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PREFACE

The lectures at the NATO Advanced Study Institute “Manipulating Quantum
Coherence in Solid State Systems” presented a fundamental introduction to
three solid-state approaches to achieving quantum computation: semiconductor
spin-based, semiconductor charge-based, and superconducting approaches. The
purpose in bringing together lecturers and students in these disparate areas was to
provide the opportunity for communication and cross-fertilization between these
three areas, all focusing on the central goal of manipulating quantum coherence
in solids. These proceedings present detailed introductions to the fundamentals of
the first approach and the third approach, and as such bring together a fundamental
pedagogical treatment of the two areas which have progressed the furthest towards
realizing a scalable system of manipulable qubits.

Semiconductor spin-based approaches to quantum computation have made
tremendous advances in the past several years. Individual spins have been success-
fully confined within self-assembled quantum dots and lithographically-formed
quantum dots. Within the self-assembled quantum dots the spin lifetimes have
been measured and shown to be longer than 1 ms at low temperature. Lithographic
dots have been used to controllably reorient nuclear spins in order to lengthen the
spin lifetimes. These exceptionally long spin lifetimes should permit many spin
operations (qubit operations) within a decoherence time. Coherent spin transfer
has also been demonstrated between two colloidal dots connected by polymer
chains. Spins can be localized on dopant atoms, such as manganese atoms in
gallium arsenide. These spins can be oriented, manipulated and detected with all-
electrical means. Electrical techniques can also be used to manipulate nuclear
spins, and eventually to drive nuclear magnetic resonance.

The four chapters in this area are based on the lectures presented at the ASI
by M. E. Flatté, G. Vignale, I. Ţifrea, and D. D. Awschalom, which progress from
elementary considerations up to the challenges that must be overcome in the next
few years to compete in the area of quantum computation with non-solid-state
approaches. The first chapter provides an overview of several areas within this
field, including spin transport and spin coherence times for ensembles of spins
in bulk and quantum well materials, individual spin manipulation theory in ionic
systems and quantum dots, and the application of spin-based quantum information
to teleportation. The second chapter details the influence of many-body effects
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on spin transport, including the exciting area of the spin Hall effect. The third
chapter focuses on the use of electric fields to manipulate nuclear spin lifetimes
via the hyperfine interaction with electron spins. The fourth chapter describes the
electrical generation of spin polarization, the spin Hall effect, manipulation of
spin via control of the g tensor, transport of spin coherence between quantum dots
tethered by organic molecules, and the control of nuclear spin polarization with
electric fields.

Superconducting approaches to quantum computation have demonstrated sin-
gle qubits based on charge eigenstates as well as flux eigenstates. Each of these
has strong possibilities for scalability, and visible Rabi flopping has been demon-
strated in each case. Coupling between these qubits has been demonstrated, and
the decoherence mechanisms for single qubits have been explored. The fifth and
sixth chapters are based on the highly pedagogical lectures presented by M. Geller
and F. Wilhelm at the ASI.

The NATO ASI was held in Cluj-Napoca, Romania from August 29 to
September 8, 2005, and it was attended by 10 lecturers and 65 students from
17 different countries. In addition to the lectures, all students had the opportunity
to orally present their own work in one of two special afternoon seminar sessions.

We would like to acknowledge the NATO Science Division, The National Sci-
ence Foundation (USA), The Army Research Office (USA), and The Romanian
Cultural Institute (ICR) for their financial contributions. Also, we would like to
thank “Babeş-Bolyai” University and City Plaza Hotel for their hospitality.

Michael E. Flatté
Ionel Ţifrea
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Mihai Vasilescu, “Babeş-Bolyai” University, Romania
Karel Vyborny, Czech Academy of Sciences, Czech Republic
Andreas Weichselbaum, Ludwig-Maximilians Universität München, Germany
Bernhard Wunsch, University of Hamburg, Germany



SEMICONDUCTOR SPINTRONICS FOR QUANTUM COMPUTATION

MICHAEL E. FLATTÉ (michael flatte@mailaps.org)
Optical Science and Technology Center,
Department of Physics and Astronomy, and
Department of Electrical and Computer Engineering,
University of Iowa, Iowa City, IA 52242, USA

Abstract: Encoding quantum information in spins embedded in semiconductors (electronic, ionic,
or nuclear) offers several potential approaches towards solid-state quantum computation. Electronic
spin transport, persistence and manipulation in nonmagnetic semiconductor materials, as well as
the interaction of electronic spins with optics, are the fundamental properties reviewed here. The
presentation focuses on the material properties important for implementing quantum computation,
and on the characteristics that may lead more rapidly to scalable solutions for quantum information
processing.

Keywords: spin coherence, spin dynamics, quantum computation, spin transport

1 Introduction

The range of proposed quantum-mechanical systems that can implement quantum
computational algorithms continues to grow, and progress towards functional scal-
able devices appears rapid. An agreed set of criteria for such systems (Bennett and
DiVincenzo, 2000) includes the initialization, evolution, and measurement of a
set of entities that can be approximated as two-level systems (qubits). A universal
quantum computer would have a selectable number of these qubits and a pro-
grammable arrangement of quantum gates (referred to as a quantum algorithm).
An important distinction should be understood at the beginning between physi-
cal qubits and logical qubits. Physical qubits are elementary two-state systems,
but information encoded simply in single physical qubits is highly susceptible to
decoherence. Quantum error correction is possible if multiple physical qubits are
used to encode a single logical, or coded, qubit (Preskill, 1998). The entangle-
ment between the physical qubits that constitute a logical qubit permits a form
of redundancy, and thus error correction, even though quantum information itself
cannot be copied completely from one qubit to another. In order to implement any
quantum algorithm it is sufficient to perform one-qubit and two-qubit operations
on the logical qubits (Barenco et al., 1995).

1
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2 SEMICONDUCTOR SPINTRONICS FOR QUANTUM COMPUTATION

A concrete realization of a solid-state quantum computation structure based
on electron spins confined within quantum dots was proposed by Loss and
DiVincenzo (1998). The single qubit operations could be implemented with
local AC fields or by controlling the resonance frequencies of individual qubits.
Two-qubit operations could be implemented by controlling the exchange interac-
tion between two quantum dots with electric gates, and spin detection could be
achieved through ferromagnetic nucleation. A similar proposal relying on nuclear
spin qubits of donors in silicon appeared roughly simultaneously (Kane, 1998).
Subsequent work has shown that in a solid-state environment with spins as logical
qubits both one-qubit and two-qubit operations may require only one type of
physical gate interaction, such as the exchange interaction (DiVincenzo et al.,
2000; Levy, 2002; Petta et al., 2005). Reviews of these experimental pathways
towards spin manipulation in quantum dots include Kouwenhoven et al. (2001)
and Hanson et al. (2006).

The material presented here considers topics that may contribute to the imple-
mentation of quantum computation in solid-state spin-based systems in the future.
Spin transport, the topic of section 2, and spin decoherence in electron spin ensem-
bles, the topic of section 3, may play important roles in the efficient initialization
of large arrays of spin-based qubits. The following section 4, on the electrical con-
trol of ionic spins in a semiconductor, shows quantum manipulation of ionic spins
can be achieved without the use of any magnetic fields. The subsequent section 5
explores the spin-based properties of quantum dots, and the interaction of these
spins with photons. Optical techniques can be used to probe the spin orientation
and to manipulate the spins themselves. Section 6 describes a method for coupling
quantum dot spins to individual photons within a microcavity (and the application
of this method to teleportation). Section 7 presents some conclusions and topics
for further development.

2 Spin-Dependent Processes in Electrical Transport

Initialization of multiple qubits within a quantum computer may require the trans-
port of highly spin-polarized distributions across a material, followed by insertion
of individual spins into localized regions such as quantum dots, or transfer of
the spin information from the moving distribution to a set of localized spins.
The applications of spin transport, however, also extend to a variety of possible
information processing devices such as spin transistors (Datta and Das, 1990).
The treatment presented here would also apply to the transport of spin polarized
distributions in such systems.

The development of theories of spin transport initially followed in the foot-
steps of the broad and mature field of charge transport, by attempting to correlate
physical regimes of spin transport with corresponding regimes of charge transport.
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As the field of spin transport has become more mature the analogies have been fur-
ther refined. A very helpful analogy has been to correlate the “two-channel” model
for spin flow, which only tracks the spin polarization along a fixed quantization
axis, with the two-band model for carrier flow in a semiconductor. Phenomena
such as local charge neutrality and drift, which have been thoroughly explored for
the two-band model for carrier flow in a semiconductor, can be transposed almost
entirely to the transport of spin within the two-channel model. Most recently, with
the treatment of many-body effects in spin-dependent transport, new regimes with
no natural analogs in charge transport have been identified (Qi et al., 2006).

2.1 REGIMES OF CHARGE CURRENT FLOW

The most general description of the current associated with charge carriers would
include the response of the full many-particle wave function to an applied electric
field. A number of approximate schemes have been introduced to describe current
flow with only a few parameters. Tremendous simplification, for example, can be
achieved through the introduction of a local chemical potential. The key assump-
tion behind this approximation is that the carriers in a particular spatial region are
in equilibrium with other carriers in that region, but may be out of equilibrium
with carriers elsewhere in the material. This assumption can be justified when the
mean free path of carriers is shorter than the typical length scale of the region
through which the carriers are traveling. In these circumstances, for carriers asso-
ciated with a single band (and ignoring spin), the spatially-dependent distribution
of the carriers can be summarized with two parameters: the local chemical poten-
tial εµ(r) measured relative to the electric potential, and the electric potential φ(r).
Note that in this treatment the units of these two quantities are Volts.

The current J can be then related directly to the local change in the total
chemical potential εµ − φ,

J = σ∇(εµ − φ), (1)

where σ is the conductivity. In principle the conductivity depends on εµ and
thus must be found self-consistently. In semiconductors, which can sustain large
deviations of the local charge density from equilibrium, it is convenient to separate
the conductivity into the carrier density and mobility, as the mobility depends less
sensitively on εµ than the carrier density.

Conservation of charge requires that in steady-state transport every electron
passing in to an element of a circuit must pass out, and thus

∇ · J = 0. (2)

Solution of Eqs. (1) and (2) for the boundary conditions appropriate for a given
voltage drop, along with a self-consistent solution for the conductivity, and
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a self-consistent solution of the Poisson equation relating the electric field to the
local variation of the charge density,

∇ · E = −e
ε

(n − no), (3)

will produce a full description of the current distribution in response to an applied
voltage. In Eq. (3) n is the carrier density, no is the equilibrium carrier density, E
is the electric field, e is the magnitude of the electric charge, and ε is the dielectric
constant.

In lightly-doped semiconductors drift–diffusion equations are more com-
monly used than Eqs. (1)–(3). The drift–diffusion equations, however, are very
closely related (Kittel and Kroemer, 1980), as illustrated here. Equation (2)
permits the current to be written as the gradient of a scalar potential, J = ∇ξ,
which can be written as Eq. (1). For nondegenerate carriers εµ = kBT ln(n/no),
and Eq. (1) can be written as

J = σE + (σkT/n)∇n = σE + eD∇n, (4)

where kB is Boltzmann’s constant, T is the temperature, and D is the diffusion
constant. The far right expression of Eq. (4) also holds in the degenerate regime
if n/no � 1. Thus one can use either the chemical potential expression or the
drift–diffusion equations to calculate the current in a general situation.

The choice of using the quasichemical potential equations or the drift diffusion
equations is made solely on convenience. Frequently quasichemical potentials are
used when the carrier density is sufficiently high that the conductivity can be con-
sidered independent of the nonequilibrium spin-polarized carriers (as is the case
in metals). Under these conditions Eq. (1) can be solved for the quasichemical
potential with the appropriate boundary conditions (continuity of current, and
a given voltage drop across the structure) and it is not necessary to consider
the carrier density as a separate variable to be determined self-conistently. When
the carrier density is low enough that a small change in carrier density markedly
changes the conductivity of the material (as can be the case in semiconductors)
then σ in Eq. (1) must be determined self-consistently, requiring solving for the
carrier density in addition to the chemical potential and the electric field. In these
situations it is easier to use drift–diffusion equations, which can be written without
the chemical potential as a separate quantity to be determined.

In a set of regimes often termed “ballistic transport” the mean free path of car-
riers is longer than the typical length scale of the region through which the carriers
are traveling, and the occupation of each state of band index j and momentum k
must be provided. In a further set of regimes often termed “mesoscopic transport”,
the phase relationship between states of differing j and/or k remains important
during transport, and spatial interference between waves of differing k is observed.
One realization of this is the reorganization of carrier eigenstates from momen-
tum states (which are no longer eigenstates) into new wave functions that are
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coherent superpositions of different momentum states in one or more directions.
For example, eigenstates of quantum wells are constructed from counterpropagat-
ing momentum states in the direction of carrier confinement. Many definitions of
the terms ballistic and mesoscopic transport are used in the literature, so some will
differ from those introduced above.

2.2 HOW DOES A SPIN CURRENT FLOW?

Spin currents can flow in magnetic and nonmagnetic materials, parallel to or per-
pendicular to an applied electric field, or even in the absence of a static applied
electric field. A brief survey of spin current mechanisms will provide an introduc-
tion to the range of spin transport phenomena already demonstrated in solid-state
materials.

One simple configuration for spin-current flow involves an applied electric
field and a spin current flowing parallel to that field. This occurs naturally in
magnetic materials due to the differing conductivity for spin-up and spin-down
carriers. In the nondegenerate limit the conductivity would be

σ↑(↓) = n↑(↓)eµ↑(↓), (5)

and in the degenerate limit it would be

σ↑(↓) = N↑(↓)(EF,↑(↓))e2D↑(↓), (6)

where the quantities introduced in section 2.1 have now been distinguished by
spin direction (up or down). Shown in Figure 1a is an example of a spin-split
electronic structure, as might be found in a magnetic material, with a different
density of spin-up and spin-down carriers, as well as a different density of states
for spin-up and spin-down carriers. It is likely in this situation that the diffusion

(a)  magnetic materials

Fermi
energy

(b)  nonmagnetic materials

Fermi
energy

Fermi

energy

spin injection

Figure 1. (a) Spin-split electronic structure, such as for a magnetic material. (b) Spin-degenerate
electronic structure for a nonmagnetic material, but with additional nonequilibrium spin-polarized
carriers that modify the conductivity and render it spin-dependent
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constant for spin-up and spin-down carriers would also differ. Whether the degen-
erate or nondegenerate forms of the conductivity are appropriate, the conductivity
of the two spin orientations will be different. In Figure 1a there is no spin-splitting
of the chemical potential, so EF,↑ = EF,↓. If the spin-resolved conductivites are
spatially uniform this condition is preserved for the spatially-dependent spin-up
and spin-down chemical potentials,

φ↑(r) = φ↓(r). (7)

Once the conductivities vary spatially these chemical potentials may differ, and
the chemical potentials and current flow for spin-up and spin-down carriers can
be found independently within the two-channel model (Mott, 1936; Fert and
Campbell, 1968).

In Figure 1b, by contrast, a nonmagnetic material is shown, but the chem-
ical potential for spin-up carriers differs from that for spin-down carriers. This
phenomenon, commonly referred to as “spin injection” can occur through the
optical generation of spin-polarized carriers (Meier and Zachachrenya, 1984) (as
described in section 2.5 and Chapter 4) or through flowing a current from a mag-
netic material through a nonmagnetic material (Aronov and Pikus, 1976; Johnson
and Silsbee, 1988). Once the nonequilibrium density of spins has been generated,
both the density of carriers and their density of states (and thus their conductiv-
ities) will depend on the carriers’ spin direction, and a spin current will flow in
response to an applied electric field.

Another method of generating spin currents does not require an applied elec-
tric field, for it consists of optically generating a distribution of nonequilibrium
carriers in which the spin-up carriers are moving in an opposite direction to the
spin-down carriers, as shown in Figure 2. This can be performed by interfering
two polarized optical pulses of differing photon energy in a semiconductor (Bhat
and Sipe, 2000) and has been demonstrated in GaAs quantum wells (Stevens et al.,
2003) and bulk ZnSe (Hübner et al., 2003). The current survives until scattering

Fermi

energy
Fermi

energy

right-moving electronsleft-moving electrons

Figure 2. Electron distributions corresponding to the flow of ballistic spin current. An accumula-
tion of spin-down left-moving electrons and spin-up right-moving electrons yields a spin current,
even though overall there is no density difference between spin-up and spin-down carriers
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right-moving electrons left-moving electrons 

Fermi
energy

Fermi
energy

Figure 3. The spin–orbit interaction alters the density of states of spin-up and spin-down carriers
according to whether the spin is parallel or antiparallel to the carrier momentum. When a current
flows this produces a larger density of carriers of one spin than the other

of the ballistically-moving carriers eliminates the nonequilibrium distribution that
produces the current.

Even without spin-selective differences in the occupation functions it is pos-
sible to generate a spin current. The presence of spin–orbit interaction in solids
produces a different electronic structure for spin-up and spin-down carriers of the
same momentum. Time-reversal invariance, however, will force

E↑(k) = E↓(−k), (8)

where E↑(↓)(k) is the energy of the spin-up (spin-down) carrier of momentum k.
A schematic spin–orbit correlated electronic structure is shown in Figure 3. When
a diffusive charge current flows there are more carriers moving in the direction of
the current than in the opposite direction, and as a result a greater occupation for
one spin direction than the other (Edelstein, 1990).

Still other phenomena can produce spin currents. In the spin Hall effect
(described in detail in Chapters 2 and 4) the flow of charge current in one direction
yields a transverse spin current through asymmetries in the band structure or in
the scattering of carriers from impurities.

2.3 PROCESSES MODIFYING SPIN MOTION IN SEMICONDUCTORS

Two principal characteristics modify spin current once it has started to flow. The
first is the influence of internal magnetic fields and spin decoherence on the spin
motion. In a magnetic material the internal fields are present at all times, and
in a nonmagnetic material with inversion asymmetry such magnetic fields also
exist once carriers begin to move. In a nonmagnetic material these magnetic fields
originate from the electric fields of the crystal structure itself, relativistically trans-
formed into the rest frame of the carrier. For a nonmagnetic inversion symmetric
material these fields vanish, for inversion symmetry

E↑(↓)(k) = E↑(↓)(−k) (9)
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along with time-reversal symmetry, Eq. (8), produces degenerate eigenstates for
the two spin directions,

E↑(k) = E↓(k). (10)

As described in section 3 these internal magnetic fields provide the dominant con-
tribution to spin relaxation and decoherence in nonmagnetic inversion-asymmetric
semiconductors.

The second important effect on spin transport is the role of the charges asso-
ciated with the moving spins. It should not be a surprise that charge interactions
and spin properties are coupled to produce unexpected phenomena in transport,
as magnetism in the solid state almost exclusively originates from the interplay
between the Pauli exclusion principle and the Coulomb interaction itself.

2.4 MOTION OF SPIN DENSITY PACKETS IN SMALL ELECTRIC FIELDS

The transport of spin density packets in a semiconductor under conditions of small
electric fields is closely related to the transport of charge polarization packets in
semiconductors. So to begin consider the motion of a charge polarization packet in
a semiconductor. This charge polarization packet corresponds to a nonequilibrium
density of electrons n and/or holes p in a material with an equilibrium density of
electrons no and holes po.

The current in such a two-band semiconductor is divided into an electron
current and a hole current,

je = neµeE + eDe∇n = σeE + eDe∇n, (11)
jh = peµhE − eDh∇p = σhE − eDh∇p, (12)

which must satisfy the continuity equations

− e
∂n
∂t

= −∇ · je − eG + eRnp, (13)

e
∂p
∂t

= −∇ · jh + eG − eRnp, (14)

and the Poisson equation relating the local deviation from equilibrium of the
charge densities to the electric field,

∇ · E = −e
ε

(∆n − ∆p). (15)

Here ∆n = n − no and ∆p = p − po, G is the generation rate for electron–hole
pairs, R is their recombination rate and ε is the dielectric constant.

Substituting the electron and hole currents into the continuity equations,
neglecting the generation rate, assuming steady-state, and defining

Rnp = n/τe = p/τp, (16)
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yields

De∇2n − nµe∇ · E + µe∇n · E =
n
τe
, (17)

Dh∇2 p + pµh∇ · E − µh∇p · E =
p
τh
. (18)

The middle term on the left-hand side will force the excess electrons and excess
holes to move as a single packet, as ∇·E is proportional to the deviation from local
charge neutrality. A consistent solution to these two equations would not be found
simply by setting ∆n = ∆p, however, for the diffusion constants and mobilities of
the electrons and holes differ.

The physics of this situation is shown in Figure 4. The applied electric field
will attempt to pull the electrons and holes in different directions, but that motion
will generate a nonvanishing ∆n − ∆p, and thus an electric field that pulls the two
carriers together. This space-charge field is shown in Figure 4. The response of
the carriers to this field depends on the carrier mobility. The high-conductivity
carriers will move more rapidly towards the low-conductivity carriers. To produce
a single equation for the motion of the electrons and holes, without requiring
∆n = ∆p, multiply Eq. (17) by σh, Eq. (18) by σe, and then add them together.
This eliminates the self-consistent electric field without requiring local charge
neutrality, and produces

σhDe∇2n + σeDh∇2 p + σhµe∇n · E − σeµh∇p · E = σh
n
τe

+ σe
p
τh
. (19)

Now the equation of motion of the packet can be found by allowing ∆n = ∆p.
This approach allows us to work under conditions of approximate local charge

Electric Field

n(x)

p(x)

Space charge field

Charge density (p-n)

x x x

(a) (b) (c)

Figure 4. Motion of a charge polarization packet in an applied electric field. The electrons and
holes wish to move in opposite directions, but the space-charge field pulls them together. The
carriers with higher conductivity move towards those with lower conductivity, so the mobility and
diffusion of the packet is determined by the minority carriers
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neutrality without (incorrectly) ignoring all aspects of the space-charge field.
The resulting charge polarization packet, with excess electrons and excess
holes moving together, is characterized by an ambipolar diffusion constant and
ambipolar mobility,

Dambi∇2n + µambi∇n · E =
∆n
τr
. (20)

where

Dambi =
σhDe + σeDh

σh + σe
, µambi =

σhµe − σeµh

σh + σe
, τr = τe = τh. (21)

The last equation in Eq. (21) also uses detailed balance to determine τe = τh. In the
limit σe � σh, Dambi ∼ Dh and µambi ∼ µh. This general result that the diffusion
and mobility of the packet is dominated by the lower-conductivity species was the
basis of the Shockley–Haynes measurement of the mobility and diffusion constant
of minority carriers in germanium (Haynes and Shockley, 1951).

The same approach can be used to determine the mobility and diffusion
constants of spin packets in semiconductors (Flatté and Byers, 2000), which
explained some puzzling experimental results on the mobility of spin packets
in GaAs (Kikkawa and Awschalom, 1999). To describe spin packets, distinct
currents and densities for spin-up and spin-down carriers, for both electrons
and holes, must be introduced. Drift–diffusion equations for carrier motion in a
semiconductor describe the combined motion of spin-up and spin-down electrons
and holes in the presence of electric and quasi-electric fields, including the effects
of space charge fields on carrier motion (Awschalom et al., 2002). To include
the possibility of spin imbalance in both the conduction and valence bands, four
currents are required:

je↑ = en↑µe↑E + eDe↑∇n↑, (22)
je↓ = en↓µe↓E + eDe↓∇n↓, (23)
jh↑ = ep↑µh↑E − eDh↑∇p↑, (24)
jh↓ = ep↓µh↓E − eDh↓∇p↓. (25)

The evolution in time and space of these four currents and the electric field comes
from the four continuity equations,

− e
∂n↑
∂t

= −∇ · je↑ − e
n↓
τe↓↑

+ e
n↑
τe↑↓

− eGe↑ + eR↑↓n↑p↓ + eR↑↑n↑p↑, (26)

−e
∂n↓
∂t

= −∇ · je↓ + e
n↓
τe↓↑

− e
n↑
τe↑↓

− eGe↓ + eR↓↑n↓p↑ + eR↓↓n↓p↓, (27)

e
∂p↑
∂t

= −∇ · jh↑ + e
p↓
τh↓↑

− e
p↑
τh↑↓

+ eGh↑ − eR↓↑n↓p↑ − eR↑↑n↑p↑, (28)

e
∂p↓
∂t

= −∇ · jh↓ − e
p↓
τh↓↑

+ e
p↑
τh↑↓

+ eGh↓ − eR↑↓n↑p↓ − eR↓↓n↓p↓, (29)
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and the Poisson equation relating the local deviation from equilibrium of the
charge densities to the electric field,

∇ · E = −e
ε

(∆n↑ + ∆n↓ − ∆p↑ − ∆p↓). (30)

Here τ−1
ess′ and τ−1

hss′ are rates for spin relaxation of electrons and holes respectively
from spin s to spin s′, Gns are generation rates for carrier n and spin s, Rss′ are the
electron–hole pair recombination rates for an electron of spin s and hole of spin
s′, and ε is the dielectric constant. If the hole spins are unpolarized then Eqs. (28)
and (29) can be replaced by a single one with p↑ = p↓ = p/2.

Under conditions of approximate local charge neutrality often these equa-
tions can be combined into a single one for a packet type with significant spin
polarization, following the procedure used for the charge polarization packets.
Shown in Figure 5 are such packets for a semiconductor lacking background
doping. For the hole spin packet and electron spin packet the derivation follows
through exactly as before for the charge polarization packet, but either the holes
or the electrons are entirely spin polarized. The lifetime of the hole spin packet,
however, is much shorter than of the charge polarization packet, for the hole spin
lifetime is typically much shorter than the charge recombination lifetime (Meier
and Zachachrenya, 1984; Uenoyama and Sham, 1990). Thus the hole spin packet
decays into the charge polarization packet. The electron spin lifetime can be much
longer than the charge recombination time, so in that regime the electron spin
packet decays by electron–hole recombination. If the hole spin lifetime were very
long, and recombination were 100% spin selective, then eventually the recom-
bination of the electron spin packet might stop, but the short hole spin lifetime
guarantees that any spin imbalance in the hole population generated during a

Position

n

n

p

p

Electron 
spin packet

Position

Charge packet

Position

Hole 
spin packet

Figure 5. The packets of carriers possible in an undoped semiconductor require equal numbers of
electrons and holes to maintain local charge neutrality. Thus packets of spin-polarized electrons (or
holes) require a background of holes (or electrons)
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(a) Charge packet
(doped)

(b) Spin packet
(undoped)

Position Position

n

n

p
p

(c) Spin packet
(doped)

Position

Figure 6. In the presence of a background of unpolarized electrons it is possible to satisfy local
charge neutrality by removing opposite-spin-oriented electrons when adding spin-polarized elec-
trons. Thus the mobility and diffusion of this packet is determined by the properties of the electrons,
not the minority holes

spin-selective recombination process with spin-polarized electrons would decay
away rapidly. Thus the lifetime of the electron spin packet is effectively the charge
recombination time.

The situation changes considerably when the semiconductor has a background
doping of carriers. As shown in Figure 6 it is now possible to maintain local
charge neutrality by removing carriers from the background doping rather than
adding carriers of the other species. Thus additional spin-up electrons can be com-
pensated for by removing spin-down electrons. No holes are required. The two
equations that play comparable roles in this case to Eqs. (13) and (14) are the two
spin-resolved equations for the electrons, Eqs. (26) and (27), with p↑ = p↓ = 0.

The lifetime of the hole spin packet remains limited by the hole spin life-
time, but the lifetime of the electron spin packet is no longer limited by the
carrier recombination lifetime. As holes no longer play a role in the decay of the
packet, the lifetime of the electron spin packet is determined by the electron spin
lifetime. Thus an electron spin packet in an n-doped semiconductor can persist for
times orders of magnitude longer than for an electron spin packet in an undoped
semiconductor, as seen in experimental observations in several semiconductor
materials (Kikkawa et al., 1997; Kikkawa and Awschalom, 1998). Furthermore
the diffusion constant and mobility of the packet will be those of the majority
electrons rather than the minority holes (unlike the behavior of charge polarization
packets). Following the derivation for charge polarization packets produces the
following equation of motion for electron spin packets (Flatté and Byers, 2000;
Yu and Flatté, 2002a, b),

Ds∇2(n↑ − n↓) + µs∇(n↑ − n↓) · E =
(∆n↑ − ∆n↓)

τs
(31)
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with

Ds =
σe↑De↓ + σe↓De↑

σe↑ + σe↓
, µs =

σe↑µe↓ − σe↓µe↑
σe↑ + σe↓

, τ−1
s = τ−1

e↓↑ + τ−1
e↑↓. (32)

As τs denotes the decay of the magnetization, which is proportional to n↑ − n↓, it
is also correct to refer to τs as T1 in the notation of nuclear magnetic resonance
(Slichter, 1963). Some treatments in the literature use τs to refer to τe↓↑ and τe↑↓,
which are considered to be equal. If τs is defined this way then τs = 2T1.

The considerations described above also should apply to packet transport in
100% or nearly 100% spin-polarized semiconductor, such as n-doped ZnMnSe
in a moderate magnetic field. In such materials it is not possible to construct a
spin packet polarized parallel to the background carrier magnetization without
both electrons and holes. For an antiparallel spin packet, however, the charge of
an excess of spins (spin-down in Figure 7) is compensated for by a reduction in
the number of spins oriented in the opposite direction. As with the electron spin
packets above, the diffusion constant and mobility of the packet will be determined
by the majority carriers rather than the minority carriers. So for the parallel spin
packet Eqs. (21) apply whereas for the antiparallel spin packet Eqs. (32) hold.

In addition to the differences in the magnitude of the diffusion constants and
mobilities between different packet types there is a difference in the ratios of the
diffusion constant to the mobility for the different packets. This Einstein ratio
ranges from kT/e to larger values, depending on the degree of degeneracy of the
carriers. As electrons become degenerate at a much lower density than holes, the
Einstein ratio will exceed unity by a significant amount at a much lower den-
sity for the electron spin packet in a doped semiconductor than in an undoped
semiconductor. It can be very difficult to observe an Einstein ratio greater than
unity in a semiconductor through the dynamics of charge polarization packets.

(a) Parallel (b) Antiparallel

Position Position

n

n

p

p

Figure 7. When there is a background of 100% spin-polarized electrons then the permissible spin
packets are quite different for spins oriented parallel to or antiparallel to the background carrier spin
direction. Parallel packets require minority holes whereas antiparallel packets can be constructed
using only electrons
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Figure 8. (a) The difference in the carrier which governs the mobility and diffusion constant of the
spin and charge packets can be detected through the very different ratios of the diffusion constant
to mobility. For spin packets the electrons play the principal role and the diffusion constant is much
larger proportionally than the diffusion constant for the charge packet, whose motion is dominated
by holes. (b) Similar behavior is seen for antiparallel and parallel spin packets. Reproduced with
permission from Flatté and Byers (2000)

As their motion is determined by the minority carrier properties, it is required
that the minority carriers be degenerate (which is much more unusual than having
majority carriers degenerate). Shown in Figure 8 are the ratios of the diffusion
constant to the mobility for spin and charge packets in GaAs as a function of
density, and the same ratios in a 100% spin-polarized magnetic semiconductor.
Here the properties of ZnSe have been assumed, as the magnetic semiconductor
ZnMnSe can have nearly 100% spin-polarized carriers at low temperature and
large magnetic field.

2.5 OPTICAL MEASUREMENTS OF SPIN DENSITY PACKET MOTION

Optical illumination of a semiconductor with circularly polarized light will gener-
ate spin-polarized electrons and holes through optical selection rules (Meier and
Zachachrenya, 1984) as described in Chapter 4. Thus even though an electron spin
packet can be constructed entirely from spin-up and spin-down electron density
changes, without any holes, initially it may appear that such a packet could not be
generated optically.

Shown in Figure 9 is a schematic of a process for generating the antiparallel
electron spin packet in a 100% spin-polarized semiconductor. Initially circularly-
polarized light generates 100% spin-polarized electrons (spin-up) and holes
(spin-down). As described above, the spin lifetime for holes is considerably
shorter than that of electrons, so very rapidly the holes lose their spin coherence. If
the hole spin relaxation time is short compared to the electron–hole recombination
time, and the electron spin lifetime is long compared to the electron–hole recom-
bination time, then initially the optical disturbance evolves into a spin-polarized
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Figure 9. The initial optical generation of spin-polarized electrons and spin-polarized holes
evolves, for times longer than the hole spin lifetime, to a population of spin-polarized electrons
and unpolarized holes. That will then evolve, for times longer than the electron–hole recombination
lifetime, to a pure electron spin packet. The electron spin packet then decays according to the
electron spin lifetime (which is much longer than the electron–hole recombination time)

excess density of electrons and an unpolarized excess of holes. This can be
considered the sum of a charge polarization packet and an electron spin packet.
The charge polarization component will decay with a timescale of the carrier
recombination time, leaving behind an electron spin packet with no excess holes.
Thus even though the optical process generates equal numbers of electrons
and holes, the eventual consequence of generating electron–hole pairs with
circularly-polarized light is a pure electron spin disturbance.

2.6 IMPLICATIONS FOR SPIN INJECTION INTO SEMICONDUCTORS

Equation (31) can be written as

∇2(n↑ − n↓) +
µs

Ds
∇(n↑ − n↓) · E =

(∆n↑ − ∆n↓)
L2 , (33)

where L is the spin diffusion length in the limit E = 0. When E � 0 the dif-
ferential equation remains linear, but the spin diffusion length is modified from
the zero-field limit. Suppose that a continuous spin imbalance is injected in a
one-dimensional geometry at x = 0, (n↑ − n↓)|0, and the electric field is along the
−x direction, as shown in Figure 10a.The spin polarization will gradually decay
in size as the distance from the point of injection increases and eventually go to
zero at ±∞. The distribution of the spin polarization is described by

n↑ − n↓ = (n↑ − n↓)|0 exp(−x/Ld), x > 0, (34)

n↑ − n↓ = (n↑ − n↓)|0 exp(x/Lu), x < 0, (35)
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Figure 10. (a) Decay of spins away from an injection point parallel to and antiparallel to an
applied electric field. A zero-field spin diffusion length of 2 µm, nondegenerate electrons in GaAs
at T = 3 K has been assumed. The effect of a moderate electric field is to dramatically alter the
decay length of the spins, both in the downstream and upstream directions. The inset shows the
upstream and downstream spin diffusion lengths as a function of applied electric field. Reproduced
with permission from Yu and Flatté (2002a). (b) The value of the applied electric field upon which
the drift term is larger than the diffusion term in Eq. (31). Reproduced with permission from Yu and
Flatté (2002b)

where the two quantities Ld and Lu are defined as the downstream (Aronov
and Pikus, 1976) and upstream (Yu and Flatté, 2002a,b) spin diffusion lengths,
respectively,

Ld =

[
−|eE|

2
µs

eDs
+

√(
eE
2

µs

eDs

)2

+
1
L2

]−1

, (36)

Lu =

[
|eE|

2
µs

eDs
+

√(
eE
2

µs

eDs

)2

+
1
L2

]−1

, (37)

and LuLd = L2.
As shown in Figure 10, even for a small electric field of 25 V/cm at T = 3

K the upstream and downstream spin diffusion lengths are very different from
the zero-field spin diffusion length. To see if these effects would be important at
room temperature, Ec from Figure 10b at a density of n = 1016 cm−3 should be
compared with typical lateral electric fields in devices. In order to maintain most
of the spin polarization upon traversing a device with a typical spin lifetime of
100 ps, an estimate of 10 ps for the transit time appears reasonable. For a typical
room-temperature mobility of 5000 cm2/Vs for bulk GaAs it would require an
electric field of 2000 V/cm to move a spin packet a typical device length of 1 µm
in 10 ps. This electric field is more than an order of magnitude larger than the
∼100 V/cm critical field at room temperature.
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Figure 11. (a) When a spin-polarized current flows into a nonmagnetic semiconductor the initial
conductivity is the same for spin-up and spin-down carriers. The excess carriers of one spin direction
enlarge the conductivity for that spin direction, which permits a greater spin-polarized current to
flow, leading to a larger spin injection efficiency in a feedback loop

The nature of spin transport in the drift regime has additional implica-
tions for the efficiency of spin injection from a ferromagnetic material into
a semiconductor. An initial exploration of the efficiency of spin injection from a
ferromagnetic metal into a semiconductor identified the conductivity difference
between the two materials as a major impediment to highly efficient spin injection
(Schmidt et al., 2000). Subsequent theoretical work found important exceptions
to this analysis, particularly in the common case of a spin-dependent interface
resistance (Rashba, 2000; Fert and Jaffrès, 2001; Smith and Silver, 2001).
These calculations ignored the drift term in Eq. (31). The large enhancement
of the downstream spin diffusion length pointed out by Aronov and Pikus (1976)
would lead to greater spin injection throughout the bulk of the semiconductor, but
does not directly indicate what the efficiency would be at the injection point.

Figure 11 indicates the physical effect of the drift term on the spin injec-
tion efficiency. Initially the conductivity of spin-up and spin-down carriers is the
same. However, once spin-polarized current starts flowing into the semiconductor
the conductivity of the injected spin direction increases and the conductivity of
the other spin direction decreases (because of local charge neutrality). Shown in
Figure 12 is the spin injection efficiency as a function of the electric field for
several values of the ratio of the conductivity in the ferromagnet to the conduc-
tivity in the semiconductor. No matter what the conductivity of the ferromagnet
is, the presence of the electric field dramatically enhances the spin injection effi-
ciency relative to the zero-field value. A similar effect is seen in the presence of
a spin-selective barrier. Here the effect of the drift term is to reduce the interface
resistance required for high-efficiency spin injection.

2.7 SPIN TRANSPORT—CONCLUDING REMARKS

For each interesting regime of charge transport there appears to be an interesting
regime of spin transport. The motion of charge polarization packets is governed
by the behavior of space charge fields and the requirement to maintain approxi-
mate local charge neutrality. The same requirements are present for spin packets,
although for spin packets it is not always necessary to have both carrier species
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Figure 12. Spin injection efficiency as a function of applied electric field for several values of
the ferromagnet/semiconductor conductivity ratio. Reproduced with permission from Yu and Flatté
(2002a)

present to avoid excess charge. Thus the motion of spin packets can differ greatly
from that of charge polarization packets. For nearly 100% spin-polarized magnetic
semiconductors the nature of the packets differs depending on whether the excess
spins are polarized parallel or antiparallel to the equilibrium carrier magnetiza-
tion. These same constraints on spin motion from local charge neutrality lead to
enhanced spin injection in the drift regime, where the downstream spin diffusion
length is much larger than the zero-field spin diffusion length, and the upstream
spin diffusion length (which influences spin injection efficiencies) is much smaller.

3 Spin Coherence Times in Semiconductors

A population of oriented spins in a nonmagnetic semiconductor represents a sys-
tem out of thermal equilibrium, and the decay of such a nonequilibrium distribu-
tion will be characterized by spin coherence times. A physically unambiguous
way of describing the evolution of that population can be achieved by distin-
guishing between a longitudinal spin coherence time (denoted T1 as in the nu-
clear magnetic resonance literature (Slichter, 1963)), which describes the decay
of the population’s magnetization parallel to an applied (and static) magnetic
field, and a transverse spin coherence time, denoted T ∗

2 , describing the decay of
the population’s magnetization perpendicular to that magnetic field. The time T ∗

2
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may differ from the transverse spin coherence time of an individual spin in the
ensemble, denoted T2, because of variability in the characteristics of the individual
spins. If each of the spins in the ensemble has a different g factor, for example,
the ensemble magnetization may disappear much more rapidly (due to different
rates of spin precession) than the coherence of each individual spin. If there is spin
exchange between members of this ensemble that have dephased relative to each
other, then the dephased population becomes incoherent as well. This mechanism
of dephasing followed by spin exchange (or other phenomena whereby the indi-
vidual spin orientations are mixed within the ensemble) is known as precessional
decoherence (Yafet, 1963).

The dominant mechanism for spin decoherence at and near room temperature
in direct-gap zincblende semiconductors is a form of precessional decoherence.
These materials are not inversion symmetric, and thus the energies of spin states
are not degenerate at a given crystal momentum k. This produces an effective
internal magnetic field for each carrier depending on k. The effective magnetic
field changes sign when the momentum changes sign, so for stationary distrib-
utions the average internal magnetic field vanishes. As the value of this field is
different at each value of k, however, the spin orientations of an initially polarized
distribution of spins will begin to precess relative to each other.

The rate of this precession can be quite fast, as a spin-splitting energy of
just one meV would produce a precession frequency in the hundreds of GHz.
Thus one might expect that spin coherence times would be extremely short in
such materials. Despite this expectation the observed spin coherence times, as
described in Chapter 4, can exceed 100 ns at low temperature. These much longer
spin coherence times are made possible by the much more rapid momentum
scattering times. In the simplest picture an orbital scattering event takes a carrier
in the ensemble from a momentum k to another momentum k′, whose internal
magnetic field has a different direction and magnitude. As the average internal
magnetic field vanishes, it is as likely as not that the internal magnetic field will be
pointing in the opposite direction. Thus instead of a coherent process of preces-
sion any specific carrier will undergo a random walk of spin precession, which is
much less effective at spin reorientation (D’yakonov and Perel’, 1972; Meier and
Zachachrenya, 1984).

