each site in V ∗ a “burning” time. By definition the burning time of ∗ is zero.
We assign burning time 1 to the boundary sites that can be burnt in the first step,
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burning time 2 to the sites that can be burnt after those, etc. The idea is that a site
with burning time k + 1 “receives his fire” (has as an ancestor) from a site with
burning time k. However there can be ambiguity if a site x with burning time
k + 1 has two neighbors with burning time k. In that case we choose one of the
neighbors as the ancestor, according to a preference-rule defined by the height
η(x). Say the left neighbor has lower priority. Then in case of ambiguity one
chooses the left neighbor if η(x) = 1, and otherwise the right neighbor.

As an example consider 222 and 212. The edges of the rooted spanning tree
of 222 are (∗1)(23)(3∗). Indeed, for the middle site the right (highest priority)
neighbor is chosen as an ancestor because its height is two. For 212 we obtain
(∗1)(12)(3∗).

Given the preference rule we obtain a bijection between the set of rooted span-
ning trees and the recurrent configurations. E.g., given our left < right rule, from
(∗1)(23)(3∗) we reconstruct the configuration 2?2 immediately (from the root
site 1 and 3 could be burnt in the first step), and from the priority rule we con-
clude that the height of the middle site is two because the right neighbor has been
chosen.

The choice of the preference-rule is quite arbitrary (one can even choose it
depending on the site), and this makes the bijection between the set of rooted
spanning trees and recurrent configurations not extremely elegant. It would be
interesting to find a “natural bijection” where this arbitrariness of the preference-
rule is not present (see also [8], p. 354).

2.3. Group structure

Besides its relation to spanning trees, there are some more fascinating properties
of the set R. Consider N = 2 for the sake of (extreme) simplicity. Define the
operation ⊕ on R by

η ⊕ ζ = S(η + ζ )

where the ordinary+means point-wise addition. This gives rise to the following
table

⊕ 21 12 22

21 12 22 21

12 22 21 12

22 21 12 22

We recognize here the Cayley table of an abelian group, i.e., (R,⊕) is an abelian
group with neutral element 22. Remark that we can define ⊕ on the whole of #,
but (#,⊕) is not a group.
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We now introduce still another group (which is isomorphic to the preceding
one, as we will see later). Let us introduce the addition operator ai : #→ #

ai(η) = S(η + δi)

for i ∈ {1, . . . , N}. In words, aiη is the stable result of an addition at site i.
Accept (or verify) for the moment that for all i, j ∈ {1, . . . , N},

aiaj = ajai (2.2)

Later we will prove this so-called abelian property in full detail and generality.
By definition of recurrence, if a configuration η is recurrent then there exist inte-
gers ni > 0 such that

N∏
i=1

a
ni

i (η) = η (2.3)

The product in (2.3) is well-defined by abelianness. The fact that ni can be cho-
sen strictly positive derives from the fact that in the course of the Markov chain
one adds to every site with strictly positive probability. Call e = ∏N

i=1 a
ni

i and
consider

A = {ζ ∈ R : eζ = ζ }
By definition A is not empty (η ∈ A), and if g = ∏N

i=1 a
mi

i for some integers
mi ≥ 0, then we have the implication “ζ ∈ A implies gζ ∈ A”. Indeed, by
abelianness, for ζ ∈ A,

e(gζ ) = g(e(ζ )) = g(ζ )

Therefore, A is a “trapping set” for the Markov chain, i.e., a subset of config-
urations such that once the Markov chains enters it, it never leaves it. As a
consequence A ⊃ R, because the Markov chain has only one recurrent class
which contains the maximal configuration. Since by definition we have A ⊆ R,
A = R. Therefore, acting on R, e is neutral. Since ni > 0, we can define

a−1
i = a

ni−1
i

N∏
j=1

a
nj

j

and we have the relation

a−1
i ai = aia

−1
i = e (2.4)
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From (2.4) we conclude that

G :=
{

N∏
i=1

a
ki
i , ki ∈ N

}
(2.5)

acting on R defines an abelian group.
Of course not all the products of addition operators defining G are different.

In fact, it is easily seen that the group is finite, and we will show that once again

|G| = N + 1 (2.6)

For that, it is sufficient to show that the group acts transitively and freely on R,
i.e., for all η ∈ R the orbit Oη = {gη : g ∈ G} = R and if gη = g′η for some
g, g′ ∈ G, then g = g′, i.e., gζ = g′ζ for all ζ ∈ R. For the first statement, if
η ∈ R and g ∈ G, then gη can be reached from η in the Markov chain, hence
gη ∈ R, and Oη is clearly a trapping set for the Markov chain, hence Oη ⊃ R.
To prove the second statement, consider for gη = g′η the set

A = {ζ ∈ R : gζ = g′ζ }
then A = R with the same kind of reasoning used in the definition of inverses.
Therefore, for all η, the map

�η : G→ R : g �→ gη

is a bijection between G and R.
However, there is still another way to see that |G| = N + 1. This way of

reasoning will be useful because in the general case we will not so easily be
able to count the recurrent configurations. The equality |G| = |R| is however
completely general, and that will be useful to obtain |R|. Counting the number
of elements of a group can become an easy task if we find a treatable isomorphic
group. For this, we have to look for closure relations in G. Here is an easy
one. Suppose you add two files to some commissioner. Since he has at least one
file (to save his face), he will certainly get crazy and give one file to each of his
neighbors (modulo the boundary conditions of course). In symbols this means

a2
i = ai−1ai+1 (2.7)

for i ∈ {2, . . . N − 1} and

a2
1 = a2, a2

N = aN−1
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Using the toppling matrix � introduced in (2.1), this is summarized as

a
�ii

i =
∏

j∈V,j �=i
a
−�ij

j (2.8)

for all i ∈ V . Acting on R we can bring the right hand site to the left, and obtain∏
j∈V

a
�ij

j = e (2.9)

for all i ∈ V . By abelianness, we infer from (2.9) that for all n : V → Z∏
i∈V

∏
j∈V

a
ni�ij

j = e (2.10)

Using �ij = �ji and the definition (�n)i =∑
j∈V �ijnj , we obtain∏

i∈V
a
(�n)i
i = e (2.11)

for all n : V → Z. We will show now that, conversely, if∏
i∈V

a
mi

i = e

for some mi ∈ Z then there exists n : V → Z such that

mi = (�n)i

In words, this closure relation means that the only “trivial additions” on R are
(integer column) multiples of the matrix �.

Suppose∏
x∈V

amx
x = e (2.12)

where m ∈ ZV . Write m = m+−m− where m+ and m− are non-negative integer
valued. The relation (2.12) applied to a recurrent configuration η yields∏

x∈V
a
m+x
x η =

∏
x∈V

a
m−x
x η (2.13)

In words, addition of m+ or m− to η leads to the same final stable configuration,
say ζ . But then there exist k+, k− non-negative integer valued functions on V

such that

η +m+ −�k+ = ζ = η +m− −�k−
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which gives

m = m+ −m− = �(k+ − k−)

Arrived at this point, we can invoke a well-known theorem of elementary al-
gebra. If you have a group G and a group H and a homomorphism

� : H → G

then G is isomorphic to the quotient H/Ker(�) where Ker(�) is the set of h ∈ H

which are mapped to the neutral element of G. In our case, define

H := {n : V → Z} = ZV

with group operation pointwise addition. Next

� : H → G : n �→
∏
i∈V

a
ni

i

Then what we just discussed can be summarized in the equality

Ker(�) = �ZV = {�n : n ∈ ZV }
and hence we have the isomorphism

G � ZV /�ZV

Therefore we have

|R| = |G| = |ZV /�ZV | = det(�)

To see the last equality, note that ZV is the |V | dimensional hypercubic lattice,
with a volume one unit cell. �ZV is another lattice with the columns of � as
vectors defining the unit cell. The quotient of these two lattices can geometrically
be viewed as the non-equivalent points n ∈ ZV of the unit cell of the lattice �ZV .
Equivalence is here defined as

n ∼ m

if there exists k ∈ ZV such that

n−m = �k

This number of non-equivalent points is precisely the volume of the unit cell
of the lattice �ZV , which is det(�) (Puzzle this out in the case N = 2 to be
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convinced). In general, the equality |ZV /AZV | = det(A) (with A a symmet-
ric matrix with integer elements and non-negative determinant) is trivial for a
diagonal matrix. Indeed, in that case Aij = aiiδij and

ZV /AZV � Z/a11Z⊕ Z/a22Z . . .⊕ Z/annZ

an hence |ZV /AZV | =∏n
i=1 aii = det(A). Since by row and column operations

(i.e., addition and subtraction of columns, or permutation of columns) one can
make every integer-valued matrix diagonal, see e.g. [22], we just have to remark
that such operations do not change the determinant of a matrix, and do not change
(up to isomorphism) the lattice ZV /AZV .

Here is still another, geometrical proof. |ZV /AZV | is the number of non-
equivalent points in the unit cell defined by A (i.e., the parallelepiped spanned by
the rows of A). We can cover R|V | by disjoint copies of this unit cell. Consider
now a large cube Cn = [−n, n]|V |. Let Nn denote the number of integer points
(i.e., points of ZV ) in the cube, let xn denote the number of unit cells (copies of
A) in Cn, and let y denote the number of non-equivalent points in one unit cell.
Then we have

xny = Nn

The volume of the xn unit cells in Cn is xndet(A), so we have

xndet(A) = (2n+ 1)d + o(nd)

Dividing these two relations and taking the limit n→∞ gives

y

det(A)
= lim

n→∞
Nn

(2n+ 1)d + o(nd)
= 1

2.4. The stationary measure

The Markov chain which we defined has a unique recurrent class R and hence its
stationary measure μ concentrates on R. We show now that μ is simply uniform
on R. Consider

μ = 1

|R|
∑
η∈R

δη

Since for all i, ai is a bijection on R we have that the image measure μ◦ai is again
uniform on R. Therefore μ is invariant under the individual addition operators
ai , and hence under the Markov chain. In fact for every pair of functions f, g :
#→ R we have∫

f (η)g(aiη)μ(dη) =
∫

f (a−1
i η)g(η)μ(dη) (2.14)
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The transition operator of our Markov chain is given by

Pf (η) = 1

|V |
∑
i∈V

f (aiη) (2.15)

and so we obtain∫
gPf dμ =

∫
fP ∗gdμ (2.16)

with

P ∗f (η) = 1

|V |
∑
i∈V

f (a−1
i η) (2.17)

Substituting g ≡ 1 in (2.16) gives the stationarity of μ. Moreover, if we consider
the reversed (stationary) Markov chain {η−n, n ∈ Z} then its transition opera-
tor is given by (2.17). Therefore the Markov chain is not reversible, but quasi-
reversible, meaning that P and P ∗ commute. Remember the group (R,⊕). It
is clear that our Markov chain restricted to R is an irreducible random walk on
this group. Therefore, the Haar measure (here simply the uniform measure) is in-
variant. That gives another explanation for the invariance of the uniform measure
on R.

2.5. Toppling numbers

If η ∈ H is a (possibly) unstable configuration, then its stabilization consists in
subtracting columns of � for the unstable sites. Indeed, the effect of a toppling
at site x can be written as

Tx(η)(y) = η(y)−�xy

for η(x) > 2. The stabilization S(η) is completely determined by the fact that S
is a composition of “legal” topplings Tx (legal meaning that only unstable sites
are toppled) and that S(η) is stable. Moreover, we have the relation

η −�m = S(η) (2.18)

where m : V → N denotes the column vector collecting the number of topplings
at each site needed to stabilize η. This equation (2.18) will play a crucial role in
the whole theory of the abelian sandpile model.

If η ∈ # is a stable configuration, then after addition at i ∈ V , (2.18) specifies
to

η + δi −�mi
η = ai(η) (2.19)
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In particular, integrating this equation over μ, and using the invariance of μ under
the action of ai gives(

�

∫
mi

ημ(dη)

)
j

= δij (2.20)

i.e.,(∫
mi

ημ(dη)

)
j

= �−1
ij (2.21)

In words this means that the expected number of topplings at site j upon addition
at site i is equal to the “Green function” Gij = �−1

ij . Later on, we will see that
this Green function has an interpretation in terms of simple random walk: up to
a (multiplicative) constant it is equal to the expected number of visits at site j of
a simple random walk starting at site i and killed upon leaving V .

Running ahead a little bit, we know that the Green function of random walk
on Zd decays (in the transient case, d ≥ 3) as a power in the distance |i − j |,
more precisely

Ei (|{k : Sk = j}|) � |i − j |−(d−2)

where Sk denotes simple random walk on Zd , d > 2, started at i under the expec-
tation Ei . This is a first signature of something very interesting which is going on
in this model. In the “thermodynamic limit” (larger and larger volumes) power
laws show up: the influence (this time expressed as the number of topplings) of
an addition at a site on a far-away site is not decaying exponentially. Physicists
say that there is no “characteristic size” of avalanches, and connect this to “criti-
cal behavior”(absence of a “finite correlation length”). For those of you who are
familiar with percolation, at the critical point there is no infinite cluster (expected
for all d , but proved for d = 1, 2 and high d), but the expected cluster size (of
the cluster of the origin say) is infinite. A similar thing is happening here, since∑

j∈Zd ,j �=i
|i − j |−(d−2) = ∞

Summarizing, we have treated a simple model, discovered connections with
spanning trees, an abelian group, and random walks. This will be the typical
ingredients of these lectures: elementary algebra, some random walk theory, and
properties of spanning trees. It is remarkable that many properties which could
be derived in a very elementary way in this particular model are valid in complete
generality.
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2.6. Exercises

1. Verify formula (2.1).

2. For η ∈ ZV we define the recurrent reduction of η (notation red(η)) to be the
unique element in RV which is equivalent to η in the sense that there exist
m ∈ ZV such that η = red(η)+�m. Show that this reduction is well-defined
(i.e. that there exists a unique equivalent recurrent configuration), and find the
recurrent reduction of 11111.

3. What is the neutral element for the group (R,⊕) when N = 5?

4. Show that the toppling numbers defined in (2.18) are monotone in the configu-
ration η. This means if η and η′ are two configurations such that for all x ∈ V

ηx ≤ η′x , (notation η ≤ η′), then for the corresponding topplings mη ≤ mη′ ,
i.e., for all x ∈ V , mη(x) ≤ mη′(x).

5. Show that if m ≡ 1, then �m is equal to zero except (�m)1 = (�m)N =
1. Derive from this fact that a configuration is recurrent if and only if upon
addition of one grain at 1 and one grain at N , all sites topple once and the
configuration remains the same.

6. Suppose now that the table is a round table, and there are no windows (=pe-
riodic boundary conditions). Then the game of redistributing files is possibly
going on forever. What is the maximal number of files allowed in the system
such that the game stops?

3. General finite volume abelian sandpiles

In this section we will generalize our findings of the previous section. We con-
sider a simply connected set V ⊆ Zd , think e.g. of V = [−n, n]d∩Zd . In general
a simply connected subset of Zd is a subset V such that “filling the squares” of
the lattice points in V leads to a simply connected subset of Rd . As a toppling
matrix � we consider minus the lattice Laplacian �xx = 2d , �xy = −1, for
x, y ∈ V , |x − y| = 1. Later on we will generalize this. A height configu-
ration is a map η : V → {1, 2, . . .}, and the set of all height configurations is
again denoted by H. A height configuration η ∈ H is stable if for every x ∈ V ,
η(x) ≤ �xx . A site where η(x) > �xx is called an unstable site. The toppling
of a site x is defined by

Tx(η)(y) = η(y)−�xy (3.1)

This means that the site loses 2d grains and distributes these to his neighbors
in V . Those sites in V which have less than 2d neighbors (“boundary sites”)
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lose 2d grains upon toppling, give one grain to each neighbor in V and the other
grains dissappear. The toppling is called legal if the site is unstable, otherwise it
is called illegal. It is elementary to see that

TxTy(η) = η −�x,· −�y,· = TyTx(η) (3.2)

if x, y are both unstable sites of η. More precisely, this identity means that if TxTy

is a sequence of legal topplings, then so is TyTx and the effect is the same. This
is called the “elementary abelian property”. For a general height configuration
we define its stabilization by

S(η) = Tx1 . . . Txn(η), (3.3)

by the requirement that in the sequence of topplings of (3.3) every toppling is
legal, and that S(η) is stable.

For a height configuration η ∈ H and a sequence Tx1 . . . Txn of legal topplings
we define the toppling numbers (of that sequence) to be

nx =
n∑

i=1

I (xi = x) (3.4)

The configuration resulting from that sequence of topplings can be written as
Tx1 . . . Txn(η) = η − �n, where n is the column indexed by x ∈ V , with ele-
ments nx .

Remark. In the algebraic combinatorics literature, the model we just introduced
is called “chip-firing game”, or “Dirichlet game”, see e.g. [8]. The number of
topplings is called “score-function”. The fact that S is well-defined is then for-
mulated as follows: at the end of every Dirichlet game, the score function and
the final chip-configuration are the same.

Lemma 3.1. If η ∈ H is a height configuration and Tx1 . . . Txn a sequence of
legal topplings such that the resulting configuration is stable, then the numbers
nx, x ∈ V are maximal. I.e., for every sequence of legal topplings Ty1 . . . Tym the
toppling numbers n′ satisfy n′x ≤ nx for all x ∈ V .

Before proving the lemma, let us see that this is sufficient to prove the follow-
ing

Proposition 3.2. S is well-defined.

Indeed, suppose that Tx1 . . . Txn and Ty1 . . . Tym are two legal sequences of
topplings leading to a stable configuration. Then, the resulting stable configura-
tion is a function of the toppling numbers only. By maximality, nx = mx for
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all x ∈ V , for both sequences, and hence the resulting stable configurations are
equal as well. So this statement implies that in whatever order you topple the un-
stable sites of some height configuration, at the end you will have toppled every
site a fixed amount of times (independent of the order) and the resulting stable
configuration will be independent of the chosen order.

We now give the proof of lemma 3.1.

Proof. We will prove the following. Suppose that we have the identity

ξ = η −�n (3.5)

with ξ stable and nx ≥ 0 for all x ∈ V . Suppose that x1, . . . , xn is a legal
sequence of topplings with toppling numbers mx = ∑n

i=1 δxi ,x , then mx ≤ nx

for all x ∈ V .
Suppose that a sequence of legal topplings has toppling numbers mx ≤ nx

(this is always possible since we can choose mx = 0 for all x), and for a site
j ∈ V an extra legal toppling can be performed. Put

ζ = η −�m (3.6)

Since an extra legal toppling is possible at site j in ζ , ζj > ξj . Combining (3.5)
and (3.6) this gives

(mj − nj )�jj <
∑
i �=j

(ni −mi)�ij ≤ 0 (3.7)

In the last inequality we used that �ij ≤ 0 and ni ≥ mi for i �= j . This
implies that mj + 1 ≤ nj (since �jj > 0). Therefore if m′ denotes the toppling
vector where we legally topple the site j once more (after the legal topplings with
toppling number vector m), then the inequality m′j ≤ nj still holds.

The fact that S is well-defined implies immediately that the addition operator
axη = S(η + δx) is well-defined and that abelianness holds, i.e., for x, y ∈ V ,
and all η ∈ #,

axayη = ayaxη = S(η + δx + δy)

The dynamics of the abelian sandpile model (ASM) is then defined as follows.
Let p = p(x) be a probability distribution on V , i.e., p(x) > 0,

∑
x∈V p(x) = 1.

Starting from η0 = η ∈ #, the state at time n is given by the random variable

ηn =
n∏

i=1

aXi
η (3.8)
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where X1, . . . , Xn are i.i.d. with distribution p. The Markov transition operator
defined on functions f : #→ R is then given by

Pf (η) =
∑
x∈V

p(x)f (axη) (3.9)

Note that since we add at each site with strictly positive probability, from every
configuration η ∈ # the maximal configuration ηmax (defined by ηmax(x) = �xx

for all x ∈ V ) can be reached from η. Therefore the set of recurrent configura-
tions R is equal to the unique recurrent class containing the maximal configura-
tion.

We denote by A the set of all finite products of addition operators working
on #. This is an abelian semigroup, and as before, on the set R of recurrent
configurations of the Markov chain, A is a group, which we denote by G.

The following lemma gives some equivalent characterizations of recurrence.

Lemma 3.3. Define

R1 = {η : ∀x ∈ V, ∃nx ≥ 1, anx
x η = η}

and

R2 = {η : ∃x ∈ V, ∃nx ≥ 1, anx
x η = η}

then R1 = R2 = R.

Proof. Clearly, R1 ⊆ R. Indeed starting from η ∈ R1, η can be reached again
with probability bounded from below by p(0)n0 > 0, and hence will be reached
infinitely many times with probability one.

To prove the inclusion R ⊆ R1, remember that the set of products of addition
operators working on R forms a finite abelian group G, with |G| = |R|. Since
every element of a finite group is of finite order, for every ax ∈ G there exists
nx ∈ {1, 2, . . .} such that anx

x = e.
To prove that R2 = R, we have to show that if there exists x, nx such that

a
nx
x η = η, then for all y ∈ V , there exist ny such that a

ny
y (η) = η. Since the

number of stable configurations is finite, there exist py, ny such that

a
py
y a

ny
y (η) = a

py
y η (3.10)

Since a
nx
x η = η by assumption we have a

knx
x η = η for every non-negative integer

k. Consider k large enough, apply the closure relation (3.14), and the abelian
property to rewrite the equality a

knx
x η = η in the form

aknx
x η = a

py
y (ax1 . . . axn)(η) = η (3.11)
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for some x1, . . . , xn ∈ V (possibly equal to y). Then, using (3.10) we obtain

a
ny
y (η) = a

ny
y a

py
y (ax1 . . . axn)(η)

= ax1 . . . axna
py
y a

ny
y (η)

= ax1 . . . axna
py
y (η) = η (3.12)

We now give a preparatory lemma in view of the “burning algorithm charac-
terization” of recurrent configurations.

Definition 3.4. 1. Let A ⊆ #, and H ⊆ A. We say that A is H -connected to R
if for every η ∈ A, there exists h ∈ H such that h(η) ∈ R.

2. Let A ⊆ #, and H ⊆ A. We say that H has the A-group property if H

restricted to A is a group.

3. A subset A ⊆ # is said to be closed under the dynamics if η ∈ A and g ∈ A
implies gη ∈ A.

Example: # is A-connected to R, and A has the R-group property.

Lemma 3.5. Suppose A ⊆ #, such that H ⊆ A has the A-group property, is H -
connected to R, and suppose furthermore that A is closed under the dynamics,
then A = R.

Proof. Clearly, A is a trap for the Markov chain, hence by uniqueness of the
recurrent class R, A ⊃ R. Suppose η ∈ A, then by assumption there exists
g ∈ H such that gη ∈ R. Since H has the A group property, the element g ∈ H

can be inverted, i.e., η = g−1(gη). Hence η can be reached from a recurrent
configuration in the Markov chain, and therefore η ∈ R.

3.1. Allowed configurations

Definition 3.6. Let η ∈ H. For W ⊆ V , W �= ∅, we call the pair (W, ηW ) a
forbidden subconfiguration (FSC) if for all x ∈ W ,

η(x) ≤
∑

y∈W\{x}
(−�xy) (3.13)

If for η ∈ # there exists a FSC (W, ηW ), then we say that η contains a FSC. A
configuration η ∈ H is called allowed if it does not contain forbidden subconfig-
urations. The set of all stable allowed configurations is denoted by R′.
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Remark. 1. Notice that the definition of allowed has a consistency property. If
V ⊆ V ′ and η ∈ #V ′ is allowed, then its restriction ηV ∈ #V is also allowed.
This will later allow us to define allowed configurations on the infinite lattice
Zd .

2. If (W, ηW ) is a forbidden subsconfiguration, then |W | ≥ 2.

Lemma 3.7. R′ is closed under the dynamics, i.e., for all g ∈ A, η ∈ R′,
gη ∈ R′.

Proof. Let us call A the set of all (possibly unstable) allowed configurations. It
is sufficient to prove that this set is closed under additions and legal topplings.
Clearly, if η ∈ A and x ∈ V , then η + δx ∈ A. Therefore, it suffices to see that
A is closed under toppling of unstable sites. Suppose the contrary, i.e., suppose
η ∈ A and Tx(η) �∈ A, where Tx is a legal toppling. Then Tx(η) contains a
FSC (W, (Txη)W ). Clearly, W must contain x, otherwise (W, ηW ) is forbidden.
Therefore we have

Tx(η)(y) = η(y)−�xy ≤
∑

z∈W\{y}
(−�yz)

for all y ∈ W . This implies

η(y) ≤
∑

z∈W\{x,y}
(−�yz)

i.e., (W \ {x}, ηW\{x}) is a FSC. Indeed by remark 3.1 an FSC contains at least
two points, hence W \ {x} cannot be empty.

This lemma immediately implies R′ ⊃ R. To prove the inclusion R′ ⊆ R
(which will deliver us from the primes), we will use lemma 3.5. In order to do
so, let us first recall the burning algorithm. For η ∈ # we start removing all sites
from V that satisfy η(x) >

∑
y∈V,y �=x(−�xy). This leaves us with a set V1, and

we continue the same procedure with V1, ηV1 , etc. until the algorithm stops at
some set B(V , η) ⊆ V . It is clear from the definition of allowed configurations
that η ∈ R′ if and only if B(V , η) = ∅.

The following lemma gives an equivalent characterization.

Lemma 3.8. For x ∈ V denote by αV (x) the number of neighbors of x in V . In
particular αV (x) �= 2d if and only if x is a boundary site, x ∈ ∂V . Then we have
η ∈ R′ if and only if∏

x∈∂V
a2d−αV (x)
x η = η (3.14)
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Before giving the proof, let us describe what is happening here. Imagine the
two-dimensional case with V a square. Then the special addition of (3.14) means
“add two grains to each corner site and one grain to each boundary site which is
not a corner site”. The result of this addition on an allowed stable configuration
will be that every site topples exactly once. If you accept that for a moment (we
will prove that), then, after the topplings the resulting configuration is

η +
∑
x∈∂V

(2d − αV (x))δx −�1

where 1 is the column defined by 1x = 1 for all x ∈ V . It is a trivial computation
to show that the second and the third term of this expression cancel, and hence if
it is true that upon the special addition every site topples exactly once, then we
have proved (3.14).

Proof. We have to prove that every site topples exactly once if and only if the
configuration is allowed. Suppose we add sV := ∑

x∈V (2d − αV (x))δx to an
allowed configuration. First there will be some boundary sites which will topple,
these are exactly the sites where the height configuration satisfies the inequality

η(x)+ 2d − αV (x) > 2d (3.15)

i.e.,

η(x) > αV (x) =
∑

y∈V \{x}
(−�xy) (3.16)

So these sites which topple are exactly the sites that can be burnt in the first step
of the burning algorithm. After the topplings of these unstable boundary sites, it
is again easy to see that the sites which are unstable are exactly those that would
be burnt in the second step of the burning algorithm, etc. Therefore, if the config-
uration is allowed, every site topples at least once. To see that every site topples at
most once, it suffices to prove that this is the case for the special addition applied
to the maximal configuration. Indeed, by abelianness, we will have the maximal
number of topplings at each site for that configuration. After the special addition,
we topple all boundary sites once. The result is that the height of these boundary
sites equals 2d − αV (x) and the result is the “special addition” sV \∂V so every
boundary site of this new set V1 = V \ ∂V will topple once and these topplings
will not cause unstable sites on ∂V , because there the height is 2d − αV (x) and
the topplings at ∂V1 can (and will) add at most αV (x) grains to the site x. To
visualize, one has to imagine that the “wave of topplings” goes to the inside of
the volume and does not come back to places previously visited.

Repeating this argument with V1, we see that every site topples exactly once.
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Theorem 3.9. A stable configuration η ∈ # is recurrent if and only if it is al-
lowed.

Proof. Consider

H =
{ ∏
x∈∂V

anx
x , nx ≥ 0

}
By lemma 3.8, H restricted to R′ is a group. Indeed the product defining the neu-
tral element e = ∏

x∈∂V a
2d−αV (x)
x has strictly positive powers of every ax, x ∈

∂V . It is clear that R′ is H -connected to R, and R′ is also closed under the
dynamics by lemma 3.5. Hence by lemma 3.5, R′ = R.

So we can now decide by running the burning algorithm whether a given stable
configuration is recurrent or not. Here are some examples of forbidden subcon-
figurations in d = 2.

1 1

1 2 1

1 1

2 2 1

Here are some examples of recurrent configurations also in d = 2.

2 3 3

4 1 4

2 4 3

1 2 4

4 2 4

3 3 1

3.2. Rooted spanning trees

As in the one-dimensional case of the previous section, also in the general case
there is a one-to-one correspondence between recurrent configurations and rooted
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spanning trees. The construction is analogous. One first “extends” the graph by
adding ∗, an extra site which will be the root. The extended graph (V ∗, E∗)
is then defined by adding extra edges from the boundary sites to the root, for
x ∈ ∂V , 2d − αV (x) edges go from x to the root. In (V ∗, E∗) every site in
V has exactly 2d outgoing edges. We order the edges in some way say, e.g., in
d = 2, N < E < S < W . Given the recurrent configuration, we give burning
times to every site. The burning time of ∗ is zero by definition, and the burning
time 1 is given to the boundary sites which can be burnt in the first stage of
the algorithm, boundary time 2 to the sites which can be burnt after those, etc.
The edges in the spanning tree are between sites with burning time t and t + 1,
with the interpretation that the site with burning time t + 1 receives his fire from
the neighboring site with burning time t . In case of ambiguity, we choose the
edge according to the preference rule, depending on the height. As an example,
consider

4 4 4

4 1 4

4 4 3

The corresponding burning time configuration is

1 1 1

1 2 1

1 1 1

Therefore we have ambiguities in connecting the root to the corner sites, and the
middle site to the boundary sites. So look at the upper left corner site e.g., we
have the choice between N,W . The height is maximal (it could have been 3 as
well), so we choose the highest priority, i.e., W . For the middle site, we have the
minimal height, so we choose the lowest priority amongst our 4 edges, i.e., N .
So this gives as edge configuration for the corresponding rooted spanning tree

W N E

W N E

W S E

where we indicated for each site the edge to the site neighboring it that is closer
to the root.

Given the preference rule, and the spanning tree one can reconstruct the height
configuration. So we have made a bijection between R and the set of rooted



684 F. Redig

spanning trees, and hence, by the matrix tree theorem we have a first proof of
Dhar’s formula

|R| = det(�) (3.17)

3.3. Group structure

In the previous section, we gave a proof of |R| = det(�) by counting the num-
ber of group elements of G in the one-dimensional situation. The basic closure
relation∏

y

a
�xy
y = e

remains unaltered, and derives from the elementary fact that adding 2d grains to
a site makes it topple for sure, and hence we could as well have added one grain
to each neighbor directly. So, as already shown in (3.18), the homeomorphism

� : ZV → G : n = (nx)x∈V �→
∏
x

a(�n)x
x (3.18)

satisfies Ker(�) ⊃ �ZV = {�n : n ∈ ZV }. This gives

Proposition 3.10. Let � be defined by (3.18), then Ker(�) = �ZV , and hence

G � ZV /�ZV (3.19)

We obtain as an straightforward corollary the following.

Proposition 3.11. For every probability distribution p(x) > 0,
∑

x p(x) = 1,
the Markov chain with transition operator

Pf (η) =
∑
x

p(x)f (axη)

has as a stationary distribution

μ = 1

|det(�)|
∑
η∈R

δη

Moreover, in L2(μ) the adjoint transition operator (the transition operator of the
time reversed process) is given by

P ∗f (η) =
∑
x

p(x)f (a−1
x η)
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Exactly as we derived in the previous section, we also have

Proposition 3.12. Let nx
η denote the column of toppling numbers needed to sta-

bilize η + δx . Then we have∫
nx
η(y)μ(dη) = G(x, y) = �−1

xy (3.20)

By the Markov inequality G(x, y) is also an upper bound for the probability
that y has to be toppled upon addition to η, where η is distributed according to μ.

3.4. Addition of recurrent configurations

Define for two stable height configurations

η ⊕ ζ = S(η + ζ ) (3.21)

Then we have the following

Theorem 3.13. R,⊕ is a group isomorphic with G.

Proof. We can rewrite

η ⊕ ζ = S(η + ζ ) =
∏
x∈V

aηx
x (ζ ) =

∏
x∈V

aζx
x (η) (3.22)

Define for some η ∈ R:

e :=
∏
x∈V

a−ηxx (η) (3.23)

This is well-defined because ax working on R are invertible. It is easy to see that
the set

A = {ξ ∈ R : e ⊕ ξ = ξ ⊕ e = ξ} (3.24)

is closed under the dynamics and non-empty, hence A = R. Every element
η ∈ R has an inverse defined by

Aη =
∏
x∈V

a−ηxx e (3.25)

Hence, R,⊕ is a group. To show that G and R are isomorphic is left as an (easy)
exercise.
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Let us discuss an interesting consequence of this theorem. Define η, ξ to be
equivalent (η ∼ ξ ) if there exists n ∈ ZV such that η = ξ − �n. Then each
equivalence class of ZV / ∼ contains a unique element of R. That an equivalence
class contains at least one element of R is easy. Start from η ∈ ZV . Addition
according to n = �1 gives an equivalent configuration, and stabilization of this
configuration yields another equivalent configuration. Sufficiently many times
iterating this special addition and stabilization gives an equivalent recurrent con-
figuration. Suppose now that η ∼ ξ and both are elements of R. It is easy to see
that η ∼ ξ implies that for all ζ ∈ R: η ⊕ ζ = ξ ⊕ ζ (see the closure relation
in G). Choosing ζ = Aη we obtain e = ξ ⊕ (Aη), which gives by adding η,
ξ ⊕ (Aη) ⊕ η = ξ = η. Notice that the uniqueness of a representant of every
equivalence class does not extend to the stable configurations. E.g., if η is sta-
ble but not recurrent then upon addition of �1 and subsequent stabilization, not
every site will topple. On the other hand η is clearly equivalent with the resulting
stable configuration (which is stable and different from η).

The next proposition shows a curious property of the neutral element e of the
group (R,⊕).

Proposition 3.14. Upon adding e to a recurrent configuration η, the number of
topplings at each site is independent of η.

Proof. For a possible unstable configuration η, denote by nη the column collect-
ing the toppling numbers at each site in order to stabilize η. By abelianness, we
have

nξ+η+ζ = nξ⊕η+ζ + nξ+η = nξ+η⊕ζ + nη+ζ

Choosing η = e gives the identity

nξ+e = nζ+e

which proves the proposition.