The spin-dependent electronic structure of bulk and quantum well structures
has been calculated within the k · p approach. For bulk semiconductors the
approach is as follows. The wave functions at a general crystal momentum k can
be written as

ψk(r) = eik·ruk(r) = eik·r
∑

n

Cnun(r). (38)

The second portion of this equation denotes an expansion of the Bloch function
at nonzero k in terms of the Bloch functions at k = 0. When the sum over n is
complete then the representation in Eq. (38) is exact. In practice the sum over n is



20 SEMICONDUCTOR SPINTRONICS FOR QUANTUM COMPUTATION

restricted to a small number of nearby bands. An eight-band basis set (conduction,
heavy hole, light hole and split off hole of both spin directions) is a common
restricted set, and a 14 band basis set is also often used (Cardona et al., 1988),
which includes the heavy electron, light electron and split off electron of both spin
directions. The eight-band basis set is spherically symmetric unless diagonal terms
in the Hamiltonian are introduced to break that symmetry. The 14-band basis set
has intrinsic breaking of spherical symmetry (down to cubic) as well as breaking
of inversion symmetry (which produces internal effective magnetic fields). Thus
the 14-band basis set is a good choice for calculating spin-dependent properties
in zincblende bulk and quantum well semiconductors (Lau et al., 2001; Winkler,
2003; Lau et al., 2004).

Application of the Hamiltonian

H = − �
2

2m
∇2 + V(r) (39)

to the wave function in Eq. (38) produces three types of terms from the kinetic
energy operator. The two spatial derivatives can both be applied to the plane wave,
both to the Bloch function, or one can be applied to each. The result of this is

Hψ = eik·r
∑

n

(
En +

�
2k2

2m

)
Cnun(r) + eik·r

∑
n

Cn
i�k · p

m
un(r), (40)

where En are the energies of the Bloch functions

Hun(r) = Enun(r). (41)

The dominant contributions from the last term come from matrix elements
between the Bloch functions.

3.1 SPIN COHERENCE TIMES IN BULK SEMICONDUCTORS

Shown in Figure 13a are calculated spin coherence times from Lau et al. (2001)
for GaAs, InAs, and GaSb assuming that the mobility of the bulk material is
dominated by ionized impurity scattering. The agreement with experimental mea-
surements (Kikkawa and Awschalom, 1998) for GaAs at the higher temperatures
is quite good, whereas for low temperatures other spin relaxation mechanisms are
expected to dominate. There is good agreement for InAs with a room-temperature
measurement (Boggess et al., 2000). The electron densities are 1016 cm−3 for
GaAs, 1.7×1016 cm−3 for InAs, and 1.49×1018 cm−3 for GaSb. The difference in
slope between GaSb and GaAs occurs because GaSb is degenerate for this density.
The smaller spin coherence times in InAs and GaSb are due partly to the larger
conduction spin splitting, which originates from a larger ratio of the spin–orbit
coupling ∆ to the band gap Eg (see Cardona et al. (1988) for perturbative expan-
sions of spin splittings). As the relevant electronic states are near the band edge,
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Figure 13. (a) T2, T ∗
2 in bulk III-V semiconductors as a function of temperature. Solid with

squares and solid lines respectively represent the results of experiments on T ∗
2 (Kikkawa and

Awschalom, 1998) and the non-perturbative theory for bulk GaAs with T2 = T ∗
2 at the electron

density n = 1.0 × 1016 cm−3. Also shown are results for bulk InAs at n = 1.7 × 1016 cm−3 and bulk
GaSb at n = 1.49 × 1018 cm−3, which are indicated with dashed and dot-dashed lines respectively.
Also shown is T1 as a function of (b) mobility, (c) confinement energy, and (d) temperature, for
75 Å GaAs/Al0.4Ga0.6As MQWs at room temperature. Closed circles represent the results of ex-
periments (Terauchi et al., 1999). The non-perturbative theory results with mobility dominated by
optical phonon scattering (solid lines) and with mobility dominated by neutral impurity scattering
(dashed lines) are both shown, as well as the theory results from an approximate analytic expression
(D’yakonov and Kachorovskii, 1986) (dot-dashed lines). Reproduced with permission from Lau
et al. (2001)

perturbative expressions for the spin coherence times for these bulk semiconduc-
tors (D’yakonov and Perel’, 1972; Meier and Zachachrenya, 1984) are identical
to those obtained from the 14-band calculation within numerical accuracy. The
agreement between calculated and measured spin coherence times in Figure 13a
provides strong support for the dominance of the D’yakonov-Perel’ mechanism of
spin decoherence near room temperature. The model for spin relaxation for bulk
semiconductors (D’yakonov and Perel’, 1972) implies for these ensembles that
T ∗

2 = T2 at small magnetic fields. These materials have cubic symmetry, so in
this limit T1 = T ∗

2 = T2 as well. This equality does not apply for nanostructures,
for systems without a continuum of states (such as quantum dots), or for large
magnetic fields.

3.2 SPIN COHERENCE TIMES IN QUANTUM WELLS

In a nanostructure the coefficients Cn in Eq. (40) become position-dependent, and
turn into envelope functions. A proper calculation of the energies of the Bloch
functions due to composition and strain is essential for a proper evaluation of
the energies and wave functions for nanostructures. The results of calculations
of T1 for GaAs quantum wells are shown in Figures 13b–d. The spin-dependent
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electronic structure was obtained by writing the nanostructure electronic states
as spatially-dependent linear combinations of the 14 states in the basis. The full
Hamiltonian was then projected onto this restricted basis set, which produces a set
of 14 coupled differential equations for the spatially-dependent coefficients of the
basis states (generalized envelope functions) (Lau et al., 2001; Lau et al., 2004).
These equations were then solved in Fourier space according to the method of
Winkler and Rössler (Winkler and Rössler, 1993).

Experimental measurements (Terauchi et al., 1999) of T1 in 75 Å n-doped
GaAs/Al0.4Ga0.6As MQWs at 300 K are indicated in Figure 13(b–c) with filled
circles. The experimental results have been adjusted from Terauchi et al. (1999),
for the authors defined an effective spin flip time for a single spin, τs = 2T1, and
plotted their results for τs. The D’yakonov and Kachorovskii (1986) calculation
is an approximate analytic form for T1 (dot-dashed line in Figure 13b–d) and
does not depend on the dominant contribution to the mobility. It differs from the
experimental results by about a factor of 4. The more detailed theoretical calcu-
lations (Lau et al., 2001), shown as the solid line for a mobility dominated by
optical phonon scattering, and the dashed line for a mobility dominated by neutral
impurity scattering, are both in good agreement with the experimental results.
For clean systems the mobility should be dominated by optical phonon scattering,
which is closer to the experimental results than the other curve, whereas in dirty
systems the mobility should be dominated by neutral impurity scattering, again
closer to the experimental results for dirty systems. The spin coherence times have
been calculated without any adjustable parameters, indicating that the theoretical
understanding of the T1, T2, and T ∗

2 times in these systems is now quite good.

3.3 SPIN DECOHERENCE FROM INTERFACE INVERSION ASYMMETRY

The source of the inversion asymmetry that produces the spin decoherence shown
in Figure 13 is the inversion asymmetry of the bulk semiconductor constituents of
the bulk or quantum well material. There are other possible sources of inversion
asymmetry. The first is the presence of inversion symmetry breaking at the inter-
faces between two materials. Shown in Figure 14 are the interfaces between two
materials, InAs and GaSb, which are both zincblende semiconductors, but which
lack a common atom. As a result the interfaces must consist either of GaAs or
InSb bonds (or some combination of the two), neither of which occur in the bulk
of the material. The configurations for these two are shown in Figure 14.

In Figure 14a the configuration for a superlattice grown along the (001) orien-
tation is shown. Here there is no mirror plane possible in the structure, no matter
how the interfaces are grown. If the two types of interfaces (InAs on GaSb and
GaSb on InAs) are grown with the same types of bonds (such as InSb) then the
bonds at the two interfaces are rotated 90 degrees relative to each other, break-
ing the mirror symmetry. This additional inversion asymmetry can lead to much
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Figure 14. Schematic diagram of the interfaces in InAs/GaSb superlattices for (a): (001) and (b):
(110) directions of growth. The shades indicate, in order of increasing darkness, Sb, In, Ga, As.
Since InAs and GaSb have no atom in common, for (001) superlattices the interface potential is
intrinsically asymmetric, referred to as NIA. The two types of bonding configurations for (001)
superlattices are shown: different bond composition at the two interfaces (InSb and GaAs), or
bonds of the same composition (InSb is shown) but different orientation. In contrast, for (110)
no-common-atom superlattices, NIA is absent because the interfaces are mixed, containing equal
numbers of both anions and cations, leading to a symmetric interface potential. Reproduced with
permission from Hall et al. (2003a)

shorter spin coherence times than expected from calculations neglecting these
interface bonds (Olesberg et al., 2001).

In Figure 14b the configuration for a superlattice grown along the (110) di-
rection is shown. Here there is a mirror plane, and there is always a mix of GaAs
and InSb bonds. The result of this higher symmetry is a much longer spin co-
herence time for (110) structures when the spins are oriented parallel to the (110)
direction (D’yakonov and Kachorovskii, 1986; Ohno et al., 1999a; Lau and Flatté,
2002; Hall et al., 2003a).

3.4 TUNING SPIN COHERENCE WITH AN APPLIED ELECTRIC FIELD

The second source of inversion asymmetry is the presence of a graded compo-
sition or an applied electric field (Rashba, 1960; Bychkov and Rashba, 1984).
A particularly useful characteristic of this source is that it is externally tunable.
Due to the very long spin relaxation times in a (110) quantum well the spin
relaxation times in such a system should be adjustable over several orders of mag-
nitude if the electric field is applied parallel to the (110) direction (Lau and Flatté,
2002). Shown in Figure 15 are experimental results for a (110) GaAs/AlGaAs
quantum well and a (110) InAs/AlSb multiple quantum well. In both cases the spin
relaxation times are tunable when an electric field is applied. Theory predicts that



24 SEMICONDUCTOR SPINTRONICS FOR QUANTUM COMPUTATION

0.01

0.1

1

10 (a)

S
p

in
re

la
xa

tio
n

ra
te

(n
s−1

)

0 20 40 60 80
Electric field (kV cm−1)

1.5 0.0 −1.5 −3.0

Bias (V)

0 20 40 60 80 100
100

101

102

103

5

10

15

20

25

30
−200 −100 0 100 200

300 K

10 ps

300 K

Voltage per QW (mV)

Voltage per QW (mV)

Electric field (kV/cm)

S
pi

n 
lif

et
im

e 
(p

s)
S

pi
n 

lif
et

im
e 

(p
s)

0 50 100 150 200 250

(b)

(c)

Figure 15. (a) Spin-dynamics: Measured spin relaxation rate vs bias voltage and corresponding
electric field (open circles) for (110)-oriented pin mesa device at 170 K, compared with calculation
for a symmetrical QW (solid circles) and for a QW with one two-monolayer graded interface (solid
square) assuming electron mobility 0.6 m2 V−1s−1. Reproduced with permission from Karimov
et al. (2003). (b) Measured bias dependence of the spin relaxation time in a (110) InAs/AlSb
multiple quantum well at 300 K. (c) Theoretical spin lifetimes vs bias calculated using a 14-band
nonperturbative k · p nanostructure model. Reproduced with permission from Hall et al. (2005)

the tuning range would be much larger than seen experimentally. The discrepancy
for small applied electric fields probably occurs because the quantum wells are
not completely symmetric, even in the absence of an applied electric field. Shown
in Figure 15a is the spin relaxation rate for a quantum well with a non-symmetric
(graded) interface, which appears similar to the experimental measurements.

3.5 SPIN COHERENCE—CONCLUDING REMARKS

The results shown in this section demonstrate that the understanding of spin coher-
ence times in bulk and quantum well semiconductor is quite good. Quantitatively
accurate spin coherence times can be calculated, including the effects of inversion
asymmetry in the bulk material and in interface bonds. Even the tunable contribu-
tion from applied electric fields can be quantitatively calculated with considerable
accuracy. This spin relaxation rate tuning has been proposed as a mechanism for
switching spin transistors (Hall et al., 2003b; Hall and Flatté, 2006). Progress
towards greater control of the spin relaxation times can be achieved by growing
the quantum wells in a more symmetric fashion.
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The physics of quantum dots can be quite different due to the quenching of all
orbital motion, and the significant contribution of decoherence due to hyperfine
interactions. In lithographic quantum dots these times have been directly observed
(Petta et al., 2005). In self-assembled quantum dots very long T1 times have been
observed at low temperature (Kroutvar et al., 2004). Results on long T2 times in
such dots are presented in Chapter 4.

4 All-Electrical Control of Single Ion Spins in a Semiconductor

Let us now begin to explore the properties of individual spins embedded in semi-
conductors. Sensitivity sufficient to measure the fluctuation of a single spin has
been demonstrated using magnetic resonance force microscopy (Rugar et al.,
2004), noise spectroscopy (Xiao et al., 2004), optical spectroscopy (Gruber et al.,
1997; Jelezko et al., 2002), scanning tunneling microscopy (STM) (Manassen
et al., 1989; Durkan and Welland, 2002; Heinrich et al., 2004), and quantum point
contact conductivity (Elzerman et al., 2004). Proposed schemes to control a single
spin in a solid state environment rely on magnetic resonance (Kane, 1998; Loss
and DiVincenzo, 1998), optical manipulation (Imamoḡlu et al., 1999; Quintero
and Piermarocchi, 2005; Pryor and Flatté, 2006b), or the exchange interaction
(DiVincenzo et al., 2000; Petta et al., 2005).

This section will explore the properties of ionic spins and the next section
will investigate the properties of spins in quantum dots. Ionic spin states in solids
have several attractive characteristics for fundamental studies of spin dynamics
and for spin-based devices. An ionic spin system can be as uniform as a nuclear
spin system, but also can permit spin manipulation on short time scales as in a
quantum dot spin system. Controlling ionic single spins without any magnetic
fields, using techniques in which electric fields play the typical role of magnetic
fields, may provide a path to scalable quantum computation.

In Tang et al. (2006) an all-electrical scheme for ionic spin manipulation was
proposed in which the role of magnetic fields in traditional electron spin resonance
(ESR) was replaced by electric fields. In conventional ESR the energy splitting
between different spin states, and the couplings between them, are controlled by
magnetic fields because an electric field does not directly couple to the electron’s
spin. In a semiconductor crystal with tetrahedral symmetry and spin–orbit inter-
action (such as GaAs) a J = 1 ion spin (such as that of Mn in GaAs) will be
triply degenerate, however the energy splittings and the couplings between these
states depend linearly on the electric field strength, allowing rapid all-electrical
control. Thus all operations performed with magnetic fields in traditional ESR,
can be performed with electrical techniques.

A specific proposed setup for manipulating a single ion spin from Tang et al.
(2006) is shown in Figure 16. Tip-induced placement of Mn ions substituted
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Figure 16. Proposed configuration for the electric resonances of a single Mn dopant in GaAs.
A dc electric field Edc is applied via the electrical gates and the STM tip. The resonance is driven
by an additional small ac field. Reproduced with permission from Tang et al. (2006)

for Ga in a GaAs sample has been demonstrated experimentally (Kitchen and
Yazdani, 2005; Kitchen et al., 2006). Two gates are configured to apply an electric
field along the [001] axis. The STM tip serves as the third gate for spin manip-
ulation, and as a contact for initialization and detection. Taking advantage of the
(110) natural cleavage plane (which lacks surface states), the applied electric field
is confined in the (11̄0) plane and the orientation is specified by the angle θ from
the [001] axis.

4.1 PROPERTIES OF THE MN ION IN AN ELECTRIC FIELD

An isolated Mn atom has a half-filled 3d shell and the spins of all five 3d elec-
trons are aligned (Hund’s rule) to form a S = 5/2 ground state. In GaAs a hole
in the valence band compensates for the differing valences of Mn and Ga. The
core spin-valence hole dynamics are described with the following effective spin
Hamiltonian:

Hspin = αS · s + βl · s, (42)

where l and s are the orbital angular momentum (l = 1) and the spin of the bound
hole respectively. Tight-binding calculations (Tang and Flatté, 2004) estimate
the exchange coupling α and the spin-orbit coupling β to be about 300 meV
and −80 meV respectively. The exchange interaction binds the valence hole
with spin antiparallel to the Mn core spin with a binding energy of 113 meV
(Lee and Anderson, 1964). The spin-orbit interaction in GaAs configures
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the orbital angular momentum of the hole parallel to its spin. The total angular
momentum of the (Mn core + hole) complex is J = S + l + s, and the ground
state of this complex has J = 1 (both l and s are antiparallel to S), confirmed
via ESR (Schneider et al., 1987). Tang et al. (2006)’s proposals for spin control
involve energy scales smaller than α or β, so only the lowest energy multiplet
with J = 1 is of interest here.

The degeneracy of the J = 1 Mn ion can be substantially split by external
electric fields, and the eigenstates depend strongly on the electric field direction.
In Tang et al. (2006) this is the source both of state splitting (analogous to the static
magnetic field in traditional ESR) and state coupling (analogous to the oscillat-
ing perpendicular magnetic field in traditional ESR). The electric-field-dependent
Hamiltonian is

HI(E) = γ
[
Ex(JyJz + JzJy) + c.p.

]
, (43)

where E is an electric field, c.p. stands for cyclic permutation, and {x, y, z} stand for
the three major axes of the cubic crystal. Note that this Hamiltonian does not break
time-reversal symmetry, for the angular momentum operators J always appear in
pairs. The probability densities of the hole state found using tight-binding calcula-
tions and first-order perturbation theory (Tang et al., 2006) are γ = 6.4×10−30 cm,
corresponding to γE = 160 µeV for E = 40 kV/cm. This exceptionally large
splitting is equivalent to that generated by applying a 1 Tesla magnetic field using
the measured g-factor of 2.77 (Schneider et al., 1987). The linear dependence on
electric field, critical to producing a large splitting, originates from the lack of
inversion symmetry of the substituted ion in a tetrahedral host. The energy split-
tings from an electric field applied to bound states at inversion-symmetric sites in
crystals, or electrons bound in atoms or ions in vacuum, would depend quadrati-
cally on the electric field and would be correspondingly much smaller. The other
essential element causing this large splitting is the large (∼10Å) Bohr radius of
the bound valence hole (Tang and Flatté, 2004; Yakunin et al., 2004a). Recent
progress in theory and scanning tunneling microscopy of Mn dopants in III–V
semiconductors has confirmed the large spatial extent of the bound hole wavefunc-
tion (Arseev et al., 2003; Tang and Flatté, 2004; Yakunin et al., 2004a; Kitchen and
Yazdani, 2005). Thus the response of the Mn wavefunction to electric fields is sub-
stantial compared to other ion levels associated with transition-metal (magnetic)
dopants.

In the basis |X〉, |Y〉 and |Z〉, defined by Jα|α〉 = 0, Tang et al. (2006) write the
Hamiltonian as

HI(E) = −γE

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 Êz Êy
Êz 0 Êx
Êy Êx 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (44)
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The energy eigenvalues in units of γE are the roots of the characteristic polyno-
mial,

x3 − x + 2η = 0, (45)

where η = ÊxÊyÊz. A static electric field Edc splits all three eigenstates in energy
except when the field is in the [111] direction (or equivalent), for which two of the
eigenstates remain degenerate.

The energies of the three states are ξ1 = (− cos θ −
√

4 − 3 cos2 θ)/2, ξ2 =

(− cos θ +
√

4 − 3 cos2 θ)/2, and ξ3 = cos θ, shown by the solid, dashed, and
dotted curves respectively in Figure 17a. The eigenstate |ξ3〉 = |X −Y〉 is indepen-
dent of the electric field orientation. The independence of |ξ3〉 from E motivates
the construction of a pseudospin 1/2 from the other two states, |ξ1〉 and |ξ2〉.
These eigenstates can be written as |ξ1〉 = (sin Θ, sin Θ,

√
2 cos Θ) and |ξ2〉 =

(− cos Θ,− cos Θ,
√

2 sin Θ), where Θ is the angle between |ξ1〉 and the |Z〉 ba-
sis (Figure 17b). Note that all the eigenvectors are real because of time-reversal
symmetry.
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Figure 17. The ionic spin system as a function of the dc field orientation. (a) The energies of the
J = 1 states ξ1 (solid), ξ2 (dashed), and ξ3 (dotted). (b) The corresponding eigenvectors parametrized
by the angle Θ. (c) The coupling between |ξ1〉 and |ξ2〉 due to the ac field. (d) The scaled LDOS of
the two possible final states |ξ1〉 (solid) and |ξ2〉 (dashed) probed four monoatomic layers directly
above the Mn dopant. Reproduced with permission from Tang et al. (2006)
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4.2 INITIALIZATION

Tang et al. (2006) suggest preparing the initial pseudospin state by applying an
electric field to split the state energies, and allowing the hole to relax into the
ground state. The electric field from the STM tip locally bends the bands of the
semiconductor and permits ionization of the bound hole; this has been demon-
strated for Mn in GaAs (Yakunin et al., 2004a, b). Rapid initialization of a high
purity pseudospin state can be achieved by using the local band bending effect to
move the two higher-energy levels (ξ2, ξ3) to the position shown in Figure 18a,
so a hole in those states would ionize and be replaced by a hole in the lowest
energy state (|ξ1〉). At a temperature of 0.5 K and a dc field of 100 kV/cm, the
occupation of the next highest state (|ξ2〉) would be less than 10−4. Tang et al.
(2006) chose Edc such that |θ| < (π− tan−1

√
2), so that |ξ1〉 (not |ξ3〉) is the ground

state (see Figure 17(a)). Band bending also changes the effective radius of the
bound hole wave function; gate voltages applied at the surface could thus control
the coupling of two bound hole states in an analogous way to approaches in Loss
and DiVincenzo (1998) and Kane (1998) for quantum dots and donor states.

4.3 MANIPULATION

In order to manipulate the initialized spins the tip-sample bias should be in-
creased adiabatically (slower than �/(γEdc)) to bring all three levels into the

Figure 18. Schematics of controlling the spin states via local band bending. The dot-dashed lines
show the chemical potential. Shaded regions are filled states. CB and VB label the conduction and
valence bands of the semiconductor. (a) Initialization. For this voltage occupation of the |ξ1〉 state
dominates. (b) Manipulation: Bring all the states into the gap, but control the bias voltage below the
threshold where the current starts to tunnel through these states. The oscillating field (Eac) drives
transitions between the |ξ1〉 and the |ξ2〉 states. (c) Detection: Bring the final state further into the
gap, so that electrons can tunnel from the tip into the acceptor state. The final state is identified
according to the amplitude of the tunneling current (Figure 17(d)). Reproduced with permission
from Tang et al. (2006)



30 SEMICONDUCTOR SPINTRONICS FOR QUANTUM COMPUTATION

semiconductor’s energy gap (see Figure 18b). This shift with bias is described
for Mn in p-doped GaAs in (Yakunin et al., 2004a). The bias voltage has to be
maintained below the critical value at which electrons start to tunnel directly
through these levels, so that the transitions between these states remain coherent.
Spin resonance can now be driven by applying a small oscillating electric field
Eac(t) to the static field Edc. The Hamiltonian

HESR = HI(Edc) +HI[Eac(t)]. (46)

To have a well-defined pseudospin 1/2, constructed out of |ξ1〉 and |ξ2〉, the cou-
pling of these two states to |ξ3〉 must vanish. For the schematic in Figure 16
the oscillating field can be applied either along the [110] direction through the
STM tip or along the [001] direction through the gates. Both choices leave |ξ3〉
unaffected and only couple |ξ1〉 and |ξ2〉 to each other. To see how the states are
coupled by the ac field, Tang et al. (2006) wrote HI[Eac(t)] using the eigenstates
of HI(Edc) as a basis. For an ac field Eac(t) along the [110] direction,

HI[Eac(t)] = γEac cos(ωt)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
− sin 2Θ cos 2Θ 0
cos 2Θ sin 2Θ 0

0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (47)

The off-diagonal term cos 2Θ, plotted in Figure 17c, shows how the coupling
between the two coupled states changes with the field orientation. The coupling is
maximized when the static field is completely along the [001] direction (θ = 0).
Then the static and oscillating electric fields are perpendicular to each other, just
as the static and oscillating magnetic fields are perpendicular to each other in
traditional ESR. In the limit Eac � Edc, the diagonal term can be neglected and
this configuration works just like conventional ESR. The Rabi frequency obtained
from the standard Rabi formula is

�Ω =
1
2

√
(γEac cos 2Θ)2 + (�ω − γEdc

√
4 − cos2 θ)2 .

(48)

For Eac = Edc/4 = 25 kV/cm, and Θ = π/2, Ω/2π = 12 GHz, corresponding to
a Rabi time of 80 ps. Ensemble spin coherence times T ∗

2 measured by traditional
ESR in GaMnAs exceed 0.5 ns (several times the estimated Rabi time), and appear
due to the inhomogeneous environments of Mn ions (Schneider et al., 1987); the
T2’s of individual spins are expected to be considerably longer. Hyperfine interac-
tions, which significantly affect conduction electron spin coherence, are expected
to be weak for Mn ions as the overlap of the valence p orbitals with the nucleus is
small.
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4.4 DETECTION

High-fidelity determination of the orientation of the pseudospin can be achieved
by measuring the total tunneling current through the final state with the STM (Tang
and Flatté, 2005). When the tip-sample voltage is increased, and the semiconduc-
tor bands bend further (see Figure 18c), current starts to tunnel through the bound
hole wavefunction state (Yakunin et al., 2004a, b) and the tunneling current is
proportional to the probability density of the state at the STM tip location. The
spatial structure of these J = 1 states is highly anisotropic (Tang and Flatté, 2004;
Yakunin et al., 2004a, b), which permits a visibility approaching 90%. Spatial
averaging of the LDOS over a typical experimental 2 Å changes the visibility
by only a few percent. Current measurement timescales can be very fast as STM
experiments performed at 50 GHz have demonstrated (Steeves et al., 1998). So
long as the tunneling current is small it is possible to neglect spin flip during the
measurement.

Controllable coupling of two spins permits use of these Mn ions for quantum
information processing. Estimates of the overlap of holes bound to two separated
Mn ions (Tang and Flatté, 2004) indicate ∼100 meV splittings of Mn pair states for
ions separated by 12 Å along the (11̄0) direction. The overlap falls off for larger
separations according to the ∼13 Å wave function radius of the bound hole, so
would be ∼0.1 meV for two ions 10 nm apart. This overlap could be reduced,
increased, or eliminated with a gate between the two ions (Kane, 1998; Loss
and DiVincenzo, 1998). This overlap has been directly visualized recently with
STM (Kitchen et al., 2006). By using single-Mn manipulations to put single-ion
quantum information in the proper pair of single-Mn states, the Mn pair state
splitting can be used to perform CNOT operations in an analogous way to how
the singlet–triplet splitting is used for a CNOT with spin−1/2 qubits.

4.5 IONIC SPIN MANIPULATION—CONCLUDING REMARKS

This section has outlined a concrete proposal, presented in Tang et al. (2006),
for electrically initializing, manipulating, and detecting single pseudospin states
of a magnetic dopant in a semiconductor. All-electrical spin manipulation should
be possible for other impurities in tetrahedral semiconductors characterized by
J > 1/2 ground state spins (e.g. most transition metal ions in most tetrahedral
semiconductors, or the nitrogen-vacancy center in diamond). In a future scal-
able architecture the STM tip would be replaced by a gate-controlled contact.
The controlled resistance of that contact would permit alternation between the
gate configuration for manipulation and the contact configuration for initialization
and detection, all without moving parts. The [001] static electric field, here as-
sumed to be implemented with gates, may also be replaced by an internal electric
field from a doping gradient (such as in a p−n junction), or even a static strain
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field. The Mn ions could be controllably placed within the surface relative to
the contacts using current pulses from an STM tip as described in Kitchen and
Yazdani (2005).

5 Single-Spin Manipulation in Quantum Dots

Quantum computation using spin in quantum dots has some complementary
advantages to the ionic quantum computation approach described above. The
growth of quantum dots, often by strain-nucleated approaches or mesa lithogra-
phy, permits (through a choice of alloy composition, size and shape) a selection
of many physical properties, including confinement energy, overlap and g factors.
Quantum dots can also be defined by accumulation and depletion via gates in a
two-dimensional electron gas. To evaluate the potential success of proposals for
quantum dot quantum computation referred to in section 1 of this chapter it is first
necessary to develop accurate methods of calculating the electronic structure of
these quantum dots.

5.1 METHODS OF CALCULATING QUANTUM DOT ELECTRONIC
STRUCTURE

The methods of calculating quantum dot electronic structure are very similar in
perspective to those that have been developed for bulk electronic structures. Tight-
binding methods use a basis related to the atomic orbitals on individual atomic
positions within the crystal, and introduce hopping matrix elements. Pseudopo-
tential techniques are constructed from the opposite limit of nearly free electrons,
but still retain the atomistic nature of the lattice. Envelope function techniques
hide the atomistic aspect by working in a basis of zone-center Bloch functions.
As the spatial discretization of the envelope function techniques is not tied to the
atomic positions, a much larger grid point spacing can be used, and the calcula-
tions can thus run much faster than either the tight-binding or pseudopotential
techniques. Tight-binding and envelope-function techniques realized in a real-
space basis commonly generate sparse matrices, so finding extremal eigenvalues
for the Hamiltonian (such as the ground state energies of electrons and holes) can
be performed extremely rapidly using the Lanczos algorithm.

In this section some results will be presented based on calculations for quan-
tum dots that are performed as described in Pryor (1998). An eight-band envelope-
function k · p approach is used in a real-space finite-difference implementation.
The strain is taken from linear continuum elasticity theory. The strain energy is
evaluated within a finite difference approximation and is minimized using a con-
jugate gradient expansion. Hydrostatic, biaxial and shear deformation potentials
are included. Shown in Figure 19 are band edges from quantum dots along the
growth direction (Figure 19a) and along a direction perpendicular to the growth
direction, passing through the base as shown in Figure 19b. The modification
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Figure 19. Band structure based on the local value of the strain in a pyramidal quantum dot.
(a) Bands along the 001 direction, through the center of the island. (b) Bands along the 100 direction,
through the base of the island. Reproduced with permission from Pryor (1998)

of the energies of the heavy and light holes, shown in Figure 19a, is an indication
of the variation of the strain from biaxially tensile at the bottom of the dot to
biaxially compressive at the top.

5.2 OPTICAL SELECTION RULES FOR QUANTUM DOTS

One of the first issues to address is the potential modification of the selection
rules for quantum dots from the bulk or quantum well selection rules described
in Chapter 4. These selection rules can help determine whether optical initial-
ization or readout of a quantum dot quantum bit will be an effective approach.
They will also help understand the properties of spin-light-emitting-diodes (spin-
LED’s) based on quantum dots. This may help optimize spin-LED’s so they could
be used to electrically initialize spins in quantum dots for quantum computation.
Without a clear understanding of the selection rules one may not know if the polar-
ization efficiency of an LED reflects the efficiency of spin transport and injection
in the device, or simply the optical selection rules.

For hole spin injection into quantum wells for emission along the in-plane
direction (Ohno et al., 1999b; Kohda et al., 2001; Johnston-Halperin et al., 2002;
Young et al., 2002) the selection rules are somewhat controversial. Less is known
about the shape and configuration of quantum dots than is known about quantum
well structure, so one might worry whether it is possible to properly interpret the
results from spin-LED’s incorporating dots. Fortunately it is possible to calculate
the spin-photon conversion efficiency of these dots, including the symmetry and
strain of the dot material, and make quantitative statements about the selection
rules for dots of definite size and shape.

Recent experiments (Chye et al., 2002) have demonstrated a spin-LED in
which spin polarized carriers are injected into and recombine within InAs/GaAs
self-assembled quantum dots (SAQDs). The emitted light is partially circularly
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polarized, with the degree of polarization providing a measure of the spin in the
SAQDs. The conversion of electron spin to photon polarization is filtered through
the selection rules associated with the quantum well or dot. In Chye et al. (2002),
spin polarized electrons or holes were injected along the [001] growth direction
from a (Ga,Mn)As layer that was spin polarized along [110]. The light emitted
along the [110] direction was found to be only ≈1% circularly polarized, suggest-
ing a small spin polarization within the SAQD. However, due to the selection rule
uncertainty, a small photon polarization does not necessarily mean that the spin
polarization within the SAQD was small.

Pryor and Flatté (2003) calculated the circular polarization dependence of
dipole recombination from spin polarized states within a self-assembled InAs/
GaAs quantum dot to provide a measure of the efficiency with which spin po-
larized SAQD states are converted into circularly polarized photons. Calculations
were done for a range of sizes and shapes. The polarization was independent of
whether the injected spin polarized carriers are electrons or holes. The results
showed that the SAQD geometry and emission direction strongly influenced the
observed circular polarization, which varied from 0 to ≈20% (for 100% polarized
carriers). For a lens-shaped SAQD there is a nonzero polarization for directions
perpendicular to the growth direction only if the SAQD is elongated so as to break
azimuthal symmetry. That elongation is indicated by e, which is the ratio of the
semi-major to semi-minor axes of the dot footprint. Measuring along the growth
direction, however, gives near unity conversion of spin to photon polarization, and
is the least sensitive to uncertainties in SAQD geometry.

The situation considered by Pryor and Flatté (2003) had the electron spin po-
larized along a direction d and the emitted light observed along the same direction.
The emitted light was characterized by its degree of polarization defined by

Pd =
(I+

d − I−d )
(I+

d + I−d )
, (49)

where I±d is the intensity of light with ± helicity. The InAs SAQD was taken to be
an ellipsoidal cap, ellongated along [110] and surrounded by GaAs.

Pryor and Flatté (2003) calculated ground state electron and hole wave func-
tions using eight-band strain-dependent k·p theory in the envelope approximation,
by a method that has been described above (Pryor et al., 1997; Pryor, 1998). All
wave functions were computed numerically on a real space grid with spacing
set to the unstrained lattice constant of GaAs. Since strain and confinement split
the HH/LH degeneracy, all levels are doubly degenerate, with states that may be
denoted |ψ〉 and T |ψ〉, which are time-reverses of each other. Because the wave
functions were computed with a spin-independent Hamiltonian, the state |ψ〉 has a
random spin orientation. Spin polarized states were constructed by taking a linear
combination of the states comprising the doublet, and adjusting the coefficient so
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as to maximize the expectation value of the pseudospin operator projected onto a
direction d. That is, the complex number a that maximizes

[〈ψ| + a∗〈ψ|T ] d̂ · S
[|ψ〉 + aT |ψ〉]

(1 + |a|2)
(50)

was found, where the pseudospin operator in the eight-band model is given by

S =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
σΓ6 0 0
0 JΓ8 0
0 0 σΓ7

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ (51)

and σ and J are the spin-1/2 and spin-3/2 angular momentum operators respec-
tively. The spin-polarized states found this way are the eigenstates in a small
magnetic field oriented parallel to d, i.e. for B < (mc/e�)∆E, where ∆E is the
energy splitting of the top two orbital conduction states (for electrons) or va-
lence states (for holes). For the systems considered the minimum ∆E is 20 meV
(for holes), thus B < 100 T. Coulomb interaction between the electron and hole
does not appreciably change the results (Pryor and Flatté (2003) find a maximum
change in the polarization of 0.05 P).

For spin-polarized electrons and unpolarized holes, the intensity for emission
of circularly polarized light is given by

I±d = |〈ψv|ε̂±d · p|ψc〉|2 + |〈ψv|T ε̂±d · p|ψc〉|2, (52)

where |ψv〉 and |ψc〉 are the conduction and valence states with spin oriented along
d̂, p is the momentum operator, and ε̂±d is the circular polarization vector for ±
helicity with propagation along the direction d. The corresponding expression for
spin polarized holes and unpolarized electrons is

I±d = |〈ψv|ε̂±d · p|ψc〉|2 + |〈ψv|ε̂±d · p T |ψc〉|2. (53)

However, since T and p anticommute, Eqs. (52) and (53) give identical results.
For axially symmetric dots (e = 1) the polarization is zero, but increases as

the dots become more elongated. The polarization also increases with increasing
Eg with all other parameters held fixed. Finally, for a fixed elongation and fixed
band gap, shorter dots have a larger polarization. Taken together, these indicate a
general trend that the larger deviations from spherical symmetry result in larger
polarization, whether comparing dimensions in the [110] vs [11̄0] or [001] vs
[110].

The magnitude of the polarization is of great interest, since the experimentally
observed polarizations were only on the order of 1%. For the geometries consid-
ered, Pryor and Flatté (2003) found P[110] � 23%. Assuming nominal values
e = 1.2, h = 2.3, and Eg = 1.25 eV Figure 20 shows that for 100% polarized
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Figure 20. (a) Polarization along [110], as a function of elongation. (b) Polarization along [110],
as a function of band gap. Reproduced with permission from Pryor and Flatté (2003)

carriers, the light should be 5% circular polarized. This value of 0.05 for the
conversion efficiency suggests the observed 1% circular polarization (Chye et al.,
2002) was generated by carriers that were (1/0.05)% = 20% polarized. As the po-
larization’s dependence on elongation is roughly linear, an average elongation for
a dot ensemble would produce an average polarization roughly given by Figure 20
as well.

5.3 THE RESPONSE OF QUANTUM DOT SPINS TO A MAGNETIC FIELD

The Landé g factor of electron and hole spins in quantum dots is also a topic
of considerable interest. Confinement of the electrons and holes in the quantum
dots modifies the g factors. As the confinement can be changed by an applied
electric field the g factors can also be changed with a gate field. An experimental
demonstration (Kato et al., 2003) of driving spin resonance with this effect in
quantum wells suggests that single spins can also be manipulated in quantum dots
this way. An elegant method of manipulating these spins utilizes the tensor nature
of the g factor, and involves modifying the relative values of the tensor along
different directions. The Hamiltonian for such a spin would be

H = µB · g · S = �Ω · S, (54)

where Ω = B · g. Thus even for a static applied magnetic field, if the components
of the g tensor change in relative magnitude the precession vector for the spin
Ω could alter its direction. Representing this as a static component to Ω and a
time-dependent transverse component produces the same phenomenon of spin
resonance that can be achieved with a time-dependent magnetic field and a static g.

The electron g factor has been measured optically (Gupta et al., 1999; Bayer
et al., 1999; Goñi et al., 2000; Tischler et al., 2002) and electrically (Kouwenhoven
et al., 2001; Medeiros-Ribeiro et al., 2002; Hanson et al., 2003; Medeiros-Ribeiro
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et al., 2003). For large dots (Darnhofer et al., 1994; Kouwenhoven et al., 2001;
Hanson et al., 2003; Valı́n-Rodrı́guez et al., 2004), such as those defined litho-
graphically (Kouwenhoven et al., 2001) or by electrical gates (Hanson et al.,
2003), the magnetic fields of interest are usually large enough that the magnetic
length is smaller than the dot diameter. In this limit the g factors are closely related
to those of quantum wells, and theory (Valı́n-Rodrı́guez et al., 2004) appears to
agree with experiment (Hanson et al., 2003). The theoretical situation is much
less satisfactory for small dots—asymmetric structures grown by self assembly
in the molecular beam epitaxy (MBE) growth process or spherical nanocrystals
grown by chemical synthesis. Although several phenomena known to affect g-
factors in quantum wells (Ivchenko and Pikus, 1997; Winkler, 2003) have been
explored in quantum dots (Kiselev et al., 1998; Krasny et al., 2001; Nenashev
et al., 2003; Prado et al., 2003; Rodina et al., 2003; Prado et al., 2004; Schrier
and Birgitta Whaley, 2003), the electronic states in dots are discrete, and thus
differ qualitatively from semiconductors with unbounded motion in one or more
directions (Bimberg et al., 1998).

Semiconductor quantum dots also have fully coherent orbital electronic states
with very long-lived spin coherence (Gupta et al., 1999), so the physics of their
g factors is very different from that of metallic nanoparticles (Brouwer et al.,
2000; Matveev et al., 2000; Petta and Ralph, 2002) (whose g factors are dominated
by effects from incoherent orbital scattering and spin scattering). The orbital co-
herence of semiconductor quantum dot wavefunctions makes many dot properties,
such as the sharply-peaked optical transitions, resemble those of atoms more than
bulk semiconductors. If quantum dots are considered as “artificial atoms” and
approached with techniques developed for magnetic atom dopants in solids (Van
Vleck, 1932), then the relevant quantity is the ratio of the energy splitting between
different angular momentum states to the spin–orbit interaction, and for a strong
confining potential the g factor of dots should approach 2.

Pryor and Flatté (2006a) showed that the g factor of a ground state electron
or hole in a quantum dot depends significantly on an atom-like property: the
quenching of orbital angular momentum through quantum confinement. In bulk
semiconductors the conduction-band g factor is (Roth et al., 1959),

g = 2 − 2EP∆

3Eg(Eg + ∆)
, (55)

where Eg is the band gap, ∆ is the spin–orbit coupling, EP = 2〈S |P|X〉2/m is the
Kane energy involving S-like and P-like Bloch functions 〈S | and 〈X| respectively
(Ivchenko and Pikus, 1997), and m is the free electron mass. For unstrained spher-
ical InAs nanocrystals with hard wall boundary conditions only Eg changes, yet
Eq. (55) is a very poor predictor of g factors in these dots (Figure 21). Similar
conclusions can be obtained for InAs dots formed by self-assembly in MBE on
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Figure 21. Electron g factor for a spherical unstrained InAs quantum dot embedded in vacuum.
The dashed line indicates the result of Eq. (55) and the solid line the calculations in Pryor and Flatté
(2006a). Reproduced with permission from Pryor and Flatté (2006a)

GaAs substrates (Pryor and Flatté, 2006a). Thus the bulk-like approach to g fac-
tors in these quantum dots, averaging the g factors over the dot and barrier material
(Kiselev et al., 1998; Rodina et al., 2003), also fails. The competing influence of
atom-like and bulk-like effects predict that the growth-direction electron g fac-
tor increases with increasing dot size, whereas considering only bulk-like effects
leads to the opposite result. The results in Pryor and Flatté (2006a) agree with
recent experiments on electron g factors (Medeiros-Ribeiro et al., 2003).

Pryor and Flatté (2006a) presented calculations of quantum dot g factors at
T = 0 K using eight-band strain dependent k · p theory in the envelope approx-
imation with finite differences on a real space grid (Pryor, 1998). g came from
the spin splitting in a magnetic field of |B| = 0.1 T and the sign of g from the
spin direction of the lower energy state (parallel or anti-parallel to �B). Material
parameters were taken from Vurgaftman et al. (2001).

The magnetic field was included by coupling to both the envelope function
and the electron spin. The envelope was coupled to �B by making all difference
operators covariant using the standard prescription for introducing gauge fields
on a lattice. For example,

ψ(�r + ε x̂) − ψ(�r − ε x̂)
2ε

→ ψ(�r + ε x̂)Ux(�r) − ψ(�r − ε x̂)U†
x(�r − ε x̂)

2ε
, (56)

where ε is the grid spacing and Ux(�r) is the phase acquired by an electron
hopping from the site at �r to the site at �r + ε x̂. The U’s were determined by
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the requirement that transport around a plaquette produced the Aharonov–Bohm
phase corresponding to the encircled flux, for example,

Ux(�r)Uy(�r + ε x̂)U†
x(�r + εŷ)U†

y (�r) = exp(iε2B⊥e/�), (57)

where B⊥ is the magnetic field component perpendicular to the plaquette. The
electron spin was coupled to �B though a Pauli term for the Bloch functions,
given by

Hs =
µB

2
�B ·

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
2�σ 0 0
0 4

3
�J 0

0 0 2
3 �σ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (58)

where µB is the Bohr magneton and �σ and �J are the spin matrices for spin 1/2
and 3/2 respectively. The g factors for the Bloch functions are 2, 4

3 , and 2
3 for

the conduction, valence, and spin–orbit bands respectively. The Bloch function g
factors are determined solely by the angular momentum of the Bloch states.

To see the origin of the discrepancy between the Roth expression of Eq. (55)
and the results in Figure 21 consider the known origin of the effective g for con-
duction electrons in a bulk semiconductor (Roth et al., 1959). When a magnetic
field is applied, the orbital part of the wavefunction is modified into Landau
levels, corresponding to quantized orbital angular momentum along the axis of
the magnetic field. In a single band model the Landau levels’ orbital angular
momentum comes from the envelope function alone. When the conduction and
valence bands are coupled, there is also a contribution from the valence Bloch
functions, which have a significant spin–orbit coupling. The Zeeman energy now
splits the lowest Landau level into two spin-polarized Landau levels, one with spin
parallel to the quantized orbital angular momentum and one antiparallel. Although
the bare g = 2 lowers the energy of the parallel spin state and raises that of the
antiparallel state, the spin-orbit interaction preferentially aligns spin antiparallel
to the orbital angular momentum. When that effect is absorbed into an effective g,
it makes g < 2.

To isolate the effects of angular momentum quenching from those due to strain
and spherical symmetry breaking Figure 21 shows results from unstrained spheri-
cal InAs nanocrystals (Pryor and Flatté, 2006a). The calculations were done with
a high barrier (10 eV) to avoid any leakage of the wavefunction outside the dot.
For large dots (Eg ∼ 0.41 eV) the calculation agrees with the bulk-like formula
(Roth et al., 1959), however it rapidly diverges from Roth et al. (1959) for smaller
dots; when the confinement energy equals the bulk band gap of InAs the devi-
ation from g − 2 predicted by Eq. (55) is six times larger than the actual value.
Hole g factors for these nanocrystals show similar evidence of orbital angular
momentum quenching. Note that the quenching of orbital angular momentum for
the electron and hole states is compatible with the high fidelity selection rules for
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generating spin-polarized carriers in dots with optical means (Pryor and Flatté,
2003), because the optical transitions connect states with specific angular mo-
mentum (valence and conduction) whereas the g factors probe how much angular
momentum admixture is possible for B � 0.

5.4 SPIN-AC STARK EFFECTS IN QUANTUM DOTS

The spin-AC Stark effect permits the optically controlled spin manipulation of
individual spin states. Although it has been seen in atoms (Rosatzin et al., 1990),
the much larger oscillator strengths of quantum dots should permit much larger
effects. In a spin-selective AC Stark effect a quantum dot is illuminated with a
single intense pulse of circularly-polarized nonresonant light. Such a pulse shifts
the energies of dot states, and due to differing transition matrix elements the two
spin states are shifted differently. Hence this pulse produces a splitting of the two
lowest energy conduction states, even when they are coherently occupied by one
electron (Pryor and Flatté, 2006b). The splitting of these two states (spin-up and
spin-down) can be viewed as an optically-induced pseudo-magnetic field (�Be f f )
oriented along the propagation direction of the incident light. Direct application
of this approach to quantum computing is clear, for one well-known physical
realization of a single qubit operation is a magnetic field applied to a spin for
a definite period of time. As this pseudo magnetic field can be applied in the
absence of a real magnetic field, resonant oscillation of this precessing field is not
required.

Spin-splittings of states in undoped CdSe quantum dots (Gupta and Awschalom,
2001; Gupta et al., 2002) and coherent manipulation of ensembles of spins in
ZnMnSe quantum wells (Gupta et al., 2001) have been demonstrated experimen-
tally. Early theoretical considerations of the AC Stark effect (Cohen-Tannoudji
and Dupont-Roc, 1972; Combescot and Combescot, 1988; Cohen-Tannoudji et al.,
1998), however, focused on non-spin-selective shifts of energy levels. Recently
Pryor and Flatté (2006b) showed that the spin-AC Stark effect (1) produces coherent
rotations of electron spin in quantum dots with one electron, (2) the rotation angle
can exceed π for reasonable experimental parameters, and (3) the error rates are
tolerable for quantum computation.

The AC Stark effect with unpolarized light is a nonlinear effect whereby
light with photon energy tuned near to the absorption transition between two
states induces a level repulsion between the two states (Cohen-Tannoudji and
Dupont-Roc, 1972; Cohen-Tannoudji et al., 1998). In perturbation theory
(Combescot and Combescot, 1988) this level repulsion depends on I f /δ, where I
is the light intensity, f is the oscillator strength of the transition, and δ is the de-
tuning of the photon energy from the transition energy. When circularly polarized
light illuminates a transition from the first valence state pair to the first conduction
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Figure 22. (a) Stark splittings as a function of the bandgap for a detuning of 30 meV for InAs,
InAs/InP, InAs/GaAs, and CdSe quantum dots. The angle θs = ∆Eδt/� is for an incident 200 fs
pulse with 109 W/cm2. (b) Sensitivity of θs to variations in the bandgap as a function of bandgap
for detuning of 100 meV. Reproduced with permission from Pryor and Flatté (2006b)

state pair in a crystal with spin–orbit interaction the oscillator strengths of the
transitions differ considerably; this is the source of the effective spin splitting of
the conduction state pair.

Pryor and Flatté (2006b) calculated optical Stark shifts non-perturbatively
using a restricted basis of quantum dot wave functions calculated with eight-
band k · p theory in the envelope approximation. Because of the larger bandgap
and lack of strain, CdSe calculations were performed with a single-band model
for the conduction band, and a four-band model for the valence band. The CdSe
calculations were done for the zincblende form, and all material parameters were
taken from Madelung et al. (1982).

Pryor and Flatté (2006b) examined the effect of dot size on the spin splitting.
Shown in Figure 22a are the splittings for a detuning of 30 meV for four systems.
For spin manipulation it is useful to consider the precession angle associated with
a light pulse of duration δt, given by θs = ∆Eδt/� where ∆E is the Stark spin
splitting between up and down conduction states. In the results that follow, the
Stark splittings are given in meV along with the corresponding θs for a 200 fs
pulse with power density 109 W/cm2. The ∼2 meV spin splitting seen in CdSe
CQD’s agrees with that measured experimentally in undoped dots (Gupta and
Awschalom, 2001).

Bit errors may arise from a variety of sources, such as nonlinear effects and
free-carrier excitation (Gupta et al., 2001). Pryor and Flatté (2006b) focused on bit
errors due to a persistent problem with quantum dot systems, nonzero linewidths.
For measurements on an ensemble of dots, inhomogeneities in the dot size will
yield a different rotation angle for different dots. For a quantum computer, in
which individual dots will be selected, the finite line width of an individual state
will also cause some uncertainty in θs. To address this question, Pryor and Flatté
(2006b) calculated numerical estimates of

1
∆E

∂∆E(Eg, �ω)
∂Eg

=
1
θs

∂θs(Eg, �ω)
∂Eg

, (59)
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as shown in Figure 22b for a detuning of 100 meV. The results of Figure 22b
may be used to estimate the uncertainty in the rotation angle, ∆θs. For example,
an ensemble measurement of InAs/InP dots with an inhomogeneous linewidth
of 50 meV would give ∆θs ≈ 0.5 for a π-pulse, which should be sufficient to
permit observation of a spin echo. For a single dot with a linewidth of 0.1 meV,
∆θs ≈ 0.001, corresponding to a bit error rate of 10−6. This is sufficiently small
for quantum error correction algorithms to apply (desirable error thresholds have
been estimated (Preskill, 1998) at 10−5 − 10−6).

6 Spin-Selective Devices

One of the important quantum information capabilities proposed and developed
is the capability of teleporting quantum information. Leuenberger et al. (2005)
proposed a teleportation scheme for an arbitrary number of electronic qubits that
does not require an intermediate electronic qubit, or the use of external lasers to
implement a phase gate. Instead of generating and measuring Bell states between
the electronic qubits, this scheme relies on entangling both of the qubits with a sin-
gle photon, yielding three-particle entanglement (a Greenberger–Horne–Zeilinger
(GHZ) state (Greenberger et al., 1989)) of the qubit-photon-qubit Hilbert space.
Any qubit that can be entangled with a photon can be used, but for specificity
Leuenberger et al. (2005) considered qubits encoded in the electron spin of in-
dividual quantum dots. The establishment of spin–photon entanglement can then
occur naturally through conditional Faraday rotation in a microcavity. The en-
tanglement of the destination qubit and the photon can be performed first, and
this photon can be retained at the origin before it is entangled with the origin
qubit, thus this procedure is teleportation, not quantum transmission. The sending
of the photon from the destination to the origin, after it is entangled with the
destination qubit, is the step corresponding to the distribution of EPR pairs in
teleportation. The EPR pairs of Leuenberger et al. (2005), however, are a hybrid
consisting of an entangled electronic spin and photon polarization. Teleportation
can then be implemented using only single-photon measurements: measurement
of the polarization of the photon entangled with both qubits, and measurement of
the spin orientation of the origin qubit via a single photon.

Described below in detail is the teleportation scheme of Leuenberger et al.
(2005) for one qubit. Consider one excess electron in one quantum dot in a general
single-spin state

∣∣∣∣ψ(1)
e

〉
= α |↑〉 + β |↓〉, where the quantization axis is the z axis.

The photon propagating in the −z direction is initially linearly polarized in the x
direction, and interacts first with the destination spin, which is initialized parallel
to x. Thus the destination spin–photon wavefunction initially is

∣∣∣∣ψ(1)
pe′
〉

= |↔〉 |←′〉.
The orientation of the spin affects the possible virtual processes excited by the
photon, two of which are shown in Figure 23. For spin-↑, light of σ+

(z) polarization
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excites an electron and heavy hole (upper right, Figure 23), and light of σ−(z)
polarization excites an electron and a light hole (lower left, Figure 23). In both
cases the selection rules and Pauli blocking force the light subsequently emitted
from electron–hole recombination to have the same polarization as was absorbed,
and the final occupations of electron states in the dot (lower right, Figure 23)
are the same as the initial occupations. These virtual processes have different
probabilities, however, and this leads to Faraday rotation: a phase shift eiS hh

0 of
σ+

(z) and eiS lh
0 of σ−(z). If, however, the spin were ↓ instead the phase shift of σ+

(z)

light would be eiS lh
0 and of σ−(z) would be eiS hh

0 . Thus there is a conditional Faraday
rotation of the components of the electron–photon state depending on the photon
polarization and spin orientation.

After the interaction of the initially unentangled photon with the spin in the
quantum dot, the resulting electron–photon state is∣∣∣∣ψ(1)

pe′
〉

= eiS hh
0

∣∣∣∣ψ(1)
hh

〉
+ eiS lh

0

∣∣∣∣ψ(1)
lh

〉
, (60)

where
∣∣∣∣ψ(1)

hh

〉
=

(∣∣∣∣σ+
(z)

〉
|↑′〉 +

∣∣∣∣σ−(z)

〉
|↓′〉

)
/2 originates from the virtual process

where a photon creates an electron and a heavy hole, and
∣∣∣∣ψ(1)

lh

〉
=

(∣∣∣∣σ−(z)

〉
|↑′〉+∣∣∣∣σ+

(z)

〉
|↓′〉

)
/2 originates from the virtual process where the photon creates an
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electron and a light hole. Both
∣∣∣∣ψ(1)

hh

〉
and

∣∣∣∣ψ(1)
lh

〉
are EPR states. The photon state

|ϕ〉 = cosϕ |↔〉 + sinϕ |�〉 has a linear polarization rotated by ϕ around the z axis
with respect to the state |↔〉 of linear polarization in the x direction, and can be

written |ϕ〉 =

(
e−iϕ

∣∣∣∣σ+
(z)

〉
+ eiϕ

∣∣∣∣σ−(z)

〉)
/
√

2. Consequently,

∣∣∣∣ψ(1)
pe′
〉

=
ei(S hh

0 +S lh
0 )/2

√
2

(
|−S 0/2〉

∣∣∣↑′〉 + |+S 0/2〉
∣∣∣↓′〉) , (61)

where S 0 = S hh
0 − S lh

0 . Thus the spin–photon interaction produces a conditional
single-photon Faraday rotation around the z axis by the angle ±S 0/2. If S 0 = π/2,
the linear polarization of the incoming photon is rotated −π/4 by the spin up com-
ponent, and at the same time is rotated +π/4 by the spin down component, yielding
two orthogonal photon polarizations. Thus

∣∣∣∣ψ(1)
pe′
〉

= (|↘↖〉 |↑′〉 + |↗↙〉 |↓′〉) /
√

2,
which is maximally entangled. In order to enhance the spin–photon interaction
sufficiently to achieve S 0 = π/2, each quantum dot should be placed in its own
microcavity. Using a switchable cavity permits the precise control of the Faraday
rotation angle S 0/2 necessary for high fidelity teleportation. After interacting with
a spin at a destination (D′) the photon is sent to an origin (D), and can be retained
as a resource for teleportation from D to D′ until the spin at D′ decoheres. For
coherence times of 100 ns (Kikkawa and Awschalom, 1998) the maximum tele-
portation distance (determined by the speed of light) would be ∼15 m and for
10 ms (Kroutvar et al., 2004) it is 1.5 × 106 m.

When it is time to teleport the spin at D to D′ the photon is permitted to interact
with the quantum dot at D, giving rise to a GHZ state in the hybrid spin–photon-
spin system. After this interaction∣∣∣∣ψ(1)

epe′
〉

= ei(S hh
0 +S lh

0 )/2 (α |↑〉 |−S 0/2 − π/4〉
∣∣∣↑′〉 + α |↑〉 |−S 0/2 + π/4〉

∣∣∣↓′〉
+β |↓〉 |+S 0/2 − π/4〉

∣∣∣↑′〉 + β |↓〉 |+S 0/2 + π/4〉
∣∣∣↓′〉) /√2. (62)

Choosing S 0 = π/2,∣∣∣∣ψ(1)
epe′

〉
=
[
|�〉

(
−α |↑〉

∣∣∣↑′〉 + β |↓〉
∣∣∣↓′〉) + |↔〉

(
α |↑〉

∣∣∣↓′〉 + β |↓〉
∣∣∣↑′〉)] /√2. (63)

Changing to the S x representation for the spin at D yields∣∣∣∣ψ(1)
epe′

〉
=

{
|�〉

[
|←〉

(
−α

∣∣∣↑′〉 + β
∣∣∣↓′〉) + |→〉

(
−α

∣∣∣↑′〉 − β ∣∣∣↓′〉)]
+ |↔〉

[
|←〉

(
β
∣∣∣↑′〉 + α

∣∣∣↓′〉) + |→〉
(
β
∣∣∣↑′〉 − α ∣∣∣↓′〉)]} /√2. (64)

Performing the correct measurements completes the teleportation. If the linear
polarization of the photon is measured first, then depending on the two initial
spin orientations [see Eq. (63)], collapse of the wavefunction leaves the qubits
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at D and at D′ in one of the four Bell states. After performing a single-spin
measurement in the x direction of the spin at D (which, as described below,
can be done with a single photon), the spin state at D′ is projected onto [see
Eq. (64)]

∣∣∣∣ψ(1)
e1

〉
= −α |↑′〉+β |↓′〉,

∣∣∣∣ψ(1)
e2

〉
= −α |↑′〉−β |↓′〉,

∣∣∣∣ψ(1)
e3

〉
= β |↑′〉+α |↓′〉, or∣∣∣∣ψ(1)

e4

〉
= β |↑′〉−α |↓′〉with equal probability. These projections correspond exactly

to the states obtained in Bennett et al. (1993). After communicating classically the
outcome of the measurement of the linear polarization of the photon and D’s spin
orientation along Sx to D′, the original spin state of D can be reconstructed at
D′ and teleportation is complete. The same amount of classical communication
(two bits) is required for this approach as was required in Bennett et al. (1993).
However, no intermediate electronic qubit was required, and the measurements
are simply performed with single photons.

Faraday rotation to entangle the photon and electron spin [Eq. (60)] also pro-
vides the way to measure the spin with a single photon. Leuenberger et al. (2005)
assumes that the microcavities have an additional resonant mode at a different
frequency for photons propagating in the x direction. Equation (60) shows that
if the spin on the quantum dot points in the +x (−x) direction, this incoming
linearly polarized photon is converted into an outgoing circularly polarized pho-
ton σ+

(x) (σ−(x)). Measuring the circular polarization of the photon after it escapes
yields the spin orientation along x. Electrical single-spin measurements at D could
use instead a single electron transistor (SET), converting the spin information to
charge information (Loss and DiVincenzo, 1998; Friesen et al., 2004). Each of the
steps along the way could be performed with high fidelity (time-correlated single
photon counting permits a counting efficiency close to one (Becker et al., 2001)).

7 Conclusion

This chapter has described several properties of spin that may be relevant to
the successful achievement of high-fidelity quantum operations within a quan-
tum computer. The transport and persistence of spin orientation in an ensemble
has been described, which may assist in the preparation of highly oriented spins
to initialize a quantum computer. Approaches to accurately calculate the spin-
dependent electronic structure of bulk, quantum well, and quantum dot nanostruc-
tures have been described. Methods of initialization, manipulation, and detection
of coherence in ionic degrees of freedom have been identified. The use of ionic
spins may permit highly uniform systems of physical qubits to be generated.
Techniques for initializing and optically manipulating spins in quantum dots have
been presented, along with the physical origin of the Landé g factor in quantum
dots.

At this point it appears too early to know what approach will most rapidly
approach a scalable quantum computer in the solid state. Some approaches started



46 SEMICONDUCTOR SPINTRONICS FOR QUANTUM COMPUTATION

earlier, such as manipulation via the exchange interaction in lithographic quantum
dots, are now making rapid progress (Petta et al., 2005). The seven years between
the proposal of a quantum dot architecture for a quantum computer (Loss and
DiVincenzo, 1998) and the successful observation of single-spin decoherence
times in a quantum dot (T ∗

2 , as they were in a nuclear spin ensemble) (Petta
et al., 2005) provides some indication of the potential time between proposal and
successful demonstration in the field of solid-state quantum computation.
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Darnhofer, T., Broido, D. A., and Rössler, U. (1994) Dipole spectra of holes in quantum dots, Phys.
Rev. B 50, 15412–15415.

Datta, S. and Das, B. (1990) Electronic analog of the electro-optic modulator, Appl. Phys. Lett. 56,
665–667.

DiVincenzo, D. P., Bacon, D., Kempe, J., Burkard, G., and Whaley, K. B. (2000) Universal quantum
computation with the exchange interaction, Nature 408, 339–342.

Durkan, C. and Welland, M. E. (2002) Electronic spin detection in molecules using scanning-
tunneling-microscopy-assisted electron-spin resonance, Appl. Phys. Lett. 80, 458–460.

D’yakonov, M. I. and Kachorovskii, V. Y. (1986) Spin relaxation of two-dimensional electrons in
noncentrosymmetric semiconductors, Soviet Phys. Semiconductors 20, 110–112.

D’yakonov, M. I. and Perel’, V. I. (1972) Spin relaxation of conduction electrons in noncentrosym-
metric semiconductors, Soviet Phys. Solid State 13, 3023–3026.

Edelstein, V. M. (1990) Spin polarization of conduction electrons induced by electric current in
two-dimensional asymmetric electron systems, Solid State Commun. 73, 233–235.

Elzerman, J. M., Hanson, R., van Beveren, L. H. W., Witkamp, B., Vandersypen, L. M. K., and
Kouwenhoven, L. P. (2004) Single-shot read-out of an individual electron spin in a quantum
dot, Nature 430, 431–435.

Fert, A. and Campbell, I. A. (1968) Two-Current Conduction in Nickel, Phys. Rev. Lett. 21, 1190–
1192.

Fert, A. and Jaffrès, H. (2001) Conditions for efficient spin injection from a ferromagnetic metal
into a semiconductor, Phys. Rev. B 64, 184420.
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Abstract: This chapter is about the role of electron–electron interactions in spin-polarized trans-
port. It begins with a review of the drift–diffusion theory of spin transport in the presence of
electron–electron interactions. The formulation of the theory differs from the usual noninteracting
formulation due to the presence of off-diagonal elements in the resistivity, diffusion, and susceptibil-
ity matrices. The central concept of spin Coulomb drag (SCD) is introduced phenomenologically
and is immediately applied to the study of spin-packet evolution and spin valve devices. I then
review the microscopic theory of the SCD and the intimately related concept of spin mass. Recent
experiments on the SCD are described. As a final application, the spin Hall conductivity of a doped
semiconductor is calculated in the presence of electron–electron interactions.

Keywords: spin transport, spin Coulomb drag, spin valve devices, spin mass, spin Hall effect

1 Drift–Diffusion Theory for Charge

The drift–diffusion theory is an essential tool for the analysis of modern electronic
devices (Streetman and Banerjee, 1980). Let us first review the theory for charge
transport and then we will see how it is generalized to include the spin.

The electric current density, J, in a metal or in a semiconductor is the sum of
two pieces: the drift term, which is proportional to the electric field E, and the
diffusion term, which is proportional to the gradient of the carrier density n:

J = σE − qD∇n , (1)

where σ is the electric conductivity, and D is the diffusion constant. J is related
to the carrier current density, j, by J = qj, where q is the charge of the carriers
(q = −e for electrons, q = e for holes). Equation (1) is derived from the classical
Boltzmann equation in the limit that the density and the external potentials are
slowly varying on the scale of the mean free path. σ and D are connected by the
Einstein relation,

σ = q2D
∂n(µc)
∂µc

, (2)

where the compressibility ∂n(µc)
∂µc

(also known as thermodynamic density of states)
is the derivative of the carrier density with respect to the local chemical potential

∗Work supported by NSF Grant No. DMR0313681

53
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µc, i.e., the chemical potential measured from the bottom of the conduction band
for electrons, or from the top of the valence band for holes. The electric field E is
determined by the Maxwell equation

∇ · E =
ρ

ε0
, (3)

where ρ is the net charge density of the mobile carriers plus the stationary back-
ground charges (e.g., the donors in an n-type doped semiconductor). Equations (1)
and (2) can be combined to yield

J = σ

[
E − ∇µc

q

]
= −σ∇µ

q
, (4)

where the electrochemical potential µ ≡ qφ + µc is the sum of the chemical
potential µc and the electrostatic potential energy qφ (φ is the electrostatic
potential, related to the electric field by E = −∇φ).

The second form of Eq. (4) reveals the physical content of the Einstein rela-
tion. Namely, the current vanishes when the electrochemical potential is constant
in space, i.e., when the system is in equilibrium: for in that case the diffusion
current due to the non-uniformity of the charge distribution is cancelled by the
drift current due to the electric field.

The other fundamental property that is used in calculating the current and
charge distributions is the local conservation of the electric charge, mathemati-
cally represented by the continuity equation

∇ · J = −∂ρ
∂t

. (5)

Here ρ can be safely replaced by qn since the stationary charges do not contribute
to the time derivative.

Equations (3)–(5) constitute a closed set of equations for the current and the
charge distributions. In metals, these equations imply that any charge imbalance
is effectively “screened out” over a microscopic length scale

λ =

(
e2

ε0

∂n
∂µc

)−1/2

. (6)

The screening occurs during a very short time (dielectric relaxation time) render-
ing diffusion irrelevant. In doped semiconductors, due to the presence of carri-
ers of opposite polarities (electrons and holes), density inhomogeneity can occur
without breaking charge neutrality. Diffusion processes become then very impor-
tant (Smith, 1978). We will see later that spin degrees of freedom allow normal
metallic systems to behave in ways that are characteristic of bipolar systems.

The above discussion is quite general: the main physical assumption is
the existence of a local relation between the current density and the gradient
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of the electrochemical potential. Both quantum mechanics and many-body theory
are needed for the determination of the homogeneous conductivity σ and the
compressibility χc ≡ ∂n

∂µc
. χc is strongly affected by quantum statistics and

many-body correlation, and is accurately extracted from quantum Monte Carlo
calculations (Giuliani and Vignale, 2005). The calculation of σ is more complex.
At not too low temperatures, kBT > �/τ, the interactions are ignorable since they
do not change the total momentum. Impurities produce the Drude conductivity

σ =
ne2τ

mb
, (7)

where τ is the elastic scattering time and mb is the effective mass of the band.
Phonons give contributions to the resistivity proportional to T or T 5 in dif-
ferent regimes. Distintive signatures of the Coulomb interaction arise only at
very low temperature, with non-analyticities first pointed out by Altshuler and
Aronov (1985). We will now show that much stronger interaction effects arise
when the spin of the carriers is taken into account, when carriers of opposite spin
orientations are allowed to move independently.

2 Drift–Diffusion Theory for Collinear Spins

Generalizing the drift–diffusion equations to take into account the spin degree of
freedom is not as simple as it sounds. In fact, it has not yet been done in the
general case of interacting electronic systems with noncollinear spin orientations.
Here we will content ourselves with the simpler case in which one component
of the spin (say the z-component) is conserved, or nearly conserved. Then spin
up and spin down electrons can be regarded, in a first approximation, as two
different species of carriers, like electrons and holes in semiconductors. Even in
this simplest of treatments, however, we must allow for slow relaxation processes
that flip the spin to establish the correct equilibrium polarization. These processes
are the analogue of electron–hole recombination in semiconductors. What will
not be allowed in our model is the possibility of an electron being in a coherent
superposition of up and down spin. This is of course a serious restriction if one
wants to study spin–orbit interaction effect, or the Zeeman coupling to a magnetic
field of spatially varying direction. Fortunately, the restricted approach is sufficient
to study the basic giant magneto-resistance (GMR) effect (Baibich et al., 1988)
and the interaction corrections to it, as well as the spin Coulomb drag (SCD)
effect (D’Amico and Vignale, 2000).

Assuming that spin–orbit interactions and noncollinear fields are negligible,
we will now develop the two-component drift–diffusion theory for collinear spins.
The generalization of Eq. (4) for electrons (q = −e) with spin is

Jα =
∑
β

σαβE +
∑
β

eDαβ∇nβ , (8)
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where α and β are spin indices (= +1 or −1 for spin up or down, respectively), nβ
is the density of β-spin electrons, andσαβ, Dαβ are 2×2 matrices, which generalize
the homogeneous conductivity and the diffusion constant. The electric field does
not have a spin index, since it couples in the same way to electrons of either spin
orientation. J↑ and J↓ are the electric current densities associated with each spin
orientation. The normal electric current is simply the sum J = J↑ + J↓, while the
z-component of the spin current is Jz = − �

2e
(
J↑ − J↓

)
. These currents satisfy a

generalized form of the continuity equation

∇ · Jα = e
∂nα
∂t

+ e
(
δnα
ταᾱ

− δnᾱ
τᾱα

)
, (9)

where the second term on the right hand side takes into account spin–flip
processes. Here δnα ≡ nα − n0,α is the deviation of the density from its local
equilibrium value, n0,α, and 1

ταᾱ
is the rate at which α-spin electrons are flipped

to the ᾱ ≡ −α state. Naturally, the two spin flip rates 1
ταᾱ

and 1
τᾱα

are mutually
related, as we will see later in this and in the next section.

The Einstein relation, Eq. (2), is readily generalized by noting that both cur-
rents J↑ and J↓ must vanish in a non-homogenoeus equilibrium state. This require-
ment leads to the condition

σ̂ = e2D̂ · χ̂, (10)

where σ̂ and D̂ are shorthands for the 2 × 2 matrices σαβ and Dαβ, and χ̂ is a
shorthand for the susceptibility matrix

χαβ ≡
∂nα
∂µcβ

, (11)

which describes the response of the densities to independent variations of the
chemical potentials of the two species (Giuliani and Vignale, 2005).

Another important connection between the susceptibility matrix χ̂ and trans-
port properties comes from the requirement that spin–flip processes do not change
the equilibrium spin distribution. This means that a change in spin densities that
merely reflects a shift in the common chemical potential of the two species must
not contribute to the relaxation term on the right hand side of Eq. (9). Such a
change in spin densities has the form δn↑ = (χ↑↑ + χ↑↓)δµc and δn↓ = (χ↓↑ +

χ↓↓)δµc, where δµc is the common shift in the chemical potential. This implies
that (Hershfield and Zhao, 1997)

χ↑↑ + χ↑↓
τ↑↓

=
χ↓↑ + χ↓↓

τ↓↑
. (12)

We will make repeated use of this useful identity in the analysis of spin-polarized
transport.
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3 Spin Coulomb Drag—An Introduction

Before considering some applications of the drift–diffusion equations let us pause
to discuss one of the most significant features of Eq. (8), namely the presence
of the off-diagonal terms σ↑↓ and D↑↓ in σ̂ and D̂. These terms arise primarily
from the Coulomb interaction and are a manifestation of the spin Coulomb drag
(SCD) (D’Amico and Vignale, 2000).

The nature of the Coulomb contribution to the off-diagonal conductivity can
be easily understood at the phenomenological level. Let us write the equation of
motion for the total momentum Pα (per unit volume) of the α-spin component:

Ṗα = −enαEα + Fαᾱ −
Pα
τα

+
Pᾱ
τ′α

. (13)

Here Fαᾱ is the net force exerted by ᾱ-spins on α-spins; Pα
τα

is the rate of change
of Pα due to electron-impurity collisions in which the electron is scattered out
of its initial momentum state (with or without spin flip); finally Pᾱ

τ′α
is the rate of

change of Pα due to electron-impurity collisions in which an electron of spin ᾱ
is scattered into a state of spin α. τα and τ′α are momentum relaxation times and
should not be confused with the spin–flip relaxation time ταᾱ introduced in Eq. (9).
Furthermore τα is largely dominated by non-spin–flip processes: it is basically the
Drude scattering time.

From Newton’s third law one immediately sees that Fαᾱ = −Fᾱα, and Galilean
invariance requires that F depend only on the relative drift velocity of the two spin
species. This leaves us no choice but to write

Fαᾱ = −γmb
nαnᾱ

n
(vα − vᾱ) , (14)

where γ is a positive coefficient, which we call spin-drag coefficient. Equations
(13) and (14) form a closed set of linear equations for the homogeneous current
densities Jα = −e Pα

mb
. For a periodic electric field of angular frequency ω their

solution yields the homogeneous resistivity matrix ρ̂(ω) = σ̂−1(ω) in the following
form:

ρ̂(ω) =

⎛⎜⎜⎜⎜⎜⎜⎝
−iω mb

e2n↑
+

mb
n↑e2τ↑

+
n↓
n↑

mb
ne2γ − mb

n↑e2τ′↑
− mb

ne2γ

− mb
n↓e2τ′↓

− mb
ne2γ −iω mb

e2n↓
+

mb
n↓e2τ↓

+
n↑
n↓

mb
ne2γ

⎞⎟⎟⎟⎟⎟⎟⎠ . (15)

Several features of this matrix are worth commenting. First, the matrix is sym-
metric, as it must be, because n↑τ′↑ = n↓τ′↓ (a fact that will be verified explicitly
at the end of this section). Second, the off-diagonal elements are negative. This
makes perfect sense once it is understood that ρ↑↓ is the electric field induced in the
up-spin channel by a current flowing in the down-spin channel when the up-spin
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current is zero. Since a down-spin current in the positive direction tends to drag
along the up-spins, a negative electric field is needed to maintain the zero value
of the up-spin current. There is no limit, in principle, on how large the absolute
value of ρ↑↓ can be. The only physical restriction is that the eigenvalues of the real
part the resistivity matrix be positive to ensure positivity of dissipation. Finally,
observe that the spin drag coefficient appears both in the diagonal and in the off-
diagonal elements of the resistivity: this ensures that spin drag effect is absent
when up- and down-spin electrons move with the same drift velocity, i.e., when
J↑
n↑

=
J↓
n↓

.
Looking at Eq. (15) we see that the off-diagonal resistivity has contributions

not only from the SCD but also from spin–flip processes. What about the
relative importance of these two contributions? At very low temperature spin
flip processes win because in this limit the Coulomb scattering is suppressed by
phase space restrictions (Pauli’s exclusion principle), and γ tends to zero as T 2

(see section 6). On the other hand 1
τ′ is generally very small for two reasons:

first, the spin–orbit interactions that are responsible for spin–flips are weak, as is
evidenced by the long spin relaxation times τs ∼ 50 ns and spin diffusion lengths
Ls ∼ 200 µm (Kikkawa et al., 1997; Kikkawa and Awschalom, 1998); second,
the spin–flip scattering process does not effectively transfer momentum between
the two spin channels. To understand the second point consider a down-spin
electron that collides with an impurity and is thereby scattered into the up-spin
stream (Figure 1). Such an electron is almost equally likely to be moving in any
direction after the collision, and therefore does not significantly contribute to the
up-spin current. So taking τ′ ∼ 500 ns (10 times longer than the spin relaxation
time) and the peak value of 1

γ ∼ 1 ps (of the order of the Drude scattering
time) at temperatures of the order of the Fermi energy TF (∼300 K in doped

Coulomb scattering Spin-flip scattering

p

1/τ'

p’

pp+q

p’-q

γ~T2

p’

Figure 1. Momentum transfer between opposite spin channels: Coulomb scattering vs spin–flip
processes
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semiconductors of current interest) we estimate that the Coulomb contribution
will dominate the off-diagonal resistivity for T > 10−3TF ∼ 0.3 K.

An explicit expression for 1
τ′α

can be obtained from the analysis of the collision
integral in the Boltzmann equation. This expression has the form

1
τ′α

= − 1
nᾱ

∑
kk′

f ′0(εkα)W s f
kα,k′ᾱk · k′δ(εkα − εk′ᾱ) , (16)

where W s f
kα,k′ᾱ is the scattering probability from state kα to state k′ᾱ, and f ′0(εkα)

is the derivative of the equilibrium distribution with respect to the single-particle
energy εkα. Notice that 1

τ′ vanishes for short-ranged scatterers, i.e., when W s f is
independent of k and k′. From this expression we can also see that n↑

τ′↓
=

n↓
τ′↑

and

hence n↑τ′↑ = n↓τ′↓, as required for the symmetry of the resistivity matrix (15).
The corresponding expression for the spin drag coefficient γ is

γ =
n

nαnᾱ

∑
kk′′

WC
kα,pᾱ;k′α,p′ᾱ

(k − k′)2

4mkBT
f0α(εk) f0ᾱ(εp) f0α(−εk′) f0ᾱ(−εp′)

× δk+p,k′+p′δ(εkα + εpᾱ − εk′α − εp′ᾱ) , (17)

where WC
kα,pᾱ;k′α,p′ᾱ is the probability that two electrons with momenta and spins

kα and pᾱ scatter into states k′α and p′ᾱ. This expression will come handy in
section 9, when we discuss the spin Hall effect in the presence of interactions.

4 Drift–Diffusion Theory—Continued

Most applications of the drift–diffusion theory start from the drift–diffusion equa-
tion, which is obtained by substituting Eq. (8) in the continuity equation (9), and
then making use of Eq. (3) to express the divergence of the electric field in terms
of the net electric charge density ρ. This gives the following two equations (one
for each α):

σα
ε0

ρ

e
+ ∇σα · E +

∑
β

Dαβ∇2nβ =
∂nα
∂t

+

(
δnα
ταᾱ

− δnᾱ
τᾱα

)
, (18)

where we have defined
σα ≡ σαα + σαᾱ . (19)

Notice that we have dropped a term
∑
β ∇Dαβ · ∇nβ from the left hand side of this

equation: this is justified only if the density is slowly varying, so that the product
of the two gradients is negligible.
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The first term on the left hand side (known as the space-charge term), plays
an important role in the equation. If we assume, as normally is the case, that the
system is electrically neutral at equilibrium, then we have

ρ = −e(δn↑ + δn↓) . (20)

The dielectric relaxation time τd =
ε0
σ (roughly the time it takes a local charge

accumulation to spread out) is much shorter than all other relaxation times. There-
fore the space charge term is huge unless ρ is very nearly zero. This implies that
on a timescale longer than τd the system can be considered neutral (δn↑ = −δn↓)
and only the difference of the two densities

δm ≡ δn↑ − δn↓

needs to be calculated. In order to take advantage of this fact we multiply Eq. (18)
by ασα and sum over α: this eliminates the space charge term. Then and only then
are we allowed to set δn↑ = −δn↓ = δm

2 . The result is the drift–diffusion equation
for the spin density

∂δm
∂t

= −δm
τs

+ Ds∇2δm + µsE · ∇δm , (21)

where

1
τs

=
1
τ↑↓

+
1
τ↓↑

(spin relaxation time),

Ds =
σ↓D↑ + σ↑D↓
σ↑ + σ↓

(spin diffusion constant),

µs =
σ↓µ̃↑ + σ↑µ̃↓
σ↑ + σ↓

(mobility) . (22)

The notation is summarized in Table 1.
The largest effect of the electron–electron interaction is to enforce charge neu-

trality, which allows us to derive an equation for the spin density alone. Because
up- and down-spin densities are “tied together” by the charge neutrality condition,
the spin diffusion constant Ds turns out to be a weighted average of the diffusion

TABLE 1. Summary of notation for the
drift–diffusion equation in the presence of
electron–electron interactions

D↑ = D↑↑ − D↑↓ µ̃↑ = µ̃↑↑ − µ̃↑↓
D↓ = D↓↓ − D↓↑ µ̃↓ = µ̃↓↓ − µ̃↓↑
σα ≡

∑
β σαβ µ̃αβ ≡ ∂σα

∂nβ
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constants of each spin. The weight factor for each species is the conductivity of
the other species (Smith, 1978). This means that in a spin polarized system the
diffusion constant of the minority spins will dominate, since it is weighted by
the large conductivity of the majority spins. Similarly, the effective mobility is
dominated by the mobility of the minority spins. Just as the speed of a fleet is
limited by the speed of its slowest ship, the diffusion constant and the mobility of
a spin packet are controlled by the mobility of its slowest component.