3.5. General toppling matrices

The results of the previous subsections apply for a general symmetric toppling
matrix, which is defined as follows.

Definition 3.15. A integer-valued matrix matrix � is called a toppling matrix if

1. For all x, y ∈ V , �xx ≥ 2d , �xy ≤ 0 for x �= y

2. Symmetry: for all x, y ∈ V �xy = �yx



Mathematical aspects of the abelian sandpile model 687

3. Dissipativity: for all x ∈ V
∑

y �xy ≥ 0

4. Strict dissipativity:
∑

x

∑
y �xy > 0

A toppling matrix is called irreducible if from every site x ∈ V there is a path
x0 = x, . . . , xn = y where for all i ∈ {1, . . . , n}, �yi−1yi < 0 and y is a
dissipative site.

A particularly important example is the so-called dissipative model with (in-
teger) “mass” γ > 0, which is defined as follows

�xx = 2d + γ

�xy = −1 for |x − y| = 1, x, y ∈ V (3.26)

The interpretation of the topplings governed by � is as follows. The maximal
stable height of a site is 2d + γ . If an unstable site topples, it looses 2d + γ

grains where (at most) 2d are distributed to the neighbors, and looses on top of it
γ grains. So in that case upon each toppling grains are lost. We will see later that
this system is not critical: in the limit of growing volumes, avalanche sizes are
exponentially damped. This is related to the fact that the massive Green function
G(x, y) = �−1

xy decays exponentially in the distance between x and y. For γ = 0
one recovers the original critical model.

Finally, the symmetry requirement can be dropped, at the cost of a much more
difficult characterization of recurrent configurations, via the so-called script-
algorithm, see [36], [15] for more details. This subject will not be dealt with in
this lecture notes. Our main direction is to prove results for the infinite-volume
system, and there the connection with spanning trees is crucial (and lost in the
asymmetric case).

3.6. Avalanches and waves

One of the most intriguing properties of the ASM is the fact that power laws
turn up in the large-volume limit. More precisely, the size and the diameter
of avalanche clusters have a power-law behavior in the limit of large volumes.
Though from a rigorous point of view not very much is known about this, let me
explain shortly the claims made by physicists and supported by both numerical
experiments as well as by non-rigorous scaling arguments. If we start from a
configuration η ∈ #, then we have the relation

η + δi −�ni
η = aiη

The avalanche cluster at site i ∈ V is then defined as

CV (i, η) = {j ∈ V : ni
η(j) > 0}
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In words, this is the set of sites which have to be toppled at least once upon
addition at i. The power-law behavior of this cluster is expressed by the following
conjecture

lim
V↑Zd

μV (|CV (i, η) > n)| � Cn−δ

where μV denotes the uniform measure on recurrent configurations in the volume
V So this conjecture tells us that first of all the limit V ↑ Zd exists and moreover

lim
n↑∞ nδ lim

V↑Zd
μV (|CV (i, η)| > n) = C

for some C > 0. As in the case of critical percolation, similar cluster charac-
teristics, like the diameter are believed to exhibit power-law behavior. From a
mathematical point of view even the weaker statement that for some C, δ > 0

C/nδ ≥ lim inf
V↑Zd

μV (|CV (i, η)| > n)

is not proved except in very special cases. It is believed (see [35]) that for d > 4
the avalanche exponents are equal to their mean-field value, which is rigorously
known to be δ = 1/2.

However, power-law decay of certain special correlation functions is rigor-
ously known. An example is (see later on, or [12])

lim
V↑Zd

(
μV (I (η(x) = 1)I (η(0) = 1))

−μV (I (η(x) = 1))μV (I (η(0) = 1))

)
� C|x|−2d (3.27)

The reason for that is that one can explicitly compute all the limits showing up in
this expression. This is a kind of “good luck”, because the question whether the
limit

lim
V↑Zd

μV (I (η(0) = 2)

exists has been open for about fifteen years after the discovery of (3.27). Now
we know that the limit exists, but we don’t have a clue of its value except in
d = 2. Similarly, the correlation of the indicator of having height 2 in dimension
two is expected to decay as (log |x|2)/|x|4, but this is a non-rigorous computation
based on conformal field theory see [33].

Avalanches turn out to be rather complicated objects. An interesting finding
of Priezzhev was that avalanches can be decomposed in a sequence of simpler
events, called waves.
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Start from some initial η ∈ # and add to 0. Then proceed as follows. First
topple the site where you added (if necessary) and all the other sites except the
site where you added (0): there you just stack the grains which are arriving. In
that process every site topples at most once. Indeed, the site where you added
topples at most once by definition. Its neighbors can not topple more than once,
because in order to become unstable for a second time, they have to receive grains
from all their neighbors. However, by assumption they do not receive grains from
0, so they are unstable at most once. Continuing this argument, one sees that the
neighbors of the neighbors of 0 can topple at most once, etc. This first sequence
of topplings is called the first wave. The set of sites toppled in this procedure is
called the support of the first wave.

If at the end of the first wave the site at which the wave began (where sand
was added) is still unstable, then we topple that site a second time, and obtain
“the second wave”. The following lemma shows that the “wave” clusters are
simply connected. For a subset V ⊆ Zd we say that V is simply connected if
the subset V ⊆ Rd obtained by “filling the squares” in V is simply connected.
This means that V does not contain holes, or more formally that every loop can
be continuously contracted to a point.

Lemma 3.16. The support of a wave in in a recurrent configuration is simply
connected.

Proof. We prove the statement for the first wave. Suppose the support of the
first wave contains a maximal (in the sense of inclusion) hole ∅ �= H ⊆ V . By
hypothesis, all the neighbors of H in V which do not belong to H have toppled
once. The toppling of the outer boundary gives an addition to the inner boundary
equal to λH (x) at site x, where λH (x) is the number of neighbors of x in V ,
not belonging to H . But addition of this to ηH leads to one toppling at each
site x ∈ H , by recurrence of ηH . This is a contradiction because we supposed
that H �= ∅, and H is not contained in the support of the wave. After the first
wave the volume V \ {x} contains a recurrent configuration ξV \{x} i.e., recurrent
in that volume V \ {x}. Suppose that the second wave contains a hole, then this
hole has to be a subset of V \ {x}, and arguing as before one discovers that the
subconfiguration ξH cannot be recurrent.

3.7. Height one and weakly allowed clusters

In this section we follow [26] to compute

lim
V↑Z2

μV (I (η(0) = 1)) = 2

π2

(
1− 2

π

)
(3.28)
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The original idea comes from [12]. The probability of several other special local
events can be computed in the thermodynamic limit with this method, which is
called “the Bombay trick”.

If a configuration η ∈ R has height one at the origin, then in the burning
algorithm, all lattice sites neighboring the origin will have to be burnt before
the origin can be burnt. Let us call e1, e2,−e2,−e1 the neighbors of the ori-
gin. Consider the toppling matrix �′ constructed from � as follows. �′00 = 1,
�′e2,e2

= �′−e1,−e1
= �′−e2,−e2

= 3, �′e2,e1
= �′e1,−e1

= �′e1,−e2
= 0. All other

�′ij = �ij . We can visualize this modification of the toppling matrix as cutting
certain edges incident to the origin, and correspondingly putting the matrix el-
ement of that edge zero, keeping maximal height (�′ii ) equal to the number of
neighbors in the new lattice.

Suppose now that a configuration with height 1 at 0 can be burnt. Then it is
easy to see that the same configuration can be burnt with the new matrix �′ and
vice versa: every burnable stable configuration in the model with toppling matrix
�′ corresponds to a burnable configuration with height one in the original model
(using the same order of burning). It is important that �′ differs from � in a
finite number of matrix elements not depending on the volume V ⊆ Zd . The
number of recurrent configurations in the model with toppling matrix �′ is equal
to det(�′) = det(�(I + GB)), where Bij = 0 except for B00 = −3, Be2,e2 =
B−e1,−e1 = B−e2,−e2 = −1, B0,e2 = Be2,0 = B−e2,0 = B0,−e2 = B0,−e1 =
B−e1,0 = 1, i.e., the non-zero elements form a 4× 4 matrix. Therefore only four
columns of the product GB are non-zero and the computation of the determinant
det(I +GB) reduces to the computation of the four by four determinant

det(I +GB) = (3.29)

det

⎛⎜⎜⎝I +

⎛⎜⎜⎝
G00 Ge2,0 Ge2,0 Ge2,0
Ge2,0 G00 Ge2,e2 G−e1,0
Ge2,0 Ge2,e2 G00 Ge2,e2

Ge2,0 G−e1,0 Ge2,e2 G00

⎞⎟⎟⎠
⎛⎜⎜⎝
−3 1 1 1
1 −1 0 0
1 0 −1 0
1 0 0 −1

⎞⎟⎟⎠
⎞⎟⎟⎠

Where we used the symmetry G(x, y) = G(y, x) of the Green function in re-
placing G(−e2, 0) by G(e2, 0). Since we are in dimension d = 2, we should
take care now about taking the infinite-volume limit because the “bare” Green
functions are diverging. However the limit

lim
V↑Zd

(GV (x, y)−GV (0, 0)) = a(x, y) (3.30)

is well-defined. Moreover we have the explicit values, see [12], [37]

a(1, 0) = a(0, 1) = a(−1, 0) = a(0,−1) = −1/4

a(−1, 1) = a(1, 1) = a(1,−1) = a(−1,−1) = −1/π (3.31)
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Computing the determinant in (3.29) and taking the infinite-volume limit gives

lim
V↑Z2

μV (I (η0 = 1)) = 2(2a(1, 1)− 1)(a(1, 1))2 = 2(π − 2)/π3 (3.32)

We remark here that the modification �′ of the matrix � counting the number
of recurrent configurations with height one at 0 is not unique. E.g. the matrix
�′′00 = 0, �′′0e = 0, �′′ee = 1 for |e| = 1, and all other �′′ij = �ij would also do.
However for that modification one has to compute a 6× 6 determinant.

Similarly one can compute the probability that sites 0 and i both have height
one. This gives rise to

μV (I (η0 = 1)I (ηi = 1)) = det(I +GB̃) (3.33)

where B̃ is an 8 × 8 matrix having two blocks of the previous B matrix. Define
(G)00 to be the matrix⎛⎜⎜⎝

G00 Ge2,0 Ge2,0 Ge2,0
Ge2,0 G00 Ge2,e2 G−e1,0
Ge2,0 Ge2,e2 G00 Ge2,e2

Ge2,0 G−e1,0 Ge2,e2 G00

⎞⎟⎟⎠
used in the computation of the height one probability. Similarly

(G)0i =

⎛⎜⎜⎝
G0i Ge2,i Ge2,i Ge2,i

Ge2,i G0i Ge2,e2+i G−e1,i

Ge2,i Ge2,e2+i G0i Ge2,e2+i
Ge2,i G−e1,i Ge2,e2+i G0i

⎞⎟⎟⎠

(G)i0 =

⎛⎜⎜⎝
Gi0 Gi+e2,0 Gi+e2,0 Gi+e2,0

Gi+e2,0 Gi0 Gi+e2,e2 Gi−e1,0
Gi+e2,0 Gi+e2,e2 Gi0 Gi+e2,e2

Gi+e2,0 Gi−e1,0 Gi+e2,e2 Gi0

⎞⎟⎟⎠
and

(G)ii =

⎛⎜⎜⎝
Gii Gi+e2,i Gi+e2,i Gi+e2,i

Gi+e2,i Gii Gi+e2,e2+i Gi−e1,i

Gi+e2,i Gi+e2,e2+i Gii Gi+e2,e2+i
Gi+e2,i Gi−e1,i Gi+e2,e2+i Gii

⎞⎟⎟⎠
Then the desired probability can be written as

μV (I (η0 = 1)I (ηi = 1))

= det(I +GB) = det

(
I +

(
(G)00B (G)0iB

(G)i0B (G)iiB

))
(3.34)
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The computation of this determinant is straightforward but a bit tedious without
a computer. The main conclusion is that as |i| → ∞,

lim
V↑Zd

μV (I (η0 = 1)I (ηi = 1))− (μV (I (η0 = 1)))2 � 1/|i|4 (3.35)

where by an � bn we mean that an/bn→ 1.
It is easy to see that this behavior arises from the products of matrix elements

of (G)0i and (G)i0 arising from the development of the determinant in (3.34).
Exactly the same computation can be done in higher dimensions d ≥ 3 (where
the Green’s function does not diverge in the infinite-volume limit) giving rise to
the decay

lim
V↑Zd

μV (I (η0 = 1)I (ηi = 1))− (μV (I (η0 = 1)))2 � 1/|i|2d (3.36)

So this is our first explicit computation showing the presence of power-law decay
of correlations in this model.

Certain higher order correlations can also be computed. The general structure
of what can be computed is the probability of those local configurations which
can be counted by a finite perturbation of the toppling matrix �. A subconfigu-
ration (W, ηW ) is called weakly allowed if diminishing with one unit one of the
heights in ηW leads to a forbidden subconfiguration. Weakly allowed configura-
tions have the property that in the burning algorithm they will be burnt “in the last
stage”. Therefore a local modification of the matrix � in the sites of the support
W can be found, and the computation of the probability of the occurrence of ηW

is analogously reduced to the computation of a finite determinant. Here are three
examples of weakly allowed subconfigurations.

2 1

2 2 1

1

2 3 1

Here are some of the probabilities of weakly allowed clusters

lim
V↑Z2

μV (η0 = 1, ηe1 = 2, η2e1 = 2) = 9

32
− 9

π
+ 47

2π2
− 48

π3
+ 32

π4
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lim
V↑Z2

μV (η0 = 1, η−e1 = 2, η−e1−e2 = 2) = −81

14
+ 525

π
− 1315

π2
+ 60076

9π3

−503104

27π4
+ 257024

9π5
− 1785856

81π6
+ 524288

81π7

More can be found in [26].

4. Towards infinite-volume: the basic questions

In the previous subsection we showed how to compute probabilities of several
subconfigurations in the thermodynamic limit. The computation of

lim
V↑Z2

μV (η0 = k) (4.1)

for k = 2, 3, 4 is still possible explicitly, but already requires a “tour de force”
performed in a seminal paper of Priezzhev [34]. For d > 2 the height probabil-
ities 2, . . . , 2d cannot be computed explicitly, and probabilities of more compli-
cated local events cannot be computed explicitly either (not even for Z2).

However the interesting features of this model, like power-law decay of corre-
lations, avalanche tail distribution, etc., are all statements about the large volume
behavior. A natural question is therefore whether the thermodynamic limit

lim
V↑Zd

μV (4.2)

exists as a weak limit (we will define this convergence more accurately later on).
Physically speaking this means that enlarging the system more and more leads to
converging probabilities for local events, i.e., events like η(x1) = k1, . . . η(xn) =
kn. A priori this is not clear at all. Usually, e.g. in the context of models of
equilibrium statistical mechanics, existence of the thermodynamic limit is based
on some form of locality. More precisely existence of thermodynamic limits in
the context of Gibbs measures is related to “uniform summability” of the “local
potential”. This “uniform locality” is absent in our model (the burning algorithm
is non-local, and application of the addition operator can change the configuration
in a large set).

Let us now come to some more formal definitions. For V ⊆ Zd a finite set we
denote by #V = {1, . . . 2d}V the set of stable configurations in V . The infinite-
volume stable configurations are collected in the set # = {1, . . . , 2d}Zd

. We
will always consider # with the product topology. Natural σ -fields on # are
FV = σ {ψx : η → ηx, x ∈ V }, and the Borel-σ -field F = σ

(∪V⊆ZdFV

)
.

If we say that μ is a measure on # we always mean a measure defined on the
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measurable space (#,F). For a sequence aV indexed by finite subsets of Zd and
with values in a metric space (X, d) we say that aV → a if for every ε > 0 there
exists V0 such that for all V ⊃ V0 finite, d(aV , a) < ε. Remind that # with the
product topology is a compact metric space. An example of a metric generating
the product topology is

d(η, ξ) =
∑
x∈Zd

2−|x||η(x)− ξ(x)| (4.3)

where for x = (x1, . . . , xd) ∈ Zd , |x| =∑d
i=1 |xi |.

A function f : # → R is said to be local if there exists a finite set V such
that f (ηV ξV c ) = f (ηV ζV c ) for all η, ξ, ζ , i.e., the value of the function depends
only of the heights at a finite number of sites. Of course a local function can
be viewed as a function defined on #V if V is large enough. Local functions
are continuous and the set of local functions is uniformly dense in the set of
continuous functions (by Stone-Weierstrass theorem). So in words, continuity of
a function f : #→ R means that the value of the function depends only weakly
on heights far away (uniformly in these far-away heights).

Definition 4.1. Let (μV )V⊆Zd be a collection of probability measures on #V

and μ a probability measure on #. We say that μV converges to μ if for all local
functions f

lim
V↑Zd

μV (f ) = μ(f ) (4.4)

Remark. If for all local functions the limit in the lhs of (4.4) exists, then by Riesz
representation theorem, this limit indeed defines a probability measure on #.

We denote by RV the set of recurrent (allowed) configurations in finite volume
V ⊆ Zd . The set R ⊆ # is the set of allowed configurations in infinite-volume,
i.e.,

R = {η ∈ # : ∀V ⊆ Zd finite, ηV ∈ RV } (4.5)

For η ∈ # we define ax,V :

ax,V η = (ax,V ηV )ηV c (4.6)

For a measure μ concentrating on R we say that ax,V → ax μ-a.s. if there
exists a set #′ ⊆ # with μ(#′) = 1 such that for all η ∈ #′, ax,V η converges to a
configuration ax(η) (in the metric (4.3)) as V ↑ Zd . If ax,V → ax μ a.s., then we
say that the infinite-volume addition operator ax is well-defined μ-almost surely.
It is important to realize that we cannot expect ax,V η to converge for all η ∈ R.
For instance consider the maximal configuration (in d = 2 e.g.) ηmax ≡ 4. Then
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it is easy to see that ax,V η does not converge: taking the limit V ↑ Zd along
a sequence of squares or along a sequence of triangles gives a different result.
Since we will show later on that we have a natural measure μ on R, we can hope
that “bad” configurations like ηmax are exceptional in the sense of the measure μ.

We now present a list of precise questions regarding infinite-volume limits.

1. Do the stationary measures μV = 1
|RV |

∑
η∈RV

δη converge to a measure μ as

V ↑ Zd , concentrating on R? Is the limiting measure μ translation invariant,
ergodic, tail-trivial?

2. Is ax well-defined μ-a.s.? Is μ invariant under the action of ax? Does abelian-
ness still hold (i.e., axay = ayax on a set of μ-measure one)?

3. What remains of the group structure of products of ax in the infinite volume?
E.g., are the ax invertible (as measurable transformations)?

4. Is there a natural stationary (continuous time) Markov process {ηt : t ≥ 0}
with μ as an invariant measure?

5. Has this Markov process good ergodic properties?

Regarding question 4, a natural candidate is a process generated by Poissonian
additions. In words it is described as follows. At each site x ∈ Zd we have
a Poisson process N

ϕx
t with intensity ϕx , for different sites these processes are

independent. Presuppose now that questions 1-2 have a positive answer. Then
we can consider the formal product∏

x∈Zd

a
N

ϕx
t

x (4.7)

More precisely we want conditions on the addition rates ϕx such that

lim
V↑Zd

∏
x∈V

a
N

ϕx
t

x (η)

exists for μ almost every η ∈ R (or preferably even for a bigger class of initial
configurations η ∈ #). It turns out that a constant addition rate will not be
possible (for the non-dissipative model). A sufficient condition is (as we will
prove later)∑

x∈Zd

ϕxG(0, x) <∞ (4.8)

where G(0, x) is the Green function of the lattice Laplacian on Zd . This implies
that for questions 4-5, we have to restrict to transient graphs (i.e., d ≥ 3). We
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remark here that probably the restriction d ≥ 3 is of a technical nature, and a
stationary dynamics probably exists also in d = 2, but this is not proved. On the
other hand, we believe that the condition (4.8) is necessary and sufficient for the
convergence of the formal product (4.7). Results in that direction are presented
in the last section of these notes.

4.1. General estimates

Suppose that we have solved problem 1 from our list in the previous section, i.e.,
we know that μV converges to μ. Then we can easily solve problem 2.

Proposition 4.2.
Suppose that μV converges to μ in the sense of definition 4.1. Suppose that
d ≥ 3. Then ax = limV↑Zd ax,V is μ-almost surely well-defined. Moreover there
exists a μ-measure one set #′ ⊆ R such that for all η ∈ #′, for all V ⊆ Zd finite
and nx ≥ 0, x ∈ V the products

∏
x∈V a

nx
x (η) are well-defined.

a−1
x = limV↑Zd a−1

x,V is μ-almost surely well-defined. Moreover there exists a

μ-measure one set #′ ⊆ R such that for all η ∈ #′, for all V ⊆ Zd finite and
nx ≥ 0, x ∈ V the products

∏
x∈V a

−nx
x (η) are well-defined.

Proof. Let us prove that ax is μ-almost surely well-defined. The other statements
of the proposition will then follow easily.

Call NV (x, y, η) the number of topplings at y needed to stabilize η+ δx in the
finite volume V (so throwing away the grains falling off the boundary of V ).

It is easy to see that for V ′ ⊃ V and all y ∈ Zd , NV (x, y, η) ≤ NV ′(x, y η)

(this follows from abelianness). Therefore we can define N(x, y, η) =
limV↑Zd NV (x, y, η) (which is at this stage possibly +∞). Clearly NV (x, ·, η)
is only a function of the heights η(z), z ∈ V , and thus it is a local function of η.

Moreover, we have, μV (NV (x, y, η)) = GV (x, y) (see (2.21), (3.20)). There-
fore, using that μV → μ,∫

dμ(N(x, y, η)) =
∫

dμ( lim
V↑Zd

NV (x, y, η)) = lim
V

∫
dμ(NV (x, y, η))

= lim
V

lim
W

∫
dμW(NV (x, y, η)) (4.9)

≤ lim
W

∫
dμW(NW(x, y, η)) = lim

W
GW(x, y) = G(x, y)

where we used d ≥ 3, so that G(x, y) < ∞ (this works in general for transient
graphs).
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This proves that N(x, y, η) is μ-a.s. well-defined and is an element of L1(μ)

(so in particular finite, μ-a.s.). Therefore we can define

ax(η) = η + δx −�N(x, ·, η) (4.10)

Then we have ax = limV ax,V μ-almost surely, so ax is well-defined μ-a.s.
Let us now prove the a.s. existence of inverses a−1

x . In finite volume we have,
for η ∈ RV

a−1
x,V η = η − δx +�nV

x (·, η) (4.11)

where now nV
x (y, η) denotes the number of “untopplings” at y in order to make

η − δx recurrent. Upon an untoppling of a site y, the site y receives 2d grains
and all neighbors z ∈ V of y lose one grain. Upon untoppling of a boundary site
some grains are gained, i.e., the site receives 2d grains but only the neighbors in
V lose one grain.

The inverse a−1
x,V can be obtained as follows. If η−δx is recurrent (∈ RV ), then

it is equal to a−1
x,V η. Otherwise it contains a FSC with support V0. Untopple the

sites of V0. If the resulting configuration is recurrent, then it is a−1
x,V η. Otherwise

it contains a FSC with support V1, untopple V1, etc. It is clear that in this way
one obtains a recurrent configuration a−1

x,V η such that (4.11) holds. Integrating
(4.11) over μV gives

μV (nV
x (y, η)) = GV (x, y) (4.12)

Proceeding now in the same way as with the construction of ax , one obtains the
construction of a−1

x in infinite volume. The remaining statements of the proposi-
tion are obvious.

The essential point in proving that ax is well-defined in infinite volume is the
fact that the toppling numbers N(x, y, η) are well-defined in Zd , by transience.

For x ∈ Zd and η ∈ R, we define the avalanche initiated at x by

Av(x, η) = {y ∈ Zd : N(x, y, η) > 0} (4.13)

This is possibly an infinite set, e.g. if η is the maximal configuration. In order to
proceed with the construction of a stationary process, we need that μ is invariant
under the action of the addition operator ax . This is the content of the following
proposition.

Proposition 4.3. Suppose that avalanches are almost surely finite. Then we have
that μ is invariant under the action of ax and a−1

x .
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Proof. Let f be a local function. We write, using invariance of μW under the
action of ax,W :∫

f dμ−
∫

axf dμ

=
(∫

(axf − ax,V f )dμ

)
+
(∫

(ax,V f )dμ−
∫

(ax,V f )dμW

)
+

(∫
(ax,V f )dμ−

∫
(ax,Wf )dμW

)
+
(∫

f dμW −
∫

f dμ

)
:= AV + BV,W + CV,W +DW (4.14)

For ε > 0 given, using that ax,V → ax , A can be made smaller than ε/4 by
choosing V large enough. The second and the fourth term B and D can be made
smaller than ε/4 by choosing W big enough, using μW → μ, the fact that f is
local and the fact that for fixed V , ax,V f is also a local function. So the only
problematic term left is the third one. If ax,V �= ax,W , then the avalanche is not
contained in V . Therefore

CV,W ≤ 2‖f ‖∞μW(Av(x, η) �⊆ V )

Notice that for fixed V , the event Av(x, η) �⊆ V is a local event (depends only
on heights in V together with its exterior boundary). Therefore, we can choose
W big enough such that

μW(Av(x, η) �⊆ V )− μ(Av(x, η) �⊆ V ) < ε/8

and by the assumed finiteness of avalanches, we can assume that we have chosen
V large enough such that

μ(Av(x, η) �⊆ V ) < ε/8

Since ε > 0 was arbitrary, and f an arbitrary local function, we conclude that μ
is invariant under the action of ax .

By the finiteness of avalanches, for μ almost every η ∈ R, there exists V =
V (η) such that ax,V (η) = ax,V (η)(η) for all V ⊃ V (η). It is then easy to see that
a−1
x (η) = a−1

x,V (η) for all V ⊃ V (η). One then easily concludes the invariance

of μ under a−1
x .

4.2. Construction of a stationary Markov process

In this subsection we suppose that μ = limV↑Zd exists, and that d ≥ 3, so that
we have existence of ax and invariance of μ under ax . In the next section we will
show how to obtain this convergence μV → μ.
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The essential technical tool in constructing a process with μ as a stationary
measure is abelianness. Formally, we want to construct a process with generator

Lf (η) =
∑
x

ϕx(axf − f ) (4.15)

where axf (η) = f (axη). For the moment don’t worry about domains, etc. For a
finite volume V , the generator

LV f (η) =
∑
x∈V

ϕx(axf − f ) (4.16)

defines a bounded operator on the space of bounded measurable functions. This
is simply because ax are well-defined measurable transformations. Moreover it
is the generator of a pure jump process, which can explicitly be represented by

ηV
t =

∏
x∈V

a
N

ϕx
t

x (η) (4.17)

where N
ϕx
t are independent (for different x ∈ Zd ) Poisson processes with rate

ϕx .
The Markov semigroup of this process is

SV (t) = etLV f =
∏
x∈V

eϕx(ax−I )t (4.18)

Notice that since μ is invariant under ax , it is invariant under SV (t) and SV (t) is
a semigroup of contractions on Lp(μ) for all 1 ≤ p ≤ ∞. We are interested in
the behavior of this semigroup as a function of V .

Theorem 4.4. Suppose that (4.8) is satisfied. Then, for all p > 1, and every
local function f , SV (t)f is a Lp(μ) Cauchy net, and its limit S(t)f :=
limV↑Zd SV (t)f extends to a Markov semigroup on Lp(μ).

Proof. We use abelianness and the fact that SV (t) are Lp(μ) contractions to
write, for V ⊆ W ⊆ Zd

‖SV (t)f − SW(t)f ‖p = ‖SV (t)(I − SW\V (t))f ‖p
=

∥∥∥∥SV (t)

∫ t

0
SW\V (s)(LW\V f )ds

∥∥∥∥
p

≤
∫ t

0
‖SW\V (s)(LW\V f )‖pds

≤ t‖LW\V f ‖p (4.19)
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Now, suppose that f is a local function with dependence set Df .

|LW\V f | ≤
∑

x∈W\V
ϕx |(axf − f )|

≤
∑

x∈W\V
2ϕx‖f ‖∞I (∃y ∈ Df : N(x, y, η) > 0) (4.20)

Where Df is the union of Df with its external boundary. Hence

‖LW\V f ‖p ≤ 2‖f ‖∞
∥∥∥∥∥∥

∑
x∈W\V

ϕxI (∃y ∈ Df : N(x, y, η) > 0)

∥∥∥∥∥∥
p

≤ 2‖f ‖∞
∑

x∈W\V
ϕxμ({η : ∃y ∈ Df : N(x, y, η) > 0})

≤ 2‖f ‖∞
∑

x∈W\V
ϕx

∑
y∈Df

G(x, y) (4.21)

This converges to zero as V,W ↑ Zd by assumption (4.8) (remember that Df is
a finite set).

Therefore, the limit

S(t)f = lim
V↑Zd

SV (t)f (4.22)

exists in L∞(μ) for all f local and defines a contraction. Therefore it extends to
the whole of L∞(μ) by density of the local functions. To verify the semigroup
property, note that

‖S(t + s)f − S(t)(S(s)f )‖ = lim
W↑Zd

lim
V↑Zd

‖SV (t + s)f − SW(t)SV (s)f ‖
= lim

W↑Zd
lim
V↑Zd

‖SV (s)(SV (t)− SW(t))f ‖
≤ lim

W↑Zd
lim
V↑Zd

‖(SV (t)− SW(t))f ‖ = 0 (4.23)

It is clear that S(t)1 = 1, and S(t)f ≥ 0 for f ≥ 0, since for all V ⊆ Zd these
hold for SV (t), i.e., S(t) is a Markov semigroup.

So far, abelianness delivered us a simple proof of the fact that under (4.8) we
have a natural candidate semigroup with stationary measure μ. Kolmogorov’s
theorem gives us the existence of a Markov process with semigroup S(t). The
following explicit representation can be used in order to show that this process
has a decent (cadlag) version with paths that are right-continuous and have left
limits.
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Theorem 4.5. Let the addition rate satisfy (4.8). Denote by P the joint distrib-
ution of the independent Poisson processes N

ϕx
t . Then μ × P almost surely, the

product∏
x∈V

a
N

ϕx
t

x η (4.24)

converges as V ↑ Zd to a configuration ηt ∈ R. The process {ηt : t ≥ 0} is a
version of the process with semigroup S(t) defined in Theorem 4.4, i.e., for all
t ≥ 0, η ∈ #′, with μ(#′) = 1,

S(t)f (η) = Eηf (ηt ) (4.25)

Moreover this version concentrates on D([0,∞),R).

As a corollary of this theorem, one recovers the generator of the semigroup.

Proposition 4.6. Define

Bϕ =
⎧⎨⎩f ∈ L1(μ) :

∑
x∈Zd

ϕx

∫
|axf − f |dμ <∞

⎫⎬⎭ (4.26)

For ϕ satisfying (4.8) all local functions are in Bϕ . For f ∈ Bϕ , the expression

Lf =
∑
x∈Zd

(axf − f ) (4.27)

is well-defined, i.e., the series converges in Lp(μ) (for all 1 ≤ p ≤ ∞) and
moreover,

lim
t↓0

S(t)f − f

t
= Lf (4.28)

in Lp(μ).

The following theorem shows that we can start the process from a measure
stochastically below μ. We remind this notion briefly here, for more details, see
e.g. [24] chapter 2. For η, ξ ∈ # we define η ≤ ξ if for all x ∈ Zd , ηx ≤ ξx .
Functions f : #→ R preserving this order are called monotone. Two probabil-
ity measures ν1, ν2 on # are ordered (notation ν1 ≤ ν2) if for all f monotone,
the expectations are ordered, i.e., ν1(f ) ≤ ν2(f ). This is equivalent with the
existence of a coupling ν12 of ν1 and ν2 such that

ν{(η, ξ) : η ≤ ξ} = 1
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Theorem 4.7. Let ν ≤ μ, and P be as in Theorem 4.5. Then, ν × P almost

surely the products
∏

x∈V a
N

ϕx
t

x (η) converge, as V ↑ Zd , to a configuration ηt .
{ηt , t ≥ 0} is a Markov process with initial distribution ν.

Proof. For V ⊆ Zd finite and η ∈ #′, we define

ηV
t =

∏
x∈V

a
N

ϕx
t

x (η) (4.29)

Then we have the relation

ηV
t = η +Nt

V −�nV
t (η) (4.30)

where NV
t denotes (N

ϕx
t )x∈V , and nV

t collects for all sites in Zd the number of
topplings caused by addition of NV

t to η. Since η ∈ #′, these numbers are well-
defined. Moreover for η ∈ #′, the toppling numbers are non-decreasing in V and
converge as V ↑ Zd to their infinite-volume counterparts nt which satisfy

ηt = η +Nt −�nt(η) (4.31)

For all V and η ≤ ξ it is clear that nV
t (η) ≤ nV

t (ξ). Choose now ν12 to be a
coupling of ν and μ such that ν12(η1 ≤ η2) = 1. Clearly, η1 belongs to #′ with
ν12 probability one. Therefore for ν12 almost all η1, the limit limV↑Zd nV

t (η1) =
(η1)t is well-defined, and the corresponding process ηt , starting from η = η1 is
then defined via (4.31).

A trivial example of a possible starting configuration is the minimal config-
uration η ≡ 1. Less trivial examples are measures concentrating on minimal
recurrent configurations (i.e., minimal elements of R).

Remark. In general we do not know whether νS(t) converges to μ as t → ∞,
unless, as we will see later, ν is absolutely continuous w.r.t. μ. With respect to
that question, it would be nice to find a “successfull” coupling, i.e., a coupling
Pζ,ξ of two versions of ηt , starting from ζ, ξ such that limt→∞ Pζ,ξ (ζV (t) =
ξV (t)) = 1 for all finite V ⊆ Zd . Less ambitious but also interesting would be
to obtain this result for ζ ∈ #′ and ξ = axζ . This would yield that all limiting
measures limn→∞ νS(tn) along diverging subsequences tn ↑ ∞ are ax-invariant.
Uniqueness of ax-invariant measures can then possibly be obtained by showing
that μ is a Haar measure on some decent group consisting of products of ax .

5. Infinite volume limits of the dissipative model

As an example of “the dissipative case”, we consider the toppling matrix defined
�xx = 2d + γ with γ ∈ N and �xy = −1 for xy nearest neighbors. Upon
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toppling of a site x ∈ V each neighbor in V receives a grain, and γ grains are
lost. One says that “ a mass γ is added to the massless (critical) model”. Another
example is to consider “stripes”, i.e., Zd ×{0, . . . , k} with �xx = 2d+1, �xy =
−1 for x, y nearest neighbors. In this case only the boundary sites are dissipative
but constitute a non-vanishing fraction of the volume of the whole system. In
general we define “dissipativity” by a condition on the Green’s function.