The other many-body effect is of course the SCD, which is responsible for the
off-diagonal contributions to D↑ and D↓, shown in Table 1.

Equation (18) can be solved by standard methods. For a spin packet that is
initially localized at the origin (δm(r, 0) = ∆Mδ(r)) one has

δm(r, t) = ∆Me−t/τs
e−|r+µsEt|2/4Dst

(4πDst)3/2 , (23)

i.e., a Gaussian of width (Dst)1/2, whose center drifts with a velocity vd = −µsE,
and whose total strength decays as e−t/τs . An application of this formula to opti-
cally induced spin packets will be presented in the next section.

The elimination of the space-charge term in Eq. (18) followed by the impo-
sition of the charge-neutrality condition is a convenient approximation when the
primary interest is the spin density. However, in the analysis of electronic devices,
one is often interested in the spatial dependence of the electrochemical potentials
µα = −eφ + µc,α, which determine the current through the equation

Ĵ = −σ̂ · ∇µ̂ . (24)

(Here Ĵ and µ̂ denote the column vectors
(

J↑
J↓

)
and

(
µ↑
µ↓

)
, respectively, and the dot

denotes the usual matrix product). In such cases the spin-channel projected theory
is not recommended, because even a tiny violation of local charge neutrality can
give rise to large differences in the electrochemical potentials of the two species,
and hence in the electric currents.

A simple theoretical treatment can still be developed under the assumption that
the deviation of the electrochemical potential from its uniform equilibrium value
is small. Then, in the linear approximation, the deviation of the density from local
equilibrium is given by

δnα =
∑
β

χαβδµc, β =
∑
β

χαβ
(
δµβ + eδφ

)
, (25)

where δµα is the deviation of the full electrochemical potential from equilibrium,
and δφ is the change in electric potential. Making use of this relation it is possible
to rewrite Eq. (18) as an equation for the electrochemical potentials. The calcula-
tion is simpler in the limit of weak electric field, for in that case the ∇σ · E term
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can be neglected. Then, after simple transformations which are described in the
Appendix we arrive at the useful equation

∇2
(
δµ↑
δµ↓

)
= χ̂−1 ·

⎛⎜⎜⎜⎜⎜⎝
1

D̃↑τ↑↓
− 1

D̃↑τ↓↑

− 1
D̃↓τ↑↓

1
D̃↓τ↓↑

⎞⎟⎟⎟⎟⎟⎠ · χ̂ ·
(
δµ↑
δµ↓

)
, (26)

where
D̃↑ ≡

1
(D̂−1)↑↑ − (D̂−1)↑↓

, D̃↓ ≡
1

(D̂−1)↓↓ − (D̂−1)↓↑
. (27)

Notice that in this equation the space-charge effect is included in the electric part
of the electrochemical potential. In the next section we will illustrate the use of
this equation in the analysis of spin-valve devices. For the time being we notice
that the matrix

Γ = χ̂−1 ·
⎛⎜⎜⎜⎜⎜⎝

1
D̃↑τ↑↓

− 1
D̃↑τ↓↑

− 1
D̃↓τ↑↓

1
D̃↓τ↓↑

⎞⎟⎟⎟⎟⎟⎠ · χ̂ , (28)

appearing on the right hand side of (26) has two eigenvalues: one is 0 and the
other is

1
L2

s
≡ 1

D̃↑τ↑↓
+

1
D̃↓τ↓↑

, (29)

where Ls is the spin diffusion length. The existence of the eigenvalue 0 is a direct

consequence of the identity (12): the associated right eigenvector is
(

1
1

)
, which

corresponds to the conserved electric charge mode. The second eigenvalue (29)
follows from the fact that the trace of a matrix is the sum of its eigenvalues. The
right eigenvector associated with this eigenvalue is easily shown to be proportional

to
(
σ↓
−σ↑

)
or, equivalently (

1/σ↑
−1/σ↓

)
, (30)

which is the spin mode. We will make heavy use of these eigenvectors in the
analysis of spin-valve devices.

5 Simple Applications

5.1 SPIN PACKET DIFFUSION

Spin packets can be injected by shining circularly polarized light on doped
as well as undoped GaAs. Their time evolution can be monitored by
measuring the Faraday-rotation angle of linearly polarized probe light at
different times (Kikkawa and Awschalom, 1998; Kikkawa and Awschalom, 1999).
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Figure 2. Diffusion of a spin packet entails oppositely directed flows of up- and down-spin
electrons

Figure 2 illustrates the typical structure of a spin packet in a doped semiconductor
– an excess of spin up electrons neutralized by an equal deficiency of spin-down
electrons. Such packets offer an ideal testing ground for the spin drift–diffusion
equation (21) and its solution, Eq. (23). The calculations are particularly simple
in the spin-unpolarized case since all the matrices have equal diagonal elements
and equal off-diagonal elements. For example, the resistivity matrix is

ρ̂ = ρD

(
2 + γτ −γτ
−γτ 2 + γτ

)
, (31)

where ρD is the usual Drude resistivity and the scattering time τ is spin-
independent. Its inverse, the conductivity matrix is

σ̂ =
ne2τ

4mb(1 + γτ)

(
2 + γτ γτ
γτ 2 + γτ

)
. (32)

The susceptiblility matrix χ̂ has a similar structure, with χ↑↑ = χ↓↓ and χ↑↓ = χ↓↑.
We introduce the spin susceptibility

χs ≡ χ↑↑ − χ↑↓ − χ↓↑ + χ↓↓ = 2(χ↑↑ − χ↑↓) . (33)

Then making use of the Einstein relation (10) we obtain (D’Amico and Vignale,
2001)

Ds = D↑↑ − D↑↓ =
σ↑↑ − σ↑↓

e2(χ↑↑ − χ↑↓)
=

nτ
mbχs(1 + γτ)

. (34)

A similar calculation leads to the conclusion that the spin-packet mobility µs is
unrenormalized by Coulomb interactions, i.e., we have

µs =
eτ
mb

. (35)
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The physical meaning of these equations is quite clear. The spin diffusion
constant is renormalized by Coulomb interactions in two different ways: through
the spin Coulomb drag coefficient γ (see Figure 2 and its caption) and through the
renormalization of the spin susceptibility.

The formula for Ds should be compared to the well-known formula that
expresses the electrical diffusion constant, Dc, in terms of the electrical conduc-
tivity and the proper electronic compressibility χc ≡ 2(χ↑↑ + χ↑↓):

Dc =
σD

e2χc
=

nτ
mbχc

. (36)

The ratio between the two diffusion constants is

Ds

Dc
=
χc/χs

1 + γτ
. (37)

Notice that there is no limit to how large the SCD renormalization can get as
the electron mobility increases, i.e., as τ tends to infinity. The reason for this is
that in the limit of infinite mobility the diffusion constant approaches the finite
“intrinsic” limit

Ds
τ→∞→ Ds,i =

n
mbχsγ

(38)

instead of growing indefinitely as it would in a noninteracting system. This intrin-
sic limit is large but not unreachable in high-mobility doped GaAs.1

As for the ratio χc/χs, its value is well known from quantum Monte Carlo stud-
ies of the homogeneous electron liquid. This ratio tend to 1 in the noninteracting
limit (with both χc and χs tending to the density of states at the Fermi surface), and
it is also 1 to first order in the Coulomb interaction. Differences between χc and χs
are due to the existence of a finite χ↑↓, which appears only to second order in the
Coulomb interaction.2 The correlation effects that are responsible for χ↑↓ enhance
the compressibility while reducing the spin-susceptibility: therefore χc/χs is
larger than 1, but typically only by a few percent at the densities of interest.3

Optical measurements of the spin diffusion constant have recently been done
by Kikkawa and Awschalom (1998) and Weber and Awschalom (2005). The

1Of course, this assumes that γ is nonzero. This in turn requires a finite temperature, implying
that other mechanisms, such as electron–phonon scattering, would prevent in practice the diffusion
constant from diverging.

2 In Landau’s theory of Fermi liquids one has

χc

χs
=

1 + Fa
0

1 + Fs
0
, (39)

where Fs
0 and Fa

0 are the phenomenological Landau parameters with angular momentum � = 0 in
the spin and density channels, respectively.

3However, the spin susceptibility will diverge at the onset of ferromagnetism in the electron
liquid. Accordingly, the spin diffusion constant should vanish at the ferromagnetic transition.
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Figure 3. Theoretically calculated spin-diffusion constant (in units of the classical diffusion con-
stant Dclass) for n-doped GaAs at three different temperatures. The results for the interacting system
(I) are plotted as solid lines, and are lower than the results for the non-interacting system (NI,
dashed lines). The star is the experimental point measured by Kikkawa and Awschalom (1999) at
T = 1.6 K. Inset shows the relative importance of SCD and spin-susceptibility enhancement at 300
K. The curve labelled “D” shows the effect of the SCD alone

second set of measurements focused specifically on the spin diffusion constant
in high mobility samples and will be discussed extensively in section 7, after the
microscopic theory of γ is presented in section 6.

Figure 3 shows the numerically calculated spin diffusion constant for n-type
doped GaAs as a function of doping density at three different temperatures. The
SCD coefficient γ was obtained from the semi-analytical microscopic theory of
section 6. The mobility was taken to be 3 × 103 cm2/Vs—a value appropriate
for the experiments at 1.6 K. Ds is expressed in units of the classical diffusion
constant Dclass = nkBT

4n↑n↓
, where kB is the Boltzmann constant. The graph also

shows the experimental point from the paper of Kikkawa and Awschalom (1999)
at T = 1.6 K.

There was initially some surprise at the large value of Ds (about 10 times the
classical value). This is now well understood to be a consequence of the degen-
erate character of the carriers in these high density samples. As emphasized by
Flatté and Byers (2000), electron doping is essential to achieve good spin-packet
mobility: in an undoped sample the spin-packet would inevitably include a hole
component in the valence band, with drastic reduction of the mobility.

Figure 3 shows that interaction effects are relatively small (∼20%) at the
chosen value of the mobility. Indeed the intrinsic Ds at n = 1016 cm−3 and
T = 1.6 K is of the order of 104cm2/s, more than a thousand times larger than
the reported value of Ds: this is a clear indication that disorder is the main
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diffusion-limiting mechanism in these samples. As expected, both the spin drag
and the spin susceptibility reduce Ds, and the first effect appears to dominate at
room temperature: this is demonstrated in the inset where the curve calculated
including SCD only is found to be very close to the curve that includes both SCD
and the spin susceptibility enhancement.

5.2 SPIN VALVE DEVICE AND SPIN INJECTION

Figure 4 shows schematically the structure of a spin valve device. A nonmagnetic
doped semiconductor is sandwiched between two ferromagnetic metallic elec-
trodes (Baibich et al., 1988; Valet and Fert, 1993; Schmidt et al., 2000, 2001).
An electric field is applied across the structure by means of a battery connected
to the electrodes. The resistance of this device depends significantly on the rel-
ative orientation of the magnetizations in the two electrodes—this is the GMR
effect in the current-perpendicular-to-plane (CPP) configuration. Our objective
is to calculate this dependence, as well as the values of the spin currents and
the spin accumulations at the metal-semiconductor interfaces—all including the
effect of the spin Coulomb drag. I first discuss the device within the framework
of Eq. (26), which is valid for weak electric field. At the end of this section I will
show how the conclusions of this analysis must be modified in order to take into
account a strong electric field (Yu and Flatté, 2002). The calculations that follow
are based on the following assumptions (Vignale, 2005): (i) the SCD is apprecia-
ble only in the semiconductor region; (ii) the semiconductor region is essentially
paramagnetic; (iii) the conductivity of the ferromagnetic electrodes σ̂ f , is purely
diagonal and strongly dependent on the spin polarization p ≡ n↑−n↓

n↑+n↓
. Thus we have

σ
f
↑↑ =

1+p
2 σ f , σ f

↓↓ =
1−p

2 σ f , σ f
↑↓ = 0, or, more compactly,

σ̂ f =

( 1+p
2 σ f 0

0 1−p
2 σ f

)
, (40)

where σ f is the total electrical conductivity for both spin channels.

x
-W/2 +W/20

V

FM

J

FM

NM
JJ

∆µ

FM

Figure 4. Schematics of a spin valve device



MANY-BODY EFFECTS IN SPIN-POLARIZED TRANSPORT 67

Equation (26) is now written for each of the three homogeneous sections of
the device:

d2µα(x)
dx2 =

∑
β

Γαβµβ(x) , (41)

where the matrix Γ̂ has, in each section, the eigenvectors
(

1
1

)
(with eigenvalue 0)

and
(

1/σ↑
−1/σ↓

)
(with eigenvalue 1

L2
s
), with the values of the parameters appropriate

for that section of the device. Recall that µα in Eq. (41) includes the electrostatic
potential due to the battery: its value must therefore vary from − eV

2 at x = −∞ to
eV
2 at x = ∞, where V is the potential difference supplied by the battery.

In the case of parallel magnetizations in the two electrodes the solution for
µ(x) is odd under inversion about the center x = 0: µα(x) = −µα(−x) and vanishes
at x = 0. Furthermore, it must be finite and continuous at the metal–semiconductor
interfaces, which we put at x = ±W/2. Its derivative must be continuous too. The
solution that satisfies all these condition is (for x < 0) (Vignale and D’Amico,
2003; Vignale, 2005)

(
µ↑
µ↓

)
=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

eJW
σ f

[[
−C0

2 +
(

1
2 + x

W

)] ( 1
1

)
+ 2C1e

W/2+x
L f

(
(1 + p)−1

−(1 − p)−1

)]
, x < −W

2 ,

eJW
σs

[
x

W

(
1
1

)
+ 2C2 sinh

(
x

Ls

) ( 1
−1

)]
, − W

2 ≤ x ≤ 0,

(42)
where J is the charge current, σ f and σs are the conductivities of the ferromag-
netic ( f ) electrodes and of the semiconductor, and L f and Ls the spin diffusion
lengths in the electrodes and in the semiconductor, respectively. Notice that the
continuity of the charge current, J, is already built in Eq. (42). The value of
the conserved current is determined by the boundary condition µα(±∞) = ±eV .
The three constants C0, C1, and C2 are determined from the continuity of the two
electrochemical potentials and of the spin current j↑(x)− j↓(x) at x = −W/2. Their
explicit forms are easily found to be

C0 =
σ f

σs +
2p2

D sinh
( W
2Ls

)
,

C1 = − p(1 − p2)
2D sinh

( W
2Ls

)
,

C2 =
pσs

2σ fD
, (43)

with

D =
W
(
1 − p2

)
L f sinh

( W
2Ls

)
+

Wσs

Lsσ f

1
1 + γτ

cosh
( W
2Ls

)
. (44)
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Figure 5. Electrochemical potentials µ↑/eJ and µ↓/eJ for the spin valve device of Fig. 4 in the
case of parallel alignment of the electrodes. We assume σ f /σs = 10, Ls = 2W, Lf = 4W and
p = 0.99. x is in units of W and µ↑/eJ–a resistivity–is in units of 1/σs

As mentioned above, the solution for x > 0 is obtained by means of the symmetry
relation µσ(x) = −µσ(−x). Notice how the SCD renormalization factor 1 + γτ
enters these expressions only at one place, namely in the expression for D.

The behavior of the solution is shown in Figure 5. Far from the interface both
µ↑ and µ↓ vary linearly, with slope eJ

σ f . This slope is the electric field times e.
Near the interfaces (typically within distances Ls and L f of it) the behaviors of the
two chemical potentials begin to differ qualitatively. The majority spin potentials
remains more or less constant within the metallic regions, but the minority spin
potentials change more rapidly, indicating an accumulation of down-spin electrons
on the left interface and a depletion of down-spin electrons at the right interface.
(This is not surprising when you think that the electronic current flows from right
to left, implying that the electrons that enters the left electrode come from a region
in which they are equally likely to have their spin oriented in either direction.)

Let us now look at the electrochemical potentials inside the semiconductor
region (|x| < W/2). Consider the noninteracting case (γ = 0) first. The slopes of
the up-spin chemical potential is greatly increased and overcomes the slope of the
down-spin chemical potential. In particular, the slopes at the geometric center of
the device are

E↑(0) =
J
σs +

JW p
Lsσ fD

E↓(0) =
J
σs −

JW p
Lsσ fD

, (45)

so the up-spin field is larger than the down-spin field, but the difference is very
small if σ f � σs. This is known as the conductivity mismatch problem (Schmidt
et al., 2000). It implies that the spin polarization of the current in the semicon-
ductor will be extremely small if the conductivity of the semiconductor is much
smaller than that of the ferromagnetic electrodes. One way to make up for this
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is to increase the spin polarization of the electrodes or the spin diffusion lengths
to the point that the first term in D becomes negligible with respect to the second,
and we have D ≈ W

Ls

σs

σ f
1

1+γτ . Then the electrochemical fields at the center of the
device are approximately given by

E↑(0) ≈ Jp
σs

[
1 + p(1 + γτ)

]

E↓(0) ≈ Jp
σs

[
1 − p(1 + γτ)

]
. (46)

In this case the difference between the electrochemical fields is large and can
support a significant spin polarization of the current.

In the absence of SCD we see that E↓(0) → 0 for p → 1, indicating that in
this limit only up-spin electrons flow through the device, as intuition suggests.
But when SCD is taken into account something strange happens: now E↓(0) be-
comes negative if p > 1

1+γτ . At first sight this seems absurd, because we know
that no spin-down current must flow for p � 1. But in the presence of SCD the
spin-down current is determined by both E↑ and E↓. The negative value of E↓ is
needed precisely to cancel the effect of the positive E↑, which drags the down-
spin electrons along with the up-spin electrons. The experimental observation of
a negative electrochemical field acting on the spin down electrons would provide
unambiguous evidence for the SCD. The second equation (46) shows that this
change in sign can occur at relatively small values of p, provided γτ is large.
Realistic values of γτ will be discussed in the next section.

One can also ask how the SCD affects the spin injection efficiency β ≡ J↑−J↓
Jp .

A simple calculation gives

β =
1

1 + (1 − p2) Lsσ f

L fσs (1 + γτ)
. (47)

For p very close to 1 it is easy to see that the efficiency remains close to 100%, and
is essentially unaffected by the SCD. For smaller values of p, however, the SCD
considerably reduces the efficiency of spin injection. This is shown in Figure 6
where β is plotted as a function of the ratio σ↑↓

σ f = 1
4

γτ
1+γτ .

Let us now consider the electrical resistance of the spin valve device. Far from
the interfaces the electrochemical potentials of the two spin orientations tend to
common values µ− = − eJW(C0−1)

2σ f + eJx
σ f for x → −∞ and µ+ = +

eJW(C0−1)
2σ f + eJx

σ f for
x → +∞. The difference between these two asymptotic behaviors is e times the
voltage drop due to the presence of the semiconductor layer. Hence, the resistance
of our device (per unit cross-sectional area) is given by

Rp = Rc(p) + Rs +
2W p2

Dσ f sinh
( W
2Ls

)
, (48)
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Figure 6. Effect of SCD on spin injection efficiency in the spin valve device for different values
of the polarization p of the electrodes. Here p = 1− 0.1/n4 with n ranging from 1 (bottom curve) to
10 (top curve) in steps of 1. The parameters (other than p) are the same as in the caption of Fig. 5

where Rc(p) is the combined resistance of the electrodes and the external wires,
and Rs = W

σs is the ordinary resistance of the semiconductor. The last term on the
right hand side of this equation arises from the spin accumulations at the interfaces
between the electrodes and the semiconductor.

In order to calculate the magnetoresistance one must compare this resistance
with that of a similar device in which the two ferromagnetic electrodes are
magnetized in opposite directions. The solution for the electrochemical potentials
in this second case has the form (Vignale, 2005)

(
µ↑
µ↓

)
=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

eJW
σ f

{[
−C′

0
2 +

(
1
2 + x

W

)] ( 1
1

)
+ 2C′

1e
W/2+x

L f

(
(1 + p)−1

−(1 − p)−1

)}
, x < −W

2 ,

eJW
σs

{
x

W

(
1
1

)
− 2C′

2 cosh
(

x
Ls

) ( 1
−1

)}
, − W

2 ≤ x ≤ 0,

(49)
where the constants C′

0 −C′
2 are given by

C′
0 =

σ f

σs +
2p2

D′ cosh
( W
2Ls

)
,

C′
1 = − p(1 − p2)

2D′ cosh
( W
2Ls

)
,

C′
2 =

pσs

2σ fD′ , (50)

and

D′ =
W
(
1 − p2

)
L f cosh

( W
2Ls

)
+

Wσs

Lsσ f

1
1 + γτ

sinh
( W
2Ls

)
. (51)
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Figure 7. Electrochemical potentials of the spin valve device of Fig. 4 in the case of antiparallel
alignment of the electrodes. The parameters and the units are the same as in the caption of Fig. 5
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Figure 8. Comparison of spin-accumulation resistance for parallel and antiparallel alignment of
the electrodes for different values of the spin drag coefficient γ

The solution for x > 0 is obtained by means of the symmetry relation µσ(x) =

−µ−σ(−x). A representative plot of µ↑ and µ↓ is shown in Figure 7.
From this solution, following the same procedure used in the case of parallel

magnetizations of the electrodes, we obtain a resistance per unit area

Ra = Rc(p) + Rs +
2W p2

D′σ f sinh
( W
2Ls

)
. (52)

The magnetoresistance is given by the difference Ra − Rp. Figure 8 compares the
behavior of the spin-accumulation contributions to Rp and Ra (i.e. the last terms
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on the right hand sides of Eqs. (48) and (52)) as functions of p for different values
of γτ. Clearly, the effect of γτ becomes significant only for large polarizations,
but what is interesting is that the resistance in the antiferromagnetic channel is
enhanced much more than in the ferromagnetic channel. Hence the GMR effect is
strongly enhanced by the SCD when the polarization of the electrodes approaches
100%.

Our analysis of the spin valve device thus far has been based on the assumption
that the electric field is weak. Recently Yu and Flatté (2002) have questioned
this assumption, and analyzed the current characteristics of the device for large
electric field based on the complete diffusion equation (21). They have shown
that in a typical doped semiconductor even a modest electric field of 1 V/cm is
“large”, and its main effect is to create two different spin diffusion lengths, one
shorter and one longer than the zero-field spin diffusion length, one “upstream”
and one “downstream” the electric field. Details of this study are presented in the
chapter by Flatté in this book. Subsequently the effect of the electric field has
been carefully studied by D’Amico (2004), with inclusion of the SCD in both the
degenerate and nondegenerate regimes. Here it suffices to say that the net effect
of the electric field on the spin injection coefficient β (see Eq. (47)) is to replace
Ls in Eq. (47) by the shorter “upstream” diffusion length

1
Lu

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
eE

2kBT
+

√(
eE

2kBT

)2

+

(
1
Ls

)2
⎫⎪⎪⎪⎬⎪⎪⎪⎭
−1

. (53)

The effect of the SCD is still entirely contained in the 1+γτ factor of that equation.

6 Microscopic Theory of Spin Coulomb Drag

We have seen that in order to set up and solve the drift–diffusion equations we
need to know the homogeneous conductivity matrix σ̂ and the homogeneous sus-
ceptibility matrix χ̂: the Einstein relation (10) does all the rest. The susceptibility
matrix is an equilibrium property which has been calculated by quantum Monte
Carlo. For the conductivity, however, we do not have such a luxury and must resort
to approximations.

As discussed in section 3 a key quantity is the spin drag coefficient γ. It
turns out that this can be obtained quite easily by a simple Fermi golden rule
calculation in which the matrix element of the electron–electron interaction be-
tween plane wave states near the Fermi surface is taken to be vq

ε(q,0) , where vq

is the Fourier transform of the Coulomb interaction (= 2πe2

εbq in two dimensions,
4πe2

εbq2 in three dimensions), εb is the background dielectric constant, and ε(q, 0)
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is the contribution of the doped electrons to the static dielectric constant. More
complicated effects are simply neglected.4

To build a more general formalism we resort to the Kubo formula for the
conductivity:

σαβ(ω) = − 1
iω

e2

mb

(
nαδαβ +

〈〈Pα; Pβ〉〉ω
m

)
, (54)

where the symbol

〈〈A; B〉〉ω = − i
�V

∫ ∞

0
〈[A(t), B(0)]〉eiωtdt (55)

represents the retarded linear response function for the expectation value of an ob-
servable A to a perturbation that couples linearly to the observable B. Here A(t) =

eiHt/�A(0)e−iHt/� is the time evolution of the operator A under the Hamiltonian H
wich includes electron–electron interactions, but not the coupling to the external
electric field. [A(t), B(0)] denotes the commutator of A(t) and B(0), and 〈...〉 de-
notes the equilibrium average of the quantity within brackets. In Eq. (54) Pα is the
total momentum associated with the α-spin component of the electron gas , that is

Pα ≡
N∑

i=1

pi
1 + ασz,i

2
, (56)

where pi is the momentum of the i-th electron and �

2σz,i is the z-component of the
spin of the i-th electron. V is the total volume of the electron gas (or the area in
two dimensions).

An immediate problem in the evaluation of Eq. (54) is that the quantity
〈〈Pα; Pβ〉〉ω vanishes for a clean translationally invariant system without electron–
electron interactions,5 but jumps to a finite value (−nmδαβ at ω = 0) as soon
as an infinitesimal amount of disorder is introduced into the system. This is
because in the zero frequency limit the 〈〈Pα; Pβ〉〉ω of Eq. (54) must cancel the
free-electron pole coming from the first term (we assume that the system is not
a superconductor!). This is nice, but it also means that perturbation theory with
respect to disorder must necessarily fail at frequencies ω � 1

τ where τ is the
electron–impurity mean collision time.

4One of the effects that are neglected in the naive theory is the exchange correction to the
scattering rate. This arises because the scattering takes place not between single plane wave states
but between Slater determinants of plane waves. Fortunately, in this case, there is no exchange effect
in leading order, since the primary scattering process involves two electrons of opposite spins, which
are effectively made distinguishable by their different spin.

5This is an immediate consequence of the general theorem according to which the linear
response function 〈〈A; B〉〉ω is zero if either A are or B are constants of the motion with Hamiltonian
H. In the absence of impurities the total momentum of either spin in any direction is conserved.
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The trick by which we handle this problem is to calculate σαβ(ω) at a
frequency ω � 1

τ where perturbation theory is applicable, i.e., where the second
term of Eq. (54) is much smaller than the first (D’Amico and Vignale, 2000).
Then we can invert the conductivity matrix to first order in 〈〈Pα; Pβ〉〉ω to find the
resistivity matrix,

ραβ(ω) = − iωmb

e2

(
δαβ

nα
− 1

nα

〈〈P↑; P↓〉〉ω
mb

1
nβ

)
. (57)

Admittedly, this formula is valid only for ω � 1
τ , but in the limit 1

τ → 0 (which
means in practice 1

τ much smaller than all other energy scales, including the
temperature and the Fermi energy) we can assume that the resistivity does not
vary significantly between ω = 0 and ω = 1

τ (this is because the resistivity, unlike
the conductivity, has no pole at ω = − i

τ ). Then Eq. (57) is a good starting point
for the calculation of both the ordinary electron–impurity resistivity and the spin
drag resistivity.

From this point on we focus on the latter. Thus, we select the ↑↓ matrix
element of ρ̂,

ρ↑↓(ω) =
iω
e2

〈〈P↑; P↓〉〉ω
n↑n↓

, (58)

and make use of the equations of motion

〈〈A; B〉〉ω =
1
ω

(〈[A, B]〉 + i〈〈Ȧ; B〉〉ω) ,

=
1
ω

(〈[A, B]〉 − i〈〈A; Ḃ〉〉ω) , (59)

(where Ȧ ≡ −i[A,H] is the time derivative of A) twice to arrive at

ρ↑↓(ω) =
i

e2n↑n↓

〈〈Ṗ↑; Ṗ↓〉〉ω + i〈[Ṗ↑,P↓]〉
ω

. (60)

Notice that Ṗα is the net force, Fα, acting on electrons of spin α. Its explicit
expression is

Fα ≡ Ṗα = − i
V

∑
q

qvqnqᾱn−qα −
i
V

∑
q

qvei
q ni

qn−qα, (61)

where the first term on the right hand side is the force exerted on spin α elec-
trons by electrons of the opposite spin orientation ᾱ (the net force exerted by
spin α electrons on themselves vanishes, by Newton’s third law), and the second
term is the force exerted on the same electrons by impurities. The operators nqα
represent the Fourier components of the density fluctuation for spin α while ni

q
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is the Fourier component of the density of impurity (a c-number), and vei
q is the

Fourier transform of the electron-impurity potential.
The average of the commutator [Ṗ↑,P↓] in Eq. (60) is purely imaginary, since

the commutator of two hermitian operators is anti-hermitian. This term therefore
does not contribute to the real part of the spin drag resistivity which is finally
given by

�e ρ↑↓(ω) = − 1
e2n↑n↓

�m
〈〈F↑; F↓〉〉ω

ω
≡ −mbγ(ω)

ne2 . (62)

When the expression (61) for the force is substituted in this expression three types
of terms are generated: Coulomb–Coulomb terms, Coulomb–impurity terms, and
impurity–impurity terms. The Coulomb–Coulomb terms are proportional to |vq|2 ,
while the remaining two types of terms are both proportional (in leading order) to
vq|vei

q |2. The Coulomb–impurity term is proportional to vq|vei
q |2 because the random

electron–impurity potential must enter with at least two powers to survive disorder
averaging. And the impurity–impurity term is also proportional to vq|vei

q |2 because
the average 〈n−q↑nq↓〉 vanishes in the absence of Coulomb interactions.

A careful examination of the last two terms (D’Amico and Vignale, 2000),
shows that they cancel out exactly to the leading order vq|vei

q |2. So, in a homoge-
neous system, there is no first-order contribution to the SCD from the Coulomb
interaction. The first nonvanishing term is of second-order in the electron–electron
interaction (coming from the Coulomb–Coulomb term) and has the following
form:

�e ρ↑↓(ω) =
1

n↑n↓e2ωV2

∑
qq′

q · q′

3
vqvq′�m〈〈n−q↑nq↓; nq′↑n−q′↓〉〉ω . (63)

This does not explicitly depend on impurity scattering and can be calculated in
the “clean” limit.6

Equation (63) is still a very complex formula, depending as it does on the spec-
trum of the four-point response function 〈〈n−q↑nq↓; nq′↑n−q′↓〉〉ω, but it is amenable
to approximations. First of all, since there are two vqs already in evidence in
Eq. (63) one can do a meaningful lowest-order calculation by calculating the
four-point spectrum in the noninteracting approximation. This can be done exactly
and results in the convolution of two noninteracting density fluctuation spec-
tra �mχ0↑(q, ω) and �mχ0↓(q, ω), where χ0α(q, ω) is the well-known Lindhard

6It must be stressed that the present theory holds at the level of the Drude–Boltzmann approx-
imation defined by Eq. (58), which is the result of interchanging the natural order of the ω → 0
limit and the weak scattering limit. A more sophisticated treatment of quantum effects in electron–
impurity scattering (I. V. Gorny and Khveshchenko, 1999) suggests that the spin drag would be
even larger than predicted by the present theory at temperatures kBT � �/τ. The temperature range
in which these quantum corrections are important shrinks to zero in the limit of weak impurity
scattering.
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Figure 9. Mode-coupling approximation for the four-point response function of Eq. (64)
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Figure 10. Diagrammatic expansion of the RPA response functions

function of the free-electron gas. Unfortunately, the long-range of the Coulomb
interaction (i.e., the divergence of vq for q → 0) prevents us from getting a finite
answer from this approach. One needs to go to infinite order in the Coulomb in-
teraction and replace vq by the screened interaction vq

ε(q,0) . A better approximation
is the random-phase approximation (RPA) which is described schematically in
Figures 9 and 10.

The result of this approximation is

�e ρ↑↓(ω,T ) =
�

2

n↑n↓Ve2

∑
q

q2v2
q

d
(e−�ω/kBT − 1)

ω

×
∫ ∞

−∞

dω′

π

[χ′′↑↑(q, ω
′)χ′′↓↓(q, ω − ω

′) − χ′′↑↓(q, ω
′)χ′′↓↑(q, ω − ω

′)]

(e−�ω′/kBT − 1)(e−�(ω−ω′)/kBT − 1)
,

(64)

where d is the number of dimensions, and χ′′↑↑, χ
′′
↑↓, χ

′′
↓↓ are the imaginary parts

of the RPA response functions given the box of Figure 10. In the d.c. limit ω→ 0
this seemingly complicated expression reduces to

ρ↑↓(T ) =
�

2

4n↑n↓kBTVe2

∑
q

q2v2
q

d

∫ ∞

0

dω′

π

�mχ0↑(q, ω′)�mχ0↓(q, ω′)

|ε(q, ω′)|2 sinh2 (�ω′/2kBT )
, (65)

where ε(q, ω) is the RPA dielectric function.
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This formula is essentially the same that was obtained in the study of the ordi-
nary Coulomb drag between currents flowing in adjacent electronic layers (Zheng
and MacDonald, 1993; Rojo, 1999). The only difference is that the Lindhard func-
tions in it refer to the two different spin components of the electron liquid in the
same layer. For this reason the effect is considerably stronger than the ordinary
Coulomb drag and the scattering of individual quasiparticle plays the dominant
role (plasmon exchange between the two layers is more important in ordinary
Coulomb drag in bilayers, because the effective interaction betwen electrons in
the two layer is rapidly suppressed at large momentum transfers q ∼ Λ−1, where
Λ is the distance between the layers).

It is immediately evident from Eq. (65) that: (i) ρ↑↓(T ) is proportional to T 2

at low temperature (this is because the integral over ω′ is cutoff by the hyperbolic
sine at ω′ ∼ kBT , and �mχ0,α(q, ω) is proportional to ω for small ω); (ii) the for-
mula becomes exact in the high-density limit. This expression has been calculated
carefully in several limits and different regimes (D’Amico and Vignale, 2000,
2002, 2003; Flensberg et al., 2001). The general qualitative results are shown in
the Figures 11–13.

A general purpose formula for ρ↑↓(T ), which is valid both at high temperature
and low temperature in a two-dimensional electron gas is given in Eqs. (12) and
(13) of D’Amico and Vignale (2003).

D’Amico and Vignale (2002) also examined the case in which one of the two
components is degenerate, while the other is classical. Surprisingly, the result is in
this limit independent of the vanishing concentration of minority spins—a coun-
terintuitive result which reminds us of the fact that the viscosity of a classical ideal
gas is independent of it density—a fact first noted by Maxwell (Huang, 1963).
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7 Experimental Observation of Spin Coulomb Drag

According to Eq. (34), the spin drag coefficient γ can be experimentally deter-
mined from a measurement of the spin diffusion constant. Such a measurement
has recently been done by Weber and Awschalom (2005), who made use of the
transient spin-grating technique to monitor the time evolution of the spin density.
A periodic spin density can be induced in an n-type doped GaAs sample by letting
two linearly polarized light beams coming from different directions interfere on
the surface of the sample. The interference produces a spatially varying pattern
of polarization, i.e., a spin grating, with alternating region of left-handed and
right-handed circular polarization separated by linearly polarized regions. The
spin density is optically induced in the regions of circular polarization, and its



MANY-BODY EFFECTS IN SPIN-POLARIZED TRANSPORT 79

Figure 14. Pattern of light (top) and spin polarization (bottom) in a spin grating

direction depends on the handedness of the polarization (see Figure 14). At the
initial time t = 0 the pump light is turned off and the subsequent time evolution
of the spin density is then monitored on a picosecond timescale by means of Kerr
spectroscopy—a technique in which one determines the amplitude of the spin den-
sity modulation from the rotation of the plane of polarization of the light diffracted
from the spin grating. The initial rate of decay of the spin grating amplitude γq
(immediately after the pump light is turned off) depends on the wave vector q of
the grating in the following manner: γq = 1

τs
+ Dsq2, where τs is the spin density

relaxation time and Ds is the spin diffusion constant. Therefore, the slope of the
γq vs q2 graph yields Ds. Figure 15 shows the results of the measurement for Ds

(open circles) and for the noninteracting electrical diffusion constant D(0)
c , which

differs from the exact diffusion constant of Eq. (36) because the interacting com-
pressibility χc is replaced by the non-interacting compressibility χ(0)

c (χ(0)
c is equal

to the density of states at the Fermi surface, N(0) =
mb
π�2 for the two-dimensional

electron gas, and also to the non-interacting spin susceptibility χ0
s).

It is immediately seen that Ds is considerably smaller than D0
c . According to

the formulas of section 5.1 the ratio Ds/D
(0)
c is given by

Ds

D(0)
c

=
χ(0)

s /χs

1 + γτ
. (66)

The reduced value of Ds could arise in principle from two different mechanisms:
(i) The exchange-driven enhancement of the spin susceptibility and (ii) the spin
drag coefficient γ. However, at the density of the present experiment the spin
susceptibility enhancement (known from quantum Monte Carlo calculations) is
at most a few percent (Giuliani and Vignale, 2005). Therefore, the large reduction
of Ds must be almost entirely ascribed to the spin drag coefficient. The effect of the
latter is amplified by the large mobility of the sample: notice that the spin diffusion
constant is of the order of 1000 cm2/s, more than a thousand times larger than the
spin diffusion constant observed in the samples of (Kikkawa and Awschalom,
1999). This supports the view that these samples are close to the intrinsic limit,
where the primary limitation to Ds comes from electron–electron scattering.
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The lower solid line in Figure 15 represents the theoretical prediction for
Ds based on γ calculated as a function of temperature (D’Amico and Vignale,
2003) and plotted in Figure 12. Notice that there are no adjustable parameters.
The agreement is excellent, except at the lowest temperature, where the experi-
mental data saturate to a constant value, apparently due to the practical difficulty
of further lowering the electronic temperature. The lower panel of the same fig-
ure shows the spin-channel resistivity obtained from Ds according to Eq. (10),
ρs = 1/e2N(0)Ds, where again we use the noninteracting approximation for the
spin susceptibility, χs = N(0). The agreement with the theoretically calculated
value is very satisfactory.
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Finally, Figure 16 shows how the experimental results for the ratio Ds

D(0)
c

line up
as functions of |ρ↑↓|/ρ = γτ in three different samples, characterized by different
Fermi temperatures TF . For each sample and each temperature Ds

D(0)
c

is determined
by experiment and γτ comes from the theory. If the the theory is correct all the
points in the Ds

D(0)
c
− γτ plane must fall on a straight line 1 + γτ. The fact that they

do—albeit with some scatter—provides convincing evidence that the observed
value of Ds is primarily controlled by the SCD coefficient γ.

8 Spin Mass

We now turn our attention to a less known aspect of the many-body theory of
spin-polarized transport. Let us go back to the phenomenological equations of
motion for the spin momentum, Pα, Eqs. (13) and (14). Thus far we have assumed
that the current densities are related to the spin momentum by the relation Jα =

−e Pα
mbV . But, how do we know that? In other words, how do we know that the

effective mass that should be used to relate the momentum to the current is just
the noninteracting band mass mb? In the presence of electron–electron interactions
this is a nontrivial question, as can be seen from the following argument.

A quasiparticle state in a Fermi liquid is an eigenstate of total momentum and
spin, but not separately of P↑ and P↓ (nor, for that matter, of the Hamiltonian).
Let us denote by |pσ〉 the state that contains just one quasiparticle of momentum
p and spin σ. In a noninteracting system the quasiparticle is a real particle and
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Figure 17. Conceptual description of the origin of the spin mass in a Fermi liquid

the expectation value of the current density operator Ĵα in the state |p ↑〉 is equal
to the total current density p

mb
if α =↑ or zero if α =↓. But in an interacting

system this is no longer true. As the electron–electron interaction is slowly turned
on some momentum can and will flow out of the ↑ spin component into the ↓
spin component (see Figure 17): both J↑ and J↓ will therefore have nonvanishing
expectation values. The only thing we can say, in general, is that the expectation
value of Jα in a quasiparticle state of momentum p and spin σ is linear in p (from
symmetry) and can be written in the following form:

〈pσ|Ĵα|pσ〉 ≡ cασ
p

mb
, (67)

where cασ are real coefficients that add up to 1,∑
α

cασ = 1 (68)

for either value of σ. This condition follows from the fact that the total current
operator Ĵ = Ĵ↑ + Ĵ↓ is equal to P̂

mb
, of which |pσ〉 is an eigenstate.