Definition 5.1. The model with toppling matrix � (indexed by sites in S) is
called dissipative if the inverse Gxy = �−1

xy exists and satisfies

sup
x∈S

∑
y∈S

Gxy <∞ (5.1)

This means that the “random walk associated to �” is almost surely killed.
E.g. for the case �xx = 2d + γ , one can interpret this as connecting every site
x ∈ Zd with γ links to an extra site “∗” and running a simple symmetric random
walk on Zd ∪ {∗} killed upon hitting ∗. This random walk has a lifetime τ with
finite exponential moments, i.e., E(eετ ) < ∞ for ε > 0 small enough, and thus
(5.1) is clearly satisfied.

In the “critical case” where
∑

y G(x, y) = ∞, condition (4.8) cannot hold
for a constant addition rate ϕ, i.e., in that case the addition rate ϕ(x) has to
depend on x and has to converge to zero sufficiently fast for x far away. In the
dissipative case constant addition rate is allowed. In fact, addition⊕ of recurrent
configurations (as introduced in finite volume in section 3.4) turns out to be well-
defined (in infinite volume) as we will see later on. This gives us a group structure
and the group R,⊕ will turn out to be compact. That is the ideal context for
applications of theory of random walks on groups, as is e.g. treated in [20]. In
what follows we will always denote by S the infinite set of vertices where the
toppling matrix is defined so e.g. S = Zd, S = Zd × {0, . . . , k}, etc.

In the following lemma we show that certain additions are defined in infi-
nite volume for every recurrent configuration. This is different from the non-
dissipative case where such additions would only be well-defined μ-a.s.

Lemma 5.2. Suppose that n : S → Z satisfies

B := sup
y∈S

∑
x∈S
|nx |G(x, y) <∞ (5.2)

then

#(n) = {η ∈ R : ∃m ∈ NS, ∃ξ ∈ R : η + n = ξ +�m} = R (5.3)
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Proof. Clearly, #(n) is a subset of μ measure one, because the product∏
x

anx
x

is almost surely well-defined if n satisfies (5.2). This follows from the fact that
addition according to n satisfying (5.2) causes μ-a.s. a finite number of topplings
at every site x ∈ S.

Therefore #(n) is a dense subset of R. We will prove that #(n) is a closed
set. This implies that #(n) = R. Let ηk → η be a sequence of elements of
#(n). Then there exist mk ∈ NS , ξk ∈ R such that

ηk + n = ξk +�mk (5.4)

This gives mk = G(ηk + n − ξk). Since G is a bounded operator on l∞(S) by
(5.1), and ηk(x), ξk(x), x ∈ S are bounded by a constant, we have by (5.2) that
there exists a finite C > 0 such that mk(x) ∈ [0, C] for all k, x. Therefore there
exists a subsequence kn ∈ N such that ξkn → ξ , mkn → m as n→∞.

Therefore, taking the limit along that subsequence in (5.4) gives

η + n = ξ +�m (5.5)

which shows that η ∈ #(n), because ξ ∈ R since R is closed.

In finite volume we had the fact that ξ = η +�m for some m ∈ ZV together
with η, ξ ∈ R implies η = ξ . This is not the case anymore in infinite volume.
Take e.g. S = Z× {0, 1} and �xx = 4, then the configurations η ≡ 3 and ζ ≡ 4
are both recurrent and “equivalent”, i.e.,

ζ = η +�m (5.6)

where m ≡ 1. This has as a drawback that we can only define addition of two
recurrent configurations modulo this equivalence.

Definition 5.3. For η, ξ ∈ R we say that η ∼ ξ if there exists m ∈ ZV such that

η = ξ +�m (5.7)

Lemma 5.4. The quotient R/ ∼ is a compact set.

Proof. It suffices to show that equivalence classes of ∼ are closed. Denote for
η ∈ R, [η] the corresponding equivalence class. Suppose ξn ∈ [η] for some
ξn→ ξ . Then for every n there exist mn ∈ ZS such that

η = ξn +�mn (5.8)
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As in the proof of lemma 5.2, mn(x) is uniformly bounded in x, n and hence
there exists a sequence kn ↑ ∞ of positive integers, such that along kn, ξkn → ξ ,
mkn → m. Taking the limit in (5.8) gives ξ = limn ξn ∈ [η].

Now for η ∈ R, we have proved in lemma 5.2 that the set #(η) of those
configurations ξ such that ξ+η can be stabilized by a finite number of topplings at
each site is the whole of R. Clearly two “stable versions” of η+ ξ are equivalent
in the sense ∼. Therefore on R/ ∼ we define

[η] ⊕ [ξ ] = [S(η + ξ)] (5.9)

where S(η + ξ) is any stable version of η + ξ .

Lemma 5.5. R/ ∼ is a compact topological group.

Proof. We leave the proof as an exercise with the following hint. Show that the
class [η] ⊕ [ξ ] can be obtained as the set of configurations equivalent with

lim
V↑S ηV ⊕ ξV (5.10)

along a suitable subsequence, where ⊕ is defined as usual in finite volume.

We then have the following.

Theorem 5.6. Suppose (5.1) is satisfied. Then there exists a unique measure μ

on R such that μ is invariant under the action of ax . Moreover, μ is the “lifting”
of the unique Haar measure on (R/ ∼,⊕). Finally, the finite volume uniform
measures μV converge to μ in the sense of definition 4.1.

Proof. For the complete proof, we refer to [29]. The proof consists of three parts:

1. Show that for all limit points μ of μV , ax is well-defined μ-a.s. and μ is
invariant under the action of ax . This is easy and based on condition (5.1).
Define I to be the set of limit points of μV .

2. Show that for every μ ∈ I, there exists a μ-measure one set #μ such that for
all η ∈ #μ, the equivalence class [η] is a singleton.

3. The proof then essentially follows from the uniqueness of the Haar measure
on (R/ ∼,⊕).
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5.1. Ergodicity of the dissipative infinite-volume dynamics

In this section we consider the dissipative case and rate one addition, i.e., the
process with generator

L =
∑
x∈Zd

(ax − I ) (5.11)

We furthermore suppose that “every site is dissipative”, i.e., �xx = 2d + γ with
γ a strictly positive integer, and �xy = −1 for x, y nearest neighbors. The
corresponding Green function then decays exponentially, i.e.,

0 ≤ G(x, y) = �−1
xy ≤ Ae−B|x−y| (5.12)

We start this process from a measure ν stochastically dominated by μ; this is
well-defined by Theorem 4.7. We then show

Theorem 5.7. There exists C2 > 0 such that for all local functions f there exists
Cf > 0 with∣∣∣∣∫ S(t)f dν −

∫
f dμ

∣∣∣∣ ≤ Cf e
−C2t (5.13)

Proof. We start the proof with a simple lemma.

Lemma 5.8. Let A be a self-adjoint invertible bounded operator on a Hilbert
space H , then for all f ∈ H we have the estimate

‖A−1f ‖2 ≥ ‖f ‖
2

‖A‖2
(5.14)

Proof. Suppose ‖f ‖ = 1. Use the spectral theorem and Jensen’s inequality to
write

‖A−1f ‖2 = < A−1f |A−1f >

=
∫

1

λ2
dEf,f (λ)

≥ 1∫
λ2dEf,f (λ)

= 1

‖Af ‖2
≥ 1

‖A‖2
(5.15)
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We now turn to the proof of the theorem. Fix a local function f with depen-
dence set Df . The idea is to approximate S(t) by finite volume semigroups, and
to estimate the speed of convergence as a function of the volume. More precisely,
we split∣∣∣∣∫ S(t)f dν −

∫
f dμ

∣∣∣∣ ≤ AV
t (f )+ BV

t (f )+ CV (f ) (5.16)

with

AV
t (f ) =

∣∣∣∣∫ S(t)f dν −
∫

SV (t)f dνV

∣∣∣∣ (5.17)

BV
t (f ) =

∣∣∣∣∫ SV (t)f dνV −
∫

f dμV

∣∣∣∣ (5.18)

CV (f ) =
∣∣∣∣∫ f dμV −

∫
f dμ

∣∣∣∣ . (5.19)

where νV is the restriction of ν to V and

SV (t)f (η) =
∫

f

(∏
x∈V

aNt,x

x,V η

)
dP

for a collection {Nt,x : x ∈ Zd} of independent rate one Poisson processes with
joint distribution P. By Theorem 5.6,

lim
V↑S CV (f ) = 0. (5.20)

For the first term in the right-hand side of (5.16) we write

AV
t (f ) =

∣∣∣∣∣
∫ ∫ (

f

(∏
x∈S

aNt,x

x η

)
− f

(∏
x∈V

aNt,x

x,V η

))
dPdν

∣∣∣∣∣ (5.21)

The integrand of the right hand side is zero if no avalanche from V c has influ-
enced sites of Df during the interval [0, t], otherwise it is bounded by 2‖f ‖∞.
More precisely, the difference between the function f evaluated in the two con-
figurations appearing in (5.21) comes from extra additions in V c which possibly
can influence the heights in Df and boundary topplings where grains are lost (in
the second product where we use ax,V versus kept in the first product where we
write ax . Therefore, since Nt,x are rate one Poisson processes:

AV
t (f ) ≤ C2‖f ‖∞t

∑
y∈Df

∑
x∈V c

G(x, y) (5.22)
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The second term in the right hand side of (5.16) is estimated by the relaxation to
equilibrium of the finite volume dynamics. The generator L0

V has the eigenvalues

σ(L0
V ) =

⎧⎨⎩∑
x∈V

⎛⎝exp

⎛⎝2πi
∑
y∈V

GV (x, y)ny

⎞⎠− 1

⎞⎠ : n ∈ ZV /�V ZV

⎫⎬⎭
(5.23)

The eigenvalue 0 corresponding to the stationary state corresponds to the choice
n = 0. For the speed of relaxation to equilibrium we are interested in the mini-
mum absolute value of the real part of the non-zero eigenvalues. More precisely:

BV
t (f ) ≤ Cf exp(−λV t)

where

λV = inf
{|Re(λ)| : λ ∈ σ(L0

V ) \ {0}}
= 2 inf

⎧⎨⎩∑
x∈V

sin2

⎛⎝π
∑
y∈V

GV (x, y)ny

⎞⎠ : n ∈ ZV /�V ZV , n �= 0

⎫⎬⎭
by (5.23). Since there is a constant c so that for all real numbers r

sin2(πr) ≥ c(min{|r − k| : k ∈ Z})2

we get ∑
x∈V

sin2 (π((�V )−1n)x
) ≥ c inf

{
‖(�V )−1n− k‖2

: n ∈ ZV /�V ZV , n �= 0, k ∈ ZV

}
(5.24)

where ‖ · ‖ represents the euclidean norm in ZV that we estimate by

‖(�V )−1n− k‖2 = ‖(�V )−1(n−�V k)‖2 ≥ ‖�V ‖−2‖(n−�V k)‖2

Taking the infimum of (5.24) we have

λV ≥ ‖�V ‖−2κV (5.25)

where

κV = inf{‖�n− k‖2 : k ∈ ZV , n ∈ ZV /�ZV , n �= 0} (5.26)
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This is simply the smallest non-zero distance between a point in the lattice �ZV

and a point in the lattice ZV , that is, κV = 1. For every regular volume we have

‖�V ‖ ≤
√

2γ 2 + 16d2

This gives

BV
t (f ) ≤ Cf exp(−Ct) (5.27)

where C > 0 is independent of V .
The statement of the theorem now follows by combining (5.20), (5.22), (5.27),

and choosing V = Vt such that AVt
t (f ) ∨ CVt (f ) ≤ exp(−Ct).

Remark. The particular choice of dissipation is not essential for the ergodic the-
orem, but the rate of convergence will of course depend on the addition rate. So
in general we have νS(t) → μ as t → ∞ (in the weak topology) but the speed
of convergence depends on the details of the addition rate, and the decay of the
Green function.

A weaker form of ergodicity is the following

Theorem 5.9. Suppose (5.1) is satisfied. For all addition rates ϕ such that (4.8)
holds, and for all f, g ∈ L2(μ),

lim
t→∞

∫
S(t)fgdμ =

∫
f dμ

∫
gdμ (5.28)

Proof. Since the generator L = ∑
x ϕ(x)(ax − I ) is a normal operator (L∗ =∑

x ϕ(x)(a−1
x − I ) commutes with L on a common core the set of local func-

tions), (5.28) follows from ergodicity, i.e., if Lf = 0 then f = ∫
f dμ μ-a.s.

Suppose Lf = 0, with f ≥ 0 and
∫
f dμ > 0. Then

< Lf |f >=
∑
x

1

2

∫
(axf − f )2 = 0 (5.29)

and hence the probability measure

dνf = f dμ∫
f dμ

is invariant under the action of ax , and hence under the group action. It is there-
fore proportional to the Haar measure, i.e., f is μ-a.s. constant. (Remark that we
have hidden here some harmless back and forth liftings from R to R/ ∼).
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Remark. One can show that in the “bulk” dissipative case, �xx = 2d+γ with γ

a strictly positive integer, and �xy = −1 for x, y nearest neighbors, there is also
exponential decay of spatial correlations. More precisely there exists a constant
δ > 0 such that for all f, g local function we have∣∣∣∣ ∫ (f τxg)dμ−

∫
f dμ

∫
gdμ

∣∣∣∣ ≤ Cf,ge
−δ|x| (5.30)

This is proved for “high dissipation” (γ large depending on d) in [29], using a
percolation argument, and for all γ > 0 in [19], using the correspondence with
spanning trees.

6. Back to criticality

The essential simplification of the dissipative case is caused by the summable de-
cay of the Green function. This is not the case anymore if we consider the original
critical model. It is clear that one of the consequences of “non-dissipativity” is
that we have to give up the idea of a group of addition of recurrent configurations
(defined on the whole of R). The reason is that e.g. in d = 2 the configuration
of all heights equal to eight cannot be stabilized (even the configuration of all
four except at the origin height 5 cannot be stabilized). From the work of [23]
it follows that the limit of the neutral elements in finite volume in Z2 is equal to
the all-three configuration. But adding this to any recurrent configuration gives
an unstable configuration which cannot be stabilized.

Let us come back to the basic questions of section 3.1. We start with the
following theorem of [1].

Theorem 6.1. Let μV denote the uniform measure on recurrent configurations
RV in volume V ⊆ Zd . Then for all d ∈ N as V ↑ Zd , μV → μ, in the sense
of (4.1).

We will give the full proof of this theorem in 1 ≤ d ≤ 4 and indicate how
the proof goes in d ≥ 5. For the complete proof we refer to [1]. The basic
ingredient is the existence of the weak infinite-volume limit ν = lim�↑Zd ν�
of the uniform measure on rooted spanning trees, and some basic properties of
the limiting measure. Let us first explain this convergence. For a set � ⊆ Zd

we denote by E(�) the set of edges inside �, i.e., those edges e = (xy) such
that both vertices x, y ∈ �. The rooted spanning tree measure ν� is the uni-
form measure on rooted spanning trees T� (as explained in section ) viewed as
a measure on {0, 1}� (where value 1 is interpreted as presence of the edge), i.e.,
we do not consider the edges of T� going to the root ∗. We say that ν� → ν,
where ν is a probability measure on {0, 1}E(Zd ) if for all finite sets of edges
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{e1, . . . , ek} the numbers ν�(ξe1 = 1 = . . . ξek ) converge to the probability
ν(ξe1 = 1, . . . , ξek = 1). The finite volume measure can be viewed as the dis-
tribution of a subgraph (T�,E(T�)) of (�,E(�)), and analogously the infinite-
volume measure ν can be viewed as the distribution of a subgraph of (Zd , E(Zd))

which we will denote by (T ,E(T )).
For an infinite subgraph (T ,E(T )) ⊆ (Zd,E(Zd)) we call a path in T a set

of vertices γ = {x1, . . . , xk, . . .} such that for all i, xixi+1 ∈ E(T ). A path is
infinite if it contains infinitely many vertices. Two infinite paths γ, γ ′ in T are
called equivalent if the set (γ \γ ′)∪(γ ′\γ ) is finite. An end of T is an equivalence
class of infinite paths. The subgraph T is called a tree if it contains no loops and
is connected. If it contains no loops (but is not necessarily connected) it is called
a forest. The following theorem is proved in [32], see also [4] for the last item.
In fact much more is proved in these papers but we summarize in the theorem
below the facts we need for the proof of our theorem 6.1.

Theorem 6.2. The uniform measures on rooted spanning trees ν� converge to a
measure ν as � ↑ Zd . The limiting measure ν is the distribution of the edge set
of a subgraph (T ,E(T )) ⊆ (Zd , E(Zd)) which has the following properties

1. For 1 ≤ d ≤ 4, T is ν-almost surely a tree with a single end.

2. For d ≥ 5, T is ν-almost surely a forest with infinitely many components
which all have a single end.

Definition 6.3. Let a probability measure ν be given on AS with S an infinite set,
and A a finite set (think of S = Zd or S = E(Zd), A = {1, . . . , 2d}, A = {0, 1}).
A function f : AS → R is called ν almost local if for all η ∈ AS there exists
V (η) ⊆ S such that ν({η : |V (η)| <∞}) = 1 and such that for all η, ξ ∈ AS ,

f (η) = f (ηV (η)ξS\V (η)) (6.1)

In words, the value of f depends only on the coordinates of η in V (η).

This notion of “almost” local will show up naturally if we want to reconstruct
the height variables from a realization of the uniform spanning forest (USF) on
Zd , d ≤ 4. The height will depend on a finite portion of the tree with probability
one, but the size of this portion is not uniformly bounded (the height variable is
not a local function). We can now sketch the proof of theorem 6.1.

Proof. Suppose we have a rooted spanning tree T� in the finite volume �. We
can view the tree as a realization of the burning algorithm. The corresponding
recurrent height configuration can be reconstructed if we know the burning times
tx for all sites. The burning time tx is exactly equal to the length of the unique
(non-back-tracing) path from x to the root ∗ (this path is unique if we do not allow
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back-tracing, i.e. each edge in the path is traversed at most once). If for a given
site x we know the order of the numbers tx, ty for all neighbors y of x, then we
can already determine the height. E.g. if tx < miny∼x ty this means that the site
is burnt only after all its neighbors, which implies that its height is one. Similarly,
given the preference rule we can reconstruct the height from the ordering of the
numbers tx, tyy∼x . Suppose now a realization of the uniform rooted spanning

tree is given as well as a finite number of sites A = {x1, . . . , xk}. Call Ā the set
of sites obtained from A by adding all the neighbors of A. We suppose that � is
big enough such that Ā ⊆ �. Call ηx(�)(T�) the height at site x corresponding
to the rooted spanning tree T�. For an infinite tree T , we can reconstruct the
height ηx(T ) if the tree has one end. This goes as follows. If the tree has one
end, then all paths starting from x ∈ A or a neighbor y ∼ x and going to infinity
(think of infinity as being the root) coincide from some point a(x) on, i.e., a(x) is
a common ancestor of the set Ā. Consider the subtree T�(A) of all descendents
of a(x). This is a finite tree, and the height hx is reconstructed from the order
of the distances from x and his neighbors to a(x). The heights ηx, x ∈ A are
completely determined by the tree T�(A). Notice that as long as � is finite, it
is possible that a(x) coincides with the root ∗, but the probability of that event
under ν� will become small as � increases. Finally, denote by T�(A, η) the edge
configuration of the tree T�(A) corresponding to height configuration ηA on A.
With the notation we just introduced we can now write, for fixed finite V0 ⊆ Zd

μ�(ηA) = ν�(T�(A) = T�(A, η))

= ν�
(
T�(A) = T�(A, η), T�(A) ⊆ V0

)
+ ν�

(
T�(A) = T�(A, η), T�(A) �⊆ V0

)
Since the indicator T�(A) ⊆ V0 is local, we conclude that

lim sup
�↑Zd

μ�(ηA) ≤ ν
(
TZd (A) = TZd (A, η), TZd (A) ⊆ V0

)
+ ν(TZd (A) �⊆ V0) (6.2)

and similarly

lim inf
�↑Zd

μ�(ηA) ≥ ν
(
TZd (A) = TZd (A, η), TZd (A) ⊆ V0

)
− ν(TZd (A) �⊆ V0) (6.3)

Since TZd (A) is ν-almost surely a finite set, we obtain from combining (6.2) and
(6.3) and letting V0 ↑ Zd :

lim
�↑Zd

μ�(ηA) = ν(TZd (A) = TZd (A, η)) (6.4)

which shows the convergence of μ� to a unique probability measure μ.
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For the case d ≥ 5, things become more complicated, because the height at
a site x cannot be recovered from the edge configuration of the spanning forest
in infinite volume. This is because if x and his neighbors belong to different
infinite trees, we cannot directly order the lengths of the paths going to infinity.
The idea now is that if x and his neighbors belong to r components, then in
each component one can look for a common ancestor of x and the neighbors in
that component. The infinite paths going from the r common ancestors will now
have a completely random order. More precisely, in bigger and bigger volumes,
the lengths l1, . . . , lr of the paths from the r common ancestors to the root will
satisfy

ν�(lσ(1) < lσ(2), . . . < lσ(r)) = 1

r! + o(|�|)
for every permutation σ : {1, . . . , r} → {1, . . . r}. One can imagine this by real-
izing that the paths going to the root behave like (loop-erased) random walkers,
so the hitting times of the boundary of a large set will have a completely random
order. This implies that the height cannot be reconstructed from the edge con-
figuration, but can be reconstructed if we add extra randomness, corresponding
to a random ordering of the components of the infinite-volume spanning forest.
This goes as follows. Given a realization of the infinite-volume spanning forest,
we associate to each component Ti a uniform random variable Ui on the inter-
val [0, 1]. For different components these Ui’s are independent. The height at
site x can now be reconstructed from the edge configuration of the spanning for-
est and these random variables Ui . Within each component we can order those
sites from the set consisting of x and his neighbors according to the lengths of
the paths going to the common ancestor in the given component. This leads
say to the order xi

1 < xi
2 < . . . < xi

ki
within the component Ti The uniform

variables determine an order of the components, or equivalently a permutation
σ : {1, . . . , r} → {1, . . . r}. The final order of x and his neighbors is then given
by

x
σ(1)
1 < x

σ(1)
2 < . . . < x

σ(1)
kσ(1)

< x
σ(2)
1 < x

σ(2)
2 < . . .

. . . < x
σ(2)
kσ(2)

< . . . < x
σ(r)
1 < x

σ(r)
2 < . . . < x

σ(r)
kσ(r)

and this order determines the height. We finish here the discussion of the case
d ≥ 5; the complete proof can be found in [1]

6.1. Wilson’s algorithm and two-component spanning trees

In order to obtain more insight in the nature of avalanches, we already mentioned
the idea of decomposing an avalanche into a sequence of waves. We will now
obtain a spanning tree representation of the first wave, and derive from that its



714 F. Redig

a.s. finiteness in d > 4. The first wave starts upon addition at a site in a recurrent
configuration. For simplicity suppose that the site where a grain is added is the
origin. Consider a finite volume V ⊆ Zd containing 0, and a recurrent configu-
ration ηV ∈ RV . Its restriction ηV \{0} is recurrent in V \ {0}. Therefore in the
burning algorithm applied to ηV \{0}, all sites will be burnt. We now split this
burning procedure in two phases. In phase one at time T = 0, we burn neighbors
of 0 (if possible), and continue at time T = 1 with neighbors of the sites burnt
at time T = 0, and so on until no sites can be burnt which are neighbors of the
previously burnt sites. The set of all sites which are burnt in the first phase is
the support of the first wave. The second phase of the burning algorithm then
starts from the boundary of V and burns all the sites not contained in the first
wave. The spanning tree representation of both phases gives a graph with two
components: the first (resp. second) component corresponding to the spanning
tree representation of the first (resp. second) phase of the burning algorithm ap-
plied to ηV \{0}. We call this two-component graph the two-component spanning
tree representation of the wave.

Under the uniform measure μV on recurrent configurations in V , this two-
component spanning tree is not uniformly distributed, but we will show that it has
a distribution with bounded density w.r.t. the uniform two-component spanning
tree (bounded uniformly in the volume V ). Let us first describe the uniform
measure on two-component spanning trees in finite volume V . Consider V0 :=
V \ {0} and the multigraph (V ∗0 , E∗) obtained by adding the additional site ∗
(“root”) and putting αV (x) edges between sites of the inner boundary and ∗where

αV0(x) = 2d − {y : y is neighbor of x, y �∈ V0}
A rooted spanning tree is a connected subgraph of (V ∗, E∗) containing all sites
and no loops. One can split such a spanning tree T in paths going off to ∗ via
a neighbor of the origin (notation T0), and paths going off to ∗ via the boundary
of V . With a slight abuse of words, we call T0 “the component containing the
origin”. We will be interested in the distribution of T0 under the uniform measure
on rooted spanning trees of V0, as V ↑ Zd . Notice that the recurrent configura-
tions ηV0 ∈ RV0 are in one-to-one correspondence with the rooted spanning trees
of V0, and hence the distribution of the tree T under the uniform measure μV0

on RV0 is uniform. We will now first show that the distribution of T0 under μV

is absolutely continuous w.r.t. the distribution of T0 under μV0 , with a uniformly
(in V ) bounded density.

Lemma 6.4. There is a constant C(d) > 0 such that for all d ≥ 3

sup
V⊆Zd

|RV \{0}|
|RV | ≤ C(d) (6.5)
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Proof. By Dhar’s formula,

|RV \{0}| = det(�V \{0}) = det(�′V )

where �′V denotes the matrix indexed by sites y ∈ V and defined by (�′V )yz =
(�V \{0})yz for y, z ∈ V \ {0}, and (�′V )0z = (�′V )z0 = δ0z. Clearly,

�V + P = �′V

where P is a matrix which has only non-zero entries Pyz for y, z ∈ N = {u :
|u| ≤ 1}. Moreover, maxy,z∈V Pyz ≤ 2d − 1. Hence

|RV \{0}|
|RV | =

det(�V + P)

det(�V )
= det(I +GVP),

where GV = (�V )−1. Here (GV P )yz = 0 unless z ∈ N . Therefore

det(I +GVP) = det(I +GVP)u∈N,v∈N (6.6)

By transience of the simple random walk in d ≥ 3, we have
supV supy,z GV (y, z) ≤ G(0, 0) <∞, and therefore the determinant of the finite
matrix (I+GVP)u∈N,v∈N in (6.6) is bounded by a constant depending on d .

From this lemma we derive the following.

Proposition 6.5. For all events A depending on heights in V0,

μV (A)

μV0(A)
≤ C (6.7)

Proof. We have, for all σ ∈ #V

μV (ηV0 = σV0) =
1

|RV | |{k ∈ {1, . . . , 2d} : k0(σ )V0 ∈ RV }| ≤ 2d
|RV0 |
|RV |

≤ 2dC(d) ≤ C (6.8)

where C(d) is the constant of lemma 6.4. The statement of the proposition now
follows from the elementary inequality∑n

i=1 xi∑n
i=1 yi

≤ n
max
i=1

xi

yi

for non-negative numbers xi, yi , with
∑n

i=1 xi > 0,
∑n

i=1 yi > 0.



716 F. Redig

The distribution of T0 under μV is that of the first wave. After the first wave
the restriction of the initial configuration η ∈ RV on V0 is given by

S1
V (η) =

⎛⎝∏
j∼0

aj,V0

⎞⎠ (ηV0)

Similarly if there exists a k-th wave, then its result on the restriction ηV0 is given
by

Sk
V (η) =

⎛⎝∏
j∼0

aj,V0

⎞⎠k

(ηV0)

Denote by �k
V he k-th wave in volume V .

We can then write, for a fixed W ⊆ Zd containing the origin,

μV

(
�k

V �⊆ W
) ≤ μV (T V

0 (ηV ) �⊆ W)

≤ CμV0(T 0
V (Sk−1

V (ηV0)) �⊆ W)

= CμV0(T 0
V (ηV0) �⊆ W) (6.9)

where in the second line we used proposition 6.5 ad in the third line, we used that
μV0 is invariant under the addition operators ax,V0 , x ∈ V0.

Therefore if we can prove that under the uniform measure on two-component
spanning trees, “the component of the origin” stays almost surely finite, then we
obtain that all waves are finite with probability one (w.r.t. the infinite volume limit
of μV ). Let us denote by ν0

V this uniform measure on two-component spanning
trees of V . We then have the following

Theorem 6.6. 1. For all d ≥ 1 the limit limV↑Zd ν0
V := ν0 exists

2. Assume d > 4. The “component of the origin” T0 is ν0-almost surely finite.

3. Assume d > 4. Under the infinite-volume limit μ of the uniform measures on
recurrent configurations, all waves are finite with probability one.

We will now proceed by Wilson’s algorithm to generate a sample of ν0. Then
we will give a sketch of proof of item 2 of theorem 6.6. Item 3 follows by
previous considerations from item 2. Item 1 is a standard result of Pemantle.

To define Wilson’s algorithm directly in infinite volume, we assume d ≥ 3.
Enumerate the sites of Zd \ {0} := {x0, x1, . . . , xn, . . .}. Pick the first point and
start simple random walk killed upon hitting 0. This gives a (possibly infinite)
path γ1. Let LR(γ1) denote its loop-erasure (which is well-defined since the
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random walk is transient). Pick a new point x not yet visited by LR(γ1). Start
simple random walk killed upon hitting {0} ∪ LR(γ1). This gives a second path
γ2, which we again loop-erase to generate LR(γ2). Continue this procedure until
every point x ∈ Zd \ {0} has been visited (to be precise this of course requires
some limiting procedure which we will not detail here). The graph which is cre-
ated by this algorithm, restricted to Zd\{0} (but keeping track of the exiting bonds
when hitting 0) has distribution ν0. The component of the origin corresponds to
those paths “killed by hitting the origin or by a path that has been killed by hitting
the origin or...”.

We can now give a sketch of the proof of item 2 of theorem 6.6.

Proof. The idea is to make a coupling between ν0 and ν, where ν is the uniform
spanning forest (USF) measure on Zd . In a spanning forest T (distributed ac-
cording to ν) we make the convention to direct the edges towards infinity. If two
sites x, y are joined by an directed edge, we say that x is a descendant of y, or y
is an ancestor of x. Put VN := [−N,N ]d ∩ Zd .

Define the event

G(M,N) = {desc(VM ; T ) ⊆ Vn} (6.10)

where desc(V ) denotes the set of descendants of V . Another way to describe the
event G(M,N) is to say that there exists a connected set VM ⊆ D ⊆ VN such
that is no directed edge of from Zd \D to D (there is of course a directed edge
from D to Zd \D).

In [4], theorem 10.1, it is proved that each component of the USF has one
end. This means that for two sites x, y in the same component, the paths going
to infinity coincide at some moment (more formally two infinite paths containing
x and y have infinitely many vertices in common). In particular this implies that
the set of descendant of a given site is always finite. This implies that for all
M ≥ 1

lim
N→∞ ν(G(M,N)) = 1 (6.11)

The idea of the proof is then the following: first generate that part of the
tree containing D, then, in the two-component spanning tree, the component of
the origin will be inside D provided no walker used in generating the part that
contains D hits the origin on a loop (because then in the measure ν0, this walker
will be killed). If d > 4, then∑

x

G(0, x)2 <∞ (6.12)

which implies that in the simple random walk, with probability one, there exists
M0 such that loops containing the origin and a point x with |x| > M0 do not
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occur. Therefore by choosing M large enough, with probability arbitrary close to
one, the walks used to generate the part of the tree with distribution ν containing
D do not contain a loop (which is afterwards erased) containing the origin. In that
case, the component of the origin will be enclosed by D and hence be finite.

6.2. A second proof of finiteness of waves

For a finite graph G, we write TG for the uniform spanning tree on the graph
G, and write P to denote its law. Let 0 ∈ � ⊆ Zd , d ≥ 1. Let ν� denote the
wired spanning tree measure in volume �. We can think of ν� in the following
way. We add a vertex δ to �, which is joined to each boundary vertex of �

by the appropriate number of edges. Denote the graph obtained this way by �̃.
Then ν� is the marginal law of T�̃ on the “ordinary” edges, that is on edges not
touching δ. Introduce another graph �̂ by adding an edge e to �̃, between δ and
0. Then the two-component spanning tree measure ν

(0)
� is the marginal law of T

�̂
conditioned on {e ∈ T

�̂
} on the ordinary edges. Finally, ν� is also the marginal

law of T
�̂

conditioned on {e �∈ T
�̂
}.

Lemma 6.7. Let d ≥ 1. For any finite 0 ∈ � ⊆ Zd , ν� stochastically dominates
ν
(0)
� .

Proof. It is shown in [4], Theorem 4.1, that for any finite graph G, e an edge of
G and an increasing event A that ignores the edge e, one has

P[TG ∈ A | e ∈ TG] ≤ P[TG ∈ A]. (6.13)

This in turn implies that

P[TG ∈ A | e �∈ TG] ≥ P[TG ∈ A]. (6.14)

Now let A be an increasing event on ordinary edges of �. Then

ν
(0)
� (A) = P(T

�̂
∈ A | e ∈ T

�̂
) ≤ P(T

�̂
∈ A)

≤ P(T
�̂
∈ A | e �∈ T

�̂
) = ν�(A). (6.15)

Taking the weak limits as � → Zd , we obtain that for any increasing event
A that only depends on finitely many edges of Zd , we have ν(0)[A] ≤ ν[A]. By
Strassen’s theorem, there is a monotone coupling between ν(0) and ν. Let ν∗
denote the coupling measure on the space # ×#. Let T0 denote the component
of 0 under ν(0), and let T1 denote the union of the other components. (Actually,
T1 is a single component, but we do not need this.)
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Proposition 6.8. For d = 3 or 4,

ν(0)[|T0| = ∞] = 0. (6.16)

Proof. By transience of the simple random walk, it is not hard to see that when
d ≥ 3, T1 contains an infinite path π1 ν(0)-a.s. On the event {|T0| = ∞}, there is
an infinite path π0 inside T0, that is of course disjoint from π1. By the coupling,
we get two disjoint infinite paths in the uniform spanning forest. When d ≤ 4,
this is almost surely impossible, because there is only one component, and that
has one end.

Here is a proof that works for all d ≥ 3.

Proposition 6.9. For all d ≥ 3,

ν(0)[|T0| = ∞] = 0. (6.17)

Proof. Assume that ν(0)(|T0| = ∞) = c1 > 0, and we try to reach a contradic-
tion. We consider the construction of the configuration under ν(0) via Wilson’s
algorithm. Suppose that the first random walk, call it S(1), starts from x �= 0.
Then we have

ν(0)(x �↔ 0) = P(S(1) does not hit 0)

= 1− G(x, 0)

G(0, 0)
→ 1 as |x| → ∞. (6.18)

In particular, there exists an x ∈ Zd , such that

ν(0)(|T0| = ∞, x �↔ 0) ≥ c1/2. (6.19)

Fix such an x. Let B(x, n) denote the box of radius n centred at x. Fix n0 such
that 0 ∈ B(x, n0), and 0 is not a boundary point of B(x, n0). By inclusion of
events, (6.19) implies

ν(0)(0↔ ∂B(x, n), x �↔ 0) ≥ c1/2 (6.20)

for all n ≥ n0. For fixed n ≥ n0, let y1 = x, and let y2, . . . , yK be an enumera-
tion of the sites of ∂B(x, n). We use Wilson algorithm with this enumeration of
sites. Let S(i) and τ (i) denote the i-th random walk and the corresponding hitting
time determined by the algorithm. We use these random walks to analyze the
configuration under both ν(0) and ν.

The event on the left hand side of (6.20) can be recast as

{τ (1) = ∞, ∃ 2 ≤ j ≤ K such that τ (j) <∞, S
(j)

τ (j) = 0}, (6.21)

and hence this event has probability at least c1/2. On the above event, there is a
first index 2 ≤ N ≤ K , such that the walk S(N) hits B(x, n0) at some random
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time σ , where σ < τ(N). Therefore this latter event, call it A, also has probability
at least c1/2. Let p = p(x, n0) denote the minimum over z ∈ ∂B(x, n0) of
the probability that a random walk started at z hits x before 0 without exiting
B(x, n0). Clearly, p > 0.

Let B denote the subevent of A on which after time σ , the walk S(N) hits the
loop-erasure of S(1) before hitting 0 (and without exiting B(x, n0)). We have
P(B |A) ≥ p. Now we regard the random walks as generating ν. By the defi-
nition of N , on the event A ∩ B, the hitting times τ (1), . . . , τ (N), have the same
values as in the construction for ν(0). Moreover, on A ∩ B, the tree containing x

has two disjoint paths from ∂B(x, n0) to ∂B(x, n): one is part of the infinite path
generated by S(1), the other part of the path generated by S(N). Therefore, the
probability of the existence of two such paths is at least p(c1/2), for all n ≥ n0.
However, this probability should go to zero, because under ν, each tree has one-
end almost surely. This is a contradiction, proving the Proposition.

7. Stabilizability and “the organization of self-organized criticality”

In this section we introduce the notion of “stabilizability”, and show that in some
sense the stationary measure of the ASM defines a transition point between stabi-
lizable and non-stabilizable measures. It is based upon material of [30] and [14].

We denote by H the set of infinite height configurations, i.e., H =
{1, 2, 3, . . .}Zd

. Pt = Pt (H) denotes the set of translation invariant probabil-
ity measure on the Borel-σ -field of H. As before, # denotes the set of stable
configurations.

For η ∈ H V ⊆ Zd , we define N
η
V to be the column collecting the toppling

numbers at each site x ∈ V , when we stabilize ηV in the finite volume V , i.e.,
grains are lost when boundary sites of V topple. We then have the relation

ηV −�VN
η
V = SV (η) (7.1)

where SV denotes stabilization in V , i.e., SV (η) = (SV (ηV ))ηV c , and (�V )xy =
�xy1x,y∈V .

Remember that for fixed η ∈ H and x ∈ Zd , Nη
V (x) is non-decreasing in V .

Definition 7.1. We call η ∈ H stabilizable if for all x ∈ Zd , limV↑Zd N
η
V (x) <

∞. We denote by S the set of all stabilizable configurations. Notice that since
N

η
V are (Borel) measurable functions of η, S is a (Borel) measurable set.
A probability measure ν on H is called stabilizable if ν(S) = 1.

It is clear that S is a translation invariant set, therefore if ν is an ergodic prob-
ability measure (under spatial translations), then ν(S) ∈ {0, 1}.
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The set of stabilizable configurations clearly satisfies the following monotonic-
ity property: if η ∈ S, ζ ≤ η then ζ ∈ S.

Therefore the following “critical density” is well-defined:

Definition 7.2. The critical density for stabilizability is defined as

ρc = sup{ρ : ∃μ ∈ Pt :
∫

η(0)dμ = ρ,μ(S) = 1}

= inf{ρ : ∃μ ∈ Pt :
∫

η(0)dμ = ρ,μ(S) = 0} (7.2)

Definition 7.3. A configuration η ∈ H is weakly stabilizable if there exists Nη :
Zd → N, and ξ ∈ # such that

η −�Nη = ξ (7.3)

Remark. It is clear that stabilizability implies weak stabilizability, but the con-
verse is not clear because it is not obvious that a given stabilizing toppling vector
n ∈ NZ

d
can be realized as a (possibly infinite) sequence of legal topplings.

Let us denote by ρZd the expected height of the stationary measure of the
ASM, in the thermodynamic limit.

We have the following theorem

Theorem 7.4. 1. For all d ≥ 1, ρc = d + 1. In d = 1, ρc = 2 = ρZd , while for
d = 2, ρc < ρZd .

2. If ν is a translation invariant ergodic probability measure on H with ν(η0) =
ρ > 2d , then ν is not weakly stabilizable.

Proof. We start with item 2 Suppose that there exist m ∈ NZ
d

such that

η −�m = ξ (7.4)

with ξ stable and η a sample from ν. Let Xn be the position of simple random
walk (starting at the origin at time 0) at time n. From (7.4) it follows that

m(Xn)−m(0)− 1

2d

n−1∑
k=1

(ξ(Xk)− η(Xk)) (7.5)

is a mean-zero martingale. Therefore taking expectations w.r.t. the random walk

1

n
(E0(m(Xn))−m(0))) = 1

n
E0

(
1

2d

n−1∑
k=1

(ξ(Xk)− η(Xk))

)
(7.6)
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By stability of ξ

1

n

(
n−1∑
k=1

(ξ(Xk)− η(Xk))

)
≤ 2d − 1

n

n−1∑
k=1

(η(Xk)) (7.7)

Therefore, using dominated convergence and ν(η(0)) = 2d + 2dδ, for some
δ > 0

0 ≤ lim inf
n→∞

1

n
(E0(m(Xn))−m(0))

≤ lim sup
n→∞

1

n
E0

(
1

2d

n−1∑
k=1

(ξ(Xk)− η(Xk))

)

≤ 1− E0

(
1

2d
lim

n→∞
1

n

n−1∑
k=1

η(Xk)

)
< −δ (7.8)

where in the last step we used te ergodicity of the “scenery process” {τXk
η : k ∈

N}, which follows from the ergodicity of ν (under spatial translations). Cleary,
(7.8) is a contradiction.

Next, we prove item 1. Suppose that ν is not stabilizable. Since for every
x ∈ Zd , Nη

V (x) goes to infinity as V ↑ Zd , it follows that the restriction of η

to some fixed volume V0 must be recurrent in V0 (i.e., an element of RV0 ). By
definition of R, this implies that ν(R) = 1. We can then use the following lemma
of which item one comes from [10], and item 2 follows straightforwardly from
item 1.

Lemma 7.5. 1. Suppose that ξ ∈ RV is minimally recurrent, i.e., diminishing
the height by one at any site x ∈ V creates a forbidden subconfiguration.
Then the total number of grains

∑
x∈V ξ(x) equals the number of sites + the

number of edges in V .

2. Suppose that ν is a translation invariant probability measure concentrating
on minimally recurrent configurations, i.e., such that ν-a.s. every restriction
ηV0 is minimally recurrent in V0. Then

∫
η0 dν = d + 1

This implies that ν has a minimal expected height equal to d + 1. We then
show that there exist non stabilizable measures with density d + 1+ δ for every
δ > 0. We give the proof for d = 2, the generalization to arbitrary d is obvious.

Let ν be a stabilizable measure concentrating on R such that ν(η0) = d + 1.
Let νp denote the Bernoulli measure on {0, 1}Z with νp(ω0 = 1) = p. Let
ω,ω′ be independently drawn from νp. Consider the random field X(x, y) =
ω(x) + ω′(y). Let ν ⊕ νp denote the distribution of the pointwise addition of
η and X, where η is drawn from ν and X is independent of η as defined before.
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In X we almost surely have infinitely many rectangles R1 . . . Rn, . . . surrounding
the origin where at least “two grains are added” on the corner sites and one grain
on the other boundary sites. Therefore, since ν(R) = 1, upon stabilization in
a set V ⊃ Rn, we have at least n topplings at the origin. Hence, ν ⊕ νp is
not stabilizable, and by choosing p, q small enough, the expected height can be
chosen less than or equal to d + 1 + δ. The inequality ρc = 3 < ρZ2 follows
from [34].

Remark. 1. If in the definition of the critical density for stabilizability one re-
stricts to product measures (in stead of general translation invariant measures),
then it is believed that ρc equals the expected height in the stationary measure
of the ASM, in the thermodynamic limit. In that sense ρc would be a “real
critical point” (transition point between stabilizable and non-stabilizable).

2. The proof of item two of theorem 7.4 gives the result that if

η −�m = ξ (7.9)

then the (height) density of η cannot be larger that the density of ξ . I.e., one
cannot by topplings “sweep away” a density of grains. However, the equality
(7.9) does not imply that the densities of η and ξ are equal. Indeed, consider
in d = 2, m(x, y) = x2 + y2, then we have

2−�m = 6

i.e., mass can be “obtained from infinity”.

3. In d = 1, ρc = 2 is also the expected height of the stationary measure of
the ASM in the thermodynamic limit. For ρ = 2 one can have both sta-
bilizability and non-stabilizability, e.g., 313131313131313 . . . and its shift
131313131313131313 . . . are not stabilizable, whereas 2222 . . . is stable and
hence trivially stabilizable.

The following notion of metastability formalizes the idea that there are triv-
ially stabilizable measures such as the Dirac measure concentrating on the max-
imal configuration, which however have the property of “being at the brink of
non-stabilizability”. For μ and ν two probability measure on H, we denote by
μ⊕ν the distribution of the pointwise addition of two independent configurations
drawn from ν, resp. μ.

Definition 7.6. A probability measure ν on H is called metastable if it is stabi-
lizable but ν⊕δ0 is not stabilizable with non-zero probability, .i.e, ν⊕δ0(S) < 1.

The following theorem gives a sufficient condition for metastability. We only
give the idea of the proof, its formalization is straightforward.
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Theorem 7.7. Suppose that ν is a stationary and ergodic probability measure
on #, concentrating on the set of recurrent configurations R. Define Iη(x) =
1η(x)=2d and call ν̃ the distribution of Iη. Suppose that ν̃ dominates a Bernoulli
measure Pp with p sufficiently close to one such that the 1’s percolate and the
zeros do not percolate. Then ν is metastable.

Idea of proof. Suppose that we have a “sea” of height 2d and “islands” of
other heights, and such that the configuration is recurrent. Suppose the origin
belongs to the sea, and we add a grain at the origin. The first wave must be
a simply connected subset of Zd because the configuration is recurrent. It is
clear that the “sea” of height 2d is part of the wave, and therefore every site is
contained in the wave (because if an island is not contained then the wave would
not be simply connected). So in the first wave every site topples exactly once, but
this implies that the resulting configuration is exactly the same. Hence we have
infinitely many waves.

The following theorem shows that the thermodynamic limit of the stationary
measures of the ASM is in some sense “maximally stabilizable”.

Theorem 7.8. Let d > 4. Let μ denote the thermodynamic limit of the stationary
measures of the ASM. Let ν be ergodic under translations such that ν(η0) > 0.
Then μ⊕ ν is almost surely not stabilizable.

Proof. We have to prove that μ ⊕ ν is not stabilizable for any ν stationary and
ergodic such that ν(η(0)) > 0. A configuration drawn from μ⊕ ν is of the form
η+ α, where η is distributed according to μ and α independently according to ν.

Suppose η + α can be stabilized, then we can write

ηV + αV −�Vm1
V = ξ1

V (7.10)

with m1
V ↑ m1

Zd as V ↑ Zd . We define m2,V ∈ NZ
d

by

η + α0
V −�m2,V = ξ2,V (7.11)

where α0
V : Zd → N is defined α0

V (x) = α(x)1x∈V . In words this means that we
add according to α only in the finite volume V but we stabilize in infinite volume.
The fact that m2,V is finite follows from the fact that the addition operators ax
and finite products of these are well-defined in infinite volume on μ almost every
configuration. Since for W ⊃ V

α0
V ≤ α0

W (7.12)

and m1
V does not diverge, it is clear that m2,V is well-defined, by approximating

the equation (7.11) in growing volumes. Moreover, for � ⊆ Zd fixed, it is
also clear that (m2,V )� and (m1

V )� will coincide for V ⊃ V0 large enough.
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Otherwise, the stabilization of ηV + αV would require additional topplings in �

for infinitely many V ’s, which clearly contradicts that m1
V converges (and hence

remains bounded). But then we have that for V large enough, (ξ1
V )� and ξ

2,V
�

coincide. For any V , the distribution of ξ2,V is μ, because μ is stationary under
the infinite-volume addition operators. Therefore, we conclude that the limit
limV ξ1

V = limV ξ2
V is distributed according to μ. Hence, passing to the limit

V ↑ Zd in (7.11) we obtain

η + α −�m = ξ (7.13)

where η and ξ have the same distribution μ, and where m ∈ NZ
d
. Let {Xn, n ∈

N} be simple random walk starting at the origin. Then for any function f : Zd →
R,

Mn = f (Xn)− f (X0)− 1

2d

n−1∑
i=1

(−�)f (Xi) (7.14)

is a mean zero martingale. Applying this identity with f (x) = mx , using (7.13)
gives that

Mn = m(Xn)−m(X0)+
n−1∑
i=1

(η(Xi)+ α(Xi)− ξ(Xi)) (7.15)

is a mean zero martingale (w.r.t. the filtration Fn = σ(Xr : 0 ≤ n), so η and ξ

are fixed here). This gives, upon taking expectation over the random walk,

1

n
(E0(m(Xn))−m(0)) = 1

n
E0

(
n−1∑
i=1

(ξ(Xi)− η(Xi)− α(Xi))

)
(7.16)

Using now that m(0) <∞ by assumption, the ergodicity of μ and ν, and the fact
that both ξ and η have distribution μ, we obtain from (7.16) upon taking the limit
n→∞ that

0 ≤ lim
n→∞

1

n
(E0(m(Xn))−m(0))

= lim
n→∞E0

(
1

n

n−1∑
i=1

(ξ(Xi)− η(Xi)− α(Xi))

)
= −α (7.17)

which is a contradiction.
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Open question

Are there probability measures ν ∈ Pt such that ν(η0) > ρZd and ν is not
metastable? This question is closely related to the question whether the density
is the only relevant parameter in separating metastable measures from stabilizable
measures.

Acknowledgement

I thank Ellen Saada for several discussions and very detailed remarks on pre-
vious version(s) of these notes. I also thank Antal Jarai for many interesting
discussions.

8. Recommended literature

The following papers provide excellent introductory material.

1. Lyons, R. A bird’s eye view of uniform spanning trees and forests Microsur-
veys in Discrete probability (1998), available at http://mypage.iu.edu/ rdlyons/

2. Antal A. Jarai, Thermodynamic limit of the abelian sandpile model on Zd ,
preprint to appear in Markov Proc.Rel fields (2005), available at
http://www.math.carleton.ca/ jarai/preprint.html

3. Dhar, D., Studying Self-Organized Criticality with Exactly Solved Models
preprint (1999) available at http://xxx.lanl.gov (cond-mat/9909009).

4. Pemantle, R. Uniform random spanning trees Topics in contemporary proba-
bility and its applications, J. L. Snell, editor, pages 1 - 54. CRC Press: Boca
Raton (1994).
available at http://www.math.upenn.edu/ pemantle/papers/Papers.html

References

[1] Athreya, S.R., Járai, A.A., Infinite volume limit for the stationary distribution of Abelian sand-
pile models, Comm. Math. Phys. 249, 197-213 (2004).

[2] Bak, P., Tang, K. and Wiesenfeld, K., Self-Organized Criticality, Phys. Rev. A 38, 364–374
(1988).

[3] Bak, P., How nature works: the science of self-organized criticality, New York, Copernicus,
(1996).



Mathematical aspects of the abelian sandpile model 727

[4] Benjamini, I., Lyons, R., Peres, Y., Schramm, O., Uniform Spanning Forests, Ann. Probab. 29,
1–65 (2001).

[5] Biggs, N.L., Algebraic graph theory, 2nd ed. Cambridge : Cambridge University Press (1993).

[6] Biggs, N.L., Chip-firing and the critical group of a graph, J. Alg. Comb., 9, 25-45 (1999).

[7] Biggs, N.L., Algebraic potential theory on graphs, Bull. London Math. Soc., 29, 641-682
(1997).

[8] Chung, M.F. and Ellis, R., A chip-firing game and Dirichlet eigenvalues, Discrete Mathematics,
257, 341-355 (2002).

[9] Dhar, D., Self Organized Critical State of Sandpile Automaton Models, Phys. Rev. Lett. 64,
No.14, 1613–1616 (1990).

[10] Dhar, D., The Abelian Sandpiles and Related Models, Physica A 263, 4–25 (1999).

[11] Dhar, D. and Majumdar, S.N., Abelian Sandpile Models on the Bethe Lattice, J. Phys. A 23,
4333–4350 (1990).

[12] Dhar, D. and Majumdar, S.N., Equivalence between the Abelian Sandpile Model and the q → 0
limit of the Potts model, Physica A 185, 129–145 (1992).

[13] Dickman R., Munoz, M., Vespignano A., Zapperi, S., Paths to self-organized criticality, Brazil-
ian Journ. Phys. 30, 27-42 (2000).

[14] Fey-Den Boer, A. and Redig, F., Organized versus self-organized criticality in the abelian sand-
pile model, preprint to appear in Markov Proc. and Rel. Fields, (2005).

[15] Gabrielov, A., Asymmetric abelian avalanches and sandpiles, (unpublished) preprint (1994).

[16] Georgii, H.-O., Häggström, O., Maes, C., The random geometry of equilibrium phases, Phase
Transitions and Critical Phenomena, Vol. 18, Eds C. Domb and J.L. Lebowitz (Academic Press,
London), 1–142 (2001).

[17] E.V. Ivashkevich, Priezzhev, V.B., Introduction to the sandpile model, Physica A 254, 97–116
(1998).

[18] Járai, A.A., Redig F., Infinite volume limits of high-dimensional sandpile models Preprint (2004)
to appear in Prob. Theory and Rel. Fields.

[19] Járai, A.A., Redig F., Saada, E., Dissipative sandpiles in infinite volume, in preparation.

[20] Heyer, Probability measures on locally compact groups, Springer, Berlin, (1977)

[21] Jensen, H.J., Self-organized criticality, emergent complex behavior in physical and biological
sciences, Cambridge university press, (1998).

[22] Lang, S., Algebra, Springer (1993).

[23] Le Borgne, Y. and Rossin, D., On the identity of the sandpile group, Discrete Math., 256, 775-
790 (2002).

[24] Liggett, T.M., Interacting Particle Systems, Springer, 1985.

[25] Liggett, T.M., Long range exclusion processes, Ann. Prob. 8, 861-889 (1980).

[26] Mahieu S. and Ruelle P., Scaling fields in the two-dimensional abelian sandpile model
Phys.Rev. E64 (2001).

[27] Maes, C., Redig, F., Saada E. and Van Moffaert, A., On the thermodynamic limit for a one-
dimensional sandpile process, Markov Proc. Rel. Fields, 6, 1–22 (2000).

[28] Maes, C., Redig, F., Saada E., The abelian sandpile model on an infinite tree, Ann. Probab. 30,
No. 4, 1–27 (2002).

[29] Maes, C., Redig, F., Saada E., The infinite-volume limit of dissipative abelian sandpiles, Com-
mun. Math. Phys. 244, No. 2, 395–417 (2004).

[30] Meester, R. and Quant, C., Connections between “classical” and “self-organized” criticality,
preprint to appear in Markov Proc. and Rel Fields 11, 355-370 (2005).



728 F. Redig

[31] Meester, R., Redig, F. and Znamenski, D., The abelian sandpile; a mathematical introduction,
Markov Proc. Rel. Fields, 7, 509–523 (2002).

[32] Pemantle R., Choosing a spanning tree for the integer lattice uniformly, Ann. Probab. 19, 1559–
1574 (1991).

[33] Piroux, G. and Ruelle, P., Logarithmic scaling for height variables in the abelian sandpile
model, preprint available at xxx.lanl.gov (2004).

[34] Priezzhev, V.B., Structure of two-dimensional sandpile. I. Height probabilities. Journal of Stat.
Phys. 74, 955–979 (1994).

[35] Priezzhev, V.B., The upper critical dimension of the abelian sandpile model, J. Stat. Phys., 98,
667-684 (2000).

[36] Speer, E., Asymmetric Abelian Sandpile Models, Journal of Stat. Phys. 71, 61–74 (1993).

[37] Spitzer, F., Principles of Random Walk, Springer (1976)

[38] Turcotte, D.L., Self-Organized Criticality, Rep. Prog. Phys. 62, 1377–1429 (1999).



Mathematical aspects of the abelian sandpile model 729



This page intentionally left blank



Course 15

GIBBSIANNESS AND NON-GIBBSIANNESS IN LATTICE
RANDOM FIELDS

Roberto Fernández

Laboratoire de Mathématiques Raphaël Salem, UMR 6085 CNRS-Université de Rouen,
Avenue de l’Université, BP 12, F-76801 Saint Étienne du Rouvray, France

A. Bovier, F. Dunlop, F. den Hollander, A. van Enter and J. Dalibard, eds.
Les Houches, Session LXXXIII, 2005
Mathematical Statistical Physics
c© 2006 Elsevier B.V. All rights reserved

731





Contents

1. Historical remarks and purpose of the course 735
2. Setup, notation, and basic notions 737
3. Probability kernels, conditional probabilities, and statistical mechanics 742

3.1. Probability kernels 742
3.2. Conditional probabilities 744
3.3. Specifications. Consistency 747

4. What it takes to be Gibbsian 752
4.1. Boltzmann prescription. Gibbs measures 752
4.2. Properties of Gibbsian (and some other) specifications 754
4.3. The Gibbsianness question 758

4.3.1. Construction of the vacuum potential 759
4.3.2. Summability of the vacuum potential 762
4.3.3. Kozlov theorem 764

4.4. Less Gibbsian measures 767
5. What it takes to be non-Gibbsian 770

5.1. Linear transformations of measures 770
5.2. Absence of uniform non-nullness 773
5.3. Absence of quasilocality 774
5.4. Surprise number one: renormalization maps 777

5.4.1. The scenarios 777
5.4.2. Step zero: understanding the conditioned measures 779
5.4.3. The three steps of a non-quasilocality proof 782
5.4.4. Non-quasilocality throughout the phase diagram 786

5.5. Surprise number two: spin-flip evolutions 787
5.6. Surprise number three: disordered models 791

References 794

733





1. Historical remarks and purpose of the course

The notion of Gibbs measure, or Gibbs random field, is the founding stone of
mathematical statistical mechanics. Its formalization in the late sixties, due to
Dobrushin, Lanford, and Ruelle [6, 34], marked the beginning of two decades
of intense activity that produced a rather complete theory [55, 18] which has
been exploited in many areas of mathematical physics, probability, and stochastic
processes, as well as for example in dynamical systems.

Despite its diverse applicability, the Gibbsian description was developed specif-
ically to describe equilibrium statistical mechanics. Limitations were bound to
show up when this framework was transgressed. In fact, the wake-up call came
from work within the original equilibrium setting. Indeed, around 1980 Griffiths
and Pearce [21, 22, 20] pointed out that some measures obtained as a result of
renormalization transformations —a technique developed to study critical points
[16, 19]— showed “pathologies” that contradicted Gibbsian intuition. Israel [26]
quickly pointed out the cause. These measures lacked the quasilocality property
which, as we discuss below, is one of the (two) key properties of Gibbsianness.
The measures were, thus, non-Gibbsian.

After these early examples, almost a decade had to pass before the topic really
took off. At this time there appeared a second wave of examples showing that
non-Gibbsianness was rather ubiquitous; it was present in spin “contractions”
[35, 9], lattice projections [56], and stationary measures of stochastic evolutions
[36]. These examples motivated us to write a mini-treatise [64] where we tried to
explain the relevant notions and systematize existing examples based on different
non-Gibbsianness symptoms —discontinuities or zeroes of the conditional distri-
butions, large deviations that are too large or too small. Next to our article, in the
same issue of Journal of Statistical Physics, a much shorter paper by Martinelli
and Olivieri [47] initiated, in fact, the next stage of the non-Gibbsianness saga,
namely the efforts in the direction of Gibbsian restoration.

These efforts have progressed in two complementary directions. On the one
hand, criteria have been put forward to determine how severely non-Gibbsian a
measure is. Measures have been classified according to (i) the effect of further
decimation [47, 48, 39, 60], (ii) the size of the set of points of discontinuity of
the conditional probabilities [40, 14, 68], and (iii) the size of the set of configu-
rations for which a Boltzmann description is possible [5, 44, 7, 1, 8, 2, 29]. The

735
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reader is directed to [67] for a concise comparison of these classification schemes,
which, however, does not include a more recently introduced fourth category of
non-Gibbsianness [69]. On the other hand, some features of Gibbsian measures
have been proven to hold also for different classes of non-Gibbsian fields. They
include parts of the thermodynamic formalism [36, 54] and the variational ap-
proach [37, 11, 10, 33, 69].

At present, after almost 25 years of non-Gibbsian studies, the state of affairs
is the following. On the positive side, we have a rather extensive catalogue of
instances of the phenomenon. The more recent, and surprising, manifestations
include the non-Gibbsianness of joint measures for disordered systems [28, 66,
31] —contradicting a well-known assumption in physics literature— and the ap-
pearance and disappearance of non-Gibbsianness during dynamical evolutions
of the type used in Monte Carlo simulations [62]. We also have a pretty good
knowledge of mechanisms leading to non-Gibbsianness. By this I mean both the
physical mechanisms (hidden variables, phase transitions of restricted systems)
and the mathematical tools to provide rigorous proofs. Finally, the work on the
“thermodynamic” properties of non-Gibbsian measures has brought further in-
sight in the limitations of such an approach and the different components of the
usual Gibbsian variational approach.

On the negative side, we still owe concrete answers to practitioners. It is still
unclear to what extent, if any, the lack of Gibbsianness of renormalized measures
compromises widely accepted calculations of critical exponents. Likewise, noth-
ing is known on possible observable consequences of non-Gibbsianness of simu-
lation or sampling schemes. This situation was to be expected. Non-Gibbsianness
is an elusive phenomenon, involving extremely unlikely events and very special
(perverse!) boundary conditions. There is no question that we deal with a phe-
nomenon that is widespread. It shows up, for example, in intermittent dynamical
systems [42] and in problems of technological relevance [69]. Nevertheless, we
seem to be still at the stage of mostly mathematical finesse.

But this finesse has been very beneficial. In at least two instances it has helped
clarify an important paradoxical situation. First, through the “second fundamen-
tal theorem” in [64] which dispelled, to a certain extent, the threat of disconti-
nuities in the renormalization-group paradigm. Second, it was instrumental in
reconciling contradictory hypotheses with successful predictions in Morita’s ap-
proach to the study of disordered systems [32]. Furthermore, non-Gibbsianness
has forced some healthy reconsideration of known results, especially those re-
lated to the thermodynamic and variational characterization of measures. The
discontinuities, often associated only to a measure-zero set of bad configura-
tions, rendered the traditional treatment invalid. Putting it dramatically, proofs
were destroyed by a few very unlikely events. It is natural to enquire whether
this is due to a limitation of the techniques of proof, or whether continuity is
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really essential. The meticulous work on Gibbsian reconstruction is teaching us
how to isolate and bring to light the different ingredients of each Gibbsian result,
and to appreciate the subtle balance between topology and probability theory on
which mathematical statistical mechanics is based.

This course can be roughly divided in two parts. The first part is an introduc-
tion of the main concepts and notions. To make it reasonably self-contained, I
will start with a rather detailed exposition of the definition and benchmark prop-
erties of Gibbsianness. In particular, I will include a hopefully pedagogical proof
of Kozlov’s theorem, which has been our main tool to detect non-Gibbsianness.
This will lead me, quite naturally, to an early presentation of the different non-
Gibbsianness classification schemes. The second part reviews examples of non-
Gibbsianness. These examples show up through violations of either the non-
nullness or the quasi-locality of some conditional probability. I will try to con-
vey at least an intuitive understanding of some of the mechanisms behind these
two types of violations for the case of renormalization transformations related to
spin-flip evolutions [62] and to disordered systems [28]. For the same reason, I
am leaving aside the variational and thermodyamic treatments of non-Gibbsian
measures. A pedagogical self-contained exposition of these subjects requires a
course of its own. I refer the reader respectively to [33] and [54] for state-of-the-
art presentations of these topics.

2. Setup, notation, and basic notions

General definitions and notation. We consider a countable set L, called the
lattice, formed by sites x and whose subsets will be called regions. At each site of
L sits a copy of a single-spin space S. For our pedagogical purposes it is enough
to consider finite spins, that is 2 ≤ card (S) < ∞. Most of the examples below
correspond to the cases S = {0, 1} (lattice-gas models), S = {−1, 1} (Ising spins)
or S = {1, 2, . . . , q} (Potts spins with q colors). Gibbs measures are defined on
the configuration space # = SL which represents a large array of microscopic
systems, each described by S. Thus, each configuration ω ∈ # is a collection
of values (ωx)x∈L where, for concreteness, each ωx ∈ S will be called the value
of the spin at x. To fix ideas, we can take the canonical case L = Zd , but the
following presentation is written so as to make a certain generality apparent. In
fact, for the purely statistical mechanical theory most of the time we will consider
sets L endowed with a distance dist such that the parallelepipeds

�n(x) ≡ {y ∈ L : dist (x, y) ≤ n} (2.1)

have a (external) boundary whose cardinality grows slower than the cardinality
of �n. In addition, for the thermodynamic treatment and to study ergodicity and
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large-deviation properties (topics that are omitted here), an action of Zd on L

by homeomorphisms is needed. This means that there must exist a family of
bijections indexed by Zd —the translations— Tx : L→ L, x ∈ L, such that (i)
T −1
x = T−x , (ii) they are continuous and measurable (with respect to the topology

and σ -algebra introduced below), and (iii) they leave invariant the distance in the
sense that dist (Txy, Txz) = dist (x, y). The largest d for which such an action
exists is the dimension of the lattice L.

Another, almost gratuitous, generalisation of the setting is to consider site-
dependent single-spin spaces #x . For practical purposes, the only consequence
of such a more general framework is to make the notation heavier, so I will not
adopt it here.

Let us fix some notational conventions. The symbol “| |” will be used in sev-
eral senses: cardinality of an ensemble, absolute value of a (complex) number
and, if x is a site in Zd , |x| = max1≤i≤d |xi |. In particular, we shall use the dis-
tance dist (x, y) = |x − y|. We shall denote configurations by lower case Greek
letters, ω, σ, η ∈ # and finite subsets of the lattice by uppercase letters, which
will be Greek when associated to lattice regions and Latin when they are to be
thought of as bonds (see below). The finiteness property will be emphasized by
the symbol “�”: �,� � L. Finite-region configurations will show the region as
a subscript: ω� ∈ #� ≡ S�. Configurations defined by regions will be denoted
in a factorized form; an omitted subscript indicating completion to the rest of the
lattice: ω�η�c = ω�η. A configuration σ will be said asymptotically equal to
another configuration η if it is of the form σ = ω�η for some � � L and ω ∈ #.
Alternatively, σ will be called a finite-region modification of η. The r-external
boundary of a region � ⊂ L (0 < r <∞) will be denoted

∂r�(x) ≡ {
y ∈ L \� : d(x, y) ≤ r

}
. (2.2)

If A is a set endowed with a σ -algebra $, we shall denote by P(A, $) the cor-
responding space of probability measures. All measurable functions (random
variables) will be real-valued. To avoid over-charged notation, we shall resort to
well-established abuses. For instance, the $-measurability of a function f will
be stated as f ∈ $. Likewise, if μ ∈ P(A, $) and f ∈ $, we shall denote by
μ(f ) its corresponding expectation.

Measure-theoretical setup. The states in classical statistical mechanics are prob-
ability measures on a product measurable space. For finite S, the starting block
is the discrete σ -algebra F0 formed by all subsets of S. That is, all sets of
single-spin configurations are measurable. The σ -algebra for the whole lattice,
F ≡ FL

0 , however, leaves outside some (non-measurable) sets of configurations
(which are difficult to construct and do not show up in the usual civilized han-
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dling of the theory). By elementary probability theorems, the family F can,
alternatively, be defined by one of the following equivalent characterizations:
(S1) It is the σ -algebra generated by (the smallest σ -algebra containing) the set
of cylinders

{
Cσ� : � � L, σ� ∈ #�

}
, where

Cσ� =
{
ω ∈ # : ω� = σ�

}
. (2.3)

(S2) It is the σ -algebra generated by (the smallest σ -algebra that makes measur-
able) the projections

Xx : # −→ S

ω �→ ωx
(2.4)

for x ∈ L.
A random field is a probability measure on a space (#,F).
The σ -algebra F contains some important sub-σ -algebras:

(i) The family of events in � � L, denoted F� , which is defined either by (2.3)
or (2.4) but considering � ⊂ � and x ∈ �. Note that this is not equal to F�

0 .
The definition adopted allows us to work within a single overall measure space
(#,F).
(ii) The family of tail or asymptotic events

F∞ =
⋂
��L

F�c . (2.5)

also called σ -algebra at infinity.
The best way to understand these σ -algebras is through the functions mea-

surable with respect to each of them. By yet another well-known theorem in
probability theory a function f is measurable with respect to F� if and only if it
“depends only on the spins in �” in the following equivalent senses
(L1) There exists a function f̃� on #� such that f = f̃�

({Xx}x∈�
)
.

(L2) There exists a function f� on #� such that f (ω) = f�(ω�).
(L3) f (ω) = f (σ ) whenever ω� = σ� .
(Often, no notational distinction is made between f̃� , f� and f ).