Now the expectation value of the spin current is given by

〈p ↑ |Ĵ↑ − Ĵ↓|p ↑〉 = (c↑↑ − c↓↑)
p

mb

〈p ↓ |Ĵ↑ − Ĵ↓|p ↓〉 = (c↑↓ − c↓↓)
p

mb
. (69)

In both cases, this will be less than p
mb

. Say that we started with a noninteract-
ing particle of momentum p and spin ↑. As the electron–electron interaction is
slowly turned on, momentum inevitably flows from the up-spin component (which
initially has larger momentum) to the down spin component (which initially has
none). At the end of the turning-on process the difference between the momenta
of the two spin components is less than it would have been in the absence of the
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Coulomb interaction. Therefore we expect: |c↑↑ − c↓↑| < 1 and |c↑↓ − c↓↓| < 1.
These constraints can be summarized by writing the 2 × 2 matrix ĉ ≡ cαβ in the
following form:

ĉ =

(
1 − ε↑

2
ε↑
2ε↓

2 1 − ε↓
2

)
, (70)

where ε↑ and ε↓ are two independent positive numbers, equal in the paramag-
netic case. The eigenvalues of this matrix are 1 and 1 − ε↑+ε↓

2 . We define the spin
mass (Qian et al., 2003) as

ms =
mb

1 − ε↑+ε↓
2

, (71)

which, by definition, gives the correct relationship between the spin current and
the spin momentum in the paramagnetic case.7

I emphasize that the spin mass is a collective property of the electron liquid,
conceptually unrelated to the quasiparticle mass, which controls the quasiparticle
dispersion relation. In particular, the spin mass differs from the bare mass mb even
in the paramagnetic state. There is no connection whatsoever between the spin
mass and the spin-polarization dependence of the quasiparticle effective mass (the
latter has been recently dubbed “the spintronic effective mass” (Zhang and Sarma,
2005)).

Before proceeding to a calculation of the spin mass one should probably ask
how it could be measured. Figure 18 shows the concept of an experiment designed
to do just this. We start with electrons in a parabolic quantum well and force a
uniform oscillation in the spin channel: i.e., the up and down spin components
of the electron liquid perform harmonic oscillations with opposite phases. This is
the spin-channel analogue of the Kohn mode: it remain to be seen how efficiently
current spectroscopic techniques, in particular cross-polarized Raman scattering,

E E

Figure 18. The Kohn mode in the spin channel as a probe for the spin mass of electrons

7In the general case, the eigenvector corresponding to the spin mass eigenvalue is a mixed
channel, neither pure density nor pure spin. Nevertheless, we continue to refer to the eigenvalue ms

as the “spin mass”.
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couple to this mode (D’Amico and Ullrich, 2006). The equation of motion for the
macroscopic momentum in the spin channel Ps ≡ P↑ − P↓ is

Ṗs = −e
N
2

Es − γm
N
2

vs −
N
2

Rs , (72)

where Es ≡ E↑ − E↓ is the driving force in the spin channel, vs ≡ v↑ − v↓ and
Rs ≡ R↑ − R↓ are respectively the relative velocity and the relative separation of
the centers of mass of the ↑ and ↓ electron distributions, k is the “elastic constant”
related to the curvature of the potential, and γ is the spin drag coefficient. Taking
into account the relation

Ps = msvs = msṘs , (73)

where ms is the spin mass, we see that the frequency of the oscillations is down-

shifted from
√

k
m (the frequency of the Kohn mode) to

√
k

ms
. In addition, the

oscillations are damped. So both spin mass and spin drag coefficient could be
obtained, in principle, from one measurement. We will see that this connection is
far from being accidental.

The spin mass of a Fermi liquid can on one hand be related to the phenom-
enological parameters of the Landau theory of Fermi liquids (Noziéres and Pines,
1966; Giuliani and Vignale, 2005), while on the other hand it can be directly
calculated from an approximate microscopic theory (Qian et al., 2003). As for the
first approach it suffices here to say that the ratio of the spin mass to the bare band
mass mb is given by (in 3 dimensions)

ms

mb
=

1 + Fs
1/3

1 + Fa
1/3

, (74)

where Fs
1 =

∑
αβ Fαβ

1 , Fa
1 =

∑
αβ αβFαβ

1 (with α, β = ±1 for up and down spin)
and

Fαβ
1 ≡ Nα(0)

2

∫ +1

−1
d(cos θ) fpα,p′β cos θ , (75)

where Nα(0) is the density of states of quasiparticles of spin α at the Fermi sur-
face and fpα,p′β is the Landau quasiparticle interaction function. The second and
the fourth column of Table 2 show the values of the spin mass obtained from the
Landau parameters calculated by Yasuhara and Ousaka (1992) in both 3 and 2
dimensions for different values of the electron gas parameter rs.

Let us now turn to the microscopic theory, which reveals a beautiful connec-
tion between the spin mass and the spin drag resistivity. To do this we return to the
Kubo formula (57) for the frequency-dependent resistivity and recast it in the form
of an equation of motion for the velocity field. For simplicity’s sake, we work in
the paramagnetic case, n↑ = n↓ = n

2 , without impurities, and at zero temperature.
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TABLE 2. Spin mass of an electron liquid calculated from
Eq. (74) with the Landau parameters calculated by Yasuhara and
Ousaka (1992) (second and fourth column) and from the mode–
coupling theory of Qian et al. (2003) (third and fifth column)

rs ms/mb (3D) ms/mb (3D) ms/mb (2D) ms/mb (2D)

1 1.02 1.01 1.15 1.18
2 1.06 1.03 1.46 1.77
3 1.11 1.03 1.83 2.78
4 1.17 1.04 2.21 4.11
5 1.23 1.04 2.59 5.36

Making using of the fact that ρ̂(ω) · Ĵ = Ê and Jα = −enαvα we arrive, after some
straightforward manipulations, at the equation

− iω
∑
β

[
δαβ −

1
nα
�e 〈〈Pα; Pβ〉〉ω

]
vβ = −eEα + ω

1
nα

∑
β

�m 〈〈Pα; Pβ〉〉ωvβ .

(76)
Noting that in the absence of impurities

〈〈Pα; Pβ〉〉ω = −αβ〈〈P↑; P↓〉〉ω (77)

(Newton’s third law), and making use of Eq. (58) for the frequency-depedent
spin drag coefficient, we see that the above equation (76) can be written in the
physically transparent form

− iωms(ω)vs = −eEs − γ(ω)mvs , (78)

where the frequency-dependent spin mass is given by

ms(ω)
m

= 1 + 4
�e 〈〈P↑; P↓〉〉ω

nmb

= 1 +
ne2

mb

�m ρ↑↓(ω)
ω

. (79)

So we see that the spin mass is related to the imaginary part of the spin transre-
sistivity ρ↑↓(ω), while the spin drag coefficient is given by the real part of the
same function. The real and the imaginary parts of the spin transresistivity are
connected by the Kramers–Krönig dispersion relation

�m ρ↑↓(ω) = −2ω
π
P
∫ ∞

0

�e ρ↑↓(ω′)
ω′2 − ω2 dω′ , (80)
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where P
∫

denotes the Cauchy principal part integral. This leads us to the fol-
lowing relation between the spin mass and the spin drag coefficient (in a pure,
translationally invariant electron liquid):

ms(ω)
m

= 1 +
2
π
P
∫ ∞

0

γ(ω′)
ω′2 − ω2 dω′

ω→0→ 1 +
2
π

∫ ∞

0

γ(ω′)
ω′2

dω′ . (81)

The last integral on the right hand side exists because the spin drag coefficient of
a translationally invariant electron liquid vanishes as ω2 for ω → 0 at T = 0, for
about the same reason that the d.c. coefficient γ(0) vanishes as T 2 as T tends to
zero. Notice that the spin mass at zero frequency is always larger than the band
mass, since the spin drag coefficient is positive.

The frequency-dependent spin drag coefficient γ(ω) can be evaluated from the
approximate microscopic expression (64), setting T = 0. Then this expression is
put in Eq. (81) for the spin mass. In practice we find that it is necessary to account
at least partially for exchange effects (not included in the RPA Eq. (64)), in order
to avoid a severe overestimation of the spin mass (some details of the evaluation
can be found in (Qian et al., 2003)).

Numerical results obtained in this manner are presented in the third and fifth
column of Table 2. These numbers are substantially larger than the ones obtained
from the Landau parameters. A 10% renormalization of the mass at rs = 1 in 2D
is a significant effect: quite a bit larger than the corresponding renormalization
of the quasiparticle effective mass. Perhaps this renormalization will be seen in
experiments such as the one described earlier in this section.

9 Spin Hall Effect

As a final demonstration of the role played by SCD in spin-polarized trans-
port I will say something about the intriguing phenomenon of the “spin Hall
effect” (SHE)—an effect that has recently attracted much attention, motivated by
prospects of using it as a source of spin polarized current (Engel et al., 2006).
An experimental set up for the SHE is the “spin Hall bar” shown in Figure 19.
An electric field is applied to a nonmagnetic two-dimensional electron liquid. As
a result, a spin current begins to flow in a direction perpendicular to the electric
field: that is, spin up and spin down electrons, with “up” and “down” defined with
respect to the normal to the plane, drift in opposite directions perpendicular to the
electric field (the transversal drift motion of course co-exists with the usual drift
along the direction of the electric field). Eventually a steady state is established,
in which the transverse spin current is suppressed by a transverse chemical
potential gradient in the spin channel. The latter signals the appearance of a
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Ex Jy
Fso

Fso
z

Figure 19. A “spin Hall bar” is used to measure the spin current Jz
y induced by an electric field Ex

applied along the x axis

non-homogeneous spin density across the bar, with the largest spin accumulation
occurring at the edges of the bar, where it can be detected by optical methods
(e.g., Kerr rotation).

The SHE is related to the anomalous Hall effect (AHE) (Karplus and Luttinger,
1954; Noziéres and Lewiner, 1973; Bergman, 1979) which occurs in ferromag-
netic materials, but differs from that venerable ancestor in two crucial respects: (1)
there is no magnetic field, nor a net magnetization, hence no broken time reversal
symmetry; (2) the transversal current is not a charge current but a spin current.

The SHE (like the AHE) is a consequence of the spin–orbit interaction in
a crystalline environment. To understand this somewhat subtle effect, recall that
the Bloch states of a semiconductor have the standard form unk(r)eik·r, where the
functions unk(r) have the periodicity of the crystal lattice, and n is the band index.
For finite but small wave vector k the periodic functions unk of each band can be
expressed as linear combinations of the k = 0 functions un′0 of all the other bands.
Although the carriers responsible for the SHE typically reside in just one band,
say the lowest conduction band, their wave function contains an admixture of the
k = 0 valence band wavefunctions uv0(r)eik·r. One can eliminate this admixture
by performing a unitary transformation (Winkler, 2003): the price paid for this
simplification is that the dynamics of the decoupled conduction band is governed
by a renormalized Hamiltonian, which includes a renormalized effective mass,
a renormalized g factor, and—most important for our purposes—a spin–orbit
coupling to any external slowly-varying potential V(r) which may be present in
addition to the crystal potential. This spin–orbit coupling has the form

Ĥso =
α

�
(p̂ × ∇V) · σ , (82)

where

α =
�

2P2

3m2

⎡⎢⎢⎢⎢⎣ 1
E2

g
− 1

(Eg + ∆S O)2

⎤⎥⎥⎥⎥⎦ , (83)

Eg is the energy gap between the conduction band and the heavy/light holes
bands; ∆S O is the gap between the heavy/light holes and the spin-orbit split hole
band, and P is the matrix element of the momentum operator between the valence
and the conduction band edges, and m is the bare electron mass (Winkler, 2003).
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The coupling constant α has the dimension of a squared length and for AlGaAs
has a typical value α = 4.4Å2. This is considerably smaller than the square of
the effective Bohr radius (∼104 Å2) and in this sense the spin–orbit coupling can
be considered a small perturbation. However, notice that it is much larger than the
spin–orbit coupling one would predict if one were to treat the conduction band
electrons as free electrons of mass mb in a vacuum: in that case the spin–orbit
coupling constant would be α0 = − �

2

4m2
bc2 � −10−3 Å2. Even the sign is wrong, let

alone the magnitude! The physical reason for this difference is that the spin–orbit
interaction (82) in a solid-state environment has its origin in the strong electric
field experienced by the electrons in the vicinity of the nuclei: this affects more
directly the valence band electrons (causing the valence bands to split) but also
the conduction band electrons are affected, via interband mixing described above.
Notice that the coupling constant α of Eq. (83) would vanish if the spin–orbit
splitting of the valence bands, ∆S O, were absent. Only the much smaller coupling
α0 would then be left.

After all these preliminaries we are ready to begin our discussion of the SHE.
We assume that each electrons experiences in addition to the crystal potential (1)
an electric field Exx̂ directed along the x axis, (2) a random potential Vei(r) due to
impurities distributed in the plane, and (3) the electric field generated by all other
electrons.

Under these conditions the z-component of the spin (z perpendicular to the
plane) is conserved. As the up-spin electrons drift in the positive x direction under
the action of the electric field E the spin–orbit interaction with the impurities
causes them to be scattered in an asymmetric way, more in the +y direction than
in the −y direction—an effect known as “skew scattering” (Smit, 1955, 1958).8 At
the same time, down-spin electrons are scattered more often in the −y direction
that in the +y direction. This produces a net current Jz

y of the z-component of the
spin along the y direction. Electron–electron interactions reduce the magnitude of
this spin current through the spin Coulomb drag, which effectively enhances the
spin-channel resistivity of the material. Finally, the spin current Jz

y has a univer-
sal contribution from the so-called “side-jump” mechanism (Berger, 1970, 1972;
Noziéres and Lewiner, 1973; Hankiewicz and Vignale, 2006)—a contribution that
does not depend on the nature and the strength of the impurity potential, or the
electron–electron interaction. This contribution can be traced back to the anom-
alous connection between the physical position operator and the usual canonical
position operator (see discussion below), whereby the net force exerted by the
electric field on spin-up or spin-down electrons translates into a systematic drift

8Also known as “Mott scattering”, skew scattering has long been used as a method to produce
spin-polarized beams of particles. It should be noted that the asymmetric scattering is absent when
the electron–impurity interaction is treated in the second order Born approximation. One needs to
go at least to third order.
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of these electrons in the −y or +y direction. The final result is (Hankiewicz and
Vignale, 2006)

Jz
y =

ρss/2ρD

1 + ρS D/ρD
Jx − αne2Ex, (84)

where ρss =
mb

ne2τss
is a resistivity related to the skew-scattering rate 1

τss
, ρD is

the usual Drude resistivity related the usual elastic scattering rate 1
τ , Jx = Ex/ρD

is the electrical current in the x direction, and n is the electron density. Notice that
the the two terms on the right hand side of Eq. (84) have opposite signs for repul-
sive electron–impurity interaction, and that the skew-scattering term dominates at
low impurity concentration, while the side-jump term takes over in high resistivity
samples. The spin Coulomb drag affects only the skew scattering term.

A detailed derivation of the above result is presented in a recent paper by
Hankiewicz and Vignale (2006). Here we merely touch on the main points. First
of all, the result is obtained from a Hamiltonian of the form

H = H0 + Hso + Hc + HE , (85)

where

H0 =
∑

i

⎡⎢⎢⎢⎢⎣ p2
i

2mb
+ Vei(ri)

⎤⎥⎥⎥⎥⎦ (86)

is the noninteracting Hamiltonian, ri is the canonical position operator (not to be
confused with the physical position operator—see discussion below),

Hc =
1
2

∑
i� j

e2

εb|ri − r j|
(87)

is the electron–electron interaction (screened by the background dielectric
constant εb),

Hso =
α

�

∑
i

{
pi ×

[
∇iVei(ri) + ∇iVi

ee

]}
· σi (88)

is the spin–orbit interaction induced by the electric potential of the impurities and
of the other electrons Vi

ee =
∑

j�i
e2

εb |ri−r j | , and finally

HE =
∑

i

{
eE · ri + e

α

�
(pi × E) · σi

}
(89)

is the interaction with the electric field. It should be noted that in this Hamiltonian
we are not including any spin-dependent terms beyond the ones that arise from
the interaction with the external field, the impurities, and the Coulomb field.
Intrinsic spin splitting of the Bloch energy bands (which is present in general
in non-centrosymmetric material such as GaAs) is therefore neglected.
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The various spin-orbit terms appearing in the Hamiltonian can all be shown to
arise from a single basic fact, namely, the change in form of the physical position
operator under the transformation that eliminates the interband couplings. If we
denote by ri the canonical position operator of the i-th electron, then the physical
position operator is given by

rphys,i = ri −
α

�
(pi × σi) , (90)

and the physical velocity operator (the time derivative of the physical position) is

vi =
pi

mb
+
α

�

[
∇iVei(ri) + ∇iVi

ee + eE
]
× σi −

α

�
(Fi × σi) , (91)

where the last term on the right hand side comes from the time derivative of the
anomalous contribution to the position operator, Eq. (90), and Fi ≡ ṗi is the
operator of the total force acting on the i-th electron. Notice that Fi = −[∇iVei(ri)+
∇iVi

ee + eE] is the negative of the expression in the square bracket of Eq. (91).
Finally, the relevant spin-current operator is

Ĵz
y = − e

2V
∑

i

{
viyσiz + σizviy

}

= − e
V

∑
i

{
piyσiz

mb
+ 2

α

�
Fix

}
(92)

≈ − e
V

∑
i

piyσiz

mb
, (93)

where the last line follows from the fact that the net force Fi acting on an electron
vanishes when averaged in a steady-state ensemble.

The steady-state expectation value of Ĵz
y is efficiently calculated from the

Boltzmann equation

− eEσ ·
p

mb
f ′0σ(εp) = ḟ1σ(p)c , (94)

where f1σ(p) = fσ(p) − f0σ(εp) is the deviation of the steady distribution func-
tion fσ(p) from its equilibrium form f0σ(εp), σ is the z-component of the spin,
and ḟ1σ(�p)c is the collisional time derivative of the distribution function due to
different scattering processes such as electron–impurity scattering and electron–
electron scattering. As usual, the collisional time derivative is written as the dif-
ference of an in-scattering and an out-scattering term. For example, in the case of
spin-conserving electron–impurity scattering one has:

ḟσ(p)c,imp = −
∑
p′

[
Wpp′σ fσ(p) − Wp′pσ fσ(p′)

]
δ(̃εpσ − ε̃p′σ) , (95)
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where Wpp′σ is the scattering rate for a spin-σ electron to go from p to p′, and ε̃pσ
is the particle energy, including the energy of interaction with the electric field
Eσ. The last point is absolutely vital for a correct treatment of the “side-jump”
contribution. We must use

ε̃pσ = εp + 2eα(Eσ × σẑ) · �k , (96)

where the last term on the right hand side is twice what one would surmise from
the intuitive expression ε̃pσ = εp + eE · rphys. Why? The reason is that the δ-
function in Eq. (95) expresses the conservation of energy in a scattering process.
Scattering is a time-dependent process: therefore the correct expression for the
change in position of the electron ∆rphys must be calculated as the integral of the
velocity over time:

∆rphys =

∫ +∞

−∞
vphysdt . (97)

From Eq. (91) for vphys we see that the integral of the velocity gives ∆rphys =

−2α
�
∆p×σ: hence the change in energy is correctly given by Eq. (96). Apparently,

the change in momentum due to scattering affects the position in two ways:
explicitly, via the second term on the right hand side of the expression (90) for the
position operator, and implicitly, via the change in the canonical position operator,
whose derivative contains a large term, proportional to the force that acts on the
electron.

The electron–electron contribution to the collisional derivative has the form

ḟσ(p)c,e−e = −
∑

p′kp′
WC

pσ,kσ̄;p′σ,p′σ̄
{
fσ(p) fσ̄(k)[1 − fσ(p′)][1 − fσ̄(k′)]

− fσ(p′) fσ̄(k′)[1 − fσ(p)][1 − fσ̄(k)]} δp+k,p′+k′δ(̃εpσ + ε̃kσ̄ − ε̃p′σ − ε̃k′σ̄),

(98)

(D’Amico and Vignale, 2002), where WC
pσ,k−σ;p′σ,k′σ is the electron–electron scat-

tering rate from pσ,k−σ to p′σ,k′ −σ, and the Pauli factors fσ(p), 1− fσ(p′) etc.
ensure that the initial states are occupied and the final states empty as required by
Pauli’s exclusion principle. Notice that, for our purposes, only collisions between
electrons of opposite spins are relevant, since collision between same-spin elec-
trons conserve the total momentum of each spin component. Accordingly, only
the former have been retained in Eq. (98).

The linearized Boltzmann equation is solved exactly under the assumption that
the electron–impurity potential is rotationally invariant. The solution has the form

fσ(p) = f0σ(εk) − f ′0σ(εk)p · Vσ(p) , (99)

where Vσ(p) is proportional to the electric field and depends only on the magni-
tude of p. At low temperature we can ignore this dependence and replace Vσ(p)
by its value at the Fermi surface, which we denote simply by Vσ. Thus, the
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nonequilibrium distribution is simply the equilibrium distribution displaced in
momentum space by a fixed amount Vσ, and the spin current is simply

Jz
y = −e

(
n↑V↑ − n↓V↓

)
. (100)

Substituting Eq. (99) in the collision integrals we find (Hankiewicz and Vignale,
2006)

ḟ1σ(p)c,imp =
∑
p′

W s
pp′ f ′0σ(εp)(p − p′) · Vσδ(εp − εp′)

+ σ
∑
p′

Wa
pp′ f ′0σ(εp)(p̂ × p̂′)z(p + p′) · Vσδ(εp − εp′)

+ 2σ
α

�

∑
p′

W s
pp′ f ′0σ(εp)e(�Eσ × ẑ) · (p − p′)δ(εp − εp′) , (101)

where W s and Wa sin θ are the even and odd components of the scattering proba-
bility W with respect to the angle θ between p and p′. The last term on the right
hand side of this expression comes from the difference between ε̃ and ε.

Similarly, for the Coulomb collision integral we get

ḟσ(p)c,e−e = − 1
kBT

∑
pp′k′

WC
pσ,kσ̄;p′σ,k′σ̄[Vσ − Vσ̄ + 2e

α

�
σ(Eσ + Eσ̄) × ẑ] · (p − p′)

f0σ(εp) f0σ̄(εk) f0σ(−εp′) f0σ̄(−εk′)δp+k,p′+k′δ(εpσ + εkσ̄ − εp′σ − εk′σ̄) , (102)

where we have made use of the fact that the product f0σ(εp) f0σ̄(εk)[1 − f0σ(εp′)]
[1− f0σ̄(εk′)] is equal to the product [1− f0σ(εp)][1− f0σ̄(εk)] f0σ(εp′) f0σ̄(εk′), when
εpσ + εkσ̄ − εp′σ − εk′σ̄ = 0.

The key quantity Vσ is best determined from the consistency condition

− e
∑

p

��k
mb

[
Eσ ·

p
mb

]
f ′0σ(εp) =

∑
p

p
mb

ḟ1σ(p)c . (103)

Inserting the expressions (101) and (102) in the right hand side of Eq. (103)
and making use of Jσ = −enσVσ we finally arrive at the desired linear equations
for Vσ:

− e
mb

Eσ − 2
eασ(Eσ × ẑ)

�τσ
=

Vσ

τσ
+ σ

Vσ × ẑ
τss
σ

+
γnσ̄

n

[
Vσ − Vσ̄ + 2e

α

�
σ(Eσ + Eσ̄) × ẑ

]
. (104)

Here 1
τσ

is the usual Drude scattering rate, 1
τss
σ

is the scattering rate associated with
the asymmetric component of the scattering probability, i.e., the skew scattering,
and γ is the spin Coulomb drag coefficient.
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Of particular interest are the equations for the paramagnetic case (Hankiewicz
and Vignale, 2006) (the densities and the relaxation times are the same for the two
spin components):

Ec = ρDJc + 2(ρss − λρD − λρS D)Js × ẑ , (105)

Es = 4(ρS D + ρD)Js + 2(ρss − λρD − λρS D)Jc × ẑ , (106)

where λ is a dimensionless parameter given by λ = 2αmb
�τ , ρss =

mb
ne2τss , ρD =

mb
ne2τ

,

and Ec =
E↑+E↓

2 , Es = E↑ − E↓, and the charge and spin currents are Jc = J↑ + J↓
and Js =

J↑−J↓
2 , respectively. The spin Coulomb drag renormalizes the longitudinal

resistivity only in the spin channel. This is a consequence of the fact that the
net force exerted by spin-up electrons on spin-down electrons is proportional to
the difference of their drift velocities, i.e., to the spin current. Additionally, the
electron–electron corrections to the spin–orbit interactions renormalize the trans-
verse resistivity in the charge and spin channels, so the Onsager relations between
spin and charge channels hold. Under the assumption that the electric field is in
the x direction and has the same value for spin up and spin down, we see that
Eqs. (105) and (106) yield the formula (84) for the spin current.

10 Conclusion

In this chapter we have shown that many-body correlations between electrons of
opposite spin orientations have an important influence on virtually all aspects of
spin-polarized transport. The concept of spin Coulomb drag plays a central role.
This role has been illustrated in the examples of spin diffusion, spin injection,
and the spin Hall effect. An intimately related concept is that of the spin mass,
defined as the proportionality constant between spin current and spin momentum.
We expect that this concept will prove useful not only in spin transport, but also
in understanding the frequency differences between collective modes of similar
spatial structure but different spin structure.

In a recent development (not reviewed here) it has been found that the spin
drag coefficient is also involved in the microscopic calculation of the Gilbert
damping coefficient – the so far phenomenological constant that controls the rate
of relaxation of the transverse magnetization in a ferromagnet.

Many problems remain to be addressed, among which, outstanding, is the
problem of introducing many-body correlations for nonclassical spins: i.e., in sit-
uations in which the direction of the spin can vary in space. Then the spin current
becomes a 3 × 3 tensor, and the drift diffusion equation must be generalized to
include spin torques. This is a subtle and complex problem. Perhaps it will be
solved by one of you.
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Appendix

In this Appendix we go through the steps in the derivation of Eq. (26). We start
from Eq. (18) and immediately drop the time derivative (steady-state condition),
and the ∇σα · E term (weak field assumption). (Notice that this is not allowed
in spin-packet dynamics as the inhomogeneous spin distribution predates the
application of the electric field.) We also assume that the equilibrium density
is homogeneous, so the differential operators act only on the deviation from
equilibrium. Finally, we assume that the net electric charge density is −e times
the density deviation from equilibrium: ρ = −e(δn↑ + δn↓). Then we have

∇2δnα =
∑
β

{
(D̂−1)αβ

(
δnβ
τββ̄

−
δnβ̄
τβ̄β

)
+ (D̂−1)αβσβ

δn↑ + δn↓
ε0

}
. (107)

We now switch from the densities δnα to the electrochemical potentials δµα, the
connection betwen the two being given in Eq. (25). We make use of the Poisson
equation

∇2φ = − ρ
ε0

(108)

to write

∇2δnα =
∑
β

χαβ

[
∇2δµβ + e2 δn↑ + δn↓

ε0

]
. (109)

Making use of the Einstein relation (10) we see that the last term of Eq. (109)
coincides with the last term in the curly brackets of Eq. (107), so Eq. (107) can be
rewritten as ∑

β

χαβ∇2δµβ =
∑
β

(D̂−1)αβ

(
δnβ
τββ̄

−
δnβ̄
τβ̄β

)
. (110)

Now we recall the notation of Eq. (27):

1
D̃α

≡ α[(D̂−1)α↑ − (D̂−1)α↓] . (111)

Then it is easy to see that Eq. (110) can be rewritten as

∇2
(
δµ↑
δµ↓

)
= χ̂−1 ·

⎛⎜⎜⎜⎜⎜⎝
1

D̃↑τ↑↓
− 1

D̃↑τ↓↑

− 1
D̃↓τ↑↓

1
D̃↓τ↓↑

⎞⎟⎟⎟⎟⎟⎠ ·
(
δn↑
δn↓

)
. (112)

Finally we substitute Eq. (25) for δnα on the right hand side of the above equation,
and notice that the term containing

∑
β χαβeδφ vanishes by virtue of the identity

(12). And this takes us directly to Eq. (26), which we wanted to derive.
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It is an interesting exercise to verify that, if the off-diagonal elements of χ̂, D̂,
and σ̂ are absent or neglected, Eq. (26) reduces to

∇2
(
δµ↑
δµ↓

)
=

⎛⎜⎜⎜⎜⎜⎝
1

D↑τ↑↓
− 1

D↑τ↑↓

− 1
D↓τ↓↑

1
D↓τ↓↑

⎞⎟⎟⎟⎟⎟⎠ ·
(
δµ↑
δµ↓

)
, (113)

i.e., Eq. (2.8) of the paper by Hershfield and Zhao (1997). (Again, Eq. (12) plays
a crucial role in the derivation).
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Flatté, M. E. and Byers, J. M. (2000) Spin diffusion in semiconductors, Phys. Rev. Lett. 84, 4220.
Flensberg, K., Jensen, T. S., and Mortensen, N. A. (2001) Diffusion equation and spin drag in

spin-polarized transport, Phys. Rev. B 64, 245308.
Giuliani, G. F. and Vignale, G. (2005) Quantum Theory of the Electron Liquid, Cambridge

University Press.
Hankiewicz, E. and Vignale, G. (2006) Coulomb corrections to the extrinsic spin-Hall effect of a

two-dimensional electron gas, Phys. Rev. B 73, 115339.



96 MANY-BODY EFFECTS IN SPIN-POLARIZED TRANSPORT

Hershfield, S. and Zhao, H. L. (1997) Charge and spin transport through a metallic ferromagnetic–
paramagnetic–ferromagnetic junction, Phys. Rev. B 56, 3296.

Huang, K. (1963) Statistical Mechanics, New York, Wiley.
I. V. Gorny, A. G. Y. and Khveshchenko, D. V. (1999) Coulomb drag in double layers with correlated

disorder, Phys. Rev. Lett. 83, 152.
Karplus, R. and Luttinger, J. M. (1954) Hall effect in ferromagnetics, Phys. Rev. 95, 1154.
Kikkawa, J. M., Smorchkova, I. P., Samarth, N., and Awschalom, D. D. (1997) Room temperature

spin memory in two-dimensional electron gases, Science 277, 1284.
Kikkawa, J. M. and Awschalom, D. D. (1998) Resonant spin amplification in n-type GaAs, Phys.

Rev. Lett. 80, 4313.
Kikkawa, J. M. and Awschalom, D. D. (1999) Lateral drag of spin coherence in gallium arsenide,

Nature 397, 139.
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Abstract: In this chapter we present a theoretical analysis of the role played by nuclear spins
in low dimensional semiconductor nanostructures. The hyperfine interaction between nuclear and
electronic spins provides the basis for an efficient control of nuclear spin dynamics in systems with
low dimensionality. We will address topics such as the nuclear spin relaxation time, dynamical
nuclear polarization, induced hyperfine magnetic fields, and Overhauser shifts in the electronic spin
resonance frequencies. Our example case is a parabolic quantum well, a structure which presents
the advantage of simple analytical results.
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1 Introduction

Semiconductor nanostructures are the key ingredients of contemporary electronic
devices. Such devices operate using the precise control of the electronic charge
distribution using electric fields. Recent advances in the semiconductor industry
lead to electronic devices whose dimensions are in the nanometer scale, mak-
ing impossible to avoid quantum mechanical effects in these physical systems.
One additional characteristic of particles subject to quantum mechanics is the
particle’s spin. Coherent control over the spin degree of freedom may lead to
the development of new electronic devices with improved performance and func-
tionality, even to the practical implementation of quantum information processing
(Wolf et al., 2001; Awschalom et al., 2002). The electron spin number is 1/2 and
the electronic spin coherence time can exceed 100 ns in GaAs semiconductor
nanostructures at low temperatures (Kikkawa and Awschalom, 1998). However,
these times are limited by electronic spin interactions with phonons, nuclear spins,
other electron spins, and impurities. Another candidate for spin based electronics
may be the nuclear spin. Usually, semiconductor nanostructures carry a variety of
nuclear isotopes, however, not all of them are characterized by a nonzero value of
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the nuclear spin quantum number. For example, in GaAs semiconductor samples
one finds three different nuclear isotopes (69Ga, 71Ga, and 75As), all of them char-
acterized by a nuclear spin number 3/2. On the other hand, in Si semiconductor
samples one finds three possible natural isotopes (28Si, 29Si, and 30Si), however,
just one of them, 29Si, has a nonzero nuclear spin. For a list of nuclear species
in semiconductor nanostructures refer to the table of semiconductor isotopes in
Appendix A (Table 1). Compared to electronic spin coherence times, nuclear
spin coherence times are longer, of the order of 10 min in GaAs samples (Berg
et al., 1990; Barrett et al., 1994; Smet et al., 2002). When carriers are present,
the local electronic density of states at nuclei sites can be large enough to pro-
duce additional nuclear spin relaxation via the hyperfine interaction. Even under
such conditions, nuclear spin coherence times are of the order of 1 s, making
nuclei a reliable candidate for spin based devices and quantum computation. In
the following we will focus our discussion mainly on the nuclear spin dynamics
in semiconductor nanostructures.

The practical use of spin in device fabrication or quantum computing requires
the preparation, manipulation, and measurements of pure quantum states, op-
erations which have to be made in a timescale shorter than the particle’s spin
coherence time (Kane, 1998; Taylor et al., 2003). A natural way to control and
manipulate particle spins will rely on magnetic fields. However, high magnetic
fields are difficult to achieve and to change rapidly, making this method improper
to use in spin based devices. Smet et al. (2002) and Desrat et al. (2002) used
electric fields to change the spectrum of collective mode excitations tuning the
electron density across a quantum Hall ferromagnet transition, and thereafter ma-
nipulate nuclear spins. In the case of nuclear spins, all the required operations
can be achieved based on the hyperfine interaction between electronic and nuclear
spins (Gershenfeld and Chuang, 1997; Taylor et al., 2003). The hyperfine interac-
tion has a local character but still the single nuclear spin manipulation is hard to
achieve. This inconvenience may be overcomed if instead of single spins we use
nuclear spin clusters coupled antiferromagnetically (Meier et al., 2003). The stan-
dard technique used to extract information on nuclear spin dynamics is the nuclear
magnetic resonance (NMR), a technique which is well know (Slichter, 2002) and
extensively used in various applications. Additional techniques to address the
nuclear spin dynamics in semiconductor nanostructures are the Faraday and Kerr
rotation techniques.

In NMR experiments the nuclear spin polarization obtained in bulk samples is
less than 1%, and to obtained a detectable signal the samples should have at least
1017–1020 nuclei. On the other hand, in semiconductor nanostructured samples
the number of available nuclei is 1012–1015 nuclei in quantum wells, and 105–106

nuclei in quantum dots. To overcame the lack of nuclear spins in these samples,
and to obtain a detectable NMR signal, the nuclear spin polarization has to be
greater than the one obtained in bulk materials. Different experimental methods
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exploiting the hyperfine interaction were developed to control the nuclear spin
dynamics in semiconductor nanostructures. Berg et al. (1990) and Barrett et al.
(1994) used optically injected spin polarized electrons and the dynamical nuclear
polarization effect (Overhauser, 1953b) to create a position dependent nuclear
polarization in semiconductor quantum wells. The use of optical pumping, a
method initially developed to investigate bulk semiconductors (Lampel, 1968),
creates the required additional nuclear spin polarization for detectable NMR
measurements. Barrett et al. (1994) reported a 3.3% nuclear spin polarization in a
300 Å GaAs quantum well and used NMR to measure the nuclear spin relaxation
time and the Knight shift in the resonance frequency for 71Ga nuclei.

Nuclear spin dynamics can be extracted indirectly from Faraday and Kerr
rotation experiments. These experimental techniques focus on the electron spin
precession to provide information on the induced nuclear magnetic fields in semi-
conductor samples. Optical pumping and dynamical nuclear polarization is used
to initialize the nuclear spin population. The electron spin Larmor precession
frequency is a result of the electron spin interaction with two different magnetic
fields, namely, the external applied magnetic field and the induced nuclear mag-
netic field due to the hyperfine interaction. The Faraday rotation technique was
used by Malinowski and Harley (2000b) to extract information on the nuclear
spin dynamics in a 9.6 nm GaAs quantum well. The induced nuclear magnetic
fields were of the order of 1 T corresponding to a 6.5% nuclear spin polarization
across the quantum well.

In semiconductor nanostructures, NMR, Faraday, and Kerr rotation rely on the
optically induced nuclear spin polarization. Along with optical pumping, various
additional methods were used to improve the results obtained using these tech-
niques. Kawakami et al. (2001) used adjacent ferromagnetic layers to increase
nuclear spin polarization in GaAs quantum wells. Depending on the type of the
ferromagnetic layer the induced nuclear fields vary from 0.1 T to 0.7 T. However,
such fields are not fringe fields and are generated by the dynamical nuclear polar-
ization due to a nonequilibrium electronic spin population resulting from a spin
selective electron scattering at the semiconductor–ferromagnet interface (Ciuti
et al., 2002). Poggio et al. (2003) used gate voltages to prove the possibility of
electrical control over a wide distribution of polarized nuclear spins in an AlGaAs
parabolic quantum well (PQW). Experimental data proved that a 8 nm wide dis-
tribution of polarized nuclei can be manipulated electrically over a range of 20 nm
with gates voltages up to 2 V.

Here we will present theoretical results for the nuclear spin dynamics in
semiconductor nanostructures. We will focus mainly on quantum well systems,
with a special emphasize on PQWs. We will derive general formulae for the
nuclear and spin relaxation time from the hyperfine interaction (Ţifrea and
Flatté, 2003, 2004). Next, we will investigate the dynamical nuclear polarization
(DNP) and derive formulae for the induced nuclear and electronic magnetic fields
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in semiconductor nanostructures (Ţifrea and Flatté, 2005a, b). The induced mag-
netic fields are responsible for resonance frequency shifts for both the electrons
and the nuclei. Finally, we will estimate the Overhauser shifts (Ţifrea and Flatté,
2005a; Ţifrea et al., 2005). Our results are general and can be applied to any
semiconductor nanostructure. For exemplification we will apply our results to
the particular situation of a PQW, a semiconductor heterostructure for which
analytical result are possible. We will also try to identify ways to control the
spin relaxation times, induced magnetic fields, and resonance frequency shifts. To
support our theoretical results, when possible, we will compare our results with
experimental data.

2 Hyperfine Interaction and Spin Relaxation Times

When a nonzero spin particle is placed in a magnetic field the initial random
orientation of particle’s spins will change due to the spin–magnetic field inter-
action. Let consider the simple example of electrons. As we already mentioned,
the electron spin quantum number is 1/2, meaning that as a result of the electronic
spin–magnetic field interaction part of the electronic spins will end parallel to
the applied magnetic filed and the rest of them antiparallel to the applied mag-
netic field. However, such a process does not occur instantaneously, and its time
dependence defines the characteristic spin relaxation times. How fast or how slow
this process happens will depend on the particular mechanism which produces
the spin alignment. For electrons some of the possible spin alignment mecha-
nism are due to the interaction of electronic spins with phonons, other electron
spins, and nuclei. All these mechanisms will be characterized by a spin relaxation
time, however, the spin alignment will be finalized in a timescale of the order of
the shorter spin relaxation time. In the following we will focus on the hyperfine
interaction between electronic and nuclear spins to extract information on both
the electronic and nuclear spin dynamics as they result from this mechanism. Our
analysis is similar to the one proposed by Overhauser (1953a) for the case of bulk,
three dimensional materials. However, the case of semiconductor nanostructures
is slightly complicated by the low dimensionality of these physical systems.

The hyperfine interaction, which couples the electronic and nuclear spins is
described by the Fermi contact term

H =
∑

n

H(rn) =
∑

n

8π
3
βeβn

(
�σn · �σe

)
δ(r − rn) , (1)

where βn and βe are the nuclear and electron magnetic moments, �σn and �σe
the Pauli spin operators for the nucleus and electron, and δ(x) is the usual delta
function. The hyperfine interaction depends on the relative distance between
the electronic and nuclear spins, r − rn, via the argument of the delta function,
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a signature of the local character of the hyperfine interaction. The main effect of
the interaction is a spin-flip process involving both the electronic and nuclear spin.
To identify this process we express the product of the two Pauli spin operators,
(�σn · �σe), in terms of the creation and annihilation operators, σ±n(e), as

�σn · �σe = σz
nσ

z
e + 2

(
σ+

nσ
−
e + σ−nσ

+
e
)
. (2)

The first term in Eq. (2) does not contribute to the spin–flip process. The second
term in Eq. (2) flips an electron spin from up to down along with a nuclear
spin from down to up, whereas the last term in Eq. (2) describes the reverse
process. Because the hyperfine interaction mechanism involves at the same time
the flips of an electronic and a nuclear spin we expect to obtain a single time
dependent equation which will determine both the electronic and nuclear spin
relaxation times.