These facts explain why a function is called local or microscopic if it is F�-
measurable for some finite region �. The same theorem implies that a function g

is F∞-measurable if it “does not depend on the spins of any finite region”. That
is, if g(ω) = g(σ ) whenever there exists a finite � � L such that ω�c = σ�c .
Typically, this means that g is defined by some kind of limit. For instance,

g(ω) =

⎧⎪⎨⎪⎩
lim

n→∞
1

|�|n
∑
x∈�n

ωx if the limit exists

0 (or anything) otherwise

(2.6)
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is F∞-measurable. These observables at infinity or asymptotic observables cor-
respond, then, to macroscopic averages of a system.

Topological setup. The notion of Gibbs state requires, in addition, a topology T
compatible with the σ -algebra F . Compatibility means any one of the following
equivalent properties: (i) open sets are measurable, (ii) continuous functions are
measurable, (iii) T generates F (that is, F is the Borel σ -algebra corresponding
to the topology T ). To achieve this compatibility, T is endowed with the same
generators as those of F . That is, T is chosen as the smallest topology on #

containing the cylinders Cσ� or making the projections Xx continuous. This
amounts to taking as single-site topology T0 the set of subsets of S (all single-
space sets are open), and adopting the product topology T = T L

0 for the whole
configuration space. This topology has a number of properties which follow
rather directly from its definition:
(T1) (#, τ) is a compact space, because of Tychonov’s theorem. This is helpful
when proving existence and boundedness results.
(T2) The topology is metrizable, for instance by d(ω, σ ) = ∑

i 2−iρ(ωi, σi)/

[1 + ρ(ωi, σi)] with ρ(a, b) = 1 if a �= b and 0 otherwise. This means that we
can use sequences to determine closed sets and to test continuity.
(T3) Open sets are very big: they are products of sets which are all equal to S

except at a finite number of sites, that is, they are finite unions of cylinders. In
particular, the family of cylinders {Cω�m

}n gives a base of open neighborhoods
of a given configuration ω.

Property (T3) means that two configurations are “close”, topologically speak-
ing, if they coincide over large finite regions (the larger the region the closer
they are). In combination with (T2) this implies that T can, alternatively, be
characterized as the one giving “convergence through freezing”. A sequence of
configurations (ω(n)) converges to a configuration ω iff for every cube � there
exists a positive integer, N , such that

ω
(n)
� = ω� for all n ≥ N. (2.7)

Furthermore, this condition is also necessary and sufficient for a sequence (ω(n))

to be Cauchy [in the metric given in (T2), for instance]. Hence a sequence of
configurations is Cauchy if and only if it is convergent. The space (#,F) is,
therefore, complete. Another consequence of (T3) is that asymptotic events are
dense, because they are insensitive to changes in finite regions. In particular, the
set of configurations that are asymptotically constantly equal to some fixed s ∈ S

is dense. This is a countable set, thus the configuration space is separable. To
summarize,
(T4) (#,F) is a Polish space, that is, metrizable, separable, and complete.
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From (2.7) and (T2) we conclude that a function f : #→ R is continuous at
ω ∈ #, iff, for each ε > 0, there exists n ∈ N, such that

sup
σ∈#

∣∣∣f (ω�nσ )− f (ω)

∣∣∣ < ε. (2.8)

The compactness of # implies that functions continuous everywhere are uni-
formly continuous. Hence, the continuity of a function f on the whole of # is
equivalent to any of the following properties:
(C1) For each ε > 0 there exists n ∈ N, such that

sup
ω∈#

sup
σ∈#

∣∣∣f (ω�nσ )− f (ω)

∣∣∣ < ε. (2.9)

(C2) f can be uniformly approximated by local functions: For each ε > 0 there
exists a local function fε such that

‖fε − f ‖∞ < ε. (2.10)

We immediately see that all local functions are continuous, while all asymptotic
observables are discontinuous.

In more general settings, where # is not compact, a function satisfying (C1)
or (C2) is termed quasilocal. In our case, then, continuity [that is, the validity
of (2.8) for all ω] is equivalent to quasilocality. We shall use both terms almost
interchangeably, with a slight preference for the latter. This is in part for historical
reasons, but also to emphasize the fact that in more general settings, quasilocality,
rather than continuity, is the key property. In particular, I may refer to property
(2.8) as quasilocality at ω.

A weaker notion of quasilocality will be relevant below.

Definition 2.1. Let ω, θ ∈ #. A function f on # is quasilocal at ω in the
direction θ if∣∣∣f (ω�nθ)− f (ω)

∣∣∣ −−−−−→
n→∞ 0. (2.11)

f is quasilocal in the direction θ if it satisfies (2.11) for all ω ∈ #.

Due to the “sup” in (2.8), a function can be quasilocal at ω in every direction
without being continuous at ω (see the example after Remark 2.5 in [10]).

Interplay between topology and measure theory. The notion of weak conver-
gence (=weak*-convergence in functional analysis), is perhaps the most ele-
mentary concept needing a combined topological and measure-theoretical frame-
work. A sequence of measures μn on (#,F) converges weakly to a measure μ

if its continuous expectations converge, that is, if

μn(f ) −−−−−→
n→∞ μ(f ) for every continuous function f. (2.12)
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(In more general situations, the convergence is required for functions that are
continuous and bounded. This last condition is automatic if # is compact, as
is the case here.) Due to the density result (C2) above, weak convergence is
therefore equivalent to either of the following equivalent conditions:
(W1) μn(f ) −−−−−→

n→∞ μ(f ) for every local function f .

(W2) μn

(
Cσ�

) −−−−−→
n→∞ μ

(
Cσ�

)
for every cylinder Cσ� .

In words, weak convergence means convergence of expectations of micro-
scopic observables. It gives no information whatsoever as to the convergence of
the means of the discontinuous macroscopic (asymptotic) observables. In our
examples below such a convergence will fail: Infinite-region measures μn are
typically singular with respect to each other, as well as with respect to their weak
limits μ, precisely because the respective supports are disjoint asymptotic events.

Weak convergence is, indeed, an extremely weak notion of convergence
(strictly weaker than other popular modes of convergence, like convergence in
probability, almost-surely, in Lp sense, in total variation . . . ). There is both a
physical and a mathematical justification for its use. From the physical point of
view, it corresponds to the idea of infinite-volume limit, that is, on the construc-
tion of (infinite-volume) “states” by working on finite, but progressively larger
volumes. Mathematically, it is the type of convergence involved in basic limit
theorems (like central-limit theorems) and, moreover, it leads to a compact space
of probability measures (Banach-Alaoglu theorem). This is an invaluable prop-
erty that, for instance, reduces to a marginal comment the potentially difficult
problem of existence of Gibbs measures for a given interaction.

Another notion needed later on is the following.

Definition 2.2. A probability measure μ on a Borel measurable space is open if
μ(O) > 0 for every open set O.

Two more instances of topology-measure theory interplay will be found later
on. First, the reference to regular conditional probabilities in Polish spaces. Sec-
ond, the very notion of Gibbs measure!

3. Probability kernels, conditional probabilities, and statistical mechanics

3.1. Probability kernels

We turn now to more specific notions that are not always learnt in elementary
probability courses. I start with the definition of a probability kernel which, in-
formally, is an object with two “slots”, being a probability measure with respect
to one of them and a measurable function with respect to the other one. It rep-
resents a family of probability measures which depend, in a measurable fashion,
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on a random parameter. Two applications are of interest here: (i) conditional
probabilities —measurable functions of the conditioning configuration— and (ii)
stochastic transformations —measurable with respect to the initial configuration.
Kernels for the second application are usually denoted in an “operator” fashion,
while the “conditioning” notation is reserved for the first case. I’ll adopt this last
“bar” notation for both, because I always tend to think these kernels as conveying
conditioning information.

Definition 3.1. A probability kernel � from a probability space (A, $) to an-
other probability space (A′, $′) is a function

�( · | · ) : $′ ×A −→ [0, 1] (3.1)

such that
(i) �( · |ω) is a probability measure on (A′, $′) for each ω ∈ A;
(ii) �(A′| · ) is $-measurable for each A′ ∈ $′.

A, perhaps familiar, illustration of this concept is given by the transition prob-
abilities defining a (discrete-time, homogeneous) stochastic process. In this case,
A = S−N, A′ = S−N∪{0}, $ and $′ the respective product σ -algebras, and
�(A′|ω) is the probability that the event A′ happens at the next instant given
a history ω. The specifications discussed below constitute a multi-dimensional
generalization of this example.

Probability kernels can be combined by a “convolution” in the following nat-
ural way. Suppose � is a kernel from (A, $) to (A′, $′) and � ′ is a kernel from
(A′, $′) to (A′′, $′′). Then �� ′ is the kernel from (A, $) to (A′′, $′′) defined
by (

�� ′
)
(A′′|ω) = �

(
� ′(A′′| · )

∣∣∣ ω), (3.2)

for A′′ ∈ $′′ and ω ∈ A. In more detail,(
�� ′

)
(A′′|ω) =

∫
A′

�(dω′|ω)� ′(A′′|ω′). (3.3)

This convolution leads to a map between probability measures, which are par-
ticularly simple examples of probability kernels. Indeed, a kernel � from (A, $)

to (A′, $′) defines the map

P(A, $) −→ P(A′, $′)
μ �−→ μ′ = μ�

(3.4)

that is,

μ′(A′) =
∫
A

μ(dω)�(A′|ω), (3.5)



744 R. Fernández

for all A′ ∈ $′. This is how renormalization transformations, discussed below,
are defined. In particular, deterministic transformations correspond to kernels
concentrated on single points:

�(A′ | ω) = δψ(ω)(A
′) (3.6)

for a certain function ψ :A→A′. Then, μ′(A′)= (μ�)(A′)=μ
[
ψ−1(A′)

]
and

μ′(f ′) =
∫
A

f ′
(
�(ω)

)
μ(dω), (3.7)

for f ′ ∈ $′.

3.2. Conditional probabilities

Marc Kac said that probability theory is measure theory with a soul. This
soul —which makes probability into a full field of its own and not just a mere
chapter of finite-measure theory— is the notion of conditional expectation. It
is not a simple concept, though, due to the need of conditioning with respect to
events of zero probability. I intend to review here definitions and properties of
this object, so as to explain the full mathematical meaning of the crucial notion
of specification to be introduced shortly. Readers who are impatient or reluctant
to abstract considerations may prefer to jump to the next subsection and accept
Definition 3.6 through the more “physical” arguments given below. Most of these
subtleties would be avoidable if we were dealing only with Gibbsian measures,
but they are unavoidable for a proper understanding of non-Gibbsianness.

A very popular exercise in elementary probability courses consists in showing
that two events are independent if and only if all the events of the σ -algebras gen-
erated by them are. This observation generalizes to the fact that the information
related to conditional expectations is best encoded through functions that corre-
spond to conditioning with respect to whole σ -algebras. Kolmogorov taught us
the right axiomatic way to define this concept.

Definition 3.2. Let (A, $,μ) be a probability space, τ a σ -algebra with τ ⊂ $

and f a μ-integrable $-measurable function. A conditional expectation function
of f given τ is a function

Eμ(f | τ)( · ) : A −→ R (3.8)

such that
(i) Eμ(f | τ) is τ -measurable.
(ii) For any τ -measurable bounded function g,∫

dμg Eμ(f | τ) =
∫

dμg f. (3.9)
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Such a function Eμ(f | τ) is interpreted as the expected value of f if we
have access only to the information contained in τ , that is, if we can only per-
form an experiment determining occurrence of events in τ rather than the more
detailed events in $. It is the “best predictor” of f , in square-integrable sense,
among the τ -measurable functions. (The reader can, for instance, have a look to
Chapter 9 of the book by Williams [70] for a short but clear motivation of the
previous definition and its interpretation.) Identity (3.9) is the ultimate version
of the quintessential probabilistic technique of decomposing an expectation into
a sum of conditioned averages weighted by the probabilities of the conditioning
events (“divide-and-conquer” technique).

Several remarks are in order. First, the existence of such conditional expec-
tations is assured by the Radon-Nikodým theorem. Second, as condition (ii)
involves a μ-integral, Eμ(f | τ) can be modified on a set of μ-measure zero
while still satisfying the definition. Thus, Definition 3.2 does not define a unique
function. Measure-zero modifications, however, are the only ones possible. That
is, Eμ(f | τ) is defined μ-almost surely. Often, more appropriately, the sym-
bol Eμ(f | τ) is reserved for the whole class of functions determined by the
previous definition. Here it is being used,by abuse of notation, for any particular
choice —realization— within this class. In this way we gain concreteness but we
have to remember to include a “μ-almost surely” clause in each expression relat-
ing conditional expectations. Third, conditional expectations enjoy a number of
important properties, most of which are very easy to prove (nicely summarized
in Section 9.7 and the inner back cover of [70]). We highlight two of them for
immediate use. First, for each bounded g ∈ τ ,

Eμ(g f | τ) = g Eμ(f | τ) μ-almost surely. (3.10)

Second, if τ̃ is an even smaller σ -algebra, that is τ̃ ⊂ τ ⊂ $, then

Eμ

(
Eμ(f | τ)

∣∣∣ τ̃) = Eμ(f | τ̃ ) μ-almost surely. (3.11)

This is the well known “tower property” of conditioning.
A highly non-trivial, somehow hidden, aspect of the previous presentation,

is the fact that the functions Eμ(f | τ) are constructed on an “f -to-f basis”.
The conditional expectation for each f is constructed without any regard for the
conditional expectations of other functions f . The full-measure sets granting
properties like (3.10) and (3.11) are f -dependent. The question arises whether
a coordinate choice of conditional expectations is possible such that there is a
full-measure set where all properties work simultaneously for all measurable and
integrable functions. This amounts to constructing a μ-full set of ω ∈ A for
which the f -dependence f �→ Eμ(f | τ)(ω) corresponds to a measure that
“explains” these conditional expectations. Of course, this is not always possible
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(in fact, Kolmogorov’s seminal contribution consisted in showing that it is largely
irrelevant; most of probability theory can be developed only with conditional
expectation functions —which always exist— whether or not they come from
conditional probability measures). The next definition covers the case when it
happens to be possible.

Definition 3.3. Let (A, $,μ) be a probability space and τ a σ -algebra with
τ ⊂ $. A regular condition probability of μ given τ is a probability kernel
μ|τ ( · | · ) from (A, $) to (A, τ ) such that for each μ-integrable f ∈ $

μ|τ (f | · ) = Eμ(f | τ)( · ) μ-almost surely. (3.12)

We can, of course, state a more direct definition by transcribing property (3.9)
at the level of kernels. However, it is more convenient for our purposes to de-
compose such a property with the aid of identity (3.10). In this way the following
proposition is obtained.

Proposition 3.4. Let (A, $,μ) be a probability space and τ a σ -algebra with
τ ⊂ $. A regular conditional probability of μ given τ is a probability kernel
μ|τ ( · | · ) from (A, $) to itself such that
(i) μ|τ (f | · ) ∈ τ for each μ-integrable f ∈ $.
(ii) μ-almost surely, μ|τ (g f | · ) = g μ|τ (f | · ) for each bounded g ∈ τ and
each μ-integrable f ∈ $.
(iii) μμ|τ = μ.

[The last identity uses the compact notation introduced in (3.4)/(3.5) for the
composition of a kernel with a measure.]

In our case, (and in most of the cases encountered in day-to-day probabil-
ity studies) we are saved by a remarkable theorem stating that every measure
on a Polish space has regular conditional probabilities. As this regularity holds
for every choice of conditioning σ -algebra τ , the tower property (3.11) can be
transcribed in terms of kernels. To make the connection with the notion of speci-
fication, let me formalize the kernel version of the tower property for families of
σ -algebras.

Definition 3.5. Let (A, $,μ) be a probability space and {τi : i ∈ I } a family of
σ -algebras with τi ⊂ $, i ∈ I . A system of regular conditional probabilities of
μ given the family {τi} is a family of probability kernels μ|τi ( · | · ), i ∈ I , from
(A, $) to itself such that
(i) For each i ∈ I , μ|τi is a regular conditional probability of μ given τi .
(ii) If i, j ∈ I are such that τi ⊂ τj ,

μ|τi μ|τj = μ|τi μ-almost surely. (3.13)
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[The last identity looks so admirably brief thanks to the convolution notation
(3.2)/(3.3).]

This definition embodies a rather central problem in probability theory: given
a measure and a family of σ -algebras, find the corresponding system of regular
conditional probabilities. Such a system gives complete knowledge of the mea-
sure in relation to the experiments in question. As we discuss next, the central
problem in statistical mechanics goes precisely in the opposite direction.

3.3. Specifications. Consistency

In physical terms, statistical mechanics deals with the following problem: Given
the finite-volume (microscopic) behavior of a system in equilibrium, determine
the possible infinite-volume equilibrium states to which such behavior leads. The
mathematical formalization of this question (in the classical = non-quantum case)
passes by the following tenets:
(SM1) Equilibrium state = probability measure
(SM2) Finite regions = finite parts of an infinite system
The description of a system in a finite region � � L is given, thus, by a prob-
ability kernel π�( · | · ), where π�(f | ω) represents the equilibrium value of
f when the configuration outside � is ω. To emphasize this last fact, and for
further mathematical convenience, π�( · | ω) should be considered a probability
measure on the whole of # acting as δω�c outside �. These kernels must obey
certain constraints if they are to describe equilibrium. To the very least they have
to be consistent with the following principle:
(SM3) A system is in equilibrium in � if it is in equilibrium in every box �′ ⊂�.
This means that the equilibrium value of any f in � can also be found through
expectations in �′ with configurations in � \�′ distributed according to the �-
equilibrium. That is,

π�(f | ω) = π�

(
π�′(f | · )

∣∣∣ ω) (�′ ⊂ � � L) (3.14)

Putting all this together, we arrive at the notion of specification, first introduced
by Preston.

Definition 3.6. A specification on (#,F) is a family � = {π� : � � L} of
probability kernels from (#,F) to itself such that
(i) π�(f | ω) ∈ F�c for each � � L and bounded measurable f .
(ii) Each π� is proper:

π�(g f | ω) = g(ω) π�(f | ω) (3.15)

for all ω ∈ #, g ∈ F�c and bounded measurable f .
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(iii) The family � is consistent:

π� π�′ = π� (3.16)

if �′ ⊂ �.

[Recall the convolution notation (3.2)/(3.3).]
A specification is a physical model, a complete description of how a system in

equilibrium behaves at the microscopic level, the information that will be given to
you, for instance, by your experimental physicist friend. Your task, as statistical
mechanics specialist, is to come up with the resulting infinite-volume (i.e. macro-
scopic) states. According to the previous tenets, these are measures satisfying the
consistency property (3.15) when � becomes L.

Definition 3.7. A measure μ ∈ P(#,F) is consistent with a specification � =
{π� : � � L} if

μπ� = μ (3.17)

for each � � L. Let G(�) denote the set of probability measures consistent
with �.

[Recall the convolution notation (3.4)/(3.5).]
The concept of specification is very general. Systems at non-zero temperature

are described by the Gibbsian specifications discussed in the next section, but
models with exclusions and systems at zero temperature require more singular
specifications. Conditions (3.17) are often called DLR equations in reference
to Dobrushin, Lanford, and Ruelle who first set them up for Gibbsian models.
The set G(�) can be empty [18, Example (4.16)]; otherwise it is a simplex.
Its extremal points have physically appealing properties (trivial tail field, short-
range correlations) associated to macroscopic behavior. The existence of several
consistent measures corresponds to the existence of “multiple phases”, and its
indeed signals the presence of a first-order phase transition.

A comparison with the preceding subsection shows that the definition of spec-
ification collects all the properties of a system of regular kernels that do not refer
to the initial measure μ. Thus, a specification can be interpreted as a system
of regular conditional probabilities defined without reference to an underlying
measure. In fact, the goal is precisely to find measures having each π� as its
F�c -conditional probability. This observation is made precise by the following
proposition whose proof should be immediate.

Proposition 3.8. Let � = {π� : � � L} be a specification and μ a probability
measure on (#,F). The following properties are equivalent:
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(i) μ is consistent with �.
(ii) {π� : � � L} is a system of regular conditional probabilities of μ given
the family of σ -algebras {F�c : � � L}; i.e. μF�c ( · | ω) = π�( · | ω) for
μ-almost all ω ∈ #.
(iii) π�(f | · ) = Eμ(f | F�c)( · ) μ-almost surely for each � � L and each
μ-integrable function f .

Thus, while in probability one usually starts with a measure and searches for
its conditional probabilities, in statistical mechanics one starts with the condi-
tional probabilities and searches for the measure. The existence of first-order
phase transitions shows that finite-volume conditional expectations, unlike finite
marginal distributions, do not uniquely determine a measure. This explains, in
part, the richness of the resulting theory.

There is, nevertheless, an important difference between specifications and sys-
tems of regular conditional probabilities brought by the absence of “μ-almost
surely” clauses in the former. Indeed, in the case of specifications there is no
initial privileged measure and, moreover, consistency will in general lead to in-
finitely many relevant measures. In such a situation there is no clear way to
give meaning to almost sure statements. Hence, while (ii) of Proposition 3.4 and
the tower property (3.13) hold μ-almost surely, the analogous conditions of be-
ing proper and consistent —(ii) and (iii)[=(3.5)] of Definition 3.6— hold for all
ω ∈ #. Thus, not every system of regular conditional probabilities forms a spec-
ification and it is natural to wonder whether each measure admits a specification
or, almost equivalently, whether a regular system can always be modified so as
to obtain a specification. The answer, somehow surprisingly, is a rather general
“yes” [57, 55]. A more subtle question is whether such a modification can be
done so as to acquire some additional properties, like continuity with respect to
the external condition. This turns out to be a deep issue that is at the heart of the
non-Gibbsianness phenomenon to be studied later.

In our finite-spin setting, each proper kernel π� is absolutely continuous with
respect to the product of the counting measure in #� and a delta measure on #�c .

Definition 3.9. The specification densities of a specification � = {π� : � � L}
are the functions γ�( · | · ) : #� ×#�c → [0, 1] defined by

γ�(σ� | ω�c) ≡ π�(Cσ� | ω), (3.18)

that is, the functions such that,

π�(f | ω) =
∑

σ�∈#�

f (σ�ω) γ�(σ� | ω�c) (3.19)

for every bounded measurable f .
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These densities will be the main characters of the presentation below. They
enjoy a number of useful properties. The consistency relation (3.16) applied to
f = 11Cσ

�′ yields

γ�(σ� | ω�c) =
∑

η�∈#�

γ�′(σ�′ | σ�\�′ ω�c) γ�(η�′ σ�\�′ | ω�c). (3.20)

From this we readily obtain a key bar-displacement property that will be inten-
sively exploited in the proof of Kozlov’s theorem:

Proposition 3.10. Let {γ� : � � L} be a family of densities of a specification
on (#,F). Consider regions �′ ⊂ � � L and configurations α, σ and ω such
that γ�′(α�′ | σ�\�′ ω�c) > 0. Then,

γ�(β�′ σ�\�′ | ω�c)

γ�(α�′ σ�\�′ | ω�c)
= γ�′(β�′ | σ�\�′ ω�c)

γ�′(α�′ | σ�\�′ ω�c)
(3.21)

for every configuration β.

In words: the conditioning bar can be freely moved, as long as the external
configurations of numerator and denominator remain identical. In fact, this con-
dition amounts to an alternative way to define specifications in our finite-spin
setting (this way is particularly popular within the Russian school.)

Exercise 3.22. Show that a family of strictly positive density functions γ� defines
a specification if and only if
(i) they are normalized:

∑
σ�∈#�

γ�(σ� | ω�c) = 1 for every configuration ω,
and
(ii) they satisfy relation (3.21) for all configurations α, β, σ and ω.

A double application of the key relation (3.21) yields the telescoping formula

γ�(β� | ω�c)

γ�(α� | ω�c)
= γ{x}(βx | β�\{x} ω�c)

γ{x}(αx | β�\{x} ω�c)

γ�\{x}(β�\{x} | αx ω�c)

γ�\{x}(α�\{x} | αx ω�c)
, (3.23)

which implies that the single-site densities characterize the specification. That
is, we are led to the following proposition, which is a particular case of [18,
Theorem (1.33)].

Proposition 3.11. A specification with strictly positive densities can be recon-
structed, in a unique way, from its single-site densities through (3.23). As a
consequence, two specifications with strictly positive densities are equal if and
only if their single-site densities coincide.
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To benefit from this result we need a family of singletons that are known to
come from a specification. A more involved question is that of the construction
or extension: under which conditions can a family of single-site densities be
extended to a full specification? To see that some conditions are needed, let us
apply (3.23) for � = {x, y}:

γ{x,y}(β{x,y} | ω{x,y}c)
γ{x,y}(α{x,y} | ω{x,y}c) =

γ{x}(βx | βy ω{x,y}c)
γ{x}(αx | βy ω{x,y}c)

γ{y}(βy | αx ω{x,y}c)
γ{y}(αy | αx ω{x,y}c)

. (3.24)

The normalization
∑

β{x,y} γ{x,y}(β{x,y} | ω{x,y}c) = 1 yields

γ{x,y}(α{x,y} | ω{x,y}c) (3.25)

= γ{y}(αy | αx ω{x,y}c)∑
β{x,y}

γ{x}(βx | βy ω{x,y}c)
γ{x}(αx | βy ω{x,y}c)

γ{y}(βy | αx ω{x,y}c)

This expression is, indeed, an algorithm to construct a two-site density starting
from single-site functions. A similar formula holds, of course, interchanging x

with y. For the algorithm to make sense, both (3.25) and its x ↔ y permutation
must be equal. It is not hard to check that this equality is, in fact, a necessary
and sufficient condition for single-site kernels to yield unique consistent two-site
kernels. In fact, as we point out in [12, Appendix], this is just the condition
needed to construct consistent kernels for all finite regions.

Proposition 3.12. Let {γ{x} : x ∈ L} be a family of strictly positive functions
γ{x}( · | · ) : #x ×# −→ (0, 1] satisfying
(i) the normalization condition∑

σx

γ{x}(σx | ω{x,}c) = 1 (3.26)

for all ω ∈ #, and
(ii) the order-consistency condition

γ{y}(αy | αx ω{x,y}c)∑
β{x,y}

γ{x}(βx | βy ω{x,y}c)
γ{x}(αx | βy ω{x,y}c)

γ{y}(βy | αx ω{x,y}c)
=

γ{x}(αx | αy ω{x,y}c)∑
β{x,y}

γ{y}(βy | βx ω{x,y}c)
γ{y}(αy | βx ω{x,y}c)

γ{x}(βx | αy ω{x,y}c)
(3.27)

for all αx, αy ∈ S and ω ∈ #.
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Then, there exists a unique specification with strictly positive densities having
the γ{x} as its single-site densities. Furthermore, a probability measure μ is
consistent with this specification if and only if it is consistent with the single-site
kernels defined by the densities γ{x}.

The proof of this proposition does not use the product structure of #, hence it
also works for non-strictly positive specifications whose zeros come from local
exclusion rules (one must just declare # to be the set of allowed configurations).
Extension conditions, and construction algorithms when the kernels have zeros
determined by asymptotic events, are discussed in [3, 4, 12, 13].

4. What it takes to be Gibbsian

4.1. Boltzmann prescription. Gibbs measures

Spin systems at equilibrium at non-zero temperature are described through Gibb-
sian specifications. They are defined through the Boltzmann prescription γ� ∼
e−βH� , where H� —the Hamiltonian— is a function in units of energy and β a
constant in units of inverse energy. It is the inverse of the product of the tempera-
ture times the Boltzmann constant, but it is briefly called the inverse temperature
which is the correct name if the temperature is measured in electron-volts. Of
course, every non-null γ� can be written as the exponential of something, but not
everything has the right to be called a Hamiltonian in statistical mechanics. To
model microphysics, the Hamiltonian must be a sum of local terms representing
interaction energies among finite (microscopic) groups of spins. The set of these
interaction energies is, thus, the basic object of the prescription.

Definition 4.1. An interaction or interaction potential or potential is a family
� = {φA : A � L} of functions φA : # → R such that φA ∈ FA (that is, φA

depends only on the spins in the finite set A), for each A � L. Furthermore:
• The bonds of � are those finite sets A for which φA �= 0. Let us denote by B�

the set of bonds.
• � is of finite range if the diameter of the bonds of � does not exceed a certain
r <∞ (the range).

Alternatively, interactions are specified writing the formal sum H =∑
A∈B φA.

Such an expression must be interpreted just as a bookkeeping expression.
The pair (#,�) constitute a Gibbsian model. The Ising model is, perhaps, the

most popular one. It is defined by L = Zd , S = {−1, 1} and

φA(ω) =
⎧⎨⎩ −J{x,y} ωxωy if A = {x, y} with |x − y| = 1

−hx ωx if A = {x}
0 otherwise

(4.1)
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or, alternatively, H = −∑
〈x,y〉 J{x,y} ωxωy −∑

x hx ωx . The constants J{x,y}
are the nearest-neighbor couplings, and hx is the magnetic field at x (these para-
meters are constant in the translation-invariant case). The notation “〈x, y〉” is a
standard way to indicate pairs of nearest-neighbor sites x, y. The minus signs are
a concession to physics that demands that energy-lowering operations be align-
ment with the field and alignment, resp. anti-alignment, of neighboring spins in
the ferromagnetic (J{x,y} ≥ 0), resp. anti-ferromagnetic (J{x,y} ≤ 0) case. The
change of variables ξx = (ωx + 1)/2 produces the lattice gas model. Another
well-studied model is the Potts model with q colors: L = Zd , S = {1, 2, . . . , q}
and H = −∑

〈x,y〉 J{x,y} 11{ωx=ωy }.
The definitions of Hamiltonian and Boltzmann weights require the specifica-

tion of conditions assuring the existence of the relevant series. The following
definition refers to the weakest of such conditions.

Definition 4.2. Let � be an interaction.
• The Hamiltonian for a region � � L with frozen external condition ω is the
real-valued function defined by

H�
� (σ� | ω�c) =

∑
A�L:A∩� �=∅

φA(σ�ω) (4.2)

for σ, ω ∈ # such that the sum exists.
• � is summable at ω ∈ # if H�

� (σ� | ω�c) exists for all � � L and all
σ� ∈ #�. Let us denote #�

sum the set of configurations at which the interaction
is summable.

[Recall that
∑

A
x φA(ω) exists iff the sequence Sn(ω) = ∑
A:x∈A⊂Vn

φA(ω) is
Cauchy].

Definition 4.3. The Boltzmann weights for an interaction � are the functions
defined for all � � L and all ω ∈ #�

sum by

γ�
� (σ� | ω�c) = e−H�

� (σ�|ω�c )

Z�
�(ω)

, (4.3)

where Z�
�(ω) is the partition function

Z�
�(ω) =

∑
ω��#�

e−H�
� (σ�|ω�c ). (4.4)

Notice that the β factor has been absorbed into H�, which amounts to a redef-
inition of the interaction. This stresses the fact that this factor plays no role in the
discussion of general properties of Gibbs measures. It is, however, essential for
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the study of phase transitions. I will use both notations according to the particular
needs in different situations.

Gibbsianness demands summability in a very strong sense.

Definition 4.4. An interaction � on (#,F) is uniformly absolutely summable if∑
A
x
‖�A‖∞ <∞ for each x ∈ L. (4.5)

The set of such uniformly absolutely summable interactions will be denoted B1.

This is much more than just demanding #�
sum = #.

Definition 4.5. On (#,F):
• The Gibbsian specification defined by an interaction � ∈ B1 is the specifica-
tion �� having the �-Boltzmann weights as densities, that is, defined by (3.19)
for the weights γ�

� .
• The Gibbs measures for an interaction � ∈ B1 are the measures consistent
with ��.
• � is a Gibbsian specification if there exists an interaction � such that � = ��.
• μ is a Gibbsian measure (or Gibbsian random field) if there exists a � ∈ B1
such that μ ∈ G(��).

Exercise 4.6. Prove that �� is a specification if #�
sum = #.

Exercise 4.7. Summability conditions weaker than (4.5) are also in the market.
An interaction is
• absolutely summable if

∑
A
x ‖�A(ω)‖∞ converges for each ω ∈ # and each

x ∈ L;
• uniformly summable if

∑
A
x �A(ω) converges uniformly on ω ∈ # for each

x ∈ L.
Find:
(i) An interaction that is uniformly but not absolutely summable. [Hint: Con-
sider �A = (−1)ncn if A = �n and zero otherwise, for suitable functions cn.]
(ii) An interaction that is absolutely but not uniformly summable.

4.2. Properties of Gibbsian (and some other) specifications

The Gibbsian formalism —random fields consistent with specifications defined
by Boltzmann weights— leads to an extremely successful description of physical
reality. It provided a unified explanation of many experimental facts and phenom-
enological recipes, and it has been an infallible tool to study new phenomena. It
explains thermodynamics, that is, the emergence of state functions like entropy
and free energy, related by Legendre transforms, which contain the information
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needed to determine the thermal properties of matter systems. Furthermore, it
provides a detailed description of phase transitions, and leads to the prediction of
universal critical exponents generalizing the law of corresponding states.

Here we are interested in the mathematical properties of Gibbsian objects.
Let me start by the observation that the map � → �� is far from one-to-one.
Interactions can be redefined, by combining local terms, in infinitely many ways
without changing the corresponding Boltzmann weights. All such interactions
should be identified.

Definition 4.6. Two interactions � and �̃, on the same space (#,F) are phys-
ically equivalent if π�

� = π�̃
� for each � � L. In our finite-spin setting, this is

equivalent to γ�� = γ �̃
� for each � � L

While interactions are the right way to encode the physical information —and
an economic way to parametrize families of measures—, specifications are the
determining mathematical objects. Traditionally interactions have taken the cen-
ter of the stage, but a specification-based approach has the advantage of avoiding
the multi-valuedness problem associated to physical equivalence, which can lead
to rather confusing situations [61]. Such an approach is, in fact, essential for a
comparative study of Gibbsian and non-Gibbsian fields. The very beginning of
this “interaction-free” program is the detection of the key features of Gibbsian
specifications that single them out from the rest. This is the object of the rest of
the section.

We start by determining important properties of specifications that follow
from basic attributes of an underlying interaction. Given our focus on the finite-
spin situation, we write them in terms of the density function. Foreseeing our
non-Gibbsian needs, we shall distinguish among configurational, directional, and
uniform versions of each property. First, we notice that Boltzmann densities are
never zero, furthermore, if � ∈ B1, this non-nullness is uniform.

Definition 4.7. A specification � on (#,F) with densities {γ� : � � L} is:
• Non-null at ω ∈ # if

γ�(σ� | ω�c) > 0 (4.8)

for each � � L and σ� ∈ #�. Due to (3.20), this property is equivalent to non-
nullness in direction ω, that is, non-nullness at all configurations asymptotically
equal to ω.
• Non-null if it is non-null at all ω ∈ #.
• Uniformly non-null if for each � � L

inf
σ�∈#�,ω�c∈#�c

γ�(σ� | ω�c) ≡ c� > 0. (4.9)
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The most immediate consequence of uniform non-nullness is the following.

Proposition 4.8. A measure consistent with an uniform non-null specification is
non-null.

We next observe that a range-r interaction produces weights —or kernels —
that are insensitive to spins beyond the r-boundary of the region. This motivates
the following definition.

Definition 4.9. A specification � on (#,F) with densities {γ� : � � L} is:
• r-Markovian in direction θ ∈ # if

γ�(σ� | ω∂r�η)− γ�(σ� | ω∂r�η̃) = 0 (4.10)

for all � � L and all σ, ω, η, η̃ ∈ # such that η and η̃ are asymptotically equal
to θ .
• r-Markovian if (4.10) holds for all ω, η, and η̃ in #, or, equivalently, if π�(A |
· ) ∈ F∂r� for all � � L and all A ∈ F�.
• Markovian (resp. Markovian in direction θ ∈ #) if it is r-Markovian (resp.
r-Markovian in direction θ ∈ #) for some r ≥ 0.

For general, possibly infinite-range, interactions in B1 a simple calculation
shows that strict Markovianness becomes “almost Markovianness” in the sense
that the difference (4.10) becomes zero only in the limit r →∞. In our setting,
this corresponds to continuity with respect to the external condition [recall the
discussion around and following display (2.8)]. The corresponding definitions
are as follows.

Definition 4.10. A specification � on (#,F) with densities {γ� : � � L} is:
• Quasilocal at ω in the direction θ iff∣∣∣γ�(σ� | ω�nθ)− γ�(σ� | ω)

∣∣∣ −−−−−→
n→∞ 0 (4.11)

for each � � � and each σ� ∈ #�.
• Quasilocal at ω iff it is quasilocal at ω in all directions, that is, iff

sup
η,̃η∈#

∣∣∣γ�(σ� | ω�nη)− γ�(σ� | ω�nη̃)

∣∣∣ −−−−−→
n→∞ 0 (4.12)

for each � � � and each σ� ∈ #�.
• Quasilocal iff

sup
ω,η,̃η∈#

∣∣∣γ�(σ� | ω�nη)− γ�(σ� | ω�nη̃)

∣∣∣ −−−−−→
n→∞ 0 (4.13)

for each � � � and each σ� ∈ #�.
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In more general settings continuity is not equivalent to uniform continuity. In
such situations we therefore obtain weaker definitions by replacing “quasilocal”
by “continuous” and removing the “sup” in (4.12) and (4.13). A continuous spec-
ification is also called Feller. For our finite-spin models, Feller and quasilocality
are synonymous. Let me also observe that, given the compactness of our config-
uration space, for a quasilocal specification non-nullness is equivalent to uniform
non-nullness (the minimum is achieved).

With these definitions we can now state the easy part of Kozlov theorem.

Proposition 4.11 (Necessary conditions for Gibbsianness). If a specification
is Gibbsian, then it is uniformly non-null and quasilocal.

Corollary 4.12. Every Gibbsian measure is non-null.

Exercise 4.14. Prove Proposition 4.11. Start by proving that for � ∈ B1 the
functions ω→ H�

� (σ� | ω�c) are continuous.

Thanks to Proposition 3.11, all the preceding properties are inherited from
single-site kernels.

Proposition 4.13. Let � be a specification in # with densities {γ� : � � L}
and ω, θ ∈ #.
(a) � is non-null at ω, respectively non-null, uniformly non-null, iff the corre-
sponding property in Definition 4.7 is satisfied for all single-site densities γ{x}.
(b) If � is non-null at θ , then it is r-Markovian in direction θ iff the correspond-
ing property in Definition 4.9 is satisfied for all single-site densities γ{x}.
(c) If � is non-null at θ , then it is quasilocal at ω in the direction θ , respectively
quasilocal at ω iff (4.11), respect. (4.12), is satisfied for all single-site densities
γ{x} and all finite-region modifications of ω.
(d) If � is uniformly non-null, then it is quasilocal iff (4.13) is satisfied for all
single-site densities γ{x}.

Exercise 4.15. Given a specification on {−1, 1}L, consider the spin-flip relative
energies hx defined by the identity

γ{x}(σx | ω)

γ{x}(−σx | ω)
= exp

{
−hx(σx | ω)

}
. (4.16)

(i) Rewrite the previous proposition in terms of properties of hx .
(ii) Write an analogous result for arbitrary spins, replacing the spin-flip by a
permutation of S.
(The use of hx is favored by the Flemish school.)

We finish this subsection with an illustration of how topology and measure
theory combine to match physics.
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Theorem 4.14. A non-null probability measure on (#,F) is consistent with at
most one quasi-local specification.

In particular this means that a Gibbs measure can be Gibbsian for only one
quasilocal specification, only one interaction modulo physical equivalence, only
one temperature, . . . A very rewarding result.

Proof. Let μ be a measure consistent with two quasilocal specifications �, �̃ of
respective kernels and densities π�, π̃�, γ� and γ̃�, � � L. For each such �

and each σ� ∈ #�, let

An =
{
w ∈ # : γ�(σ� | ω�c)− γ̃�(σ� | ω�c) >

1

n

}
. (4.17)

We have

0 = μ
(
π�(11AnCσ� | · )− π̃�(11AnCσ� | · )

)
= μ

(
11An

[
γ�(σ� | · )− γ̃�(σ� | · )

])
>

1

n
μ(An). (4.18)

Hence μ(An) = 0 and, by the σ -additivity of μ,

γ�(σ� | · ) ≥ γ̃�(σ� | · ) μ-almost surely. (4.19)

But, as μ is non-null, the set of points where (4.19) holds must be dense, and the
continuity of both γ�(σ� | · ) and γ̃�(σ� | · ) implies that, in fact,

γ�(σ� | ω�c) ≥ γ̃�(σ� | ω�c) for all σ� ∈ #� and ω�c ∈ #�c . (4.20)

This argument also proves the opposite inequality through the interchange γ� ↔
γ̃�. �

4.3. The Gibbsianness question

We turn now to the inverse of Proposition 4.11, namely the determination of
sufficient conditions for Gibbsianness. This is a key step towards the develop-
ment of a specification-based theory not relying on explicit choices of potentials.
The issue is: Which conditions grant that for a specification � there exists some
� ∈ B1 such that � = ��.

Historically, this question was first addressed —and solved— for Markovian
fields. The simplest and most informative solution was proposed by Grimmett
[23] who gave an explicit form of the potential using Möbius transform. Kozlov
[27] proved the general version by generalizing this argument. An alternative
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proof was given simultaneously by Sullivan [58], but using a slightly different
space of interactions. In the sequel I try to present a pedagogical exposition of
Kozlov’s proof and its consequences for the non-Gibbsianness typology.

Kozlov answered the Gibbsianness question by actually reconstructing a po-
tential out of the given specification. From all the physically equivalent interac-
tions he chose those with the vacuum property.

Definition 4.15. An interaction � in # has vacuum θ ∈ # if

φA(ω) = 0 if ωi = θi for some i ∈ A (4.21)

for all A � L.

The detailed proof of Kozlov’s theorem involves a number of stages.

4.3.1. Construction of the vacuum potential
As a first step, let us obtain the formulas proposed by Kozlov (and Grimmett
before him). This is actually not hard. We are presented with an initial speci-
fication with kernels π� and densities γ�, we choose a vacuum configuration θ

and we search a potential � satisfying the vacuum condition (4.21) and such that
the Boltzmann prescription (4.3)–(4.4) leads to the initial densities. We follow
the natural strategy: We pretend that such a potential exists and see what we get
analyzing first one-site regions, then two-site regions, and so on. In this way we
obtain its only possible expression. This expression involves ratios of densities,
thus some degree of non-nullness is required.

The first observation is that

H�(θ� | θ�c) = 0 (4.22)

due to the vacuum condition (4.4), hence

γ�(θ� | θ�c) = 1

Z�(θ)
(4.23)

for all � � L. For one-site regions the vacuum condition implies that

H{x}(σx | θ{x}c) = φ{x}(σx). (4.24)

Thus, the Boltzmann prescription and (4.23) imply

e−φ{x}(σx) = γ{x}(σx | θ{x}c)
γ{x}(θx | θ{x}c) (4.25)

for all x ∈ L. Two-site regions come next. By the vacuum condition,

H{x,y}(σ{x,y} | θ{x,y}c) = φ{x,y}(σ{x,y})+ φ{x}(σx)+ φ{y}(σy). (4.26)
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Therefore, the Boltzmann prescription plus the preceding one-site calculations
lead us to

e−φ{x,y}(σ{x,y}) = γ{x,y}(σ{x,y} | θ{x,y}c)
γ{x,y}(θ{x,y} | θ{x,y}c) × eφ{x}(σx) × eφ{y}(σy)

=
[
γ{x,y}(σ{x,y} | θ{x,y}c)
γ{x,y}(θ{x,y} | θ{x,y}c)

] [
γ{x}(σx | θ{x}c)
γ{x}(θx | θ{x}c)

]−1

×
[
γ{y}(σy | θ{y}c)
γ{y}(θy | θ{y}c)

]−1

(4.27)

We begin to see alternating +1 and −1 exponents. To confirm this feature, let’s
work out the term corresponding to a three-site region A = {x1, x2, x3}. As the
Hamiltonian with θ external conditions is the sum of the three-site interaction
plus all the two-site and one-site terms, we obtain

e−φA(σA) = γA(σA | θAc)

γA(θA | θAc)
×

∏
B⊂A
|B|=2

eφB(σB) ×
∏
x∈A

eφ{x}(σx) (4.28)

which, by (4.25) and (4.27), implies

e−φA(σA) =
[
γA(σA | θAc)

γA(θA | θAc)

] [∏
B⊂A
|B|=2

γB(σB | θBc)

γB(θB | θBc)

]−1[γ{x}(σx | θ{x}c)
γ{x}(θx | θ{x}c)

]
.

(4.29)

We are ready to propose an inductive formula: If A � L,

e−φA(σA) =
[∏

B⊂A
B �=∅

γB(σB | θBc)

γB(θB | θBc)

](−1)|A\B|

. (4.30)

Its log leads us to the following definition.

Definition 4.16. Let θ ∈ # and let � be a specification with densities {γ� :
� � L} that is non-null in the direction θ . The θ -vacuum potential for � is the
interaction defined by

φ
γ,θ

A (σA) = −
∑
B⊂A
B �=∅

(−1)|A\B| log

[
γB(σB | θBc)

γB(θB | θBc)

]
(4.31)

for each A � L and each σ ∈ #.
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The proof that, indeed, such a potential gives us back the original densities
turns out to be a simple application of Möbius transforms.

Theorem 4.17. If a specification � is non-null at θ ∈ #, then the vacuum po-
tential (4.30) verifies

∑
B⊂�
B �=∅

φ
γ,θ

B (σB) = − log

[
γ�(σ� | θ�c)

γ�(θ� | θ�c)

]
(4.32)

and, thus, its densities with external condition asymptotically equal to θ can be
written as Boltzmann weights for �γ,θ :

γ�(σ� | ω�\� θ�c) = γ�γ,θ

� (σ� | ω�\� θ�c) (4.33)

for all � ⊂ � � L and all σ, ω ∈ #.

Proof. Due to the bar-displacement property (3.21), it is enough to prove (4.33)
for ω = θ (recall that non-nullness at θ implies non-nullness at configurations
asymptotically equal to θ ). In this case it is clear that (4.32) implies (4.33), be-
cause the normalization of the densities then yields the normalization (4.26). But
the equivalence between (4.31) and (4.32), supplemented with the conventions
γ∅ = 1 and φ

γ,θ

∅ = 0, is a particular case of the following well-known result. �

Theorem 4.18 (Möbius transform). Let E be a finite set, F a commutative
group and F and G functions from the subsets of E to F . We write F = (FA)A⊂E ,
G = (GA)A⊂E . Then,[
∀A ⊂ E, FA =

∑
B⊂A

(−1)|A\B|GB

]
⇐⇒

[
∀A ⊂ E, GA =

∑
B⊂A

FB

]
.

(4.34)

Let us discuss its (elementary) proof. The argument will be useful to ex-
tract other properties of the vacuum potential. It all follows from the following,
equally elementary, lemma:

Lemma 4.19. Let E be any non-empty finite set. Then∑
D⊂E

(−1)|E| = 0. (4.35)
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Proof. Let us choose some x ∈ E and decompose∑
D⊂E

(−1)|E| =
∑
D⊂E
x∈D

(−1)|D| +
∑
C⊂E
x �∈C

(−1)|C|. (4.36)

The substitution D = {x} ∪ C shows that both term cancel out. �
Proof of Theorem 4.18. Necessity:∑

B⊂A
FB =

∑
B⊂A

∑
C⊂A

(−1)|A\C|GC

=
∑
C⊂A

GC

∑
D⊂A\C

(−1)|D| = GA. (4.37)

Sufficiency:∑
B⊂A

(−1)|A\B|GB =
∑
B⊂A

(−1)|A\B|
∑
C⊂B

FC (4.38)

=
∑
C⊂A

FC

∑
D⊂A\C

(−1)|D| = FA.

In both lines, the second equality follows from the substitution D = B \ C and
the last one from the previous lemma. �

4.3.2. Summability of the vacuum potential
In order to pass to the limit � → L in (4.32) we need to verify that the vacuum
potential is summable in some sense. Of course, that requires suitable properties
of the specification. As a warm-up, let us verify that Markovianness implies finite
range.

Theorem 4.20. Let � be a specification that is non-null and r-Markovian in
direction θ ∈ #. Then the range of the θ -vacuum potential does not exceed r .

Proof. To simplify the writing we adopt the conventions γ∅ = 1, φγ,θ

∅ = 0. Let
A � L be a set of sites with diameter exceeding r , and let x, y ∈ A such that
|x − y| > r . We decompose the sum defining the vacuum potential in (4.31)
according to the location of x and y:

φ
γ,θ

A (σA) = −
[∑

B⊂A
B
x,y

+
∑
B⊂A

B
x,B �
y

+
∑
B⊂A

B
y, B �
x

+
∑
B⊂A
B �
x,y

]
(4.39)

× (−1)|A\B| log

[
γB(σB | θBc)

γB(θB | θBc)

]
.
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In the first three sums, let us respectively substitute C = B \ {x, y}, C = B \ {x}
and C = B \ {y}. Alternating signs appear which leads to

φ
γ,θ

A (σA) = −
∑

C⊂A\{x,y}
(−1)|A\C| log

[
γC∪{x,y}(σC σx σy | θ)
γC∪{x,y}(θC θxθy | θ)

× γC∪{x}(θC θx | θ)
γC∪{x}(σC σx | θ)

γC∪{y}(θC θy | θ)
γC∪{y}(σC σy | θ)

γC(σC | θ)
γC(θC | θ)

]
(4.40)

We displace the bar in the last three ratios, thanks to (3.21), so as to incorporate
the whole set C ∪{x, y} inside the conditioning. All the terms γC∪{x,y}(θC θxθy |
θ) cancel out and we obtain

φ
γ,θ

A (σA) = −
∑

C⊂A\{x,y}
(−1)|A\C| (4.41)

× log

[
γC∪{x,y}(σC σx σy | θ)
γC∪{x,y}(σC σx θy | θ)

γC∪{x,y}(σC θx θy | θ)
γC∪{x,y}(σC θx σy | θ)

]
= −

∑
C⊂A\{x,y}

(−1)|A\C|

× log

[
γ{y}(σy | σC σx θ)

γ{y}(θy | σC σx θ)

γ{y}(θy | σC θx θ)

γ{y}(σy | σC θx θ)

]
,

where we have used (3.21) again in each ratio. But the r-Markovianness hypoth-
esis implies that γ{y}( · | σC σx θ) equals γ{y}( · | σC θx θ), thus the argument of

the logarithm is equal to one. This implies φ
γ,θ

A = 0. �
We see that in the proof, Markovianness is used only at the level of single-site

densities. This is, of course, not a surprise in view of Proposition (4.13). As
mentioned above, this theorem (in its “directionless” version) is associated to a
number of known probabilists —Averintsev, Spitzer, Hammersley, and Clifford,
Preston, and Grimmett. Historical notes can be found in the introduction to the
last author’s contribution [23], which is also the genesis for the preceding proof.
The strategy of this proof can be used to prove the first of the following overdue
observations.

Exercise 4.42.
(i) Prove that �γ,θ is indeed a vacuum potential, that is, prove that it satisfies
property (4.21).
(ii) Formalize the obvious fact that a θ -vacuum potential is unique.
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It is even easier to prove a similar theorem but with Markovian replaced by
quasilocal, We only need the following identity. If � ⊂ �̃ � L and σ, ω ∈ #,

log

[
γ�(ω� | ω�̃\� θ)

γ�(θ� | ω�̃\� θ)

]
= log

[
γ�̃(ω�̃ | θ)

γ�̃(θ� ω�̃\� | θ)
]

(4.43)

= log

[
γ�̃(ω�̃ | θ)
γ�̃(θ�̃ | θ)

]
− log

[
γ�̃\�(ω�̃\� | θ)
γ�̃\�(θ�̃\� | θ)

]
=

∑
B∩��=∅
B⊂�̃

φ
γ,θ

B (ω),

where the first two equalities follow from the bar-displacement property (3.21)
and the last one from (4.32). This immediately implies the following theorem.

Theorem 4.21. Let � be a specification that is non-null at ω and θ ∈ # and
quasilocal at ω in direction θ . Then its θ -vacuum potential is summable at ω. In
fact,

H�γ,θ

� (σ� | ω�c) = − lim
n→∞ log

[
γ�(ω� | ω�n\� θ)

γ�(θ� | ω�n\� θ)

]
(4.44)

for every � � L and σ� ∈ #�, and, thus, the densities of � with external
condition ω can be written as Boltzmann weights:

γ�( · | ω�c) = γ�γ,θ

� ( · | ω�c) (4.45)

for all � ⊂ � � L.

4.3.3. Kozlov theorem
Gibbsianness requires uniform and absolute summability of the interaction. Ab-
solute summability seems, in principle, not to be much of a problem. Indeed,
due to our freedom to pass to physically equivalent interactions, we can use par-
tial sums to define an equivalent, absolutely convergent interaction. There is,
however, a rather subtle obstacle to this strategy (I owe this observation to Frank
Redig): If we do not insist on uniformity, the resummation procedure becomes
ω-dependent, and it is not clear whether the resulting potential would remain
measurable. Therefore, we shall combine, from the outset, absoluteness with
uniformity, that is, we shall place absolute value and “sup” signs all over the
place. Our hypotheses will be accordingly strengthened: We shall now assume
quasilocality (that is, uniform continuity) and (uniform) non-nullness.

Non-nullness implies (is equivalent to) the strict positivity of the numbers

mx = inf
ω

γ{x}(ωx | ω). (4.46)
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for all x ∈ L. Quasilocality says that for each x ∈ L the function

gx(r) = sup
ω

∣∣∣γ{x}(ωx | ω)− γ{x}(ωx | ω�r θ)

∣∣∣ (4.47)

converges to zero, as r → ∞ (in the presence of non-nullness such a condition
is equivalent to quasilocality).

To understand the basic algorithm to pass from a vacuum potential to an ab-
solute and uniformly summable one, let us first discuss how to gain summability
for bonds containing the origin. We resort to the inequality

|ln a − ln b| ≤ |a − b|
min(a, b)

(4.48)

valid for a, b > 0 (the proof is immediate from the integral definition of the
logarithm), to obtain, from (4.44), the bound

sup
ω

∣∣∣∣ ∑
B
0

B⊂�r

φ
γ,θ

B (ω)

∣∣∣∣ ≤ g0(r)

m0
. (4.49)

As g0(r) → 0, we can choose a sequence of integers ri , i = 1, 2, . . . diverging
with i and such that∑

i

g0(ri) <∞. (4.50)

The idea is now to group the bonds within the regions

L0
i = �ri , i = 1, 2, . . . (4.51)

that is, within the families

S0
1 =

{
B ⊂ L0

1

}
, . . . S0

i =
{
B ⊂ L0

i : 0 ∈ B
} \ S0

i−1, . . . (4.52)

The interaction

ϕA =

⎧⎪⎪⎨⎪⎪⎩
0 unless A = L0

i for some i ≥ 1∑
B∈S0

i

φ
γ,θ

B if A = L0
i ,

(4.53)

is physically equivalent to the θ -vacuum potential �γ,θ and by (4.49)

sup
ω

∣∣∣ϕL0
i
(ω)

∣∣∣ = sup
ω

∣∣∣∣ ∑
B∈�ri
B
0

φ
γ,θ

B (ω)−
∑

B∈�ri−1
B
0

φ
γ,θ

B (ω)

∣∣∣∣
≤ g0(ri)+ g0(ri−1)

m0
(4.54)
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[g0(r0) ≡ 0]. Therefore, by (4.50),

∑
A
0

‖ϕA‖∞ ≤
2

m0

∑
i≥1

g0(ri) <∞. (4.55)

To obtain an analogous summability around every site x, the preceding strat-
egy has to be pursued so as to visit, in some fixed order, the different sites of the
lattice while grouping the relevant bonds as above, taking care of counting each
bond only once. In this consists the proof of the following crucial theorem.

Theorem 4.22 (Kozlov [27]). A specification is Gibbsian if and only if it is uni-
formly non-null and quasilocal.

Proof. We only need to prove sufficiency, as necessity has been proven in Propo-
sition (4.11). Let us choose a vacuum θ ∈ # (any choice will do), and consider
the corresponding θ -vacuum potential. We fix an order for the sites of the lattice,
L = {x1, x2, . . .} and choose sequences r�i , i, � = 1, 2, . . . such that∑

i

gx�(r
�
i ) <∞ (4.56)

for each x� ∈ L [the functions gx have been defined in (4.47)]. We then choose
“rectangles” around each of the sites x�: For i, � = 1, 2, . . . ,

L1
i = {xj : 1 ≤ j ≤ r̃1

i }, (4.57)

L2
i = {xj : 2 ≤ j ≤ r̃2

i }, . . . , (4.58)

L�
i = {xj : � ≤ j ≤ r̃�i }, . . . (4.59)

where the r̃�i are chosen so that

r�i = diamL�
i , (4.60)

and we assign each bond, in a unique way, to one of such rectangles by defining

S�
i =

{
B ⊂ L�

i : x� ∈ B
} \ S�

i−1 (4.61)

for i, � = 1, 2, . . . (S�
0 ≡ 0). We observe that:

(F1) the families S�
i are disjoint, and

(F2) If B 
 x�, then B ∈ ∪�j=1 ∪i≥1 S
j
i .
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Finally we define

ϕA =

⎧⎪⎪⎨⎪⎪⎩
0 unless A = L�

i for some i, � ≥ 1∑
B∈S�

i

φ
γ,θ

B if A = L�
i .

(4.62)

As for (4.54),

sup
ω

∣∣∣ϕL�
i
(ω)

∣∣∣ ≤ gx�(r
�
i )+ gx�(r

�
i−1)

mx�

, (4.63)

hence, by observation (F2) above,

∑
A
x�
‖ϕA‖∞ ≤

�∑
j=1

∑
i≥1

∥∥∥ϕ
L

j
i

∥∥∥∞
≤

�∑
j=1

2

mxj

∑
i≥1

gxj (r
j
i ) (4.64)

which is finite by (4.56). �
The interaction ϕ constructed in the preceding proof is no longer a vacuum

potential and, furthermore, its summability bound worsens with the order � of
the site. So, there is no hope of proving site-uniformly summability, that is with
a supremum over x in (4.5). Another particularly annoying feature of the proof is
that a translation-invariant specification does not lead to a translation-invariant in-
teraction. The algorithm can be modified, by fixing the radii r�i in a �-independent
fashion, so as to produce a translation-invariant potential. But summability is re-
covered only if the continuity-rate function g0 decreases at sufficient speed. It is
not known whether this extra condition is only technical (the suspicion is that it
is not). There is an alternative Gibbsianness theorem by Sullivan [58] which has
the advantage of yielding translation invariance without additional hypotheses.
But this theorem refers to a space of interactions different from B1, and is thus
slightly less adapted to current Gibbsian theory.

4.4. Less Gibbsian measures

Kozlov theorem leaves us with a rather simple symptomatology of non-Gibbsian-
ness, based on only two properties. While non-nullness is not a property to be
ignored, it is not usually the main problem. Furthermore, already models with
exclusions and grammars have given us some familiarity with the effects of its
absence. The absence of quasilocality, on the other hand, leads to more subtle, or
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at least less familiar, phenomena. In physical terms, the conditions of Definition
(4.10) correspond to situations in which the intermediate configuration ω effec-
tively shields the interior of the region � from the influence of far away regions.
The failure of such type of properties would place us in an extremely unphysical
situation, as it would correspond to the uncontrollability of local experiments.
Mathematically, non-quasilocality causes the breakdown of proofs of a number
of important properties that are behind our understanding of phase diagrams and
properties of the extremal phases.

For these reasons there has been a systematic effort to determine a taxonomy of
non-quasilocal measures, with the hope that of restoring, within each category,
a different set of Gibbsian properties. While this hope has been only partially
realized, the classification scheme is well established by now. To present it we
need some notation.

Definition 4.23. For a specification � on (#,F) and θ ∈ #, let us denote

#θ
q(�) =

{
w ∈ # : � is quasilocal at ω in the direction θ

}
(4.65)

#q(�) =
{
w ∈ # : � is quasilocal at ω

}
(4.66)

and, for an interaction �, let us recall the set #�
sum given in Definition 4.2. Then,

a probability measure μ on (#,F) is
• quasilocal if it is consistent with a quasilocal specification,
• almost quasilocal or almost Gibbs if it is consistent with a specification � such
that

μ
[
#q(�)

] = 1, (4.67)

• intuitively weakly Gibbs if it is consistent with a specification � for which
there exist a set #reg(�) such that

μ
[
#reg(�)

] = 1 and ω ∈ #θ
q(�), ∀ω, θ ∈ #reg(�), (4.68)

• weakly Gibbs if it is consistent with a specification �, with density functions
{γ� : � � L}, for which there exists an interaction � such that

μ
[
#�

sum

] = 1 and γ�( · | ω) = γ�
� ( · | ω), ∀ω ∈ #�

sum. (4.69)

[In our setting, (almost) quasilocality = (almost) Feller.] Weakly Gibbs mea-
sures arose from an effort to extend an interaction-based description of non-
Gibbsian measures. In contrast, almost quasilocality ignores the Boltzmann pre-
scription and focuses on specification properties. Nevertheless, due to Theorem
4.21 both almost quasilocal and intuitively weakly Gibbs measures are weakly
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Gibbs as well. The configurations in #reg are the regular points of the corre-
sponding interaction. We refer the reader to [67, 69] for a comparison among
the different notions. I content myself with the following remarks summarizing
known facts.

Proposition 4.24. Let μ ∈ P(#,F).
(i) If μ is consistent with a specification � and there exists a θ ∈ # such that

μ
[
#θ

q(�)
] = 1 (4.70)

then μ is weakly Gibbs.
(ii) If μ is intuitively weakly Gibbs, then it is consistent with a specification �

such that

μ
{
θ ∈ # : μ[#θ

q(�)
] = 1

}
= 1, (4.71)

The first item follows from Theorem 4.21, the second one is immediate from
the definition of IWG measures. The opposite implications in both items are
probably false.

In [69] the following inclusions have been pointed out:

G ⊂
�=

AQL ⊂
�=

IWG ⊂WG ⊂
�=
P(#,F), (4.72)

where the acronyms represent the obvious families of measures. Examples of
measures that are almost quasilocal but not Gibbsian include the random-cluster
model when there is an almost surely unique infinite cluster [53, 24], the modified
“avalanche” model of [41], the sign-fields of the SOS model [68] and the Gris-
ing random field [67]. Measures that are intuitively weakly Gibbs but not almost
quasilocal are constructed in [69]. They include measures absolutely continu-
ous with respect to a product of Bernoulli measures on the positive integers and
the invariant measure for the Manneville-Pomeau map whose non-Gibbsianness
was determined in [42]. In this last example discontinuities appear together with
lack of non-nullness. The only known example of a probability measure that
is not even weakly Gibbs is the avalanche model worked out in [41]. On the
other hand, the inclusions AQL ⊂ WG and AQL ⊂ P(#,F) are rather strict.
Indeed, convex combinations of Gibbs measures for different potentials are qua-
silocal at no configuration [64], and measures associated to dependent (Fortuin-
Kasteleyn) percolation on trees have discontinuities at a set of full-measure [25].
It is not known whether these measures are weakly Gibbsian. The combinations
of Bernoulli measures with different densities, studied in [41] are such that there
exists no specification � and no configuration θ for which (4.70) is true. But this
falls short of showing lack of weak Gibbsianness. There are, on the other hand,
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examples of measures associated to disordered systems that are weakly Gibbsian
but almost surely not quasilocal [28].

The proof that a measure is weakly Gibbs involves sophisticated techniques,
usually coarse-graining arguments combined with cluster expansions. Neverthe-
less, practically all known examples of non-Gibbsian measures have been proven
to be weakly Gibbsian [5, 44, 7, 8, 1, 2, 29]. In fact, if you allow me to play with
words, this proven weak Gibbsianness turns out often to be rather strong in that
it is associated to absolutely summable interactions, that, moreover, decay at a
(configuration-dependent) exponential rate. Nevertheless, the existence of these
strong weak potentials seems to be too weak a condition to restore useful Gibb-
sian properties. In particular, only very limited results hold [37, 33] regarding the
extension of the variational approach to these measures.

In contrast, much more of the variational approach can be restored for almost
quasilocal measures. This has been done, through relatively simple proofs [11,
10] —no coarse graining, no expansion—, in cases where FKG monotonicity
can be invoked. The argument shows at the same time that some of the weak-
Gibbsian measures cited above are in fact almost quasilocal. The discussion in
[69] strongly indicates that these good variational-approach results may extend
to the larger class of intuitively weakly measures.

The best description of the differences between the classes introduced above
is contained in a remark in [69]:
• For a quasilocal measure, every configuration shields a finite region from every
far away influence.
• For an almost quasilocal measure, almost every configuration shields a finite
region from every far away influence.
• For an intuitively Gibbs measure, almost every configuration shields a finite
region from almost every far away influence.

In practical terms, the difference between every and almost every seems im-
possible to detect as it refers to events that will never be measured or appear in
a simulation. Nevertheless, these differences show up through distinctive math-
ematical properties. This contrast explains the challenge posed by the study of
non-Gibbsian measures.

5. What it takes to be non-Gibbsian

5.1. Linear transformations of measures

Most of the instances of non-Gibbsianness discussed in the literature refer to
measures obtained as transformations of Gibbs measures through probability
kernels as defined in (3.4)/(3.5). The only exceptions are the joint measures
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for disordered systems. The setting is, then, defined by a probability kernel τ

from one configuration space (# = SL,F) to another, possibly different, space
(#′ = S′L

′
,F ′). Non-Gibbsian studies focus on three types of measures obtained

from a measure μ ∈ P(#,F):
(NG1) The measure obtained after a single transformation, μ′ = μτ .
(NG2) Measures obtained after a number (sufficiently small or sufficiently large)
of iterations of the transformation, μ(n) = μτn = (μτn−1)τ .
(NG3) Measures obtained through an infinite iteration of the transformation or
invariant measures: μ∞ = limn μτn or μ such that μ = μτ

[For the last two types, (#′,F ′) = (#,F).]
The kernels of interest here have all a product structure

τ(dω′ | ω) =
∏
x′∈L′

τx′(dω
′
x′ | ω), (5.1)

where each τx′( · | ω) is measure on S′, and hence defined by a density

Tx′(ωx′ | ω) = τx′({ω′x′ } | ω). (5.2)

Hence, the transformed measure of μ ∈ P(#,F) satisfies for the weight of a
cylinder

μ′(Cω′
�′
) =

∫
#

∏
x′∈�′

Tx′(ω
′
x′ | ω)μ(dω), (5.3)

for any �′ � L′ and ω′
�′ ∈ #′

�′ . In particular, a deterministic transformation is
defined by functions Tx′ : #→ S′ such that

Tx′(ωx′ | ω) =
{

1 if ω′
x′ = Tx′(ω)

0 otherwise
(5.4)

The transformations used in physics and probability can be classified into var-
ious categories:
• A block transformation is such that for each x′ ∈ L′ there exists a block Bx′ �
L such that Tx′(ω′x′ | · ) ∈ FBx′ for all ω′

x′ ∈ S′. Hence Tx′(ωx′ | · ) equals a
function on FBx′ which I will denote with the same symbol, namely Tx′(ω′x′ |
ωBx′ ).• In general terms, renormalization transformations are characterized by at least
one of the following properties:
– The blocks Bx′ , x′ ∈ L′, form a partition of L (that is, they are disjoint and
their union is the whole of L).
– The functions T (ω′

x′ | · ) are continuous for all ω′
x′ ∈ S′.
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• Transformations with overlapping blocks are typical of stochastic evolutions.
These include cellular automata (discrete-time) and spin-flip (continuous-time)
dynamics.

Here are a few examples of renormalization transformations that have played
a benchmark role in non-Gibbsian studies and Gibbs-restoration projects. If nec-
essary, the reader can suppose that L = Zd and L′ = Zd ′ but, of course, lattices
with a notion of Zd -translations (=action of Zd by isomorphisms) do equally
well.

Deterministic block renormalization transformations:

bd -Decimation: L′ = L, S′ = S, Bx′ = �b−1 + bx′, Tx′(ωBx′ ) = ωbx′ .
Spin contractions: L′ = L, S′ ⊂

�=
S, Bx′ = {x′}; two species:

• Sign fields: S ⊂ R symmetric, Tx′(ωx′) = sign(ωx′).
• “Fuzzy” spins: S = ∪i∈I Si (partition), S′ = I , Tx′(ωx′) = i

if ωx′ ∈ Si .
Block average: L′ = L, S′ ⊃

�=
S, Tx′(ωBx′ ) = |Bx′ |−1 ∑

y∈Bx′ ωy .

Majority rule (odd blocks): L′ = L, S′ = S = {−1, 1}, (|Bx′ | odd),
Tx′(ωBx′ ) = sign

[∑
y∈Bx′ ωy

]
.