To obtained the general equation which describes the electronic and nuclear
spin dynamics due to the hyperfine interaction we make the following approx-
imations. We consider the electronic system in equilibrium with itself, so the
electronic spin polarization is the same across the semiconductor nanostructure
even if the local density of electronic state may differ from position to position.
We consider the electronic spin system subject to an external magnetic field, H ,
and that at any specific time we have N+ of the electrons with their spins oriented
along the magnetic field (spin up) and N− with their spins oriented antiparallel
to the applied field (spin down). On the other hand, we assume the nuclear sys-
tem will develop a spatially-dependent spin polarization. For simplicity we will
consider for our calculation the case of nuclei with a total spin number 1/2; the
generalization for higher nuclear spin numbers is straightforward (Overhauser,
1953a). In this case, we denote by M+(rn) the probability of a nuclear spin to be
oriented along the applied external field, and M−(rn) the probability of a nuclear
spin to be oriented antiparallel to the applied external field.

The spin relaxation process is time dependent and will be related to both the
total electronic magnetization, D = N+ − N−, and the position-dependent nuclear
magnetization, ∆(rn) = M+(rn) − M−(rn). We introduce W+−(rn) and W−+(rn)
as the total numbers of electron spins which flip from down to up and from up
to down per second from interaction with nucleus n. We can write the change
in D as

dD
dt

= 2
∑

n

[W+−(rn) − W−+(rn)] (3)

and in ∆(rn) as
d∆(rn)

dt
= 2[W−+(rn) − W+−(rn)] . (4)
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The evaluation of W+−(rn) and W−+(rn) will be done based on Fermi’s golden rule
by treating the hyperfine interaction as a time dependent perturbation. According
to Fermi’s golden rule, the electronic transition probability from state k↓ to state
k′↑ induced by nucleus n is given by

W↓↑
kk′(rn) =

2π
�

|Hkk′(rn)|2 Ne(k′↑) δ(Ei − E f ) , (5)

where Hkk′(rn) =
〈
ψ f (k′↑) |H(rn)|ψi(k↓)

〉
represents the matrix elements of the

hyperfine interaction Hamiltonian for nucleus n, Ne(k′↑) is the electronic density
of states for the final state, and Ei and E f are the energies corresponding to
the initial and final state. Accordingly, the total number of spin flips per second
induced by nucleus n, W+−(rn), is

W+−(rn) =
∑

k
W↓↑

kk′(rn)M+(rn) fFD(k↓, Ei)
[
1 − fFD(k′↑, E f )

]
, (6)

where fFD(kσ, E) is the usual Fermi–Dirac distribution function for an electron
with momentum k and spin σ. The spin-flip process conserves the total energy of
the system

k′2↑
2m

− βeH − βnH =
k2
↓

2m
+ βeH + βnH . (7)

The energy conservation law allows us to eliminate k′↑ and gives us the pos-
sibility to estimate W+−(rn) by replacing the sum over the momenta with an
integration over the energy using the density of states. For small magnetic fields,
βe(n)H � kBT (T is the temperature), the integration can be performed sim-
ply as the Fermi–Dirac function can be expanded in a Taylor series. W−+(rn)
is calculated in a similar way using M−(rn) instead of M+(rn) and changing H
to −H .

In the general case, I � 1/2, ∆(rn) = Mm+1(rn) − Mm(rn), represents the
difference in nuclear population between two adjacent nuclear spin levels and
we will have to consider the possible nuclear spin flips accordingly. The nuclear
magnetic quantum number, m, can take 2I + 1 different values, I being the nuclear
spin number. The calculation is straightforward and the general time dependent
electron magnetization can be obtained from the following equation:

dD
dt

=
1
V

∑
n

512π3β2
nβ

2
e

∫
dεA2

e(rn, ε) f ′FD(ε)

9�(2I + 1)
∫

drdεAe(r, ε) f ′FD(ε)
(D0 − D)

+
∑

n

512π3β2
nβ

2
ekBT

∫
dεA2

e(rn, ε) f ′FD(ε)

3�I(I + 1)(2I + 1)
(∆0(rn) − ∆(rn)) , (8)

where
Ae(rn, ε) =

∑
l

|ψl(rn)|2δ(ε − El) , (9)
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D0 and ∆0(rn) are the equilibrium values for D and ∆(rn), respectively, and fFD is
the Fermi–Dirac distribution function. Above, Ae(rn, ε) represents the electronic
density of states, l labels the state, and ψl(rn) the electron wave function at the
nucleus. Equation (8) defines the electron and nuclear spin relaxation times due to
the hyperfine interaction. These definitions should be consider with some caution,
as an exponential decay for the electronic magnetization is obtained only for the
case when the nuclear population approaches equilibrium, or is kept at a fixed
nonequilibrium value. To calculate the electron spin relaxation time we assume
the nuclear polarization is fixed. On the other hand, to extract the nuclear spin
relaxation time we use the total spin angular momentum conservation

dD
dt

= −2I(I + 1)(2I + 1)
3

∑
n

d∆(rn)
dt

, (10)

assume the electron spin polarization is refreshed, i.e., remains approximatively
constant, and separate the resulting equation into n equations: one for each
nucleus.

Equation (8) is a general equation valid for all semiconductor nanostructures.
Let us consider in the following the particular case of a quantum well (QW) struc-
ture. Such structures are quasi-two-dimensional, respect to the growth direction
the electronic motion being restricted to discrete energy levels through confine-
ment in a potential well. The electron energy dispersion can be written as ε(k) =

εi + k2/2me, where εi is the minimum of the conduction subband i and k is the
electron momentum in the plane of the quantum well. When the Fermi energy
of the electronic system is large compared to the distance between the possible
electronic energy subbands, the electronic density of states can be written as

N(ε) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

me/2π, ε1 < EF < ε2,
2me/2π, ε2 < EF < ε3,
· · ·
jme/2π, ε j < EF < ε j+1,

(11)

where we consider that the j-th is the last subband of the system occupied by elec-
trons. In the most general case, when multiple subbands are occupied by electrons,
the electron wave function for different subbands will differ and the electronic
spin-flip process can take place inside the same subband or between two different
subbands. On the other hand, when the energy separation between the energy
levels is large compared to the Fermi energy of the electronic system, the electrons
will occupy only the first energy subband, similar to the case of a two dimensional
electronic gas.
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In the case of a QW the electron and nuclear spin relaxation times due to
the hyperfine interaction can be written in terms of the electronic local density
of states

T−1
1e =

1
V

∑
rn

1024π3β2
eβ

2
n

∫
dεA2

e(rn, ε) f ′FD(ε)

9�(2I + 1)
∫

drdεAe(r, ε) f ′FD(ε)
(12)

and

T−1
1n (rn) =

512π3β2
eβ

2
nkBT

∫
dεA2

e(rn, ε) f ′FD(ε)

3�I(I + 1)(2I + 1)
. (13)

For a QW structure the electronic wave function will be written as a product
between an envelope function, φ(z), and a Bloch function, unK(r), such that
ψK,n(rn) = exp [iK · R]φ(z)unK(rn). Accordingly, the electronic local density of
states at the nucleus position rn is

Ae(rn, ε) =
∑

jk
|ψ jK(rn)|2δ(ε − E jK) , (14)

where j is the subband index, K the momentum, and ψ jK(rn) the electron wave
function at the nucleus. When multiple subbands are occupied,

∫
dεA2(rn, ε) f ′FD(ε) = |u(rn)|4

∑
j,k

|φ j(rn)|2|φk(rn)|2Θ(εmax{ j,k}) , (15)

with
Θ(ε j) =

1

exp
[
ε j−EF

kBT

]
+ 1

, (16)

a temperature dependent factor. In general, the temperature dependent factor
becomes important when electrons start to occupy higher conduction subbands.

The electronic spin relaxation time (see Eq. (12)) is temperature independent,
except for the case when the Fermi energy is closed to the bottom of a conduction
subband. This suggests that the relaxation mechanism due to the hyperfine interac-
tion can be the dominant one for electrons at low temperatures, as it is known that
relaxation time due to other mechanisms increase when the temperature decreases
(Overhauser, 1953a). The nuclear spin relaxation time (see Eq. (13)) follows the
Korringa low (Korringa, 1950), i.e., T1n ∼ T−1. Similar to the electronic spin
relaxation times, temperature corrections to the nuclear spin relaxation time be-
come important when the Fermi energy approaches the bottom of an electronic
conduction subband. According to Eq. (13) the nuclear spin relaxation time due
to the hyperfine interaction will be position dependent. What is important, is the
position dependence of the nuclear spin relaxation along the confinement direc-
tion. From the experimental point of view, a standard NMR experimental setup
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will record signals from all nuclei in the sample, rather than nuclei from a specific
position, i.e., the recorded nuclear spin relaxation time will be

1
T1n

=

∫
dz T−1

1n (z) Pn(z)∫
dz Pn(z)

, (17)

wherePn(z) is proportional to the initial position-dependence of the nuclear polar-
ization. For the case of optical pumping, where the nuclear polarization is realized
through the hyperfine interaction, Pn(z) ∝ |φ(z)|4.

Figure 1 presents the position dependence of the 1/(T1nT ) ratio as function
of the applied electric field for the case of an ideal PQW (see Appendix B for
the exact parameters of the PQW). The plots assume single subband occupancy
in the electronic conduction band. The electric field control over the nuclear spin
relaxation times across the PQW suggests the growth of δ-doped PQW, where
an intentionally δ doped layer is inserted in the original structure. The δ-doped
layer will consist on different nuclei respect to the host nuclei. For example, in
an AlGaAs PQW, possible nuclei in the δ-doped layer are In nuclei. This request
is essential if nuclear spin relaxation times in the sample will be investigated via
NMR.

Figure 2 presents the recorded nuclear spin relaxation time 1/(T1nT ) as
function of the Fermi energy for uniformly distributed nuclei in the PQW. Note
that as the Fermi energy increases the electron density in the PQW increases,
higher electronic subbands being occupied. Manipulation of the electronic density

Figure 1. The position dependence of 1/(T1nT ) in the ideal PQW for different values of the
external electric field
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Figure 2. The recorded nuclear spin relaxation time 1/(T1nT ) as function of Fermi energy in the
ideal PQW for different temperatures (nuclear spin diffusion is neglected)

in the PQW, and implicitly of the corresponding Fermi energy, can be accom-
plished with a gate. The reference value of the energy is set at −∆E below the
minimum of the first conduction band. The dependence of the recorded nuclear
spin relaxation time is stepwise, decreasing every time when a new electronic
subband becomes occupied. Corrections to Korringa law become important at
high temperatures when new electronic subbands start to be occupied. For the
particular case of our ideal PQW the temperature induced smearing completely
removes the stepwise behavior of the recorded nuclear spin relaxation time around
T = 30 K. The results presented in Figure 2 are obtained in the absence of nuclear
spin diffusion. Previous calculations show that the effects of nuclear spin diffusion
on the recorded nuclear spin relaxation time are minimal (Ţifrea and Flatté, 2004).

3 Dynamic Nuclear Polarization

The dynamical nuclear polarization (DNP) process was theoretically described
by Overhauser (1953b) in bulk metallic samples and is a result of the hyperfine
interaction between electronic and nuclear spins. In semiconductor systems, the
effect was first used by Lampel (1968) to improve the NMR signal in bulk Si sam-
ples. Paget et al. (1977) demonstrated that DNP can be enhanced in GaAs sample
using optical techniques. The same optical pumping technique was successfully
used by Berg et al. (1990) and by Barrett et al. (1994) to polarized nuclei in quasi
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two-dimensional semiconductor heterostructures. Recently, there is evidence that
DNP along with optical pumping can lead to nuclear spin polarization in quantum
dot samples (Gammon et al., 2001).

To understand the DNP theoretically we start from Eqs. (8) and (10). These
two equations can be combined to obtained a general time dependent equation for
the nuclear spin dynamics

d∆(rn)
dt

=
∆0(rn) − ∆(rn)

T1n(rn)
+

1
(2I + 1) kBT Ñ

D0 − D
T1n(rn)

, (18)

where Ñ =
∫

dr dε Ae(r, ε) f ′FD(ε). Equation (18) describes the nuclear
spin dynamics as a result of the hyperfine interaction. Additionally, the nuc-
lear spin dynamics will be influenced by other mechanism which involve the
nuclear spin, i.e., interaction of nuclear spins with phonons, impurities, electron,
and other nuclei. For a complete equation of the nuclear spin dynamics, such
effects should be part of Eq. (18). To account for these additional interactions
involving the nuclear spins we will have to adjust Eq. (18) by changing the first
term in the right hand side

1
T1n(rn)

→ 1
T1n(rn)

+
1

T ′
n
, (19)

where T ′
n represents the nuclear spin relaxation time due to additional relaxation

mechanisms. Note that such a change is not justified in the second term in the
right hand side of Eq. (18) because this term is strictly related to the hyperfine
interaction, i.e., is related to the electron spin-flip.

As it stands, Eq. (18) is a position and time dependent differential equation
which under special conditions can be solved exactly. In optical DNP, spin po-
larized electrons created by absorbtion of polarized light or electron injection
(Strand et al., 2003) will transfer their polarization to the nuclei via the hyperfine
interaction. In most of the experimental setups the electron polarization, D, is kept
constant as a result of continuous (or quasi-continuous) resupply of spin polarized
electrons from optical pumping of the electron system. Translated in theory, we
can consider the last term in Eq. (18) to be time independent, and accordingly we
can solve the equation for ∆(rn)

∆(rn, t) = [∆0 + ∆ind(rn)]
{

1 − exp
[
−t
(

1
T1n(rn)

+
1

T ′
n

)]}
, (20)

where
∆ind(rn) =

1
(2I + 1) kBT Ñ

T ′
n

T1n(rn) + T ′
n

(D0 − D) (21)

represents the induced nuclear polarization due to the hyperfine interaction. In
general, when subject to external magnetic fields, the nuclear polarization, ∆0, is
less than 1%, meaning that the dominant nuclear polarization comes from DNP
via the hyperfine interaction.
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Two different time regimes can be identified in Eq. (20). First, in the initial
stages of the DNP process (t � Tmin; with Tmin = min [T1n, T ′

n]), the nonequilib-
rium nuclear system magnetization can be approximated as

∆(rn, t) ∝ ∆ind(rn)
t

Tmin
, (22)

a linear dependence on time being predicted. This situation will lead to a nuclear
polarization ∆(rn, t) ∝ |ψl(rn)|4t (Ţifrea and Flatté, 2003), a dependence which
was observed by Barrett et al. (1994) in GaAs semiconductor quantum wells. On
the other hand, Eq. (20) predicts a saturated nuclear polarization

∆(rn, t) = ∆0 +
1

(2I + 1) kBT Ñ
T ′

n

T1n(rn) + T ′
n

(D0 − D) , (23)

when t � Tmin. This result should be regarded with some precaution. In real
conditions, nuclei are also subject to nuclear spin–nuclear spin interactions which
can be source of nuclear spin diffusion. Actually, nuclear spin diffusion is of
main importance when we consider DNP in bulk semiconductor samples. As
it was suggested by Paget (1982), due to the lack of electronic localization in
bulk semiconductors, diffusion plays an important role for nuclear polarization of
such samples. In bulk semiconductors the hyperfine interaction will be effective
between donor nuclei and electrons, as shallow donors are the one responsible
for electron localization. The nuclear polarization of the entire sample will be a
result of nuclear spin diffusion, a process involving the donor nuclei and the rest
of the nuclei in the system. To account for nuclear spin diffusion Eq. (18) should
include an additional term on the right hand side of the equation. Such a term
will include the diffusion constant which characterize the nuclear spin diffusion
process. This constant was reported by Paget (1982) to be of the order of 103 Å2/s
for GaAs bulk systems. Apparently, when nanostructured semiconductors are con-
sidered, nuclear spin diffusion can be neglected (Poggio et al., 2003; Strand et al.,
2003). This conclusion is also sustained by more recent attempts to measure the
nuclear spin diffusion constant (Malinowski and Harley, 2000b). In their exper-
iment, Malinowski and Harley (2000b) used a double QW structure. One of the
wells was subject of optical pumping. FR data were obtained for the second QW
to extract information on the induced nuclear polarization. As the only source of
nuclear polarization in this second well is nuclear spin diffusion from the first
well, the experimental data lead to the conclusion that the diffusion process is
characterized by a spin diffusion constant of the order of 102 Å2/s, one order of
magnitude smaller than the one in bulk samples. However, additional theoretical
and experimental efforts are needed to clarify the issue of nuclear spin diffusion
in samples with reduced dimensionality such as quantum wells or quantum dots.

The result of DNP is a rearrangement of nuclear spins on the possible nuclear
spin levels. In principle, the difference in occupation between adjacent level, ∆(rn)
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could depend on the nuclear magnetic quantum number m. However, in the kinetic
limit, when the dominant effect determining the occupation of a given level is
DNP, then ∆(rn) should not depend on m. The induced nuclear spin polarization
can be calculated as

P =

∑
m mMm

I
∑

m Mm
. (24)

The nuclear spin polarization is an important parameter for NMR experiments,
where the absorption signal is proportional to P1. For the case of nanostruc-
tured materials P1 will be position dependent as nuclei in different regions of
the sample will overlap differently with the electronic population. Also, due to the
time evolution of DNP, nuclear spin polarization across the system will be time
dependent.

Figure 3 presents the time and position dependence of the induced nuclear
spin polarization for all active nuclear species in the AlGaAs PQW. The electron
spin polarization was considered to be D = 50% out of optical pumping, and
the additional nuclear spin relaxation times of the order of 10 min, T ′

n = 600 s
(McNeil and Clark, 1976). These times are obtained from interaction of nuclei
with phonons in the system. We can clearly identify for all nuclear isotopes the

Figure 3. The position and time dependence of the induced nuclear spin polarization for all nuclear
isotopes in the AlGaAs PQW (69Ga, 71Ga, 75As, 27Al). As parameters we considered the optically
pumped electron spin polarization to be D = 50% and the additional nuclear spin relaxation time
from other nuclear spin relaxation mechanisms T ′

n = 600 s (this value was considered for all active
nuclear isotopes)
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two regimes discussed previously, namely the linear dependence on time of the
nuclear spin polarization in the initial stages of the DNP, and the saturation of
the nuclear spin polarization in the late stages of the DNP. The maximum values
for the induced nuclear spin polarization are in the center of the PQW where the
probability to find electrons is higher, and implicitly the hyperfine interaction is
more efficient. The nuclei in the vicinity of the PQW barriers are not polarized, as
their overlap with the electronic system is very small. The acquired nuclear spin
polarization depends on the nuclear isotope as different isotopes have different nu-
clear gyromagnetic numbers and different nuclear magnetic factors. The induced
nuclear spin polarization is higher for the case of the 27Al isotope (I = 5/2). The
nuclear isotopes of Ga and As have the same nuclear magnetic number (I = 3/2)
and slightly different nuclear gyromagnetic factors, properties which account for
their similar nuclear spin polarizations in the PQW (see Figure 3).

Three important parameters influence the value of the nuclear spin polarization
in the PQW. Their role in the polarization of the 71Ga isotope is presented in
Figure 4. These parameters play a similar role in the case of other nuclear isotopes
in the sample. The first one is the additional nuclear spin relaxation time, T ′

n. Its
influence on the position dependence of the saturated nuclear spin polarization is
presented in Figure 4a. The plot presents the nuclear spin polarization in the PQW
as function of position for different values of T ′

n and for a fixed temperature T = 5
K and a fixed initial spin polarization in the electronic system, D = 100%. This
parameter mainly affects the width of the polarized nuclear population across the

Figure 4. The position dependence of the saturated induced nuclear spin polarization for 71Ga
nuclear isotope for different a) additional nuclear spin relaxation time, b) initial spin polarization in
the electronic system, and c) values of the temperature
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PQW, smaller the T ′
n, narrower the polarized nuclear population. As one can see

this parameter does not influence drastically the maximum value of the nuclear
spin polarization in the system. Our estimation considered a constant value for
T ′

n across the nanostructure. This assumption should be valid when the additional
nuclear spin relaxation mechanism is, for example, due to nuclear–phonon inter-
action. However, one may expect that some other types of interaction will induce a
position dependent additional nuclear spin relaxation time. The second parameter
is the initial spin polarization in the electronic system, D. The role of the initial
spin polarization in the electronic system is considered in Figure 4b where we
plotted the saturated nuclear spin polarization as function of position across the
PQW for different values of the initial spin polarization in the electronic system
and constant additional nuclear spin relaxation time, T ′

n = 600 s, and temperature,
T = 5 K. Our analytical estimations proved that higher the value of the spin polar-
ization in the electronic system, greater the final spin polarization in the nuclear
system. The spin polarization in the electronic system influences mainly the value
of the maximum nuclear spin polarization and has little effect on its width across
the PQW. The third parameter we considered is the temperature. We analyzed the
effect of the temperature on the nuclear spin polarization keeping constant the
additional nuclear spin relaxation time, T ′

n = 600 s and the initial spin polarization
in the electronic system, D = 100%. Our conclusions are summarized in Figure
4c where we plotted the value of the nuclear spin polarization for different tem-
perature values. As we expected, as the temperature increases the maximum value
of the nuclear spin polarization reduces. On the other hand, the temperature does
not influence drastically the width of the polarized population on the restricted
direction across the PQW. From the experimental point of view, based on our
analysis, one can conclude that the DNP is more efficient at low temperatures and
large initial spin polarization in the electronic system.

4 Induced Magnetic Fields

4.1 HYPERFINE MAGNETIC FIELDS

The effects of the hyperfine interaction on both nuclei and electrons can be under-
stood if we consider the average over the orbital coordinates of the electron for
the hyperfine interaction Hamiltonian:

〈Hn〉 =
2
3
µo g0µB gnµn (I · S) |ψ(rn)|2 , (25)

where S and I are the electronic and nuclear spin operators, µ0 the vacuum mag-
netic permeability, g0 the free-electron g-factor, gn the nuclear g-factor, µB the
electron Bohr magneton, and µn the nuclear magneton. The matrix elements of
the hyperfine interaction can be interpreted in terms of virtual magnetic fields
acting on both electrons and nuclei.



112 NUCLEAR SPIN DYNAMICS IN SEMICONDUCTOR NANOSTRUCTURES

The hyperfine interaction effects on electrons can be viewed as resulting from
virtual magnetic fields, Bn

h f , created by nuclei. One can find the form of such
fields if we rewrite the matrix elements of the hyperfine interaction Hamiltonian as
g∗µB Bn

h f , where g∗ represents the effective electron g-factor. Simple calculations
lead to

Bn
h f (rn) =

2µ0µn

3
g0

g∗
φ2(z)

∑
α

gnα|uα(rn)|2 < Iα(z) >, (26)

where α labels all nuclear species in the system, gnα represents the nuclear g-
factor for the α nucleus, φ(z) the electronic envelope function, uα(rn) the electronic
Bloch function at the α nucleus, and < Iα(z) > the average nuclear spin polariza-
tion corresponding to each of the nuclear species α. In general, the value of the
effective electronic g-factor will depend on the geometry of the semiconductor
QW (Malinowski and Harley, 2000a). The virtual magnetic field created by nuclei
is position dependent and will reflect both the position dependence of the electron
distribution and of the nuclear spin polarization in the QW.

On the other hand, the effects of the hyperfine interaction on nuclei can be
viewed as a virtual magnetic field created by the electrons, Be

h f , whose form
can be extracted if we rewrite the matrix elements of the hyperfine interaction as
gnµn Be

h f . One finds a position dependent virtual magnetic field acting on nuclei

Be
h f (rn) = −2µ0

3
g0µB φ

2(z)|u(rn)|2 < S > . (27)

Different nuclear species are characterized by different values of the electronic
Bloch functions at the nuclei sites, and accordingly the virtual electronic hyperfine
magnetic fields will be species dependent. Also, the fields will be position depen-
dent as a result of the electron distribution across the QW. On the other hand, there
will be no position dependence of these fields due to the spin polarization in the
electronic system, the average electronic spin polarization, < S >, being constant
(position independent) as a result of optical pumping.

Figure 5 presents the position dependence of the virtual hyperfine field acting
on the electrons. Each nuclear isotop in the PQW will contribute to the value of
the virtual hyperfine field seen by the electrons. The position dependence of the
hyperfine magnetic field acting on electrons is given by the position dependent
concentration of different nuclear isotopes and also by the position dependence
of the contact hyperfine interaction across the sample. The maximum values of
the hyperfine fields acting on electrons are of the order of few hundreds gauss.
The fields can be measured indirectly in FR experiments as Overhauser frequency
shifts in the electronic spin resonance frequency. The divergences in the value of
the magnetic field, observed at approximatively ±177.9 Å, are due to a vanishing
value of the effective electronic g factor at these points. Such divergencies will not
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Figure 5. The position dependence of the virtual hyperfine magnetic field acting on electrons. The
divergencies at ±177.9 Å are due to the zeros of the electronic effective g factor in the PQW

be visible in FR experiments, as the effective electronic g factor does not enter the
expression of the Overhauser frequency shifts (for more details see section 5 of
the chapter).

In Figure 6 we present the position dependence of the hyperfine magnetic field
acting on different nuclear isotopes due to the polarized electrons in the system.
The value of the initial spin polarization of the electronic system is considered
to be D = 100% constant across the PQW. According to Eq. (27) the magnetic
fields will be different for each isotope in the sample depending on the value of
the electronic Bloch function at the isotope site. For example the two Ga isotopes
are characterized by the same value of the electronic Bloch function, and as a
consequence they will be subject to similar hyperfine magnetic fields from the
electrons (for the exact value of the electronic Bloch function at the Ga sites see
Appendix B). On the other hand the Bloch function corresponding to As isotopes
have a different value (Paget et al., 1977), resulting in higher hyperfine magnetic
fields. For Al, as it substitutes Ga in the PQW, we consider the same value for the
electronic Bloch function as the one for Ga isotopes, meaning that the hyperfine
magnetic fields acting on Al nuclei will be identical to the ones acting on Ga
nuclei. These fields should be detectible in NMR experiments as Knight shifts in
the nuclear spin resonance frequency. As different nuclear isotopes have different
nuclear gyromagnetic factors, the corresponding Knight shifts will be different
even if the hyperfine magnetic fields acting on nuclei will be the same (the case
of 69Ga, 71Ga, and 27Al nuclei).
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Figure 6. The position dependence of the virtual hyperfine magnetic field acting on Ga and As
nuclei (the initial spin polarization in the electronic system is considered to be D = 100%)

4.2 DIPOLAR MAGNETIC FIELDS

Along with the virtual magnetic fields acting on both nuclei and electrons one
can identify also the presence of an induced local dipolar nuclear magnetization,
Mind. This additional magnetization is a result of nuclear spin–nuclear spin dipole
interaction and is defined as

Mα
ind(rn) =

∑
m

mMα
m(rn) , (28)

where α labels the nuclear species. To calculate the induced field, we consider
the dependence of the nuclear relaxation time on the growth direction (Ţifrea and
Flatté, 2003), and we assume that at each nuclear position zn we have a uniformly
magnetized plan at nuclei position. The dipolar field from the nuclei is

Bd(r) = µ0µn

∑
α

Mα
ind(r) , (29)

where Mα
ind(r) represents the total induced nuclear magnetization in the unit cell

situated at position r. This magnetic field will act both on the nuclei and the elec-
trons. A simple calculation show that Bd(rn) ∼ ∆ind(rn), and as a result the
time and the position dependence of the dipolar nuclear magnetic field can be
extracted from Eqs. (20) and (21). The nuclear dipolar field profile across the QW
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Figure 7. The position dependence of dipolar nuclear field acting on both electrons and nuclei in
the sample

structure will depend on the position dependence of the nuclear spin relaxation
time due to the hyperfine interaction and additional nuclear spin relaxation times
due to other mechanisms. This is similar to the nuclear spin polarization case.

Figure 7 presents the position dependence of the dipolar nuclear field acting
both on electrons and nuclei. The values of the field are obtained for an initial
spin polarization in the electronic system D = 100%, an additional nuclear spin
relaxation time T ′

n = 600 s, and temperature T = 5 K. As we expected, the dipolar
field is much smaller than both the hyperfine magnetic fields acting on nuclei or
electrons. This fact will make their detection difficult, especially if one considers
the effects of this field on nuclei. However, if we use measurements of the elec-
tronic spin precession frequency, the effects of the dipolar magnetic fields may be
possible to extract for samples with high electronic g-factors (for example InAs
systems). In such systems, the differences between the hyperfine and dipolar fields
acting on electrons can be as close as two orders of magnitude, depending on the
value of the electronic g-factor.

5 Overhauser Frequency Shifts

The effects of DNP can be observed experimentally using NMR or FR experiments
by measuring the Knight or Overhauser spin resonance frequencies shifts for
nuclei or electrons. Such shifts are a result of the hyperfine interaction between
the electronic and nuclear spins. In the following we will present a theoretical
analysis of the spin precession frequency of electrons subject to an induced
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position-dependent nuclear spin polarization in semiconductor nanostructures.
Our results will be discussed in connection with FR experimental data obtained
in the AlGaAs PQW (Poggio et al., 2003).

In the previous section of the chapter we presented a calculation of the hy-
perfine magnetic field acting on electrons due to the induced spin polarization in
the nuclear system (see Eq. (26)). The effects of this virtual field can be measured
in FR experiments, where the extracted Larmour frequency corresponding to the
electron spin precession will depend both on the applied external magnetic field
and the induced hyperfine magnetic field. The Overhauser shift corresponds to
the change in the Larmour frequency due to DNP. The induced hyperfine mag-
netic field is position dependent, and accordingly the Overhauser shift will have a
position dependence:

∆νe
h f (r) = −2µ0

3h
g0µBµn

∑
i

gi
n|ψi(r)|2ci(r) < Ii(r) >. (30)

Different from the induced hyperfine magnetic fields, the Overhauser frequency
shift depends only on the bare electronic g factor and is independent of the effec-
tive electronic g factor. Dipole nuclear spin interaction will induce an additional
shift in the electronic spin precession frequency, however, such shifts are usually
much smaller than the Overhauser shifts and will be neglected hereafter. Dipo-
lar shifts are proportional to the effective electronic g-factor, and they may be
important in systems with large values of the effective g-factor.

Figure 8 presents the position dependence of the calculated Overhauser
frequency shift for the case of the PQW. Note that all nuclear isotopes in the PQW

Figure 8. The position dependence of the Overhauser frequency shift in the PQW. Inset: the 27Al
contribution to the total Overhauser shift
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contribute to the total value of the Overhauser frequency shift. The inset of Figure
8 presents the contribution of the 27Al nuclear isotope. From the experimental
point of view, the presence of the 27Al nuclear isotope was observed only in
bulk AlGaAs samples (Ekimov and Safarov, 1972) despite a large effort in this
direction.

In general, frequency shifts measured in FR experiments cannot trace a
position dependence of the Overhauser shifts, the value of the measured Larmour
precession frequency being a response of the entire sample. In other words,
the experimental value of the Overhauser shift will be a convolution between
a position dependent frequency shift and the probability to find electrons at
various positions in the sample. Accordingly, when FR data are obtained for low
dimensionality samples the recorded Overhauser shift should be obtained as

∆νL =

∫
dr∆νe

h f (r)|ψ(r)|2∫
dr|ψ(r)|2

. (31)

Poggio et al. (2003) performed FR experiments to obtained Overhauser
frequency shifts in an AlxGa1−xAs PQW, where the concentration of the 27Al
nuclei is varied from 7% in the center of the well to 40% in the barriers. Directly
below the PQW is a 450-nm Al0.4Ga0.6As barrier, then a 500-nm of layer of low
temperature-grown GaAs serving as a conduction barrier, and finally a 50-nm
n-GaAs back gate contacted using annealed AuGe/Ni. Above the PQW is a
50-nm Al0.4Ga0.6As barrier followed by a transparent front gate consisting of
5 nm of titanium and 5 nm of gold which was evaporated on the sample surface.
A voltage Ug applied across the front gate and the grounded back gate produces a
constant electric field across the PQW and results in a negligible leakage current
(<100 µA). This sample has very similar properties with our example case (see
Appendix B). Figure 9a presents the experimental data obtained by FR (Poggio
et al., 2003).

The experiment considered different initial conditions. First, the nuclear spin
polarization in the system is obtained in the absence of an applied external elec-
tric field. One expects in this situation that the nuclear spin polarization will be
centered in the PQW. However, in reality due to the strong confinement in the
PQW, even in the absence of applied gate voltages (gate voltages are equivalent
of applied external fields), the electronic population is not centered, its position
across the nanostructure being equivalent to the presence of a built in electrical
potential U0 = −1.1 ± 0.1 V. Overhauser frequency shifts are obtained thereafter
for different applied gate voltages (� – Ug = 0 V in Figure 9a). Each point
corresponds to a different gate voltage, and should be understand as a direct
probe of the position dependent nuclear spin polarization in the sample. When
external gate voltages are applied, the position of the electronic population across
the PQW is changed, resulting in a different overlap of the electronic population
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Figure 9. a) Overhauser frequency shifts for different initial nuclear spin polarizations (� – 0 V,
• – 0.5 V, � – 1 V) – lines are included for eye guidance; b) The integrated Overhauser frequency
shift calculated for an initial ∼28% electronic spin polarization (� – 0 V, • – 0.5 V, � – 1 V)

with the nuclear polarization in the system, and accordingly a different overall
Overhauser shift. The timescale for the initial stage of the experiment is of the
order of minutes (about 20 min), to allow for a saturated nuclear spin polarization
in the system. On the other hand, the timescale for the final stage of the experiment
is much shorter, so that the initial nuclear spin polarization in the system is not
disturbed when FR data are collected. As expected, the maximum frequency shift
is obtained when the gate voltage matches the value of the gate voltage used in
the initial polarization of the nuclear spin system. Second, the initial stage of the
experiment is repeated in the presence of an applied gate voltage, resulting in a
different initial position dependence of the nuclear spin polarization across the
PQW. The corresponding Overhauser shifts (• – Ug = 0.5 V, � – Ug = 1 V) are
then collected in the same way as for the Ug = 0 V situation. By polarizing nuclei
in the sample at different values of the gate voltage, a wide distribution of about 8
nm of polarized nuclei was controlled electrically over a distance of about 20 nm.

The experimental data should be interpreted as a probe of a position depen-
dent nuclear spin polarization in the PQW. Figure 9b presents the calculated
Overhauser frequency shifts based on Eq. (31). Several parameters were included
in our calculation. We considered first the experimental data extracted when the
initial nuclear spin polarization was obtained in the absence of a applied external
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voltage. The analysis of the experimental data in this situation leads to the con-
clusion that the initial spin polarization in the electronic system is D � 28% as a
result of the optical pumping of the PQW. The value of the initial spin polarization
in the electronic system was estimated such that the maximum of the theoretical
Overhauser shift will match the maximum value of the experimental Overhauser
shift. The obtained value is reasonable given the experimental conditions. With
this value for the electronic spin polarization, the maximum nuclear spin polar-
ization in the PQW as a result of DNP is about ∼22% for Ga and As nuclei, and
about ∼30% for Al nuclei. If one averages the nuclear spin polarization across the
PQW the obtained overall value is about 2.5%. Remember that only the nuclear
population in the central regions of the PQW is polarized due to a very strong
confinement in the electronic system, meaning that most of the nuclei in the
PQW remain unpolarized (see for example Figure 3). When the initial nuclear
spin polarization is obtained in the presence of an external electric potential, the
maximum value of the Overhauser frequency shift is changed, mainly due to the
fact that the electron population will overlap more 27Al nuclei than in the first
situation when the nuclear polarization was obtained in the absence of an applied
electric potential. This fact should be understood in connection with the position
dependence of the Al and Ga nuclei across the PQW.

The calculated Overhauser frequency shifts match reasonable the experimental
data. Some differences should be mentioned. The width of the polarized nuclear
population is smaller in the theoretical estimations respect to the width proved
experimentally. Also, as Figure 9 proves, the maximum value of the Overhauser
shift calculated for the case when the initial nuclear spin polarization corresponds
to an applied electric potential Ug = 1 V, is slightly lower than the experimental
value. In the first case, one explanation can be the nuclear spin diffusion, which in
the theoretical calculations was completely ignored. Another possible explanation
can be related to the value of the additional nuclear spin relaxation times due
to other mechanisms than the hyperfine interaction mechanism; our calculation
considered a constant value of 600 s for those times, which may be correct in bulk
samples, but incorrect for the case of low dimensional nanostructures.

6 Summary

In summary, we presented a detailed analysis of the effects of the hyperfine
interaction in low dimensional nanostructures systems. The results presented
in this chapter are very general, and they should be applicable to any low
dimensional system. The nuclear spin dynamics in semiconductor nanostructures
is govern mainly by the hyperfine interaction between electronic and nuclear
spins. We addressed topics such as the nuclear spin relaxation time, dynamical
nuclear polarization, induced hyperfine magnetic fields, and Overhauser shifts in
the electronic spin resonance frequencies. Our case example was an AlxGa1−xAl
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PQW, a quasi-two-dimensional system where electrons are confined in a parabolic
potential respect to one direction.

First, we discussed the hyperfine interaction and its implications on both the
nuclear and electronic spin relaxation times. The calculated electron spin relax-
ation time as a result of hyperfine interaction for quantum well structures is of
the order of 10−5 s, much longer than electron spin relaxation times due to other
interactions involving the electron spin. In other words, hyperfine interaction is
not determinant for the electron spin relaxation time, as the dominant relaxation
mechanism for the electron spin will be the one leading to the shorter relaxation
time. On the other hand, hyperfine interaction is the main mechanism governing
the nuclear spin dynamics. The resulting nuclear spin relaxation time depends
on temperature and the local electronic density of states at the nuclear position.
The temperature dependence of the relaxation time is given by Korringa law
(Korringa, 1950), i.e., T1n ∼ T−1. For low dimensional nanostructures, the natural
confinement of the electrons is responsible for the position dependence of the local
electronic density of states, and implicitly for a position dependent nuclear spin
relaxation time. Moreover, in quantum wells and quantum dots, the electronic
envelope function can be manipulated with electric fields. Accordingly, electric
fields may be used as an efficient way to manipulate the nuclear spin dynamics in
the system.

An important effect of the electron spin–nuclear spin interaction is the dynam-
ical nuclear polarization, also known as the Overhauser effect. When hyperfine
interaction is efficient, due to the flip-flop process involving the electronic and
nuclear spins, any spin polarization in the electronic system is efficiently trans-
ferred to the nuclear system, resulting in a nuclear spin polarization in the system.
The reduced number of available nuclei in low dimensional nanostructures have
to be balanced by large nuclear polarizations to increase the measured signals
in NMR and FR experiments. Different from bulk materials where the nuclear
spin polarization is less than 1%, in quantum wells or quantum dots, the nu-
clear spin polarization can be as big as 6.5% (Malinowski and Harley, 2000b),
or 65% (Bracker et al., 2005). The second part of the chapter presented a detailed
analysis of the dynamical nuclear polarization in low dimensional system, with
an emphasize on the PQW. The induced nuclear spin polarization is both time
and position dependent. As function of time, the induced nuclear spin polariza-
tion is characterized by two distinct regimes, i.e., a linear time dependence in
the initial stages, and a saturation in the final stages of the DNP. As function of
position, the induced nuclear spin polarization presents a maximum in the region
with a maximum density of electrons. However, the position dependence of the
induced nuclear spin polarization is complex, being influenced by factors such as
additional nuclear spin relaxation mechanisms, temperature, and the initial spin
polarization of the electronic system. A different visualization of DNP can be
made in terms of induced hyperfine magnetic fields acting on nuclei and electrons.
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Their effects can be observed in NMR or FR experiments as Knight shifts in
the nuclear spin resonance frequency, or Overhauser shifts in the electron spin
resonance frequency. DNP depends on the local electronic density of states, and it
can be manipulated with electric fields in a similar way as nuclear spin relaxation
times. Experimentally, this was proved by FR experiments in PQWs (Poggio et al.,
2003). Our theoretical analysis of FR experiments leads to Overhauser frequency
shifts close to the observed values for the PQW.

Appendix

A Table of Semiconductor Isotopes

Table 1 presents a list of semiconductor elements or isotopes as reported by
Holden (1998). The first column gives the element symbol along with its atomic
number. Second column reports the natural abundance of the isotope measured
in atom percent—we limited the table only to elements with a nonzero natural
abundance. The third column presents the nuclear spin number in units of � and
the parity of the isotope. The fourth column reports the nuclear magnetic moment
in units of nuclear magneton units (µn = 5.05078343 × 10−27 J/T).

TABLE 1. Table of semiconductor isotopes (Holden, 1998)

Element Natural Nuclear spin Nuclear magnetic
or isotope abundance number moment

(%) (�) (nuclear magneton units)

27Al 100 5/2+ +3.64151
28Si 92.22 (2) 0+

29Si 4.69 (1) 1/2+ −0.5553
30Si 3.09 (1) 0+

31P 100 1/2+ +1.13160
64Zn 48.63 (60) 0+

66Zn 27.90 (27) 0+

67Zn 4.10 (13) 5/2− +0.8755
68Zn 18.75 (51) 0+

70Zn 0.62 (3) 0+

69Ga 60.108 (9) 3/2− +2.01659
71Ga 39.892 (9) 3/2− +2.56227
70Ge 20.84 (87) 0+

72Ge 27.54 (34) 0+
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TABLE 1 (continued)

Element Natural Nuclear spin Nuclear magnetic
or isotope abundance number moment

(%) (�) (nuclear magneton units)

73Ge 7.73 (5) 9/2+ −0.879467
74Ge 36.28 (73) 0+

76Ge 7.61 (38) 0+

75As 100 3/2− +3.4687
74Se 0.89 (4) 0+

76Se 9.37 (29) 0+

77Se 7.63 (16) 1/2− +0.53506
78Se 23.77 (28) 0+

80Se 49.61 (41) 0+

82Se 8.73 (22) 0+

106Cd 1.25 (6) 0+

108Cd 0.89 (3) 0+

110Cd 12.49 (18) 0+

111Cd 12.80 (12) 1/2+ −0.594886
112Cd 24.13 (21) 0+

113Cd 12.22 (12) 1/2+ −0.622301
114Cd 28.73 (42) 0+

116Cd 7.49 (18) 0+

113In 4.29 (5) 9/2+ +5.529
115In 95.71 (5) 9/2+ +5.541
112Sn 0.97 (1) 0+

114Sn 0.65 (1) 0+

115Sn 0.34 (1) 1/2+ −0.9188
116Sn 14.54 (9) 0+

117Sn 7.68 (7) 1/2+ −1.0010
118Sn 24.22 (9) 0+

119Sn 8.59 (4) 1/2+ −1.0473
120Sn 32.59 (9) 0+

122Sn 4.63 (3) 0+

124Sn 5.79 (5) 0+

121Sb 57.21 (5) 5/2+ +3.363
123Sb 42.79 (5) 7/2+ +2.550



NUCLEAR SPIN DYNAMICS IN SEMICONDUCTOR NANOSTRUCTURES 123

B Parabolic Quantum Wells

In this Appendix we present a brief overview of parabolic quantum wells. PQWs
are semiconductor heterostructure where a parabolic confinement potential is
realized by a precise control of the system composition. A standard example
of a PQW is an AlxGa1−xAs heterostructure where the Al composition varies
from low values in the center of the structure to higher values in its barriers. Such
samples are grown by molecular beam epitaxy (Miller et al., 1984). Some of
the most important properties of the PQW are the very good confinement of the
electronic system in the centrum of the structure, an easy and effective electric
field manipulation of the electron distribution across the system, and the equal
energy spacing between adjacent conduction bands.

In general for any quantum well structure the dispersion relation is quasi-two-
dimensional and the electronic wave function will be written as a product between
an envelope function, φ(z), and a Bloch function, unK(r), such that ψK,n(rn) =

exp [iK · R]φ(z)unK(rn). For K ∼ 0 the value of the Bloch function for the con-
duction band can be approximated as a constant. Its value at the 71Ga nucleus
site was extracted by Ţifrea and Flatté (2003) as |u(rn)|2 = 5.2 × 1025 cm−3.
On the other hand, the electron’s envelope function φ(z), and the characteristic
subband energies, εn, can be calculated analytically using the time-independent
Schrodinger equation:

(
− �

2

2me

d2

dz2 + V(z)
)
φ(z) = εnφ(z), (32)

where the confining potential, V(z), can be written as

V(z) =
1
2

meω
2
0z2, (33)

with me the electron mass and ω0 the characteristic frequency. Equation (32)
admits the following solution:

φn(z) = Nn exp
[
−meω0

2�
z2
]
Hn−1

[(meω0

�

)1/2
z
]

(34)

and

εn =

(
n − 1

2

)
�ω0 , (35)

where the subband index n is a natural number, Hn(x) are the Hermite polynomi-
als, and Nn is the normalization factor. In the presence of an external electric field,
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F , the modified Schrodinger equation admits a similar solution

φn(z,F ) = Nn exp
[
−meω0

2�
(z − z0)2

]

×Hn−1

[(meω0

�

)1/2
(z − z0)

]
(36)

and

εn(F ) = εn −
e2F 2

2meω
2
0

, (37)

where z0 = eF /meω
2
0. The form of the envelope function is unchanged, simply

its position across the quantum well is shifted with an amount proportional to the
applied electric field, at the same time (see Figure 10), the minimum value of
the electronic subbands being lowered. Note that for both situations the energy
distance between adjacent conduction subbands, ∆E = εn − εn−1, is a constant de-
pending only on the confining potential’s characteristic frequency ω0. We expect
that these analytical result will represent a good starting point for the investiga-
tion of PQWs. However, for more accurate results we should rely on advance
numerical methods (Lau et al., 2004).

Figure 10. The position dependence of the electronic envelope function corresponding to the first
conduction subband at different values of the applied electric field. The values correspond to the
particular PQW we choose as an example (ω0 = 2.3 × 1013 s−1 and ∆E = 15 meV)
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The effective electronic g-factor in bulk semiconductors is material dependent
due to different values of the electron spin–orbit coupling. In AlxGa1−xAs
bulk semiconductors, the value of the electronic g-factor will be composition
dependent, i.e., will depend on the Al concentration, x. Experimental data
obtained by Weisbuch and Hermann (1977) showed that the value of the effective
electronic g-factor varies between g∗ = −0.44 for GaAs (x = 0) to g∗ = 0.6 for
Al0.36Ga0.64As (x = 0.36) samples. The concentration dependence of the effective
electronic g-factor is not linear, a good fit of the experimental data showing a
logarithmic dependence:

g(x) = 0.8022 + 1.1832 ln [0.3505 + 1.3509x] , (38)

where x represents the aluminum concentration. In the case of semi-
conductor nanostructures such as QWs or quantum dots, the effective electronic
g-factor depends also on the sample’s geometry (Malinowski and Harley, 2000a;
Pryor and Flatté, 2006). In the case of AlxGa1−xAs PQWs grown by varying
the Al concentration across the system, the effective electronic g-factor will be
position dependent. To evaluate this dependence one has to rely on the exact
knowledge of the Al concentration x as function of the position respect to the
growth direction z.

For our example we considered ω0 = 2.3× 1013 s−1 and ∆E = 15 meV. These
parameters correspond to a 1000 Å AlxGa1−xAs PQW where the value of the
aluminum concentration varies from 7% in the centrum of the structure to 40%
in the barriers (Poggio et al., 2003). The system was also modeled numerically
and the differences between analytical and numerical results are small. Figure 10
presents the position dependence of the electronic envelope function correspond-
ing to the first conduction subband for different values of the applied electric field.
The displacement of the electronic envelope function is 53.75 Å when an electric
field of 10 kV/cm is applied. We can conclude that the electric field control in the
PQW is very effective, small applied electric fields leading to consistent changes
in the electronic distribution across the system.

For the same sample the Al concentration as function of position respect to
the growth direction, z, can be modeled using (Maranowski, 2000):

xAl =
−1.087 +

√
1.3185 + 0.00023 × z2

0.876
. (39)

Equation (39) is related to the growth process for the AlxGa1−xAs PQW.
Accordingly one can calculate the position dependence of the effective electronic
g-factor in the PQW. The value of the effective electronic g-factor will change
from negative values in the center to positive values in the barriers of the well (see
Figure 11). This fact is supported experimentally by FR data (Salis et al., 2001).



126 NUCLEAR SPIN DYNAMICS IN SEMICONDUCTOR NANOSTRUCTURES

Figure 11. The position dependence of the effective electronic g-factor in the PQW. The values
correspond to the particular PQW we choose as an example (ω0 = 2.3×1013 s−1 and ∆E = 15 meV)
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Ţifrea, I. and Flatté, M. E. (2003) Electric field tunability of nuclear and electronic spin dynamics
due to the hyperfine interaction in semiconductor nanostructures, Phys. Rev. Lett. 90, 237601.
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Ţifrea, I., Poggio, M., Flatté, M. E., and Awschalom, D. D. (2005) Overhauser frequency shifts in
semiconductor nanostructures (unpublished).

Weisbuch, C. and Hermann, C. (1977) Optical detection of conduction–electron spin resonance in
GaAs, Ga1−xInxAs, and Ga1−xAlxAs, Phys. Rev. B 15, 816.

Wolf, S. A., Awschalom, D. D., Buhrman, R. A., Daughton, J. M., von Molnár, S., Roukes, M. L.,
Chtchelkanova, A. Y., and Treger, D. M. (2001) Spintronics: a spin-based electronics vision for
the future, Science 294, 1488.



SPIN COHERENCE IN SEMICONDUCTORS

J. BEREZOVSKY, W. H. LAU, S. GHOSH, J. STEPHENS, N. P. STERN,
and D. D. AWSCHALOM
Center for Spintronics and Quantum Computation, University of California,
Santa Barbara, CA 93106 USA

Abstract: The potential for spin-based information processing in spintronic devices has spurred
significant research on spin coherence in semiconductors. We review some recent advances in the
physics of semiconductor spin coherence, focusing on phenomena in both bulk and heterostruc-
ture systems. Coherent spin ensembles can be generated and manipulated optical, electrical, and
magnetic interactions. Optical measurement techniques enable both temporal and spatial resolution
of spin dynamics, allowing observation of electrical control and generation of spin polarization,
including the recent discovery of the spin Hall effect. Spin dynamics are also studied for spins
confined in quantum dots.

Keywords: spintronics, quantum dots, nuclear spin, spin Hall effect, magnetic semiconductors

1 Introduction

The physics of spins in semiconductors was first seriously explored in seminal
theoretical and experimental work in the 1960s (Meier and Zakharechenya, 1984).
From this fertile ground has sprouted a keen interest in the potential applications
of semiconductor spins (referred to as spintronics (Wolf et al., 2001)). Exist-
ing semiconductor devices typically rely only on the charge of the electron and
the orbital part of the electron wavefunction. However, the quantum mechani-
cal electron spin can also be both manipulated and detected in semiconductors.
Recent research has led to an increased understanding of the rich behavior of
spins in semiconductors, leading to new possibilities for utilizing electron spin as
a new degree of freedom for solid state information processing in semiconductor
spintronics.

A significant barrier to the practical use of spins in semiconductors is the
ephemeral nature of the spin state—unlike charge, spin is not a conserved quantity.
The average time for the loss of spin information is described by two quantities,
the longitudinal spin lifetime, T1 (also known as the spin–flip time), and the
transverse spin lifetime T2 (also known as the coherence time). In general, T1
refers to the time for the relative amplitudes of the spin eigenstates (e.g., spin-up
and spin-down) to become scrambled and T2 refers to the time for the relative
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phase of the eigenstates to be lost. In the case where many spins are measured
simultaneously, inhomogeneities in the spin dynamics over the ensemble result in
a reduced effective transverse spin lifetime, referred to as T ∗

2 .
There are several mechanisms that contribute to the decay and decoherence of

spins in semiconductors. Through spin–orbit coupling in a noncentrosymmetric
crystal (e.g., zinc-blende, wurtzite), an electron’s momentum acts as a magnetic
field seen by the electron spin (Yu and Cardona, 1996). In the D’yakonov–Perel
mechanism (D’yakonov and Perel, 1971), as the electron momentum is repeatedly
scattered, the electron spin state is randomized as it precesses about this randomly
fluctuating effective field. Furthermore, the spin–orbit interaction mixes the spin
and momentum eigenstates, directly linking momentum scattering with spin scat-
tering. This path to spin decoherence is known as the Elliot–Yafet mechanism
(Elliot, 1954). These two spin–orbit mediated mechanisms show opposite depen-
dence on the momentum scattering rate. In the Elliot–Yafet mechanism, more
momentum scattering leads to more spin scattering. In contrast, as momentum
scattering increases, the fluctuating effective field of the D’yakonov–Perel mecha-
nism tends to “cancel out”, in an effect akin to motional narrowing seen in nuclear
magnetic resonance (Abragam, 1961).

Electron spins can also be flipped through interactions with other spin sys-
tems, such as through the electron–hole exchange interaction (Bir–Aronov–Pikus
mechanism (Bir et al., 1976)), or through the hyperfine interaction with nuclear
spins (Lampel, 1968). These mechanisms become significant when the electron
wavefunction has significant overlap with the holes or with nuclei, respectively.

Despite the inevitability of spin decoherence, relatively long spin lifetimes
have been measured in some semiconductor systems. In bulk n-type GaAs, T ∗

2
has been found to exceed 100 ns at low temperature (Kikkawa and Awschalom,
1998). Some II–VI semiconductors, such as ZnSe show robust spin coherence up
to room temperature (Kikkawa et al., 1997). Furthermore, by confining electrons
within a quantum dot, momentum scattering is suppressed, leading to longer spin
lifetimes.

The selection rules governing optical transitions from the valence band to
the conduction band of noncentrosymmetric crystals provide a useful means
for initializing and detecting spin polarization in these materials (Meier and
Zakharechenya, 1984) (see Figure 1).

The conduction band minimum (the Γ-point) is twofold degenerate, corre-
sponding to the two spin states (S = 1/2, S z = ±1/2). The six states at the valence
band maximum are split into the fourfold degenerate heavy holes (J = 3/2, Jz =

±3/2) and light holes (J = 3/2, Jz = ±1/2), and the doubly degenerate split-off

holes (J = 1/2, Jz = ±1/2). The split-off band is typically sufficiently far from the
heavy and light holes that split-off hole transitions can be ignored for excitation
near the band edge.
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Figure 1. (a) Schematic of the band structure of a zinc-blende semiconductor, showing the con-
duction band (c), heavy hole band (hh), light hole band (lh), and split-off hole band (s.o.). Also
indicated are the energy gap, Eg, and the spin–orbit splitting ∆. (b) Diagram of the four band-edge
transitions and selection rules for circularly polarized light. The width of the lines indicates the
strength of the transition

A circularly polarized photon carries angular momentum of 1 �, and thus
can only drive transitions with ∆Lz = ±1. For example, absorption of a photon
with l = 1 can drive the transition from the heavy hole with Jz = −3/2 to the
electron with S z = −1/2, or the transition from the light hole with Jz = −1/2
to the electron with S z = 1/2. Calculating the dipole transition matrix elements
for these two transitions, one finds that the heavy hole transition is more likely
than the light hole transition by a factor of 3. In this way, circularly polarized
optical excitation near the band edge results in the pumping of a net electron spin
polarization in the conduction band.

The situation is improved further in strained crystals or with quantum con-
finement which can lift the degeneracy between the heavy and light holes. In
this case, transitions from only one hole band can be driven resulting in nearly
100% spin polarization. These spin-dependent selection rules not only allow for
the initialization of spin-polarized electrons and holes, but also the measurement
of spin polarization. In the opposite process of optical spin pumping, when spin-
polarized electrons and holes recombine radiatively, the resulting luminescence is
circularly polarized. By measuring this polarization, the spin polarization at the
time of the recombination can be inferred.

In a Hanle measurement (Figure 2a), spins are optically initialized using
circularly polarized light perpendicular to an applied magnetic field. As the
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Figure 2. (a) Schematic of a Hanle measurement. Spins are injected with circularly polarized exci-
tation, and the degree of circular polarization of the photoluminescence is measured. (b) Schematic
of a DC Faraday rotation measurement. Spin polarization is measured through the rotation of a
linearly polarized probe beam. (c) Schematic of a time-resolved Faraday rotation measurement. A
circularly polarized pump pulse excites spins, which are probed a time ∆t later through the rotation
of a linearly polarized probe pulse

injected spins precess about this field, the steady-state spin polarization becomes
randomized. The resulting curve of polarization versus magnetic fields typi-
cally shows a Lorentzian lineshape, with width proportional to the transverse
spin lifetime.

A more direct measurement of spin polarization can be obtained through the
Faraday effect (Faraday, 1846). Here, a net spin polarization in a material results
in a different index of refraction for left and right circularly polarized light. Thus
when linearly polarized light is transmitted through the material, the two circularly
polarized components acquire a relative phase shift, yielding a rotation of the
polarization of the transmitted light. The angle through which the polarization is
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rotated is proportional to the spin polarization along the axis of the light propaga-
tion. The same effect occurs upon reflection off of the sample, in this case known
as Kerr rotation.

Faraday rotation (or Kerr rotation) can be used to probe the steady-state spin
polarization, similar to the Hanle measurement discussed above (Stephens et al.,
2004) (Figure 2b). By using Faraday rotation instead of a traditional Hanle mea-
surement, one gains the ability to measure spins that do not undergo radiative
recombination. Additionally, Faraday rotation provides spectroscopic information
about the energy levels occupied by the spins through the energy-dependence of
the Faraday effect (Meier and Awschalom, 2005).

The Faraday and Kerr effects can be used in conjunction with ultrafast optical
techniques for time-resolved measurements of spin coherence in semiconductors
(Awschalom et al., 1985; Baumberg et al., 1994; Ostreich et al., 1995; Crooker
et al., 1997) (Figure 2c). In such measurements, a mode-locked Ti:Sapphire laser
provides a train of pump and probe pulses with sub-picosecond duration, which
are both focused to a spot on the sample. The pump pulse is circularly polarized,
and serves to optically inject spin-polarized electrons into the conduction band.
The arrival of the probe pulse is delayed from the pump by changing the optical
path length of the probe. The probe is linearly polarized, and the resulting Faraday
(or Kerr) rotation of the probe serves as an instantaneous measurement of the spin
polarization at the moment of incidence on the sample. If the spins are initialized
into a coherent superposition of spin eigenstates, the projection of the resulting
dynamics along the probe direction can be observed as a function of time. For
example, Figure 3 shows the coherent quantum beating between electron spin
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Figure 3. Coherent spin precession in GaN measured by time-resolved Faraday rotation
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levels Zeeman-split by a transverse magnetic field in GaN at room temperature.
By fitting such a curve, the transverse spin lifetime and the electron g-factor can
be extracted.

2 Electrical Generation and Manipulation of Spin Polarization

The behavior of spins in a magnetic field is governed by the Zeeman interaction

HZ = (µB/�)�S · ←→g · �B , (1)

where µB is the Bohr magneton, � is Planck’s constant, �S is the spin angular
momentum operator, ←→g is the Landé g tensor, and �B is the externally applied
and controlled magnetic field. The capability of manipulating electron spins in
nonmagnetic semiconductors in the absence of such an external magnetic field
has vital implications for spin-based quantum information processing (Loss and
DiVincenzo, 1998) and spin-based electronics (Wolf et al., 2001; Awschalom
et al., 2002). Single qubit operations require a local Hamiltonian which is tun-
able and controllable within coherence times that generally do not exceed a few
nanoseconds. The scaling down of devices for on-chip integration requires precise
control of magnetic fields at micron-scale dimensions or even smaller. Exter-
nal magnetic fields are limited on both accounts—it is both difficult to create
large fields in a short timescale, as well as to spatially localize a field with-
out complicated architectures. While recent experiments (Kato et al., 2003) have
achieved electron spin manipulation by electrically controlling the g tensor ←→g of
the Zeeman Hamiltonian, this type of approach still requires a static externally
applied magnetic field.

The spin–orbit (SO) interaction provides a unique pathway for spin manipula-
tion through electric fields without magnetic fields or magnetic materials (Aronov
et al., 1991). The SO Hamiltonian, given by

HS O =
�

4m2
0c2

[�∇V(�r) × �p] · �σ (2)

is a consequence of relativity arising from the transformation of an electric field
into an effective magnetic field in the frame of a moving electron. This electric
field need not be a real field, but a “quasi electric field”, arising from asymmetries
in the crystal field, the band gap, or strain-induced spin-splitting, each acting
like an internal magnetic field Bint due to the SO coupling. In this section, we
describe experiments investigating the existence of strain-induced Bint in n-GaAs
and n-ZnSe and show electrical generation of spin polarization in these semicon-
ductors through SO coupling, performed at low temperatures in GaAs (Kato et al.,
2004a) and up to room temperature in ZnSe (Stern et al., 2006).
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The GaAs samples are grown by molecular beam epitaxy (MBE) and consist
of a 2 µm n-GaAs layer (n = 3 × 1016cm−3) acting as a spin probe layer at the sur-
face and a 2 µm film of Al0.4Ga0.6As underneath serving as a stressor/etch layer.
The semi-insulating GaAs (001) substrate is removed by chemical etching in order
to form a rectangular membrane ∼100 µm by ∼300 µm. The processed membrane
has curvature, possibly due to the larger lattice constant or the oxidation of the
Al0.4Ga0.6As layer, thereby straining the n-GaAs film. Ni\Ge\Au\Ni\Au Ohmic
contacts are evaporated on the surface in order to apply an in-plane electric field
�E along [11̄0]. The in-plane strain, estimated using optical interference fringes at
room temperature, is ∼10−5.

Electron spin dynamics is probed using time- and spatially-resolved Faraday
rotation (FR) spectroscopy (Kikkawa and Awschalom, 1999). Figures 4a and
4b show the spatiotemporal evolution of a coherent electron spin packet with
zero external field, under various applied E. The spin packet drifts under the
electric field, as expected, but the polarization also precesses as it travels down
the channel. This precession is in excess of 3π over 60 µm in 13 ns and con-
firms the existence of Bint. To accurately characterize this internal magnetic
field, FR is measured as a function of an external magnetic field Bext. As in
the case of time-resolved FR, the signal is oscillatory and described by θ0
exp(−∆t/τ) cos(gµBB∆t/�), where θ0 is the initial amplitude, ∆t is the pump–
probe delay (in these set of measurements, fixed at 13.1 ns), τ is the transverse spin
lifetime, g is the electron g-factor, and B is the magnitude of the total magnetic
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field experienced by the electrons. In the absence of an applied electric field
(Figure 5, top trace), the average k = 0 and therefore Bint = 0 and the oscillations
are centered at B = Bext = 0. With an applied E perpendicular to Bext (center
trace), both the external and internal magnetic fields are along the same direction
and add directly so that B = Bext + Bint and the oscillatory signal is centered
at −Bint. For E parallel to Bext, the center peak is suppressed (bottom trace). In
this geometry, Bint is perpendicular to Bext (Kato et al., 2004a; Sih et al., 2006a)

resulting in a total field magnitude of B =

√
B2

ext + B2
int which is always greater

than zero for a nonzero Bint.
In both cases above, the amplitude of the signal decreases with increasing

voltage, which is further investigated by spatially separating the pump and the
probe by a distance d along the direction of E (Figure 3). Due to the laser profile
of the pump beam, the optically injected spins have a Gaussian spatial profile
which is centered at d = 0 when E = 0. An applied voltage (E � 0) imparts a
nonzero average momentum k to the injected spin packet, causing it to drift with
an average velocity vd. Spins at the leading edge of the packet experience a larger
Bint than the trailing edge. This variation is due to the spread in the drift velocities
of the spin packet arising from spin diffusion. The reported value of Bint for each E
are obtained from a linear fit at the center of the spin packet, and is observed to be
more than 20 mT. The spin-splitting arising from this Bint, ∆0 = gµBBint, is plotted
as a function of vd. Figure 6 (inset) shows a phenomenological linear relation ∆0 =

βvd. In the data presented, β= 99 neV ns µm−1, while in an unstrained sample
(without substrate removal) β is almost an order of magnitude smaller, tying the
internal magnetic field to the strain decisively.
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Bint arising from strain is also measured in n-InGaAs and n-ZnSe samples,
where the strain is a result of lattice mismatch (Jain et al., 1996) between the
epilayers and the GaAs substrates. In case of n-ZnSe, the in-plane compressive
strain is estimated to be ∼10−3 for epilayers between 100 and 300 nm in thickness.
Interestingly, the β values obtained in n-ZnSe samples are almost the same as those
mentioned above in the n-GaAs sample, (Ghosh, 2006) even though the bulk SO
coupling parameter in ZnSe is about half that of GaAs (Winkler, 2003).

The electrical control of spin states discussed so far still requires the creation
of spin coherence by optical injection. Encoding of spin information by electrical
means, without a polarized optical pulse or magnetic materials would provide a
further step towards developing an all-electrical protocol for spintronic devices.
An early theoretical work pointed out the possibility of using a current flow to
obtain magnetization in materials lacking inversion symmetry (Levitov et al.,
1985) (such as n-GaAs and n-ZnSe). Prior experiments for detection of current
induced spin polarization (CISP) in other systems (Vorobev et al., 1979; Hammar
et al., 1999) have had added complications.

Figure 7a shows the measurement geometry for studying CISP in an n-In0.07
Ga0.93As channel used for the strain related studies above. A square-wave voltage
with peak-to-peak value Vpp at frequency f = 51.2 kHz is applied to one of the
contacts while the other is grounded. An alternating electric field with amplitude
E = Vpp/(2l) is established along the InGaAs channel of width w and length l.
The current-induced FR is lock-in detected at f and is measured as a function
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Figure 7. (a) Schematic of the device and geometry in measuring current induced spin polariza-
tion. Squares are the metal contacts at the ends of the channel. (b) Voltage-induced FR as a function
of Bext for E = 5 and 20 mV µm−1 with �E ‖ [110]. Open cicles are data and the solid lines are the
fits to Eq. (3). Data originally presented in Kato et al. (2004b)

of magnetic field Bext applied parallel to the alternating E, along the x axis. The
curves in Figure 7b can be explained by assuming a constant orientation rate for
spins polarized along the y axis. In a similar process to the Hanle measurement
(Figure 2a), the z component of spin per unit volume ρz can be written as

ρz =

∫ ∞

0
dt[γ exp(−t/τ) sin(Ωt)] = ρel

Ωt
(Ωt)2 + 1

, (3)

where γ is the number of spins oriented along the y axis per unit time per unit
volume, τ is the transverse spin lifetime, Ω = gµBB/� is the electron Larmor
frequency, and ρel ≡ γτ is the steady-state spin density due to electrical excitation.
The upper limit for the integration is taken as ∞ because the modulation period
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is much longer than τ. Assuming Gaussian beam profiles and a spatially uniform
ρel, we find the FR to be

θF = θel
Ωt

(Ωt)2 + 1
. (4)

This odd-Lorentzian shape is indicative of spins generated in-plane and perpen-
dicular to E. Temperature dependence of this effect shows ρel (∼10 µm−3) not
varying significantly up to T = 60 K. At higher T, ρel becomes smaller due to the
decline of τ, and is below the noise level for T > 150 K.

Similar measurements in 1.5 µm thick n-ZnSe samples yield a ρel ∼ 12 µm−3

at T = 20 K, with the CISP persisting up to room temperature.
The microscopic origin of CISP is not well understood. Strain-enhanced inver-

sion asymmetry terms in the Hamiltonian manifest as Bint and could generate the
spin polarization. In general, the internal magnetic field strength shows a close
correlation to the amount of strain in n-GaAs structures, but the CISP shows
little correlation to the strength of Bint. In the experiment with n-ZnSe epilayers,
the CISP is comparable in magnitude to that observed in GaAs, which is most
surprising, since no Bint is measured in these thick n-ZnSe samples.

3 The Spin Hall Effect

The spin Hall effect refers to the generation of a spin current transverse to a charge
current in nonmagnetic systems in the absence of an applied magnetic field. A
pure spin current can be interpreted as a current generated by an equal number
of spin-up and spin-down electrons moving in opposite directions, resulting in a
flow of a spin angular momentum with no net charge current. This spin current
is generated by spin-dependent scattering (D’yakonov and Perel, 1971; Hirsch,
1999) or the effect of the spin–orbit interaction on the band structure (Murakami
et al., 2003; Sinova et al., 2004). The former is associated with the extrinsic
spin Hall effect, whereas the latter is associated with the intrinsic spin Hall
effect. While the extrinsic mechanism is mediated by spin-dependent scatter-
ing, where spin–orbit coupling mixes the spin and momentum eigenstates, the
intrinsic spin Hall mechanism is mediated an effect of the momentum-dependent
internal magnetic field Bint. This internal effective magnetic field arises from
spin–orbit coupling, which generates spin-splitting for electrons with finite
momentum k in semiconductors without a inversion center. For example, bulk
inversion asymmetry in zincblende crystal structures such as GaAs introduces the
momentum-dependent internal effective magnetic field known as the Dresselhaus
effect, whereas structural inversion asymmetry in semiconductor heterostructures
with asymmetry along the growth direction leads to the momentum-dependent
internal effective magnetic field known as the Bychkov–Rashba effect.
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3.1 THE SPIN HALL EFFECT IN BULK GALLIUM ARSENIDE

Experiments on optical detection of the spin Hall effect (Kato et al., 2004c) are
performed on a series of thin-film samples fabricated from a 2 µm-thick epilayer
of unstrained n-doped GaAs, with a Si doping density n = 3 × 1016 cm−3. The
n-GaAs epilayer and the underlying 2 µm of undoped Al0.4Ga0.6As were grown on
a (001) semi-insulating GaAs substrate using molecular beam epitaxy. Mesas were
patterned using standard photolithography and a chemical etch, and the n-type
layers are contacted with annealed Ni/Ge/Au/Ni/Au. To minimize unintentional
strain from sample mounting, all the samples are left attached to the 500 µm-thick
substrate.

Static Kerr rotation is used to probe the electron spin polarization in the sam-
ples. The samples are measured in a scanning Kerr microscope (Stephens et al.,
2003) and mounted such that the main channels are perpendicular to the externally
applied in-plane magnetic field. To measure the spin polarization, ∼150 fs pulses
from a mode-locked Ti:sapphire laser with repetition rate of 76 MHz is tuned to
the absorption edge of the sample at a wavelength of λ = 825 nm. A linearly polar-
ized beam is incident upon the sample through an objective lens with numerical
aperture of 0.73, which provides approximately 1 µm lateral spatial resolution.
The rotation of the polarization axis of the reflected beam is proportional to the
net magnetization of the electron spins along the beam (z) propagation direction
(Crooker et al., 1997). A square wave voltage with amplitude ±V/2 and frequency
1169 Hz is applied to two Ohmic contacts of the device for lock-in detection
measurements. The measurements are performed at a temperature T = 30 K, and
the center of the channel is taken to be the origin.

Figure 8a shows an unstrained GaAs sample with a channel parallel to the
[110] crystallographic direction with a width w = 77 µm, a length l = 300 µm,
and a mesa height h = 2.3 µm. Kerr rotation is measured as a function of external
applied magnetic field Bext, and data for typical scans are shown in Figure 8b.
The data shown are taken at positions x = −35 µm and x = +35 µm, respectively,
which correspond to the two edges of the channel. These curves correspond to a
measurements of the Hanle effect (D’yakonov and Perel, 1971; Meier and Za-
kharechenya, 1984) in which the projection of the spin polarization along the
z-axis diminishes with an applied transverse magnetic field due to spin precession.
The data are well fit to a Lorentzian function given by

θK = θ0/[(ωLτs)2 + 1], (5)

where θ0 is the amplitude of Kerr rotation, ωL = g µB B/�, where g is the elec-
tron g-factor (g = −0.44 for this sample as measured using time-resolved Kerr
rotation (Crooker et al., 1997)), µB is the Bohr magneton, and � is Planck’s con-
stant divided by 2π. The amplitude of Kerr rotation is of opposite sign for the
two edges of the sample, indicating an accumulation of electron spins polarized
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obtained from fits to data in (c). (f) Reflectivity R as a function of x. R is normalized to the value on
the GaAs channel. The two dips indicate the position of the edges and the width of the dips gives
an approximate spatial resolution. Data originally presented in Kato et al. (2004c)

in the +z direction at x = −35 µm and in the −z direction at x = +35 µm. This
is a signature of the spin Hall effect, as the spin polarization is expected to be
out-of-plane and change sign for opposing edges (D’yakonov and Perel, 1971;
Hirsch, 1999; Zhang, 2000; Murakami et al., 2003; Sinova et al., 2004). Shown in
Figure 8c is a one-dimensional spatial profile of the spin accumulation across the
channel which is mapped out by repeating Bext scans at each position. The ampli-
tude of Kerr rotation, which is proportional to the spin density, is at a maximum at
the two edges and falls off rapidly with distance away from the edge, disappearing
at the center of the channel (Figure 8d) as expected for the spin Hall effect (Zhang,
2000; Murakami et al., 2003).

Equilibrium spin polarization due to current-induced magnetic fields cannot
explain this spatial profile, and moreover, such polarization is estimated to be less
than 10−6, which is below our detection capability. Figure 8e shows the width of
the Lorentzian becomes narrower as the distance from the edge increases, corre-
sponding to an increase in the spin lifetime. A two-dimensional spatial image
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of the entire sample is displayed in Figures 9a and 9b. The image shows the
electrically polarized spins accumulated along the two edges of the sample with
opposite net spin polarization. The spin polarization at the two edges is uniform
over a length of 150 µm but decreases near the contacts. The latter is expected as
unpolarized electrons are injected at the contacts.

The origin of the observed spin Hall effect in these samples is likely to be
extrinsic, as the intrinsic effect is only expected in systems with large spin-
splitting that depends on electron wavevector k. While k3 spin-splitting in bulk
GaAs (Dresselhaus, 1955) may give rise to the intrinsic spin Hall effect, this is
unlikely as negligible spin-splitting has been observed in unstrained n-GaAs (Kato
et al., 2004a). Measurements are also performed on another sample with channel
parallel to the [110] crystallographic direction, and essentially the same behavior
is reproduced. In addition, similar behavior is found in strained InGaAs samples
which consist of a 500 nm n-In0.07Ga0.93As epilayer capped with 100 nm of
undoped GaAs (Kato et al., 2004c). Furthermore, no marked crystallographic
direction dependence is observed in these strained InGaAs samples, which
suggests that the observed spin Hall effect is extrinsic.
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3.2 THE SPIN HALL EFFECT AT ROOM TEMPERATURE IN ZINC SELENIDE

Despite weaker spin–orbit coupling, II–VI semiconductors also exhibit the spin
Hall effect. A series of 1.5 µm thick n-type Cl-doped ZnSe epilayer samples with
room temperature carrier concentrations n = 5 × 1016 cm−3, 9 × 1017 cm−3, and
9 × 1018 cm−3 are grown by molecular beam epitaxy on semi-insulating (001)
GaAs substrates (Stern et al., 2006). The channel of the ZnSe samples is patterned
either along [110] or [110] crystallographic direction with width w = 100 µm and
length l = 235 µm. The absorption edge of these samples occurs approximately at
440 nm, and measured g-factor is 1.1.

Figure 10a shows the geometry of the spin Hall effect measurements for ZnSe
epilayers. Typical Kerr rotation data for scans of Bext near the edges of the channel
at x = ±48 µm on the n = 9 × 1018 cm−3 sample are displayed in Figure 10b, and
the data are fit to Eq. (5). Observation of the spin Hall effect is highly dependent
on n-doping, as no spin Hall signature is measured in samples with lower n.
The growth of higher doped samples is restricted by molecular beam epitaxy
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conditions. The spin Hall signal is also observed in ZnSe epilayer with n =

8.9×1018 cm−3. No differences in spin accumulation between the [110] and [110]
channel are observed.

The amplitude of the spin accumulation θ0 is linear in E (Figure 10c), while no
appreciable change in τs is observed with increasing E. As observed for the spin
Hall effect in the unstrained GaAs samples discussed earlier, τs increases away
from the channel edge (Figure 10d). The magnitude and sign of the spin polar-
ization localized along the edges of the channel are found by direct comparison
to the current-induced spin polarization (Stern et al., 2006) in a geometry with
E ‖ B, which is calibrated by comparison to time-resolved Kerr rotation. At 20
K, the estimated peak spin density (n0) is approximately ≈16 spins/µm3 on the
x = −50 µm (x = +50 µm) edge along y, with spin polarization along +z (−z).

Using a spin drift–diffusion model for the spin accumulation generated by a
spin current source (Zhang, 2000; Kato et al., 2004c; Tse et al., 2005), the spin
profile can be fit by θ0 = −n0 sech(w/2Ls) sinh(y/Ls), where Ls is the spin diffu-
sion length (Figure 10d). These fits give Ls = 1.9 ± 0.2 µm at T = 20 K. Ignoring
complications arising from boundary conditions, the spin current density along x
can be written as | js

x| = Lsn0/τs (Kato et al., 2004c). It follows that the spin Hall
conductivity, σS H = − js

x/Ey = 3 ± 1.5 Ω−1m−1/|e| at T = 20 K. Uncertainties in
the overall optical calibration make this only an order-of-magnitude estimate. The
spin Hall conductivity for ZnSe is of comparable magnitude and of the same sign
as that predicted by theory (Engel et al., 2005; Tse and Sarma, 2006) for GaAs
with a dominant extrinsic spin Hall effect (Stern et al., 2006).

Measurements of current-induced spin polarization and the spin Hall effect on
the ZnSe samples at higher temperatures are displayed in Figures 11a and 11b,
respectively. Shown in Figure 11c is temperature dependence of the various para-
meters discussed above. The spin polarization is an order of magnitude weaker
at room temperature and Ls decreases from 1.9 µm at 20 K to 1.2 µm at 295 K.
The estimated spin Hall conductivity decreases to σS H ≈ 0.5 Ω−1m−1/|e| at room
temperature.

3.3 THE SPIN HALL EFFECT IN TWO-DIMENSIONAL ELECTRON GASES

We investigate the spin Hall effect in a two-dimensional electron gas laterally
confined in (110) AlGaAs quantum wells. Optical measurements in (110)-oriented
quantum wells may provide insights into the two proposed spin Hall mechanisms
by allowing one to isolate the contributions of the Dresselhaus and Bychkov–
Rashba internal effective magnetic fields. In two-dimensional systems, quantum
confinement alters the Dresselhaus field. For example, the Dresselhaus field is
oriented along the growth direction in (110) quantum wells, whereas this field
is in-plane in (001) quantum wells. Since the Dresselhaus and Bychkov–Rashba
fields are mutually perpendicular, one can independently tune the in-plane Bint
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with the Bychkov–Rashba effect and the out-of-plane Bint with the Dresselhaus
field using engineered (110) heterostructures.

The modulation-doped (110) oriented single quantum wells are digitally
grown by molecular beam epitaxy on (110) semi-insulating GaAs substrates. The
quantum well structure behaves like a single 7.5 nm Al0.1Ga0.9As/Al0.4Ga0.6As
quantum well. The absorption edge of the these quantum wells occurs approx-
imately at a wavelength of 719 nm, and the measured g-factor is −0.33. The
devices for the optical spin Hall measurements were fabricated using standard
photolithography and a chemical etch (Sih et al., 2005), and Ohmic contacts are
made using annealed AuGe/Ni (Figure 12a).

The spin polarization in the two-dimensional electron gas is spatially resolved
using low temperature scanning Kerr rotation microscopy in the Voigt geometry as
described earlier. All of measurements are performed at T = 30 K, and the center
of the channel is taken to be the origin O. Figure 12b shows typical Kerr rotation
data of scans as a function of the applied in-plane magnetic field Bext for positions
near the two opposite edges of a channel parallel to the [001] crystallographic
direction. The data is fit to a Lorentzian given by Eq. (5).

In Figure 12c, a one-dimensional spatial profile of the spin accumulation near
the edges of the channel is mapped out by repeating Bext scans as a function
of position. The reflectivity R shows the position of the edges of the channel,
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Figure 12. Spin Hall effect in a two-dimensional electron gas (a) Device schematic and measure-
ment geometry. (b) Kerr rotation (hollow symbols) and fits (lines) as a function of applied in-plane
magnetic field Bext for x = −58.4 µm (top) and x = +58.4 µm (bottom). The channel has width
w = 120 µm, length l = 310 µm, and mesa height h = 0.1 µm. A linear background is subtracted for
clarity. (c) Bext scans as a function of position near the edges of the channel of a device fabricated
along for Vp = 2 V. Amplitude A0, spin coherence time τs, and reflectivity R are plotted for Vp

= 1.5 V (squares) and 2 V (circles). The dark region on the left (right) panel corresponds to the
spin polarization in the z (−z) direction (see the original figure in color in Sih et al. (2005)). Data
originally presented in Sih et al. (2005)

at x = ±59.4 µm. There are two spin Hall peaks at each edge of the channel,
one around x = ±58.6 µm and one of smaller amplitude around x = ±56.4 µm.
This structure was not observed in previous measurements on bulk epilayers (Kato
et al., 2004c) as we discussed earlier, and could be due to an additional contribu-
tion from spin-polarized carriers undergoing spin precession about the in-plane
Bychkov–Rashba field as they diffuse towards the center of the channel. As in the
previous measurements (Kato et al., 2004c) for bulk semiconductors, the asym-
metry in |θ0| for the right and left edges and a spatial dependence of τs were also
observed in a two-dimensional electron gas.