Stochastic block renormalization transformations:

Majority rule (even blocks): L′ = L, S′ = S = {−1, 1}, (|Bx′ | even),
ωBx′ = sign

[∑
y∈Bx′ ωy

]
if this last sum is non-zero, and +1 or −1 with

probability 1/2 otherwise.
[Exercise: write the kernel densities Tx′(ω′x′ | ωBx′ ).]

p-Kadanoff transformation: L′ = L, S′ = S,

Tx′(ω
′
x′ | ωBx′ ) =

exp
[
p ω′

x′
∑

y∈Bx′ ωy

]
Norm.

. (5.5)

Non-block renormalization transformations (deterministic):

Projections: L′ ⊂
�=

L, S′ = S, T (ω) = ωL′ . This is a generalization of dec-

imation. The most important case is Schonmann’s example: S = {−1, 1},
L = Zd , L′ = Zd−1 × {0}.

Momentum transformations: L′ = L, S′ ⊃
�=

S, Tx′(ω) = ∑
y F (x′ − y) ωy for

F summable, defined through a Fourier transform with an appropriate smooth
cut-off.
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The following exercise applies to all the preceding examples.

Exercise 5.6. Let τ be either a renormalization transformation with strictly pos-
itive densities Tx′( · | · ) or a deterministic renormalization transformation such
that T −1

x′ (ω′
x′) �= ∅ for all ω′

x′ ∈ S′.
(i) Prove that if μ is non-null, then μτ gives positive measure to any cylinder
Cω′

�′
.

(ii) Conclude that τ maps non-null measures into non-null measures.

The situation is dramatically different if “non-null” is replaced by “Markov-
ian”: A Markovian measure, subjected to a “Markovian” (= block-renormali-
zation) transformation may, in fact, not even be quasilocal.

5.2. Absence of uniform non-nullness

Kozlov’s theorem implies two main causes of non-Gibbsianness: lack of non-
nullness and lack of quasilocality. The manifestation of the former comes from
the negation of the following alignment-suppression property.

Proposition 5.1. If a measure μ on (#,F) is consistent with an uniformly non-
null translation-invariant specification, then there exists δ > 0 such that

sup
ω�∈#�

μ
(
Cω�

) ≤ e−δ|�| (5.7)

for all � � L.

Proof. Let γx be the single-site specification densities and ε = infσ γ{x}(σx |
σ) > 0. Then, by consistency,

μ
(
Cω�

) = ∫
γ{x}(ωx | σ) 1Cω�\{x} (σ ) μ(dσ)

≤ (1− ε) μ
(
Cω�\{x}

)
. (5.8)

Induction finishes the proof. �
The failure of this property means that the (exponential) cost of inserting a

“defect” ω� is sub-volumetric. This is what happens, for instance, for some
sign-field measures [35, 9, 68, 38], where there are defects that can be placed by
paying only a surface-area cost. The non-Gibbsianness of the invariant measures
of some cellular automata also shows up in this way. Alignment needs to appear
only in some lower-dimensional manifold —a surface for the voter model [36]
or the non-local dynamics of [49], a “spider” for the non-reversible automata of
[15]— and the dynamics propagates it to a whole volume. In fact, as proposed
in [43], the detection of this alignment propagation can be a numerical test for
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non-Gibbsianness. Such a test has indeed been applied [45, 46] to the invariant
measure of the Toom model, with inconclusive results.

As seen in Exercise 5.6, a measure that is non-Gibbsian due to lack of non-
nullness can not be the image of any non-null measure —Gibbsian or not—
through strictly positive renormalization transformations.

For those that know a bit about the variational principle, I comment that (5.7)
means that

lim inf
n

−1

|�n| logμ
(
Cω�n

) ≥ δ > 0. (5.9)

When both μ and ω are translation-invariant violation of (5.9) implies that the
entropy density of the δω relative to μ is zero. This is how the violation of (5.7)
is usually presented, linking non-Gibbsianness to a failure of the variational prin-
ciple. Furthermore, as the relative entropy is a large-deviation rate function, this
failure indicates the presence of large deviations that are “too large” (its prob-
ability is penalized less than the volume exponential typical of Gibbsianness).
Nevertheless, the argument based on (5.7) is more general, as it requires neither
translation invariance nor the existence of relative entropy densities.

5.3. Absence of quasilocality

Let me explain, in some detail, the subtleties involved in proving that a measure
μ is not quasilocal. To make the notation slightly lighter (and to acquaint the
reader with yet another usual notation), let us denote by μ� the kernel μ|τ�c of
Definition 3.3, that is

μ�(f | ω) = Eμ(f | F�c)(ω) (5.10)

is a realization of the corresponding conditional expectation for bounded f ∈ F ,
� � L and ω ∈ #. [From our long discussion of Sections 3.2 and 3.3, the
reader should retain at least this fact: conditional expectations admit an infinite
number of versions (=realizations) all differing on measure-zero sets.] Let me
reserve the right to denote sometimes this object as μ�(f | ω�c) to emphasize
its F�c -measurability.

The measure μ is not quasilocal if it is consistent with no quasilocal specifi-
cation. To prove this (recall that every measure is consistent with some specifi-
cation), it is enough to find a single, nonremovable, point of discontinuity for a
single μ� for a single quasilocal f [By Proposition 4.11 this will already happen
for � = {x}, f = 1σx for some x ∈ L, σx ∈ S.] Let us precise this fact.

Definition 5.2. A measure μ ∈ P(#,F) is not quasilocal at ω ∈ # if there ex-
ists � � L and f (quasi)local such that no realization of μ�(f | · ) is quasilocal
at ω.
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In other words, any realization of μ�(f | · ) must exhibit an essential dis-
continuity at ω; one that survives zero-measure modifications. Let us understand
what this means, for a general measurable function g. As we shall assume μ

non-null (otherwise it would already be non-Gibbsian), “essential” can be asso-
ciated to “supported on open sets”. Thus, we are led to consider the following
twin notions.

Definition 5.3. Let g be a measurable function and μ a probability measure on
(#,F). Let ω ∈ #.
(a) g is μ-essentially discontinuous at ω if every function continuous at ω differs
from g in a set of non-zero μ-measure.
(b) g is strongly discontinuous at ω if every function continuous at ω differs from
g in a set having non-empty interior.
[That is: if f is continuous at ω, then the set {ω : g(ω) �= f (ω)} has μ-measure
non-zero in (a) and contains an open set in (b).]

Remark. If μ is non-null, every strong discontinuity is essential.

Conditional expectations are bounded, hence they can only have jump dis-
continuities, caused by the presence of different limits coming from different
directions. In order for such a discontinuity to be essential or strong, the set of
directions from which each of the different limits is achieved should be suffi-
ciently thick. This yields the following basic criteria.

Proposition 5.4. Let μ ∈ P(#,F), g a bounded measurable function and ω ∈
#. Then g is μ-essentially discontinuous [resp. strongly discontinuous] at ω iff
there exists a δ > 0 such that for every neighborhood N of ω there exist two sets
N+ and N−, with ω ∈ N± ⊂ N , such that μ(N±) > 0 [resp. N± open] and∣∣g(σ+)− g(σ−)

∣∣ > δ (5.11)

for every σ± ∈ N±.

As the cylinders are a basis of the topology of # (every open set is a union
of such), open neighborhoods of ω are (unions of) cylinders of the form Cω� for
� � L. Thus, condition (5.11) is equivalent to∣∣g(ω�N

σ+)− g(ω�N
σ−)

∣∣ > δ (5.12)

for N large enough, for σ± ∈ N±
�c

N
∈ F�c

N
of non-zero measure or open, ac-

cording to the case. After a little thought we see that we can rewrite Proposition
5.4 in the following equivalent form.

Proposition 5.5. Let μ ∈ P(#,F), g a bounded measurable function and
ω∈#.
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(a) g is μ-essentially discontinuous at ω iff there exist a diverging sequence
(Ni)i≥1 of natural numbers and real numbers δ+ and δ− with δ+ − δ− > 0
such that for each i ≥ 1 there exist sets N+i ,N−i ∈ F�c

Ni
with

lim sup
i→∞

μ
(
g 1Cω�Ni

1N+i

)
> δ+ (5.13)

and lim inf
i→∞ μ

(
g 1Cω�Ni

1N−i

)
< δ−

(b) g is strongly discontinuous at ω iff there exists a diverging sequence (Ni)i≥1
of natural numbers such that for each i ≥ 1 there exist a natural number Ri > Ni

and two configurations η+, η− such that

lim sup
i→∞

∣∣∣g(ω�Ni
η+�Ri

\�Ni
σ+)− g(ω�Ni

η−�Ri
\�Ni

σ−)
∣∣∣ ≥ δ (5.14)

for every σ± ∈ #.

To settle our non-quasilocality issue we now apply these considerations to
functions of the form g( · ) = μ�(f | · ). From Definition 5.2 and the previous
proposition we obtain:

Proposition 5.6. Let μ ∈ P(#,F). Then:
(a) μ is not quasilocal at ω iff there exist a diverging sequence (Ni)i≥1 of natural
numbers and real numbers δ+ and δ− with δ+ − δ− > 0 such that for each i ≥ 1
there exist sets N+i ,N−i ∈ F�c

Ni
with

lim sup
i→∞

μ
(
f 1Cω�Ni

1N+i

)
> δ+ (5.15)

and lim inf
i→∞ μ

(
f 1Cω�Ni

1N−i

)
< δ−

(b) If μ is non-null, then it is not quasilocal at ω if there exists a diverging se-
quence (Ni)i≥1 of natural numbers such that for each i ≥ 1 there exist a natural
number Ri > Ni and two configurations η+, η− such that

lim sup
i→∞

∣∣∣μ(f | ω�Ni
η+�Ri

\�Ni
σ+)− μ(f | ω�Ni

η−�Ri
\�Ni

σ−)
∣∣∣ ≥ δ (5.16)

for every σ± ∈ #.

As we have seen, condition (5.16) is a stronger form of non-quasilocality [(b)
of Definition 5.3]. In this case it is appropriate to say that μ is strongly non-
quasilocal, or strongly non-Feller [64, Definition 4.14]. To obtain (5.15) we
have used consistency.
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In practice, the lack of quasilocality has been detected by proving (5.16) for
functions of the form f (σ ) = σ�. Furthermore, only single-site regions need
to be checked due to Proposition 4.11. In the presence of translation invariance,
then, non-quasilocality proofs typically refer to (5.16) for � = {0} and f (σ ) =
σ0. (This is not always the case, see for instance Section 4.3.5 in [64].)

After all these mathematical considerations, it is natural to wonder about the
physical reasons for non-quasilocality. In quasilocal measures instead of (5.16)
we get a limit zero as � → L. This means that the influence of σ± is shielded
off if the intermediate spins are frozen in some configuration ω. In heuristic
terms, in quasilocal measures the influence of far away regions is carried by the
fluctuations of the spins in between; if these fluctuations are stopped so is the con-
nection between the regions. Non-quasilocality means, thus, that there is some
mechanism connecting distant regions that remains active even in the absence of
fluctuations.

For measures obtained as images of a transformation the mechanism is clear;
it goes under the keywords “hidden variables”. While the measure acts on the
space of “un-hidden” image variables #′, it is also determined by the “hidden”
object variables in # acting through the transformation. In such a situation, the
freezing of an image spin configuration acts as a conditioning on the object spin
variables, under which the latter may still keep a certain amount of freedom to
fluctuate. For some choice ω′ of image variables, the conditioned object system
may exhibit a phase transition which causes a long-range order that correlates
local behavior to what happens at infinity. This produces non-quasilocality —
that is nonzero differences (5.16)— for this particular ω′.

This “hidden variables” scenario explains non-quasilocality for renormalized
measures and for measures obtained through cellular automata or spin-flip dy-
namics. While the non-quasilocality of joint measures of disordered models is of
a different nature, still phase transitions are behind it [28, 66]

The actual proofs of the failure of quasilocality are typically very technical.
They combine a number of analytical tools (correlation inequalities, Pirogov-
Sinai theory, strict convexity of thermodynamic potentials,. . . ) with particular
properties of each model in question. A systematic exposition of them is well
beyond the scope of this course and may not be pedagogically useful. I content
myself only with an overall discussion of the strategy of proof for block renor-
malization transformations.

5.4. Surprise number one: renormalization maps

5.4.1. The scenarios
Physicists define and work with renormalization transformations at the level of
interactions (they speak of Hamiltonians, but they are really referring to interac-
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tions). Formally, they consider maps R related to our measure transformations τ

according to the following diagram:

μ
τ−→ μ′

↑ ↓
�

R−→ �′
(5.17)

The diagram gives hints as to the possible mathematical complications of com-
puting R. While the upwards arrow on the left roughly corresponds to an expo-
nential (Boltzmann prescription), the downwards arrow on the right corresponds
to a log. This step is at the origin of the complicated diagrammatics associated
to renormalization transformations. In contrast, the transformation τ is a linear
object, much cleaner and straightforward at the mathematical level. In fact, from
a computational standpoint, τ and R have complementary disadvantages: R in-
volves logarithms, but τ acts on spaces of much larger dimensions. Conceptually,
however, τ has the advantage of being always well defined while the status of R
is less clear.

Renormalization transformations were initially devised to study critical points,
approaching them from the high-temperature side where there is only one mea-
sure to contend with. But quickly physicists started to apply the successful renor-
malization ideas to first-order phase transitions, where there are several measures
consistent with the same interaction. In these cases it is natural to wonder whether
the different renormalized measures are associated to the same or different po-
tentials:

{μ1, · · · } −→−→−→ {μ′1, · · · }
↑↑↑ ↘↓↙
� −→ �′

or

{μ1, · · · } −→−→−→ {μ′1, · · · }
↑↑↑ ↓↓↓
�

−→−→−→ {�′1, · · · }
?

(5.18)

While the leftmost scenario would be consistent with the renormalization para-
digm, the rightmost one would indicate a multivalued map R quite contradictory
to usual ideas. In fact, some numerical evidence did suggest the actual occurrence
of this last scenario. To add to the confusion, the celebrated work of Griffiths and
Pearce [22] pointed to the possible presence of “peculiarities” that would prevent
any reasonable definition of R. (The reader is referred to [64, Section 1.1] for
historical references.)

Non-Gibbsian theory provided the necessary clarifications. It led to the fol-
lowing conclusions:
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(a) The “multivaluedness scenario” [rightmost possibility in (5.18)] is impossible
within reasonable spaces of interactions [64, Theorem 3.6].
(b) In many instances, however, as initially shown by Israel [26], renormalized
measures may fail to be quasilocal. That is, the downwards arrows in (5.18) may
fail to exist.
(c) If the interaction � and measures μi are translation invariant, either the renor-
malized measures μ′i are all Gibbsian for the same interaction, or they are all
non-Gibbsian [64, Theorem 3.4].

In conclusion, instead of those in (5.18), the two competing scenarios are

{μ1, · · · } −→−→−→ {μ′1, · · · }
↑↑↑ ↘↓↙
� −→ �′

or
{μ1, · · · } −→−→−→ {μ′1, · · · }
↑↑↑ � ↓
� �−→ ??

(5.19)

Both of these scenarios occur —the left one probably more often— but I will
concentrate on the general strategy to prove the validity of the rightmost scenario.
I will only sketch the different steps, relying on two examples as an illustration:
2×2-decimation and Kadanoff transformations of the translation-invariant states
of the two-dimensional Ising model in zero magnetic field at low enough temper-
ature. The decimation example is the first and simplest example of non-quasilocal
renormalized measure, which carefully analyzed by Israel [26], and is the gene-
sis of the non-Gibbsianness work in [64]. Kadanoff transformations, on the other
hand, illustrate transformations with strictly positive kernels and they were al-
ready considered by Griffiths and Pearce as sources of “pathologies”. I will skip
all fine calculational details —which are fully given in [64, Section 4.1.2]— and
concentrate on the main brush strokes (which are already complicated enough).
The strategy, which is naturally divided into four steps, in fact shows that the
non-quasilocality of the renormalized measures μ′ = μτ satisfies the stronger
property (5.16).

5.4.2. Step zero: understanding the conditioned measures
To understand the meaning of μ′

�′( · | ω′), for �′ ⊂ L′, ω′ ∈ #′, we introduce
the measure on (#×#′,F × F ′) with marginals (=projections on # and #′) μ
and μ′. Explicitly,

μ̃(F̃ ) =
∫

F̃ (ω, ω′) μ(dω) τ(dω′ | ω) (5.20)

for every function F̃ that is F × F ′-measurable and bounded. It is useful to
visualize #×#′ as configurations on two parallel “slices”, L and L′. The spins
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on the former are the original, object ot internal spins and those on the latter the
renormalized or image spins. A simple verification of the properties determining
Definition 3.2 shows that

μ′�′( · | ω′) = μ̃�′×L( · | ω′�′c). (5.21)

We see, then, that μ′
�′( · | ω′) is a measure on an infinite spin space formed by the

spins in L plus those in the finite region �′. The proper definition of measures
for unbounded regions needs some care. In our case we count on the help of
specifications.

Indeed, we are interested in a measure μ that is Gibbsian for some interaction
� and in product transformations (5.1)/(5.2). The measure μ̃ must then be con-
sistent with a specification defined by the interaction � on the slice L and “conic
bonds” connecting L and L′ defined by the functions Tx′ . Rather that writing the
full details for μ̃ let us focus on our target measure μ̃�′×L( · | ω′�′c). To simplify
matters still further, let me advance the fact that the addition of the finitely many
spins in �′, being only a local modification, does not produce any major change
in the properties we are after (we shall come back to this in step 3 below). Hence,
we look at μ̃L( · | ω′) which we interpret as the measure on # obtained by con-
ditioning the original spins to be “compatible” with the image configuration ω′.
Our previous comment on a �-T interaction is formalized, even more generally,
as follows.

Proposition 5.7. Let μ be consistent with a specification � whose density func-
tions are {γ� : � � L} and let τ be a block transformation defined by densities
{Tx′(ω′x′ | ωBx′ )}. For each ω′ ∈ #′ let

#ω′ =
{
ω ∈ # : Tx′(ω

′
x′ | ωBx′ ) > 0, x′ ∈ L′

}
. (5.22)

The, the measure μ̃L( · | ω′) is consistent with the specification �τ,ω′ on #ω′

defined by the density functions

γ ω′
� (σ� | ω�c) = 1

Norm.
γ�(σ� | ω�c)

∏
x′∈B ′�

Tx′
(
ω′x′

∣∣∣ (σ� ω)Bx′
)

(5.23)

where B ′� = {x′ ∈ L′ : Bx′ ∩� �= ∅} and “Norm” stands for the sum over σ� of

the numerator. The pair (#ω′ ,�τ,ω′) is the ω′ constrained internal-spin system.

Exercise 5.24. Prove this proposition. (Hint: The shortest route to prove that
(5.23) indeed defines a specification is through property (3.21).)
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If � is defined by an interaction � and the functions Tx′ are strictly positive,
then #ω′ = # and �τ,ω′ is Gibbsian for the interaction

φ
τ,ω′
B (ω) = φB(ω) (5.25)

+
{ − log Tx′(ω′x′ | ωBx′ ) if B = Bx′ for some x′ ∈ L′

0 otherwise.

Observe that if the temperature is considered, then the factor β multiplies only
the terms φB , but not the last logarithm. For example, for the p-Kadanoff trans-
formation of the Ising model with magnetic field h at inverse temperature β, the
measure μ̃L( · | ω′) is Gibbsian for the interaction with formal Hamiltonian

− β

{∑
〈x,y〉

ωx ωy − h
∑
x

ωx − p β−1
∑
x

ω′x
∑
y∈Bx

ωy (5.26)

+ β−1
∑
x

log
[
2 cosh

(
p
∑
y∈Bx

ωy

)]}

which corresponds to an Ising model with an additional magnetic field that is
positive, block-dependent, and also temperature-dependent, plus a multispin non-
linear antiferromagnetic term with temperature-dependent couplings.

If the renormalization transformation is not strictly positive, for instance if it
is deterministic, we fall into the framework of models with exclusions. Its analy-
sis depends on the type of exclusion. The example of decimation transformations
is particularly simple, as the constraints determined by each ω′ amount to fixing
the spins at the sites in bZd . In such a situation it is better simply to ignore these
decimated sites and consider the measure μ̃Zd\bZd ( · | ω′) on the remaining in-
ternal spins. That is, we take as internal spin system #Zd\bZd and the interaction
obtained from the original one by fixing the decimated spins. For the decimation
of the Ising model, this internal-spin interaction corresponds to the same original
Ising interaction plus a field on neighbors to decimated sites induced by the links
to them. In Israel’s example, three sublattices arise naturally. The decimated
spins are on the even sublattice Leven formed by sites with both coordinates even.
The neighbors to decimated sites occupy the odd/even sublattice Lodd/even where
the two coordinates have different parity. The remaining sites, with both coordi-
nates odd, form the odd sublattice Lodd. The interaction defining μ̃Z2\2Z2( · | ω′)
corresponds to the formal Hamiltonian

−β
{ ∑
x∈Lodd

∑
y∈Lodd/even
|x−y|=1

ωx ωy +
∑

x∈Lodd/even

( ∑
y∈Leven|x−y|=1

ω′y
)
ωx

}
. (5.27)
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In conclusion, step zero teaches us that each conditioned measure in question
—μ̃�′×L( · | ω′

�′c) = μ′
�′( · | ω′) or μ̃L( · | ω′)— is determined through

consistency with some interaction. If the interaction presents a first-order phase
transition, there are infinitely many measures to choose from. The proof of non-
Gibbsianness, in fact needs the presence of such phase transitions. Let us now
move to the remaining steps.

5.4.3. The three steps of a non-quasilocality proof
Step 1: Choice of an image configuration producing a phase transition on the
internal spins We need to choose some special configuration ω̂′ for which the
constrained internal spins undergo a first order phase transition. That is, ω̂′ must
be such that there exist two different measures μω̂′+ , μω̂′− ∈ G(�τ,ω̂′). Those being
different means that there exists a local observable f such that∣∣μω̂′+ (f )− μω̂′− (f )

∣∣ ≡ δ > 0. (5.28)

In such a situation, one may wonder which measure has the right to be denoted
μ̃L( · | ω̂′). While we do not answer this, the rest of the argument shows that
whichever the choice, it leads to a discontinuity at ω̂′.

The choice of ω̂′, of course, depends on the problem. If the original model
already exhibits multiple phases, then the rule of thumb is to choose ω̂′ so as
not to favor any of these phases. For the Kadanoff and decimation examples
this means that ω̂′ must be “magnetically neutral”. The simplest choice, the
alternating configuration ω̂′x = (−1)|x|, is already suitable.

For Israel’s example, this choice causes the cancellation of the effective field
due to neighboring decimated spins, which corresponds to replacing the even
spins by holes. Formally, the second sum in the internal-spin interaction (5.27)
disappears. This corresponds to an Ising model on the decorated lattice L\Leven,
formed by sites with four neighbors —those in Lodd— and the “decorations” —
sites in Lodd/even— linked only to two other sites. If we are only interested in
observables on the odd lattice we can sum first over the spins at the decorations.
A little bit of algebra shows that∑

σd=±1

exp
(
β σ1σd + β σdσ2

) = C exp
(
β ′σ1σ2

)
(5.29)

where C is an uninteresting constant and

β ′ = 1
2 log cosh 2β. (5.30)

This means that the internal-spin system, constrained by the alternating configu-
ration, becomes equivalent to an Ising model at a lower temperature. If the ini-
tial model is at a low enough temperature, β ′ exceeds the critical Onsager value
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and the internal-spin model acquires two different pure phases, respectively sup-
ported on configurations formed by a percolating sea of “+1” and a sea of “−1”,
with fluctuations on finite and isolated “islands”. These are our measures μω̂′+
and μω̂′− ; they are characterized by the fact that

0 < m(β ′) ≡ μω̂′+ (σ0) = −μω̂′− (σ0). (5.31)

The analogous proof for the Kadanoff transformed measure is much more in-
volved. It demands a technical, but widely used, perturbative approach starting
from the zero-temperature phase diagram. Let me describe it briefly, while re-
ferring the reader to [64, Appendix B] for a detailed presentation and all relevant
definitions and references. In a nutshell, the approach has two stages:

Stage 1: Determination of the translation-invariant ground states of the model.
These are the translation-invariant measures consistent with the specification
obtained as the zero-temperature (β → ∞) limit of the specification under
study. Two type of conditions must be met for the approach to be applicable.
First, the extremal points of such set of measures (pure phases) must be δ-like,
that is, supported by single configurations. Second, the resulting phase dia-
gram (that is, the catalogue of ground states for different values of parameters
like h) must be regular, in some precise sense, or have appropriate symmetry
properties. In particular the number of extremal translation-invariant ground
states must be finite throughout a whole region of parameter values.

Stage 2: Stability of the zero-temperature phase diagram. This is proven through
a very powerful and sophisticated theory due to Pirogov and Sinai. Its hy-
potheses include the regularity features mentioned above plus the so-called
Peierls condition which roughly means that local fluctuations of ground states
are suppressed exponentially in its volume. This allows to show stability of
phases by suitably generalizing the Peierls contour argument for the Ising
model.

It is relatively simple to verify that the translation-invariant ground states inter-
action (5.26) with an alternating block-field ω′x are (δ-measures on) the all-“+1”
or the all-“−1” configurations, depending on h, with coexistence for h = 0 (by
symmetry reasons). The validity of the Peierls condition follows, by continuity
considerations, from that of the Ising model. Some subtleness arises from the fact
that (5.26) has β-dependent parameters (the last two). This requires a stronger
(uniform) version of Pirogov-Sinai theory. The conclusion of all this analysis is
that the interaction (5.26) admits two different consistent measures μω̂′+ and μω̂′− ,
with properties similar to those of the decimation case. In particular they satisfy
(5.31).
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Step 2: Choice of discontinuity neighborhoods To prove (5.16) the measures
consistent with �τ,ω̂′ need to be approximated by measures obtained similarly
for image spins fixed in configurations of the form ω̂′

�′η
′
�′\�′σ

′. The idea is

to find configurations η′ ± ∈ #′ and a sequence of natural numbers NR , with
NR > R, such that all measures μR,σ ′ + and μR,σ ′ − , respectively consistent with

the specifications �
τ,ω̂′

�′
R

η′ +
�′
NR
\�′

R

σ ′+
and �

τ,ω̂′
�′
R

η′ −
�′
NR
\�′

R

σ ′−
, satisfy that, for any

choice of σ ′+, σ ′− ∈ #′

μR,σ ′ ±(f ) −−−−−→
R→∞ μω̂′± (f ) (5.32)

where f is the observable satisfying (5.28). Combining the latter with (5.32) we
obtain that

lim
R→∞

∣∣∣∣μ̃L

(
f

∣∣∣ ω̂′�′R η′ +
�′NR

\�′R σ ′+
)
− μ̃L

(
f

∣∣∣ ω̂′�′R η′ −
�′NR

\�′R σ ′−
)∣∣∣∣ ≥ δ

(5.33)

for any σ ′+, σ ′− ∈ #′ for R large enough. In view of (5.21), this almost proves
(5.16) for the renormalized measure μ′. The existence of configurations η′± with
the above properties is, as a matter of fact, a further condition for the choice of
ω̂′.

For the 2 × 2-decimation of the Ising model it is relatively simple to prove
(5.32). Indeed, a short calculation shows that if the decimated spins are fixed in
the alternating configuration inside a region �R and equal to +1 in the annulus
immediately outside, the internal spins in the region �R+1, are subjected to an
Ising interaction with a magnetic field at the boundary. This field is at least equal
to β ′ whatever the configuration of the spins further out (internal or otherwise).
Hence, regardless of the image configuration on �c

R+1, the expected magneti-
zation at the origin is (by Griffiths inequalities) no smaller than that of an Ising
model on a square with “+” boundary conditions, which converges to that of the
“+” Ising measure when the size of the square diverges. An analogous argument
can be done for a “−1” boundary condition. We conclude that (5.32) is verified
for NR = R + 1, σ ′± = ± and f (σ ) = σ0, and thus

lim
R→∞

∣∣∣∣μ̃L

(
σ0

∣∣∣ ω̂′�′R (+1)�′R+1\�′R σ ′+
)
− μ̃L

(
σ0

∣∣∣ ω̂′�′R (−1)′ −
�′R+1\�′R σ ′−

)∣∣∣∣
= 2m(β ′) (5.34)

which is nonzero if the temperature of the original Ising model is low enough.
The argument for all other cases (including decimation in higher dimensions)

is less simple. The standard strategy involves finding configurations η′+, η′− ∈
#′ such that:
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(i) The specifications �τ,η′+ and �τ,η′− admit unique consistent measures re-
spectively denoted by μη′+ and μη′− .

(ii) For any R > 0, all measures μR,η′+ consistent with �
τ,ω̂′

�′
R

η′+
and all mea-

sures μR,η′− consistent with �
τ,ω̂′

�′
R

η′−
satisfy∣∣∣μR,η′+(f )− μR,η′−(f )

∣∣∣ ≥ ∣∣∣μω̂′+ (f )− μω̂′− (f )

∣∣∣ (5.35)

(this is often done with the help of correlation inequalities).

Property (i) implies that each of the specifications �
τ,ω̂′�R

η′± , R > 0, has also a
single consistent measure because it is obtained from �τ,η′± by a local change.
We also make use of the following fact: Let (μn) and (�n) be respectively se-
quences of measures and interactions on (#,F) such that μn ∈ G(�n). Then, if
�n converges (in B1) to an interaction �, every convergent subsequence of (μn)

is consistent with ��. We apply this to the sequence of interactions �
ω̂′
�′
R

η′±
�′
N

which converges, as N → ∞, to �
ω̂′
�′
R

η′+
, to conclude, from (5.35) and (5.28),

that for each R > 0 one can choose NR sufficiently large so that (5.33) is valid
for a δ slightly smaller than that in (5.28).

Step 3: “Unfreezing” of �′ The last step consists in showing that, as a conse-
quence of the previous steps, we can actually find an observable f ′ ∈ F ′

�′ , some-
how related or inspired by f , so that the analogue of (5.33) holds for μ̃�′×L(f

′ |
· ). In fact, for each ω′ ∈ #′ the specification �τ,�′,ω′ defining the measures
μ̃�′×L( · | ω′�′c) is obtained from the specification �τ,ω′ defining μ̃L( · | ω′)
by “unfreezing” the factors Tx′( · | ωBx′ ) for x′ ∈ �′. This corresponds to a

multiplication of the kernels of �τ,ω′ by a local density, or to the addition of a
finite number of bonds to the interaction defining the latter. Therefore there is
a canonical bijection between G(�τ,�′,ω′) and G(�τ,ω′) for each fixed ω′. In
particular, the existence of unique or multiple phases in one of them implies the
same feature in the other one. We conclude that the configurations ω̂′ and η±̃
chosen above allow also the successful completion of steps 1 and 2 for μ̃�′×L for
every �′ � L′. We only need to show the existence of f ′ such that∣∣μ̃ω̂′,�′

+ (f ′)− μ̃
ω̂′,�′
− (f ′)

∣∣ > 0. (5.36)

where

μ̃
ω̂′,�′
± (f ′) =

∑
σ ′
�′

∫
f ′(σ ′�′)

∏
x′∈�′

Tx′
(
σ ′x′

∣∣ ωBx′
)
μω̂′± (dω). (5.37)
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The properties of muω̂′± must now be exploited. For the decimation and Kadanoff
examples, we have to consider

2m′ ≡
∑
σ ′0

∫
σ ′0 T0

(
σ ′0

∣∣ ωB0

) [
μω̂′+ (dω)− μω̂′− (dω)

]
. (5.38)

At low enough temperatures the measure μω̂′+ favors “+1” spins, while μω̂′− fa-
vors “−1” (this can be seen by correlation inequalities or contour arguments: the
probability that a finite region be inside or intersecting a contour goes to zero as
temperature decreases). The transformation density T0, on the other hand, favors
alignment of σ ′0 with the majority of the spins in ωB0 . Both effects combined lead
to m′ > 0.

5.4.4. Non-quasilocality throughout the phase diagram
Following the preceding argument, non-quasilocality has been exhibited for renor-
malizations of the Ising model at low temperature and zero field, for all of the
block transformations described in Section 5.1. The renormalized measures have
subsequently been shown to be weakly Gibbs [1], while decimated measures are,
in fact, almost quasilocal [11, 10].

We see, however, that the above argument relies on the existence of phase
transitions for the constrained internal spin system rather than for the original
system. Therefore, non-quasilocality should be expected also outside the coexis-
tence region of the original model, in situations where the constraints produced
by the renormalized spins act like fields that bring the internal system into a phase
coexistence region. So we must add the scenario

μ
τ−→ μ′

↑ � ↓
� �−→ ??

(5.39)

in competition with scenario (5.17). Israel [26] already exhibited such a phenom-
enon in his 2 × 2-decimation example: A small but non-zero magnetic field of
the original Ising model can be compensated by the (non translation-invariant)
field created by a suitable ω̂′ so that, at low (original) temperatures, the non-
decimated spins undergo a phase transition and the decimated measure becomes
non-quasilocal. This measure is, however, almost-quasilocal [14], and its qua-
silocality can be restored by further decimations [47]. More dramatic examples
include block-averaging [64, Section 4.3.5] and majority [63] transformations of
the Ising model at high magnetic field, and decimations of high-q-Potts models
above the critical temperature [63]. One can even design, for each temperature,
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a perverse transformation such that the renormalization of the Ising measure at
this temperature is non-quasilocal [59].

There is a clear message coming from these examples: The choice of a renor-
malization transformations is a touchy business. Top-of-the-shelf choices may
lead to non-Gibbsian renormalized measures for which calculations of Hamil-
tonian parameters —renormalized temperature, renormalized couplings— have
a doubtful meaning. The transformation must be well-adapted to the problem,
and the questions, at hand. In particular, block-spin transformations may not
be a good idea at low temperatures, where long-range order pervades. Rather,
renormalization ideas should be applied at the level of collective variables, like
contours [17].

5.5. Surprise number two: spin-flip evolutions

Metropolis and heath-bath algorithms have been instrumental for the simulation
of statistical mechanical systems. They are processes in which each spin of a
finite lattice is visited according to a certain routine (sequentially, randomly, by
random shuffling) and updated stochastically by comparing energies before and
after the proposed flip. Their continuous-time counterpart are the Glauber spin-
flip dynamics in which the updates are attempted according to independent Pois-
sonian clocks attached to each site. The dynamics are tailored so as to converge
to a target spin measure which is the object of the simulation. Each simulation
realization is started as some initial configuration, and a sample configuration is
collected after a number of steps. If this number is sufficiently large, the samples
are distributed almost like in the target measure. Often, the initial configura-
tion is a ground state, or zero-temperature measure, and the simulation acts as
a numerical furnace that heats it up (“unquenches” it) so to bring it to a typical
configuration at the intended temperature.

These simulation schemes define a sequence of transformations of measures
as considered in Section 5.1. Actual simulations apply these transformations
to Boltzmann measures in finite regions (usually with periodic boundary con-
ditions), but ideally they should be applied to measures on the whole lattice.
An ideal “unquenching” transformation is, then, a high-temperature Metropo-
lis or Glauber dynamics (that is, a dynamics converging to a high temperature
Gibbs state) applied to a low-temperature Gibbs state. We were surprised by the
fact that, if the temperature difference between the initial and final states is big
enough, non-Gibbsianness enters into the picture [62].

To see how, let us consider a very simple updating process for Ising spins,
in which at successive time units each spin is flipped independently with prob-
ability ε ∈ (0, 1). The invariant measure for this process gives equal proba-
bility to each spin configuration, thus the process can be interpreted either as
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an infinite-temperature parallel Metropolis algorithm, or an infinite-temperature
discrete time Glauber dynamics. Mathematically, this process is a block transfor-
mation with #′ = # = {−1, 1}Zd

, single-site blocks and kernel densities

T{x}(ωx | ωx) = 1− ε

T{x}(−ωx | ωx) = ε
(5.40)

Such densities are better expressed as a matrix (Tx)σ η ≡ T{x}(σ | η) which takes
the form

Tx =
(

1− ε ε

ε 1− ε

)
= I− ε

(
1 −1
−1 1

)
≡ I− ε J. (5.41)

The n-th iteration of such a transformation corresponds, thus, to single-site ker-
nels T n{x}(σx | ηx) = (T n

x )σx ηx where T n
x is the n-th power of the matrix Tx .

Given that J� = 2�−1J if � ≥ 1 (and equal to I if � = 0), we obtain

T n
x =

n∑
�=0

(
n

�

)
(−ε)� J� = I+ 1

2

n∑
�=1

(
n

�

)
(−2ε) �J

= I+ 1

2

[
(1− 2ε)n − 1

]
J

= 1

2

(
1+ an 1− an
1+ an 1− an

)
(5.42)

with

an = (1− 2ε)n. (5.43)

Therefore

T n{x}(ω′x | ωx) = 1

2
+ an

2
ω′x ωx = An ehn ω′x ωx (5.44)

where the factor An =
[
2 coshhn

]−1 will be eaten up by normalizations and

hn = log
(1+ an

1− an

)
. (5.45)

[In fact, T n is a Kadanoff transformation with single-site blocks and p = hn.]
Let me observe that

hn ↘
n→∞

0 and hn ↗
ε→0
∞. (5.46)
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We can now make use of the analysis of the previous section. For fixed n

we look to the pair of slices # × #′ respectively formed by the initial config-
urations and those at “time” n, that is at the n-th iteration of the process. The
non-quasilocality of the transformed measure μ′ is related to the existence of
some ω̂′ for which the resulting constrained initial-spin system exhibits multiple
phases. Such a system corresponds to an interaction which includes, as addi-
tional terms, the bonds (5.44). Therefore, if we start with an Ising measure, the
condition of observing a configuration ω′ at time n is seen by the initial spins as
a correction to the magnetic field leading to a formal Hamiltonian

−β
{∑
〈x,y〉

ωx ωy −
∑
x

(
h+ hn

β
ω′x

)
ωx

}
. (5.47)

We can distinguish three regimes:
(i) Short times: For n small, the effective magnetic field

∣∣h+ hn

β
ω′x

∣∣ is large if ε is
sufficiently small [rightmost observation in (5.46)]. Hence no phase transition is
present and the time-n measure is expected to be quasilocal. This can be proven,
for n small enough, through an argument that relies on the existence of “global”
specifications from which the specifications �τ,ω′ are derived. The argument ex-
ploits FKG monotonicity and Dobrushin uniqueness criterion. If the initial model
is itself at high temperature, then the measure remains Gibbsian throughout the
evolution.
(ii) Long times: For n large, h + hn

β
ω′x ∼ h [rightmost observation in (5.46)]

hence no phase transition, and thus the quasilocality of μ′, is expected (and
proven) if h > 0, while for large β and h = 0 a phase transition makes the
transformed measure discontinuous at ω̂′ =alternating configuration.
(iii) Intermediate times: If h > 0 and ε small, then for large enough β there
is a range of n for which a configuration ω̂′ exists such that hn

β
ω̂′x effectively

compensates h. The resulting phase transition leads to the non-quasilocality of
the evolved measure.

The situation is summarized in Figure 1 when the stirring probability ε is
small. Larger values of ε lead to larger changes in each time unit and some of

(h = 0)
0

Gibbs

n1

. . . . . . �Non-Gibbs (NQL)

n2

(h > 0)
0

Gibbs

n1

. . .

n2

Non-Gibbs (NQL)

n3

. . . �Gibbs

n4

Fig. 1. Proven regimes of Gibbsianness and non-Gibbsianness for a low-temperature Ising measure
subjected to fast heating
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the initial regions may disappear (some ni may turn out to be smaller than one).
Through a more complicated but similar analysis the same statements are proven
for general high-temperature stochastic dynamics both in discrete and continuous
time [62]. In these cases the effective Hamiltonian for the evolved measure ac-
quires some long-range terms that decay exponentially with the diameter of the
bond. They must be controlled by perturbative arguments (cluster expansions,
Pirogov-Sinai theory).

The heuristic explanation of these results is as follows. For short enough
times the evolution causes only a few changes. Therefore the evolved measure
differs little of the initial measure and, in particular, preserves its Gibbsian char-
acter. This is true for more general reversible dynamics, for instance for dy-
namics of Kawasaki type —which conserve the total number of spins in each
value— or mixtures of Glauber and Kawasaki dynamics [51]. The onset of non-
Gibbsianness at later times —and of the subsequent Gibbsianness if h > 0—
corresponds to a transition in the most probable history of an improbable config-
uration (the expression is of Aernout van Enter). There are two competing mech-
anisms to explain the presence of a droplet ω� at some instant of the evolution:
(i) It has been created by the dynamics, and (ii) the droplet was already present
initially and it survived the evolutionary period. The probabilistic cost of the
first event increases, roughly, exponentially with the volume |�| of the droplet.
The second mechanism is even more costly if the droplet is atypical for the initial
measure, because its initial presence costs already a volume exponential. But if ω
is typical of any of the phases of the initial system, this factor becomes exponen-
tial only in the surface area |∂�|. As droplets at worst shrink at constant velocity,
the second mechanism is more probable for such a droplet for intermediate times.

Suppose now that at some not-too-short time we observe a configuration
ω̂′�σ ′�\� with � large and � enormous, ω̂′ atypical of any of the phases of the
initial system and σ ′ typical of one of them. The most likely explanation is, thus,
that ω̂′� was formed during the evolution, while σ ′� remains of the initial config-
uration. The initial gigantic σ ′ droplet causes a bias on the evolved configuration
around the origin. In this way, through the original (“hidden”) spins, the far-away
annulus σ ′�\� determines the evolved measure close to the origin; quasilocality
is lost. For non-zero magnetic field, the initial system has only one phase. If
the elapsed time is large enough, only droplets typical of this phase are able to
survive, any other σ ′ must have been created by the evolution. This creation is a
local phenomenon, so quasilocality is recovered.

Whereas in a renormalization context, lack of quasilocality implies that a
renormalization group map does not exist, here the physical interpretation is that
the evolved (fastly heated) measure cannot be described by a temperature, after
some time. This phenomenon has been the object of a numerical study [52].



Gibbsianness and non-Gibbsianness in lattice random fields 791

5.6. Surprise number three: disordered models

A statistical mechanical system is disordered if there are parameters in the in-
teraction that are themselves random variables. Its mathematical framework is
as follows. Besides the space of spin configurations (# = SL,F) there is an-
other space of disorder variables

(
#∗ = (S∗)L∗ ,F∗

)
, where S∗ is some space

that need not be finite or discrete, L∗ is a countable set and F∗ is the product
σ -algebra of some natural Borel measure structure of S∗. The disorder vari-
ables come equipped with some disorder measure P that is often extremely sim-
ple, typically a product measure. A disordered interaction is a family of func-
tions

{
φA( · | · ) ∈ F × F∗ : A � L

}
such that φA( · | η∗) ∈ FA for each

A � L and η∗ ∈ #∗. Often, the disorder dependence is also local in the sense
that for each A � L there exists A∗ � L∗ such that φA(σ | · ) ∈ F∗A∗ for
each σ ∈ #. A disordered interaction defines for each value η∗ an interaction
�( · | η∗) = {

φA( · | η∗) : A � L
}

on (#,F) which, under the B1-summability
condition

∑
A
x ‖φA( · | η∗)‖ < ∞, x ∈ L, leads to Gibbsian specifications

��( ·|η∗) on (#,F). The study of quenched disorder amounts to the determina-
tion of features of the phase diagram and properties of extremal measures of the
models defined by these specifications for fixed typical choices of the disorder.
More precisely, the interest focuses on features and properties valid P-almost
surely, that is, for almost all disorder configurations η∗. In contrast, in the analy-
sis of annealed disorder there is a previous P-average over the Gibbs weights of
the magnitude in question. This averaging makes annealed disorder much easier
to study than its quenched counterpart.

Let me mention three well-known examples.

Random-field Ising model: It represents an Ising model with a random indepen-
dent magnetic field at each site. That is, L∗ = L, S∗ ⊂ R, P is the product of
reasonable single-site distributions (ex. Gaussian or of bounded support) and
the disordered interaction yields the formal Hamiltonians

−
∑
〈x,y〉

σxσy − h
∑
x

η∗x σx. (5.48)

Edwards-Anderson spin glass: It corresponds to a zero-field Ising model with
random independent couplings. Therefore the disorder acts on the bond-
lattice, L∗ = {{x, y} : x, y ∈ L, |x − y| = 1

}
, S∗ ⊂ R, P is a product of

reasonable single-bond distributions and the formal disordered Hamiltonians
are

−
∑
〈x,y〉

η∗{x,y} σxσy. (5.49)
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Griffiths singularity (GriSing) random field: It describes an Ising model on the
random lattice determined by independent site-percolation. Thus L∗ = L,
S∗ = {0, 1} and P is the product of Bernoulli variables taking value 1 with
probability p and 0 with probability 1− p. The formal Hamiltonians are

−
∑
〈x,y〉

η∗xη∗y σx σy − h
∑
x

η∗xσx. (5.50)

This model was introduced by Griffiths to illustrate the appearance of singular-
ities, now known as Griffiths singularities, that prevent the infinitely derivable
disordered free energy from being analytic.

A natural approach to the study of quenched disorder is to place spin and dis-
order variables on the same footing and consider a “grand-canonical ensemble”
on the product space #×#∗ from which quenched measures are obtained as pro-
jections on #. In this way quenching is incorporated within the grand-canonical
average and hence constitutes an “annealed approach to quenching disorder”.
Such an approach was first advocated by Morita in the sixties [50]. Formally, this
corresponds to considering the skew space (#×#∗,F ×F∗) and joint-variable
measures K obtained as weak limits

K(dω, dη∗) = lim
n→∞ lim

m→∞P�∗rm (dη∗ | α∗) π
�( ·|η∗

�∗rm
α∗)

�sn
(dω | σ) (5.51)

where (rn) and (sm) are diverging sequence of box sizes and α∗ and σ are disor-
der and spin boundary conditions. Such limits always exist, by compactness, if
S∗ is compact.

Morita’s theory supposed the existence of an effective Hamiltonian for the
joint variables, that is, the Gibbsianness of these measures K . It is now known
that this assumption is false in general [28, 66, 65]. A rough explanation of this
fact comes from the fact that a joint effective Hamiltonian should deal with terms
of the form

log

(
P(η∗�∗)
Z

�( ·|η∗)
�

)
(5.52)

which become ill-defined, in the limit �→ L, precisely when there are Griffiths
singularities (or other phase transitions).

As an illustration, let us consider the conditional probability at the origin of a
measure of type (5.51) for the GriSing model. After a brief verification we see
that

K{0}
(
η∗0 = +1

∣∣ σ η∗
)

= p

p�QL + (1− p)�NQL
(5.53)
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where p ≡ P(η∗0 = 1), and

�QL ≡ lim
n→∞

γ
�( ·|1{0}η∗�n\{0})
�n

(σ�n\{0} | σ�c
n
)

γ
�( ·|1{0}η∗�n\{0})
�n

(σ�n | σ�c
n
)

= 1+ γ
�( ·|1{0}η∗�n\{0})
{0} (−σ0 | σ{0}c)
γ

�( ·|1{0}η∗�n\{0})
{0} (σ0 | σ{0}c)

(5.54)

�QL is perfectly continuous with respect to both η∗ and σ . The discontinuity
appears in

�NQL = lim
n→∞

γ
�( ·|0{0}η∗�n\{0})
�n

(σ�n\{0} | σ�c
n
)

γ
�( ·|1{0}η∗�n\{0})
�n

(σ�n\{0} | σ�c
n
)

(5.55)

because of the presence of the ratio

�n(η
∗, σ ) ≡ Z

�( ·|1{0}η∗�n\{0})
�n

(σ�c
n
)

Z
�( ·|0{0}η∗�n\{0})
�n

(σ�c
n
)

= π
�( ·|0{0}η∗�n\{0})
�n\{0}

(
2 cosh

[
β
∑
|y|=1

η∗y σy

] ∣∣∣ σ�c
n

)
. (5.56)

The discontinuity takes place at disorder configurations η∗ with more than one
percolation clusters, all of them excluding the origin. Then, it is not hard to
see [66] that a local modification causing a connection between clusters produces
a finite change en the expectation (5.56). The absolute value of this change is is
bounded below by a positive constant that does not depend on the distance at
which the connection is established. Quasilocality is thereby lost. The point
of discontinuity depends only on the disorder variable η∗; the conditioning spin
configuration σ is irrelevant.

This type of non-quasilocality is, in my opinion, more subtle and surprising
than those analyzed in the previous sections. It appears for values of the disor-
der that are close to those for which the quenched system has a phase transition.
These are precisely the disorder configurations triggering the presence of arbi-
trary long, but finite, order that leads to Griffiths singularities. In the present
model, these configurations are unlikely if p is smaller than the critical perco-
lation probability. Thus, the model is almost quasilocal for those p [66]. The
random-field Ising model in three or more dimensions has a more dramatical fea-
ture [28]. At low temperature there is a full measure set of random fields for
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which the quenched model has a phase transition. Hence the joint measure is
almost non-quasilocal that is, the set of discontinuities has full measure. On the
other hand, the joint measures of finite-range disordered models can be proven
to be weakly Gibbsian [30], hence we have here the largest possible divorce be-
tween the notions of almost quasilocality and weak Gibbsianness.

There is another sense in which the non-Gibbsianness of joint disorder mea-
sures is complementary to that caused by renormalization transformations or spin
dynamics. In the previous cases there was a two-slice system, defined on #×#′
that was Gibbsian, and non-Gibbsianness appeared upon projection to the #′
variables. In the present case, the two-slice model on # × #∗ is non-Gibbsian,
while projections to each of the slices can restore Gibbsianness. [The # projec-
tion is the quenched average of Gibbsian measures which can be Gibbsian, while
the #∗-projection is the disorder measure P which is usually a product measure,
and thus trivially Gibbsian.]

In fact, the non-Gibbsianness of the joint measures turned out to be benefi-
cial to Morita’s approach. Indeed, besides the hypothetical joint Hamiltonian,
Morita’s theory included other assumptions equally contradictory with Gibbsian-
ness. And yet, the approach was undeniably successful. Non-Gibbsianness does
solve such a paradox [32]. First, it removes inconsistencies related with the un-
tenable Gibbsian hypothesis, and second, it allows for a rigorous justification of
the equations solving the model. This has been a remarkable achievement of
non-Gibbsianness theory.
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1. Overview

The goal of these lectures is to give an introduction to the use of Monte Carlo
methods in statistical mechanics and quantum field theory, with an emphasis on:
1) the conceptual foundations of the method, including the possible dangers and
misuses, and the correct use of statistical error analysis; and
2) new (collective-mode) Monte Carlo algorithms for problems in critical phe-
nomena and quantum field theory, aimed at reducing or eliminating the “critical
slowing-down” found in conventional (local) algorithms.

These lectures are aimed at a mixed audience of theoretical, computational
and mathematical physicists — some of whom are currently doing or want to do
Monte Carlo studies themselves, others of whom want to be able to evaluate the
reliability of published Monte Carlo work, and still others of whom might want to
contribute to the mathematical analysis of Markov-chain Monte Carlo algorithms
(currently a very lively branch of probability theory).

The principal topics to be covered are the following:

1. Introduction: Dangers of Monte Carlo methods

2. Dynamic (Markov-chain) Monte Carlo methods: General theory

3. Statistical analysis of dynamic Monte Carlo data

4. Conventional (local) Monte Carlo algorithms for spin models

5. Cluster algorithms (Swendsen–Wang and related algorithms)

6. Rigorous analysis of Markov-chain Monte Carlo methods

Details on all these topics can be found in [1]. Here I would simply like to give
some updated information concerning the Swendsen–Wang algorithm.

2. The Swendsen–Wang algorithm: some recent progress

The Swendsen–Wang [2] algorithm for simulating the ferromagnetic q-state Potts
model [3, 4, 5] is the prototype for many other collective-mode Monte Carlo al-
gorithms in statistical mechanics that are generically termed cluster algorithms or

805
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auxiliary-variable algorithms. The basic idea behind all algorithms of Swendsen-
Wang type is to augment the given model by means of auxiliary variables, and
then to simulate this augmented model.

Here I shall begin by reviewing the theory underlying the Swendsen–Wang
algorithm. Next I shall present the most recent numerical data on its dynamic
critical behavior, and discuss some of the things that remain to be understood.

2.1. Fortuin–Kasteleyn representation and Swendsen–Wang algorithm

The q-state Potts model [3, 4, 5] is a generalization of the Ising model in which
each spin σi can take q distinct values rather than just two; here q is an inte-
ger ≥ 2. At each site i we therefore have a “spin” σi taking values in the set
{1, 2, . . . , q}. Neighboring spins prefer to be in the same state (here I am con-
sidering the ferromagnetic case), and pay an energy price if they are not. The
Hamiltonian is therefore

H(σ) =
∑
〈ij〉

Jij (1− δσi ,σj
) (2.1)

with Jij ≥ 0 for all i, j , and the partition function is

Z =
∑
{σ }

exp[−H(σ)]

=
∑
{σ }

exp

⎡⎣∑
〈ij〉

Jij (δσi ,σj
− 1)

⎤⎦
=

∑
{σ }

∏
〈ij〉
[(1− pij ) + pij δσi ,σj

] (2.2)

where we have defined pij = 1− exp(−Jij ). The Gibbs measure μPotts(σ ) is, of
course,

μPotts(σ ) = Z−1 exp

⎡⎣∑
〈ij〉

Jij (δσi ,σj
− 1)

⎤⎦
= Z−1

∏
〈ij〉
[(1− pij ) + pij δσi ,σj

]. (2.3)

We now use the deep identity

a + b =
1∑

n=0

[aδn,0 + bδn,1] (2.4)
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on each bond 〈ij 〉; that is, we introduce on each bond 〈ij 〉 an auxiliary variable
nij taking the values 0 and 1, and obtain

Z =
∑
{σ }

∑
{n}

∏
〈ij〉
[(1− pij ) δnij ,0 + pij δnij ,1δσi ,σj

]. (2.5)

Let us now take seriously the {n} as dynamical variables: we can think of nij

as an occupation variable for the bond 〈ij 〉 (1 = occupied, 0 = empty). We
therefore define the Fortuin–Kasteleyn–Swendsen–Wang (FKSW) model to be a
joint model having q-state Potts spins σi at the sites and occupation variables nij

on the bonds, with joint probability distribution

μFKSW(σ, n) = Z−1
∏
〈ij〉
[(1− pij ) δnij ,0 + pij δnij ,1δσi ,σj

]. (2.6)

Finally, let us see what happens if we sum over the {σ } at fixed {n}. Each occu-
pied bond 〈ij 〉 imposes a constraint that the spins σi and σj must be in the same
state, but otherwise the spins are unconstrained. We therefore group the sites into
connected clusters (two sites are in the same cluster if they can be joined by a
path of occupied bonds); then all the spins within a cluster must be in the same
state (all q values are equally probable), and distinct clusters are independent. It
follows that

Z =
∑
{n}

⎛⎝ ∏
〈ij〉 : nij=1

pij

⎞⎠⎛⎝ ∏
〈ij〉 : nij=0

(1− pij )

⎞⎠ qC(n), (2.7)

where C(n) is the number of connected components (including one-site compo-
nents) in the graph whose edges are the bonds having nij = 1. The corresponding
probability distribution,

μRC(n) = Z−1

⎛⎝ ∏
〈ij〉 : nij=1

pij

⎞⎠⎛⎝ ∏
〈ij〉 : nij=0

(1− pij )

⎞⎠ qC(n), (2.8)

is called the random-cluster model with parameter q. This is a generalized bond-
percolation model, with non-local correlations coming from the factor qC(n); for
q = 1 it reduces to ordinary bond percolation. Note, by the way, that in the
random-cluster model (unlike the Potts and FKSW models), q is merely a para-
meter; it can take any positive real value, not just 2, 3, . . . . So the random-cluster
model defines, in some sense, an analytic continuation of the Potts model to non-
integer q; ordinary bond percolation corresponds to the “one-state Potts model”.

We have already verified the following facts about the FKSW model:
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a) ZPotts = ZFKSW = ZRC.
b) The marginal distribution of μFKSW on the Potts variables {σ } (integrating out
the {n}) is precisely the Potts model μPotts(σ ).
c) The marginal distribution of μFKSW on the bond occupation variables {n} (in-
tegrating out the {σ }) is precisely the random-cluster model μRC(n).
The conditional distributions of μFKSW are also simple:
d) The conditional distribution of the {n} given the {σ } is as follows: indepen-
dently for each bond 〈ij 〉, one sets nij = 0 in case σi �= σj , and sets nij = 0, 1
with probability 1− pij , pij , respectively, in case σi = σj .
e) The conditional distribution of the {σ } given the {n} is as follows: indepen-
dently for each connected cluster, one sets all the spins σi in the cluster to the
same value, chosen equiprobably from {1, 2, . . . , q}.

These facts can be used for both analytic and numerical purposes. For exam-
ple, by using facts (b), (c) and (e) we can prove an identity relating expectations
in the Potts model to connection probabilities in the random-cluster model:

〈δσi ,σj
〉Potts,q = 〈δσi ,σj

〉FKSW,q [by (b)]

= 〈E(δσi,σj
| {n})〉FKSW,q

=
〈
(q − 1)γij + 1

q

〉
FKSW,q

[by (e)]

=
〈
(q − 1)γij + 1

q

〉
RC,q

[by (c)] (2.9)

Here

γij ≡ γij (n) ≡
{

1 if i is connected to j

0 if i is not connected to j
(2.10)

and E( · | {n}) denotes conditional expectation given {n}.1 For the Ising model
with the usual convention σ = ±1, (2.9) can be written more simply as

〈σiσj 〉Ising = 〈γij 〉RC,q=2. (2.11)

Similar identities can be proven for higher-order correlation functions, and can
be employed to prove Griffiths-type correlation inequalities for the Potts model
[7, 8].

On the other hand, Swendsen and Wang [2] exploited facts (b)–(e) to devise
a radically new type of Monte Carlo algorithm. The Swendsen-Wang algorithm
(SW) simulates the joint model (2.6) by alternately applying the conditional dis-
tributions (d) and (e) — that is, by alternately generating new bond occupation

1For an excellent introduction to conditional expectations, see [6].
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variables (independent of the old ones) given the spins, and new spin variables
(independent of the old ones) given the bonds. Each of these operations can be
carried out in a computer time of order volume: for generating the bond variables
this is trivial, and for generating the spin variable it relies on efficient (linear-time)
algorithms for computing the connected clusters.2 It is trivial that the SW algo-
rithm leaves invariant the Gibbs measure (2.6), since any product of conditional
probability operators has this property. It is also easy to see that the algorithm
is ergodic, in the sense that every configuration {σ, n} having nonzero μFKSW-
measure is accessible from every other. So the SW algorithm is at least a correct
algorithm for simulating the FKSW model. It is also an algorithm for simulating
the Potts and random-cluster models, since expectations in these two models are
equal to the corresponding expectations in the FKSW model.

Historical remark. The random-cluster model was introduced in 1969 by For-
tuin and Kasteleyn [12]; they derived the identity ZPotts = ZRC, along with
the correlation-function identity (2.9) and some generalizations. These relations
were rediscovered several times during the subsequent two decades [13]. Sur-
prisingly, however, no one seems to have noticed the joint probability distribu-
tion μFKSW that underlay all these identities; this was discovered implicitly by
Swendsen and Wang [2], and was made explicit by Edwards and Sokal [14].

2.2. Dynamic critical behavior: numerical results

It is certainly plausible that the SW algorithm might have less critical slowing-
down than the conventional (single-spin-update) algorithms: the reason is that a
local move in one set of variables can have highly nonlocal effects in the other.
In particular, setting nij = 0 on a single bond may disconnect a cluster, dividing
it into two big pieces; and then, in the next half-step of the algorithm, the spins
in these two pieces may be flipped simultaneously but independently. In some
sense, therefore, the SW algorithm is a collective-mode algorithm in which the
collective modes are chosen by the system rather than imposed from the outside
as in multi-grid [15, 16, 17, 18, 19, 20, 21] or Fourier acceleration [22]. The
miracle is that this is done in a way that preserves the correct Gibbs measure.

How well does the SW algorithm perform? In at least some cases, the perfor-
mance is nothing short of extraordinary. Table 1 shows the latest data [23] on the
two-dimensional Ising model at the bulk critical temperature, together with com-
parison data for a single-site Metropolis algorithm [24]. These data are consistent

2Determining the connected components of an undirected graph is a classic problem of computer
science. The depth-first-search and breadth-first-search algorithms [9] have a running time of order
V , while the Fischer-Galler-Hoshen-Kopelman algorithm (in one of its variants) [10] has a worst-case
running time of order V logV , and an observed mean running time of order V in percolation-type
problems [11].
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Table 1

Static and dynamic data for the two-dimensional Ising model at criticality on an L × L periodic
lattice. Susceptibility χ and integrated autocorrelation time τint,E (E = energy ≈ slowest mode)
using the Swendsen–Wang algorithm [23, Table 6]; and exponential autocorrelation time τexp,M
(M = magnetization ≈ slowest mode), using the Metropolis algorithm [24]. Error bars are one
standard deviation.

Swendsen–Wang Metropolis
L χ τint,E τexp,M

4 12.183± 0.007 2.027± 0.010
8 41.396± 0.008 2.590± 0.004

16 139.584± 0.039 3.253± 0.008 285.6± 4.3
32 470.022± 0.140 4.012± 0.011 1258 ± 28
64 1581.319± 0.378 4.892± 0.011 5380 ± 140

128 5320.644± 1.680 5.875± 0.018 23950 ± 480
256 17899.581± 5.846 6.928± 0.022
512 60184.698± 18.670 8.107± 0.025

with a behavior τSW ∼ L≈0.22; but they are also consistent with τSW ∼ log2 L

[23]. (Alas, it is extremely difficult to distinguish numerically a small power
from a logarithm.) In either case, we can say that in practical terms, the critical
slowing-down is almost completely eliminated.

By contrast, the conventional local algorithms for the two-dimensional Ising
model have τlocal ∼ L≈2.13 [24], as can be seen in the last column of Table 1.
So the advantage of Swendsen–Wang over conventional algorithms grows as-
ymptotically (for this model) like L≈2 — an enormous factor. To be sure, one
iteration of the Swendsen–Wang algorithm may be a factor of ∼ 10 more costly
in CPU time than one iteration of a conventional algorithm (the exact factor de-
pends on the efficiency of the cluster-finding subroutine). But the SW algorithm
wins already for modest values of L.

For the other Potts models, the performance of the SW algorithm is less spec-
tacular than for the two-dimensional Ising model, but it is still very impressive.
Table 2 shows the current best estimates of the dynamic critical exponent zSW for
q-state Potts ferromagnets in d dimensions, as a function of q and d . All these
exponents are much lower than the z ∼> 2 observed in the local algorithms.

2.3. How much do we understand about the SW dynamics?

Although the SW algorithm performs impressively well, we understand very little
about why the dynamic critical exponents take the values they do. A few cases
are easy:

1) If q = 1, then all spins are in the same state (the only state!), and all
bonds are thrown independently, so the autocorrelation time is zero. Here the
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Table 2

Current best estimates of the dynamic critical exponent z for the Swendsen–Wang algorithm. Esti-
mates are taken from [23] for d = 2, q = 2; [25] for d = 2, q = 3; [26, 27] for d = 2, q = 4; [28]
for d = 3, q = 2; and [29, 30, 31, 32] for d = 4, q = 2. Error bars are one standard deviation, and
include statistical errors only.

Estimates of zSW
q = 1 q = 2 q = 3 q = 4

d = 1 0 0 0 0
d = 2 0 0.222± 0.007 0.514± 0.006 1 (× log??)
d = 3 0 0.46± 0.03 — —
d = 4 0 1 (× log??) — —

SW algorithm just reduces to the standard static algorithm for independent bond
percolation.

2) If d = 1 (more generally, if the lattice is a tree), the SW dynamics is
exactly soluble: the behavior of each bond is independent of each other bond,
and τexp →−1/ log(1− 1/q) <∞ as β →+∞.

But the remainder of our understanding of the SW algorithm is very murky,
and we are only beginning to understand its dynamic critical behavior.

One source of insight is an exact (non-rigorous but presumably rigorizable)
calculation yielding zSW = 1 for the Ising model on the complete graph (also
called the Curie–Weiss or mean-field model) [30, 32]. This result suggests (but
of course does not prove) that zSW = 1 for Ising models (q = 2) in dimensions
d ≥ 4.

A second source of insight is a rigorous lower bound on the Swendsen–Wang
autocorrelation time, proved more than 15 years ago by Li and Sokal [33] (see
also [25]):

τexp ∼> τint,E ≥ τint,N ≥ const× CH (2.12)

where E is the energy, N is the bond density, and CH is the specific heat. This
immediately implies the lower bound

zSW ≥ α/ν (2.13)

for the SW dynamic critical exponent in terms of static exponents. The bound
(2.13) is fairly close to sharp — indeed, it may even be sharp modulo a loga-
rithm — for the q = 2, 3, 4 Potts models in two dimensions.3 But it is extremely

3See [23, 25, 26, 27] for numerical studies of the possible sharpness of the Li–Sokal bound for
two-dimensional Potts models with q = 2, 3, 4. These data are consistent with sharpness modulo
a logarithm, i.e. τSW/CH ∼ logL. But they are also consistent with a small difference in the
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far from sharp for the Ising models in dimensions 3 and 4, where zSW ≈ 0.46
[28] and zSW = 1, respectively, compared to α/ν ≈ 0.1756 [34] and α/ν = 0
(× log1/3).

Clearly we are failing to grasp something extremely fundamental about the
SW dynamics. Physically, the bound (2.12) expresses the slow equilibration
of the bond density N , and more generally of “energy-like” observables — a
fact that can be captured mathematically in a Rayleigh–Ritz proof using N as
a trial vector [33, 25, 1]. The large discrepancy zSW − α/ν for the 3- and 4-
dimensional Ising models suggests that in these cases the SW dynamics is dom-
inated by a different (and much slower) mechanism, possibly one having to do
with “susceptibility-like” observables. Some fairly wild speculations in this di-
rection can be found in [28, Section 6]. But no one has yet been able to find a trial
vector that allows a useful bound other than (2.12) to be proven. Nor has anyone
found a plausible heuristic argument that would allow zSW to be predicted, even
roughly, in terms of static exponents.

One important recent contribution is the invention of a new SW-like algo-
rithm by Chayes and Machta [35]. Whereas the SW algorithm starts from the
Potts model (2.3) and introduces auxiliary variables nij ∈ {0, 1} living on the
bonds, the Chayes–Machta algorithm starts from the random-cluster model (2.8)
and introduces auxiliary variables σi ∈ {1, 2, . . . , k} living on the sites; here
k is an arbitrary positive integer ≤ q. The Chayes–Machta algorithm thus ap-
plies to all random-cluster models with parameter q ≥ 1, integer or noninte-
ger. If q is an integer and we choose k = q, then the auxiliary variables σi

are precisely the Potts spins, and the Chayes–Machta algorithm is identical to
the Swendsen–Wang algorithm. If q is an integer and we choose k < q, then
the Chayes–Machta algorithm corresponds to a minor variant of the Swendsen–
Wang algorithm (which almost certainly has the same dynamic critical exponent
as the standard SW algorithm). But the key fact about the Chayes–Machta algo-
rithm is that it handles noninteger q on an equal footing with integer q. Indeed,
the Chayes–Machta algorithm deserves to be thought of as the “natural” interpo-
lation of the Swendsen–Wang algorithm to noninteger q (although unfortunately
only for q ≥ 1). This is important, both conceptually and numerically, because
it is difficult to understand the SW dynamics based on only five nontrivial data
points (d = 2, q = 2, 3, 4 and d = 3, 4, q = 2). The Chayes–Machta algorithm
allows us to study the whole range 1 ≤ q ≤ 4 for two-dimensional lattices, and
the range 1 ≤ q ≤ qc(L) for three- and four-dimensional lattices [here qc(L)

is the value of q at which the phase transition in the random-cluster model on
lattice L changes from second-order to first-order; note that it can depend on the

exponents, i.e. zSW−α/ν of order 0.1. Once again, it is extremely difficult to distinguish numerically
a small power from a logarithm.
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lattice and not only on the dimension]. Further information about the Chayes–
Machta algorithm, both theoretical and numerical, will hopefully be available
soon [36, 37].

The Potts model with q large behaves very differently. Instead of a criti-
cal point, the model undergoes a first-order phase transition: on the standard
two-dimensional lattices, this occurs when q > 4, while in three or more di-
mensions, it is believed to occur already when q ≥ 3 [4]. At a first-order
transition, both the conventional algorithms and the Swendsen–Wang algorithm
have an extremely severe slowing-down (much more severe than the slowing-
down at a critical point): right at the transition temperature, we expect τSW ∼
exp(cLd−1). This is because sets of configurations typical of the ordered and
disordered phases are separated by free-energy barriers of order Ld−1, i.e. by sets
of intermediate configurations that contain interfaces of surface area∼ Ld−1 and
therefore have an equilibrium probability ∼ exp(−cLd−1). Indeed, a slightly
weaker lower bound has been proven rigorously by Borgs et al. [38], namely
τSW ∼> exp[cL/(logL)2].4
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