In the [001] oriented device, electrically induced spin polarization is observed
only at the edges of the channel. In contrast, devices fabricated along the [110],
[111], and [112] crystallographic directions also exhibit spin polarization at the
center of the channel. Data taken at x = 0 µm for E along [110], [111], and
[112] are displayed in Figure 13b. Since the net spin polarization is oriented along
the growth direction and depends on the direction of E relative to the crystal-
lographic axes, this effect is attributed to the Dresselhaus field. The application
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Figure 13. Current-induced spin polarization in a two-dimensional electron gas (a) Relative
orientations of crystal directions in the (110) plane. (b) Kerr rotation (hollow symbols) and fits
(lines) as a function of Bext for E‖[110] (top), E‖[111] (middle), and E‖[112] (bottom) at the center
of the channel. (c) Bext scans as a function of position near the edges of the channel of a device
fabricated along with w = 118 µm and l = 310 µm for Vp = 2 V. Amplitude A0, spin coherence time
τs, and reflectivity R are plotted for Vp = 1.5 V (squares), 2 V (filled circles) and 3 V (open circles).
The dark regions correspond to the spin polarization in the z direction, whereas the light colored
regions in the middle correspond to the spin polarization in the −z direction. (see the original figure
in color in Sih et al. (2005)). Data originally presented in Sih et al. (2005)

of an electric field results in a nonzero average drift velocity of the electrons
(i.e., k � 0), which produces a nonzero effective magnetic field that orients spins
(Aronov and Lyanda-Geller, 1989; Edelstein, 1990). The opposite sign of θ0 for
E‖[110] and E‖[111] may seem surprising since these crystallographic directions
are only separated by 35.3◦ in the (110) plane (Figure 13a), but it is consistent
with the calculated Bint due to the cubic Dresselhaus field in a (110) quantum well
(Winkler, 2003). In addition, it also predicts that Bint should be zero for E‖[001]
as observed. We note that the measured current-induced spin polarization in (110)
AlGaAs quantum wells is out-of-plane instead of in-plane as in the case of bulk
semiconductors (Kato et al., 2004b; Sih et al., 2005; Stern et al., 2006).

A spatial profile of the spin polarization near the edges of a channel for a
device oriented along [110] crystallographic direction is shown in Figure 13c.
The amplitude of the Kerr rotation is negative across the entire channel, and |θ0|
increases with increasing Vp. |θ0| is nearly constant across the channel for −52 µm
< x < +52 µm. However, |θ0| becomes smaller near the left edge of the channel,
and a negative peak in θ0 is seen near the right edge, which is due to the spin Hall
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effect. The scan for Vp = 3 V suggests that there may be two spin Hall peaks, at
x = 55.5 µm and x = 57.5 µm, which is similar to the two peaks with ∼2 µm
spacing observed in the [001] oriented device. In contrast to the spin Hall
measurements for bulk n-GaAs, n-InGaAs, and n-ZnSe semiconductors (Kato
et al., 2004b; Kato et al., 2004c; Stern et al., 2006), the spin Hall profile in
two-dimensional electron gases shows complex structure.

3.4 GENERATING SPIN CURRENT IN SEMICONDUCTORS WITH THE SPIN
HALL EFFECT

Now we investigate electrically induced spin currents generated by the spin Hall
effect in GaAs structures that distinguish edge effects from spin transport. Spin
current is generally difficult to measure directly, but it can be calculated from the
measured spin accumulation created by the spin Hall effect at the edges of a chan-
nel (Zhang, 2000). Because spin is not a conserved quantity in the presence of the
spin–orbit interaction (Rashba, 2004; Shi et al., 2006), it is complicated to deter-
mine the spin current through analysis of the spin accumulation, which is strongly
affected by the choice of boundary conditions (Tse et al., 2005; Galitski et al.,
2006). In addition, the spin accumulation observed at the edges of the channel
could be due to an edge effect, such as depletion near the edge producing a local
effective magnetic field from the Bychkov–Rashba effect (Bychkov and Rashba,
1984) and not due to a bulk spin current. This local effective magnetic field could
result in an electrically induced spin polarization, similar to the spatially homoge-
nous polarization that has been measured in strained semiconductors (Kato et al.,
2004b) and semiconductor heterostructures (Silov et al., 2004; Shi et al., 2006).

In order to clarify the origin of the electrically induced spin polarization,
devices are designed to separate the effects of the boundary of the electric field
from edge effects (Sih et al., 2006b). Using the techniques described in the previ-
ous sections, these devices were fabricated from a 2 µm-thick epilayer of n-doped
GaAs, similar to the samples described in the previous sections. Each mesa con-
sists of a main channel and two smaller transverse channels extending from the
main channel. The main channels, fabricated along the [110] crystallographic
direction, have length l = 316 µm and width w = 60 µm, and the transverse
channels are 40 µm wide. One mesa has two side arms that are 10 and 20 µm long,
whereas the other mesa has two side arms that are 30 and 40 µm long (Figure 14a).
Measurements are performed at a temperature T = 30 K, and the absorption edge
of the sample occurs at 825 nm.

In Figure 14b we show representative Kerr scans for a position near the edge
of the channel and away from either side arm (x = 26 µm, y = 0 µm). The curve
is fit to a Lorentzian function given by Eq. (5). This measurement is repeated for
positions across the channel and the side arms.



SPIN COHERENCE IN SEMICONDUCTORS 149

K

(b)

(a) (c)

Figure 14. (a) Measurement schematic and experimental geometry. We take the center of the
channel to be the origin O. (b) Kerr rotation as a function of magnetic field at (x,y) = (26 µm, 0 µm).
Line is a Lorentzian fit from which the amplitude and spin lifetime can be determined. (c) (top) Spin
polarization amplitude as a function of position measured for the channel (circles) and with 10 µm
(down triangles), 20 µm (up triangles) and 40 µm (squares) side arms. (bottom) Spin coherence time
as a function of position. Data are taken at T = 30 K and V = 6 V. Data originally presented in Sih
et al. (2006b)

The spin polarization amplitude and spin coherence times for the 60 µm wide
channel and for the channel with 10 µm, 20 µm, and 40 µm side arms are displayed
in Figure 7c. It is seen that the spin polarization amplitude near the left edge at
x = −30 µm is unaltered in the presence of the side arms. In contrast, the spin
polarization amplitude near the right edge x = 30 µm is modified by the addition
of the side arms. The dependence of spatial profile of the spin accumulation on the
side arm is apparent. We observe that the spin polarization amplitude is not always
largest near the edge of the mesa. This indicates that the spin accumulation is not
a local effect caused by the boundary of the sample boundary. In addition, the
amplitude of the spin polarization is smaller for longer side arms at any position
x. This suggests that the spins are drifting from the main channel towards the end
of the side arms.

We observe that the magnetic field dependence of the spin polarization is also
different in the side arms. The spin coherence time is inversely proportional to
the width of the field scans in the Hanle model (i.e., Eq. (5)). The spin coherence
time appears to increase near the edge at x = −30 µm, as reported in Kato et al.
(2004c). The spin coherence time appears to increase even more as the distance
increases farther from the edge of the channel. As noted in Kato et al. (2004c),
it is possible the line shape could be influenced by an actual change in the spin
coherence time for the spins that have diffused or the time that it takes for the
spins to drift from the edge of the channel. The change in the line shape in the
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transverse channels can be explained using a model that incorporates spin drift
(Crooker et al., 2005; Lou et al., 2006), and it is not due to an actual change in
spin coherence time.

The Hanle model assumes a constant rate of spin generation, which does not
accurately reflect what occurs in the side arms, where there should be minimal
electric current. In order to explain the change in the line shape of the field scans
and spatial dependence of spin accumulation in the side arm, we employ a model
that takes into account the fact that the spins are generated in the main channel
and subsequently drift into the side arm (Crooker et al., 2005; Lou et al., 2006).
This spin signal is calculated by averaging the spin orientations of the precessing
electrons over the Gaussian distribution of their arrival times. For spins injected
with an initial spin polarization S0 along the z direction at x1 and then flow with a
spin drift velocity vsd before they are measured at a position x2,

S z(x1, x2, B) =

∫ ∞

0

S 0√
4πDt

e−(x2−x1−vsdt)2/4Dte−t/τs cos(ωLt) dt, (6)

where D is the spin diffusion constant. Sz(x2, B) is calculated by integrating x1
over the width of the main channel, from −30 µm to +30 µm. We apply this model
to measurements taken on the 40 µm side arm, which is schematically shown in
Figure 15a. The spin coherence time τs = 11.4 ns is determined using resonant
spin amplification (Kikkawa and Awschalom, 1998). The same set of parameters
is used to compute Sz(x, B) for three positions in the side arm as indicated in
Figure 15a. It can be seen from Figure 15b that the model reproduces the line
shape and the spatial dependence of amplitude using D = 10 cm2/s and vsd = 1.6
× 105 cm/s and without assuming a spatially dependent spin coherence time. The
value obtained for vsd may have a contribution from both the spin Hall effect and
the electric field gradients in the transverse channel.

To address the homogeneity of the spin polarization along the longitudinal
(y) direction, spatial scans along the channel and across the side arms are per-
formed. The amplitude determined from Lorentzian fits is shown in Figure 15c.
We observe the amplitude of the spin polarization builds up from zero at the
contact (y = −158 µm) to a maximum value over 50 µm from the scans taken
at x = −26 µm and x = 26 µm. The scans taken at x = 26 µm show that the
amplitude drops near the side arm due to spin drift into the side arm, which has
edges at y = −70 µm and y = −30 µm, whereas the amplitude of the scans taken
at x = −26 µm are insensitive to the position of the side arm. Scans taken across
the side arm, at x = 36 µm and x = 56 µm, show that the amplitude is largest near
the edges of the side arm, which may also be due to spin drift.

These measurements demonstrate that the spin Hall effect can drive transport
of spins over length scales that are many times the spin diffusion length Ls = 9 µm
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Figure 15. (a) Measurement schematic showing sample dimensions. P indicates the position (x,y)
= (0 µm, −50 µm). (b) Kerr rotation as a function of magnetic field for three different x positions at
y = −50 µm on the 40 µm side arm. Taking x = 0 µm to be the center of the channel, the edges of
the main channel are at x = −30 µm and x = +30 µm (w = 60 µm). Measurements are shown for
x = 40 µm (P1, top), x = 50 µm (P2, middle) and x = 60 µm (P3, bottom). Solid lines are calculated
from a model that accounts for spin drift, as described in the text. The same values for S0, τs,
vsd, and D are used for all three curves. (c) Amplitude of Kerr rotation measured as a function of
longitudinal position y for x = −26 µm, x = 26 µm, x = 36 µm and x = 56 µm. These positions are
shown as dashed lines in part (a) of this figure. One contact edge is located at y = −158 µm, and
the edges of the side arm are at y = −70 µm and y = −30 µm. Data originally presented in Sih et al.
(2006b)

(from fits of the spatial spin Hall profile to the model in Zhang (2000)) and with
a transverse spin drift velocity vsd = 1.6 × 105 cm/s that is comparable to the
longitudinal charge drift velocity vcd = 4.8 × 105 cm/s at V = 6 V.

4 Spin Accumulation in Forward-Biased MnAs/GaAs Schottky Diodes

This section describes a series of experiments in which silicon-doped n-type GaAs
epilayers are mated with epitaxial layers of ferromagnetic (FM) metals which
are grown by molecular beam epitaxy (MBE). These hybrid materials are excited
optically and electrically and it is shown that under appropriate conditions they
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can be used to generate both electron and nuclear spin polarizations in the GaAs
semiconductor.

Previous experiments have shown how electron and nuclear spin polarizations
can be created in n-type GaAs epilayers covered with thin metallic ferromagnets
under optical excitation, a process dubbed ferromagnetic imprinting of nuclear
spins (Kawakami et al., 2001). Subsequent work showed that optically-excited
electrons interact with the ferromagnet, and coherently rotate to become polarized
either parallel or antiparallel to the FM magnetization, an effect known as ferro-
magnetic proximity polarization (FPP) (Epstein et al., 2002). These spin-polarized
electrons then polarize the nuclear spin system via the well-known dynamic nu-
clear polarization (DNP) process. These effects were further shown to be tunable
using a modest applied voltage and to be largest under forward bias conditions
(Epstein et al., 2003). In these conditions electrons are swept from the semi-
conductor into the ferromagnet. In the case of the nuclear spin polarization low
temperatures (below ∼ 60 K) are required but the FPP mechanism for electron spin
polarization was shown to be robust up to at least 110 K (Epstein et al., 2002) and
presumably works up to the Curie temperature of the ferromagnet. The FPP effect
therefore could potentially be useful in future spin-based devices which operate
at room temperature and higher. These effects are illustrated in Figure 16. One
limitation of these experiments, however, is that above band-gap optical-excitation
of the semiconductor was required. It would be more convenient for many devices
if the spin polarization could be generated using purely electrical means.

Similar reasoning has resulted in much effort being devoted to the injection
of electrons from ferromagnetic metals into semiconductors since these systems

Figure 16. Cartoon picture of the rich environment that exists for electron spins in semiconduc-
tor/ferromagnet heterostructures under illumination
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have the potential to serve as room-temperature sources of spin polarization
(Wolf et al., 2001). To date, most research in this vein has focused on electron
currents flowing through a tunnel barrier from the ferromagnet to the semi-
conductor. For example, spin injection has been observed for tunneling through
Schottky (Zhu et al., 2001; Ramsteiner et al., 2002) and aluminum oxide (Motsnyi
et al., 2002) tunneling barriers, as well as in more complicated structures such
as magnetic tunnel transistors (Jiang et al., 2003). All of these schemes share the
common feature that spin-polarized electrons are injected from the FM into the
semiconductor (SC). In this section a new means of electrically generating such
spin polarizations in a lateral device that requires neither optical excitation nor
that the sample be reverse biased is described (Stephens et al., 2004). Specifically,
spin accumulation in ferromagnetic MnAs/GaAs Schottky-diode structures biased
in the forward direction is demonstrated. In these experiments an electron current
flows from the GaAs into the MnAs, and a net electron spin polarization arises in
the GaAs as illustrated in Figure 17. Spatiotemporal Kerr microscopy was used to
laterally image the electron spin and the resulting dynamic nuclear polarization
that arises from the nonequilibrium electron polarization.

Samples grown by molecular beam epitaxy consist of 25 nm type-A MnAs,
500 nm n-GaAs, and 400 nm A10.75Ga0.25As, grown on a semi-insulating GaAs
(100) substrate. Using photolithography and wet etching, a 50 × 100 µm2 MnAs
mesa was defined at the center of a channel etched into the n-GaAs layer, as shown
in Figure 18a. A metal contact (100 nm Ni:Ge:Au:Ni:Au stack) was deposited in
an electron-beam evaporator on the n-GaAs across the channel from the MnAs
mesa, patterned using wet lithography and lift-off techniques, and annealed in
a rapid thermal annealer (1 min at T = 400◦C in nitrogen) to form an Ohmic
contact. A second similarly-patterned contact was then deposited on the MnAs
mesa, thus forming a Schottky diode in series with a resistor, which shows typical
rectifying I–V characteristics. Hysteresis loops measured in a superconducting
quantum interference device magnetometer showed that the MnAs is ferromag-
netic with a Curie temperature of 320 K. While the data presented below are
from a single sample with the n-GaAs layer Si doped at 8e16 cm−3, a number

Figure 17. Schematic energy-band diagrams for metal-semiconductor Schottky barrier under
(a) zero bias, (b) positive (forward) bias, and (c) negative (reverse) bias
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Figure 18. (a) Charge-coupled device micrographs of spin accumulation device. Close-up depicts
the MnAs magnetic easy axis direction as well as the linecut measurement path (see text). (b) TRKR
and (c) Hanle-MOKE data (symbols) and fits (lines) at T = 7.5 K. Insets show the two measurement
geometries. (d) Schematic conduction band diagram of Schottky interface for magnetization parallel
to spin-up electrons. Also depicted is a cartoon of the spin-dependent incident (II), reflected (IR),
and transmitted (IT ) electron currents. Data originally presented in Stephens, et al. (2004).

of samples with doping ranging from 6e16 to 1e18 cm−3 showed similar effects.1

A control sample with a nonmagnetic Schottky diode showed none of the spin
effects discussed below.

Measurements of electron spin polarization were performed using the Hanle-
MOKE technique described in more detail elsewhere (Stephens et al., 2003). The
Hanle-MOKE signal 〈S 〉 versus field scans can be fit to:

〈S 〉 =
AωL

((1/T ∗
2)2 + ω2

L)
, (7)

where A is proportional to the spin polarization rate, T ∗
2 is the transverse spin

lifetime, andωL is the precession frequency. The quantity AT ∗
2 is then proportional

to the time-averaged spin polarization in zero applied field. These measurements
are possible when the electron spins we wish to measure precess (those oriented

1For similar current density, temperature, and applied field conditions, samples with doping
6e16, 8e16, and 1e17 cm−3 all showed maximum effective nuclear fields of 0.35–0.45 T. The
magnitude of electron spin accumulation that occurs over this doping range does not vary widely.
A sample with doping 1e18 cm−3 showed greatly reduced transverse spin lifetime and negligible
nuclear spin polarization.
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by FPP) about the applied magnetic field. Thus samples were mounted such that
their magnetization is perpendicular to Bapp.

Nuclear polarization was measured using time-resolved Kerr rotation (TRKR).
When the sample magnetization and applied magnetic field have suitable geometry
the Larmor frequency of the coherently-precessing electron spins acts as a mag-
netometer of the effective nuclear field present in the semiconductor as described
by the relation S (∆t) = S0 exp(−∆t/T ∗

2) cos(ωL∆t). Here ωL = gµB(Bapp + Bn)/�,
with g the electron g-factor (−0.44), µB the Bohr magneton, Bapp the applied
magnetic field, Bn the effective nuclear field, and � Planck’s constant. Nuclear
polarization is generated below T = 60 K and when Bapp and the sample
magnetization M are parallel.

The samples were mounted in a custom-built liquid helium cryostat which can
reach temperatures down to T = 5 K and the pump and probe beams were focused
through a long-focal-length, large numerical aperture microscope objective. The
spatial resolution of the TRKR microscope was set 2 µm spot size of the optical
beams and the objective can be scanned with 20 nm resolution. Repeating TRKR
and Hanle-MOKE measurements as a function of lateral position on the sample
yields spatial maps of both the electron and nuclear spin polarization present in
the GaAs. More information on the microscope apparatus can be found in the
following section and in Stephens et al. (2003). For the Hanle-MOKE measure-
ments the probe power was 550 µW and for the TRKR measurements the pump
power was 450 µW and probe power was 350 µW. It was determined from lab-time
dependent measurements in the TRKR geometry that compared to the electrically-
generated nuclear polarization the pump and probe beams acted only as negligible
perturbation on the nuclear spin system.

Characteristic Hanle-MOKE and TRKR curves, along with schematics of each
measurement geometry, are shown in Figures 18b and 18c. For the Hanle-MOKE
measurement, the sample was mounted with the magneto-crystalline easy axis
of the MnAs perpendicular to the applied field. Because of the strong uniaxial
anisotropy present in MnAs, the magnetization deviates only slightly from the
easy axis in the magnetic fields used in these experiments. A 6 kHz square wave
was applied to the Schottky diode, oscillating between Vb = 0 and +1.5 V, which
allowed the use of lock-in detection of the electrically induced MOKE signal. For
these bias voltages the resulting current was found to be Ib = 0.0 and 1.65 mA,
respectively.

4.1 SPATIAL MAPS OF ELECTRON AND NUCLEAR SPIN POLARIZATION

Fitting the curves obtained through the Hanle-MOKE technique yields the spatial
map of the time-averaged spin polarization AT ∗

2 shown in Figure 19a. As expected,
switching the magnetization of the FM yielded a sign change in the Hanle-MOKE
signal (not shown). For the nuclear polarization measurements, the sample was
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Figure 19. (a) 2D image of time-averaged electron spin (AT ∗
2 ) taken at T = 7.5 K with a

square-wave between 0 and 1.5 V applied at 6 kHz. Dotted lines show outline of MnAs mesa.
(b) 2D image of effective nuclear field BN taken at T = 7.5 K with forward bias of 1.5 V and
applied field of 2 kG. Linecuts of (c) AT ∗

2 for various forward biases between 0.8 and 2.2 V, and (d)
BN along the path indicated in Figure 18a. Insets show the peak value of each as a function of bias.
Data originally presented in Stephens, et al. (2004).

mounted with the MnAs easy axis parallel to Bapp. With Bapp = 2 kG, and a
forward bias of +1.5 V (Ib = 1.65 mA), nuclear polarization was observed to
build up under the MnAs mesa over the course of approximately 20 min, with
a maximum effective nuclear field Bn = 0.45 T and a maximum effective field
gradient of 8e104 T/m. The sign of the effective nuclear field indicates that the
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electron spin is polarized antiparallel to the MnAs magnetization, in agreement
with previous measurements (Epstein et al., 2002). Figure 19b shows an image
of the resulting nuclear polarization which is in qualitative agreement with the
electron polarization. Discrepancies between the images of electron and nuclear
polarization may be due in part to the fact that electron spins decay with the trans-
verse lifetime in the case of the Hanle-MOKE measurement, but the longitudinal
lifetime is the relevant timescale in the DNP measurement. Sweeping the field
and measuring the nuclear polarization yielded a hysteresis loop similar to those
previously measured (Kawakami et al., 2001), with a switching event occurring at
the MnAs coercive field, thus confirming the role of the FM in this phenomenon.

TRKR and Hanle-MOKE measurements were also used to investigate the de-
pendence of nuclear and electron spin polarizations on the forward-bias current.
Figure 19c shows line cuts of the electron spin polarization taken along the path
indicated by the dashed line in the inset of Figure 18a. No measurable electron
polarization for Vb < 0.8 V (which corresponds to the turn-on of the Schottky
diode) was observed. At higher voltages, current begins flowing and the electron
polarization increases. The maxima of these curves as a function of applied bias
are shown in the inset of Figure 19c.

The same line cuts were measured using the TRKR technique, and the ex-
tracted nuclear spin polarization is shown in Figure 19d. The results closely match
the electron polarization profiles. Again, the maxima of these curves are shown in
the inset. One difference between the two measured spin profiles is that the nuclear
polarization reaches a maximum at about Vb = 1.6 V and subsequently decreases
at higher bias, possibly a result of resistive heating.

Temperature dependence measurements of both the nuclear and electron spin
were also performed, the results of which are shown in Figure 20. A TRKR mea-
surement with optically injected spins at zero applied field was used to normalize
the Hanle-MOKE results as a function of temperature since the magnitude of
the Kerr effect was observed to decrease by 30% from T = 7.5 to 50 K. It was
found that the magnitude of the nuclear polarization and the time-average electron
spin polarization both decrease monotonically with increasing temperature, but
that the nuclear polarization decreases more quickly. This is expected since the
nuclear polarization depends not only on the average electron spin polarization
but also on the nuclear relaxation time, which decreases with increasing tempera-
ture (Abragam, 1961). Figures 21a and 21b show the same current dependence
measurements as Figure 19d, but with the spin accumulation rate A and spin
depolarization rate 1/T ∗

2 plotted separately. We see that the spin accumulation rate
is sharply peaked near the leading edge of the MnAs, and is quite small elsewhere
under the mesa. Similarly, the spin depolarization rate has a peak at the leading
edge, but then decreases to a constant value farther away. The shape of A as a
function of position is similar to what one would expect for the lateral current
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Figure 20. Linecuts at various temperatures taken along the path shown in Figure 18a of (a) effec-
tive nuclear field and (b) time-averaged electron spin from T = 7.5 K to T = 50 K. Dashed vertical
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the forward bias was 1.5 V while for the electron spin measurement a 6 kHz square wave between
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density across the SC–FM interface, since the conductivity of the GaAs is much
lower than that of the metallic MnAs. The strongly enhanced spin depolarization
rate in the vicinity of the MnAs leading edge is likely due to transport of spin
into the FM or away from the probe spot within the SC, an effect that will be
greatest near the front of the magnetic mesa where the current density is largest.
The temperature dependences of A and 1/T ∗

2 are shown in Figures 21c and 21d.
Here, the spin lifetime appears to be dominated by a temperature independent
contribution near the edge of the MnAs mesa, which again is consistent with the
picture of spin being transported away from the probe spot in the area of high
current density.

The observed effect may be qualitatively described by a simple model of spin-
dependent reflection off the FM–SC interface (Ciuti et al., 2002; McGuire et al.,
2003). The ferromagnet is modeled as exchange-split parabolic bands, resulting
in different wave vectors in the ferromagnet for the two spin channels at a given
energy. In this picture one can think of the FM acting as a filter for the higher
energy spins such that electrons of one spin type are preferentially removed, leav-
ing behind more of the other spins. The wave function matching conditions at
the interface result in spin-dependent reflection and transmission coefficients for
electrons incident at the interface.

We consider transport across the interface under forward bias (see schematic
shown in Figure 18d), ignoring the spatial dependence of the current density and
assuming the spin–flip time is sufficiently long such that the two spin channels are
independent. Using the Drude relation, the spin polarization due to reflection can
be calculated from the spin-dependent currents flowing through the interface:

n↑ − n↓
n↑ + n↓

=

∫ k

0
dkzkz

∫ √
k2

f−k2
z

0
dk||k||(T↑ − T↓)

∫ k

0
dkzkz

∫ √
k2

f−k2
z

0
dk||k||(T↑ + T↓)

(8)

where k f is the Fermi wave vector in the semiconductor, kz is its component in
the growth direction, k|| is the component parallel to the interface, n is the doping
density, and T↑ and T↓ are the transmission coefficients for the two spin channels.
Using reasonable material parameters2 and assuming the SC spin lifetime is dom-
inated by current flow into the FM, the theory estimates the spin polarization to
be a few percent and is consistent with the observed nuclear polarization (Strand
et al., 2003). Another theory (Bauer et al., 2005) points out that the conductivity
mismatch between FM and SC enhances the FPP effect, similarly to the case of
spin injection via reverse-bias tunneling.

2GaAs: effective mass m∗ = 0.07, mobility µ = 3000 cm2/V-s, doping n = 8e16 cm−3; MnAs:
m∗ = 1, spin-up potential = 3.0 eV, spin-down potential = 1.5 eV; Schottky barrier height: Ub =

0.8 eV.
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5 Spin Coherence in Quantum Dots

The physics of electron and hole spins in semiconductors changes drastically
when the carriers are spatially confined on length scales smaller than the extent
of the bulk wavefunction. This is the case in semiconductor quantum dots (QDs),
where quantum confinement splits the continuum of states in the conduction
and valence band into discrete energy levels. Thus for sufficiently large splitting,
momentum scattering is effectively suppressed. Without momentum scatter-
ing, spin decoherence caused by spin–orbit related mechanisms (such as the
D’yakonov–Perel and Elliot–Yafet mechanisms) is not significant.

Because of this enhanced spin coherence, a spin-1/2 electron in a QD is an
attractive candidate for use as a quantum bit for quantum computing. Loss and
DiVincenzo proposed a quantum computer based on electron spin qubits, shown
in Figure 22, in which QDs are defined by gates above a two-dimensional electron
gas (2DEG), gates are used to control the coupling between QDs, and the spins
are operated on through electron spin resonance (Loss and DiVincenzo, 1998).
Many other proposals for spin-based quantum computers have followed (Kane,
1998; Barnes et al., 2000; Vrijen et al., 2000; Levy, 2001).

The QDs in the Loss and DiVincenzo proposal are an example of top-down
fabrication. A planar 2DEG is carved up into puddles of electrons using submicron
gates deposited on the surface of the sample (Figure 23a). QDs can also be created
in a top-down manner by etching narrow pillars out of a 2DEG (Austing et al.,
1998) (Figure 23b). In contrast, bottom-up fabrication is also possible. When
InAs is deposited on GaAs by molecular beam epitaxy, nanometer-scale InAs
islands can form spontaneously due to the mismatch of lattice constants (Leonard
et al., 1993) (Figure 23c). These islands of low-bandgap InAs serve as a layer of
naturally forming QDs embedded within a semiconductor structure. Here, we will
focus on QDs synthesized through chemical processes (Figure 23d).

magnetized or
high-g layer

back gates

Bac

heterostructure
quantum well

B

I

e e e

Figure 22. Proposed spin-based quantum computer from Loss and DiVincenzo (Loss and
DiVincenzo, 1998). Electrodes form QDs in the 2DEG layer, and control coupling between qubits.
The spins are manipulated by bringing them into resonance with an ESR field
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Figure 23. (a) Scanning electron microscrope (SEM) image of a gate-defined 2DEG QD.
(From J. Petta et al., Science 309, 2180 (2005).) (b) Schematic of an etched pillar QD. (From
L. P. Kouwenhoven et al., Science 278, 1788 (1997).) (c) Transmission electron microscope (TEM)
image of MBE-grown, strain-induced, InAs QDs on GaAs. (From M. Grundmann et al., Physica E
5, 167 (2000).) (d) High-resolution TEM image of a chemically-synthesized CdSe nanocrystal QD
(From Manna et al. (2000)

Using standard, table-top colloidal chemistry, nanocrystals of many different
semiconducting materials can be nucleated and grown (Murray et al., 1993). These
nanocrystal QDs have a number of attractive characteristics. The diameter of the
QDs can be varied from smaller than 1 nm to larger than 10 nm, allowing the
energy of the quantum confinement to be tuned over a large range. For this reason,
such colloidal QDs have found great practical use as luminescent markers for
biological tagging. The variety of materials that can be used for these nanocrys-
tals offers another dimension of flexibility, even allowing different materials to
be layered concentrically. By varying the growth conditions, nanocrystals can be
grown in a number of shapes ranging from nearly spherical, to rods, or branching
structures (Manna et al., 2000). Furthermore, the chemistry-based synthesis al-
lows the surface of the QDs to be functionalized with a large variety of molecules,
modifying the behavior of the QDs, or linking them together.

Spins can be optically injected into colloidal quantum dots using circularly
polarized light, just as in bulk semiconductors. Time-resolved Faraday rota-
tion (TRFR) proves to be a very useful probe of the resulting spin dynamics
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Figure 24. (a) Schematic of the experimental setup for two-color TRFR on CdSe colloidal QDs.
The QDs are dispersed in a polymer matrix, and mounted in a magneto-optical cryostat. (b) Typical
TRFR on 2.5 nm diameter CdSe QDs at T = 5 K and B = 4.0 T. (c) The Fourier transform of the
data in (b). Data originally presented in Berezovsky, et al. (2005).

(Gupta et al., 1999). For these measurements, a regeneratively amplified Ti:
Sapphire laser is used to seed and pump two optical parametric amplifiers (OPAs),
which output synchronized, ultrafast optical pulses tunable over the entire visible
spectrum. These pulses then serve as the pump and probe in nondegenerate
time-resolved measurements (see Figure 24a).

TRFR in an ensemble of 2.5 nm diameter CdSe colloidal QDs as a function
of pump–probe delay is shown in Figure 24b. Here, a magnetic field is applied
perpendicular to the direction of the pump and probe beams. The measured rota-
tion is proportional to the net spin polarization along the measurement axis. The
oscillatory behavior is due to the precession of the spins about the applied field.
The oscillations decay within a few nanoseconds due to spin decoherence and
dephasing. Though decoherence mechanisms that depend on momentum scatter-
ing are suppressed in this case, the overlap of the electron wavefunction with
nuclear spins is enhanced due to the confinement. Thus dephasing due to the
fluctuating hyperfine interaction may be the dominant mechanism in these QDs
(Khaetskii et al., 2002; Merkulov et al., 2002). This is consistent with the temper-
ature dependence of the spin lifetime, which is seen to be nearly constant from
room temperature down to 5 K.
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The Fourier transform of the TRFR is shown in Figure 24c. There are two
distinct precession frequencies (or g-factors), which can also be seen in the beating
in the time-domain data. The presence of two precession frequencies is a general
feature of the spin dynamics in this type of QD, and they have been attributed to
precession of electron spins and precession of exciton (electron plus hole) spins
(Gupta et al., 2002). This assignment is further supported by measurements of spin
dynamics in CdSe QDs electrochemically charged with excess electrons (Stern
et al., 2005).

Both of the observed g-factors are seen to vary monotonically with the size of
the QD. This is a reflection of the general dependence of the effective g-factor in a
semiconductor on the band-gap: as the band-gap decreases, the g-factor becomes
increasingly less than the bare electron g-factor of 2.

Further control over the energy level structure and the spin dynamics in
colloidal QDs can be gained by layering different materials within a single
nanocrystal. By embedding layers with a small bandgap between layers with
larger bandgap, one creates a potential well for electrons and holes in the
shape of a spherical shell. Such structures are known as quantum dot quantum
wells (QDQWs) (Eychmuller et al., 1993; Mews et al., 1994; Battaglia et al.,
2003; Battaglia et al., 2005). Spin dynamics have been investigated in a series of
QDQWs consisting of a high bandgap CdS core, surrounded by a low bandgap
CdSe shell, and a CdS cap, shown schematically in Figure 25a.

In the radial direction, the conduction and valence band profile of the QDQW
(Figure 25b) consists of a potential well in the CdSe shell region. As the width of
the shell is varied, the quantum confinement changes accordingly. This is seen in
the photoluminescence from a series of QDQWs with different CdSe shell widths,
shown in Figure 25c. The spin dynamics are measured using TRFR and show
typical coherent spin precession. The g-factors extracted from the TRFR measure-
ments (Figure 25d) show the same dependence on shell width (Berezovsky et al.,
2005) as expected for the change in quantum confinement in the shell. This sort of
band-structure engineering allows for control over the energy level spectrum of a
QD, and also allows for the possibility of coupling multiple shells within a single
nanocrystal heterostructure.

The properties of colloidal QDs can be varied in a number of ways through
molecular functionalization of the surface of the nanocrystals. For example, the
nanocrystals can be bound to specific sites (e.g., onto a DNA scaffold (Warner
and Hutchinson, 2003)), the luminescence can be quenched or shifted in energy
(Leatherdale and Bawendi, 2004; Wuister et al., 2004), or charge transport be-
tween nanocrystals can be enhanced or suppressed (Morgan et al., 2002). In the
realm of spin physics, it has been found that electron spins can be coherently
transferred between QDs via molecular bridges (Ouyang and Awschalom, 2003).

In these measurements, samples were prepared by alternately dipping a sub-
strate into a solution containing CdSe QDs, and another containing the linking
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Figure 25. (a) Cut-away schematic of a QDQW with a single CdSe shell. (b) Illustration of the
radial conduction and valence band profiles with electron and hole wavefunctions confined in the
shell. (c) Photoluminescence (normalized) of QDQWs for various shell thicknesses. (d) g-factor of
QDQWs as a function of shell thickness. Data originally presented in Berezovsky, et al. (2005).

molecules (1,4-benzenedimethanethiol). Two sizes of QDs were used, referred to
as A (3.4 nm diameter) and B (7.0 nm diameter). Samples were fabricated with all
A-type QDs, all B-type QDs, or a mixture of the two, and were measured using
nondegenerate TRFR.

In samples containing all A or all B QDs, typical spin precession is observed in
an applied magnetic field, with distinct g-factors for A and B due to the difference
in size (Figures 26a and 26b). If either the pump or probe is tuned to an energy
below the absorption edge of the QDs, no signal is observed. When the pump is
below the absorption edge, the light is not absorbed, and no carriers are injected.
When the probe is at an energy below the absorption edge, the Faraday effect is
not present.

The situation is different in a sample with molecularly linked A and B QDs.
In this case, the pump can be placed at an energy above the absorption edge of
the larger, B QDs, but below the absorption edge of the smaller, A QDs. In the
absence of the molecular linkers, one would not expect to see spin precession due
to the A-type QDs, since spin injection cannot occur. However, with the molecular
linker connecting A and B QDs, spin precession from both A and B g-factors is
observed when probing above the absorption edge of both QD sizes (Figure 26c).
This implies that spins are pumped into the larger QDs, and then are transferred
to the smaller dots.
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Figure 26. (a) Spin precession in 3.4 nm (A) QDs. (b) Spin precession in 7.0 nm (B) QDs. (c) Spin
precession in molecularly linked A and B QDs, with spin injection only into the B QDs. At low
(high) probe energy, only the B (A) precession frequency is observed. At intermediate probe energy,
precession is observed in both QD sizes. Data originally presented in Berezovsky, et al. (2005).

These results can be understood in terms of tunneling between two asymmetric
coupled potential wells (Meier et al., 2004). The molecules used as the linkers
contain an extended pi-orbital that may facilitate the tunnel coupling of the two
QDs. The efficiency of the spin transfer is seen to increase substantially with
increasing temperature, which may be explained by the thermal motion of the
linker molecules (Chen and Reed, 2002).
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1 Introduction

Macroscopic quantum behavior in a Josephson junction (JJ) was first demon-
strated in the mid-1980s by John Clarke’s group at UC Berkeley (Devoret et al.,
1985; Martinis et al., 1985, 1987; Clarke et al., 1988). These experiments used a
superconducting device referred to as a large area, current-biased JJ, which would
later become the phase qubit. Beginning in the mid-1990s the group of James
Lukens at SUNY Stony Brook (Rouse et al., 1995; Friedman et al., 2000) and
a collaboration between the Delft University group of Hans Mooij and the MIT
group of Terry Orlando (Mooij et al., 1999; van der Wal et al., 2000) demonstrated
macroscopic quantum behavior in superconducting loops interrupted by one or
more JJs (called superconducting quantum interference devices, or SQUIDS),
what would later become flux qubits. And in the late 1990s the group of Yasunobu
Nakamura at NEC in Tsukuba (Nakamura et al., 1997, 1999) developed the first
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Cooper-pair box or charge qubit. Many of the earlier experiments were motivated
by seminal theoretical work of Caldeira and Leggett (1981, 1983).

The modern era of superconducting quantum computation began in 2002. That
year, the group of Siyuan Han at the University of Kansas and the group of John
Martinis, then at NIST Boulder and currently at UC Santa Barbara, independently
showed that long-lived quantum states in a current-biased JJ can be controllably
prepared, manipulated, and subsequently measured (Martinis et al., 2002; Yu
et al., 2002). This same year, the group of Michel Devoret, then at the CEA in
Saclay and currently at Yale University, demonstrated similar quantum control
using a Cooper-pair box (Vion et al., 2002). These experiments suggest that
JJ-based qubits can be used as the building blocks of a solid-state quantum com-
puter, creating a tremendous interest in this intrinsically scalable approach. An
impressive list of additional experimental achievements soon followed, including
the demonstration of two-qubit quantum logic (Yamamoto et al., 2003).

In this chapter we will review the current approaches for making multi-qubit
systems. For a more detailed discussion of single qubits we refer to the excel-
lent review by Makhlin et al., (2001). Also, a recent introductory account of the
field has been given by You and Nori (2005). The approach we follow here is
to construct circuit models for the basic qubits and coupled-qubit architectures.
Many designs have been proposed, but only the simplest have been implemented
experimentally to date.

After reviewing in section 2 the basic phase, flux, and charge qubits, we
discuss three broad classes of coupling schemes. The simplest class uses fixed
linear coupling elements, such as capacitors or inductors, and is discussed in
section 3. The principal effect of fixed, weak couplings is to lift degeneracies of
the uncoupled qubit pair. However, because such interactions are always present
(always turned on), the uncoupled qubit states, which are often used as computa-
tional basis states, are not stationary. A variety of approaches have been proposed
to overcome this shortcoming. In section 4 we discuss tunable couplings that allow
the interactions of section 3 to be tuned, ideally between “on” and “off” values.
A related class of dynamic couplings is discussed in section 5, which make use of
coupling elements that themselves have active internal degrees of freedom. They
act like tunable coupling elements, but also have additional functionality coming
from the ability to excite the internal degrees of freedom. Examples of this are
resonator-based couplings, which we discuss in some detail.

2 The Basic Qubits: Phase, Flux, and Charge

The primitive building block for all the qubits is the JJ shown in Figure 1. The low-
energy dynamics of this system is governed by the phase difference ϕ between the
condensate wave functions or order parameters on the two sides of the insulating
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I

= C I0

V=a dj/dt

 

I

Figure 1. Circuit model for a current-biased JJ, neglecting dissipation. Here α ≡ �/2e

barrier. The phase difference is an operator canonically conjugate to the Cooper-
pair number difference N, according to1

[ϕ,N] = i. (1)

The low-energy eigenstates ψm(ϕ) of the JJ can be regarded as probability-
amplitude distributions in ϕ. As will be explained below, the potential energy
U(ϕ) of the JJ is manipulated by applying a bias current I to the junction,
providing an external control of the quantum states ψm(ϕ), including the qubit
energy-level spacing ∆ε. The crossed box in Figure 1 represents a “real” JJ. The
cross alone represents a nonlinear element that satisfies the Josephson equations2

I = I0 sinϕ and V = αϕ̇, (2)

with critical current I0. The capacitor accounts for junction charging.3 A single JJ
is characterized by two energy scales, the Josephson coupling energy

EJ ≡
�I0

2e
, (3)

where e is the magnitude of the electron charge, and the Cooper-pair charging
energy

Ec ≡
(2e)2

2C
, (4)

with C the junction capacitance. For example,

EJ = 2.05 meV×I0[µA] and Ec =
320 neV
C[pF]

, (5)

1We define the momentum P to be canonically conjugate to ϕ, and N ≡ P/�. In the phase
representation, N = −i ∂

∂ϕ
.

2α ≡ �/2e.
3This provides a simple mean-field treatment of the inter-condensate electron–electron interac-

tion neglected in the standard tunneling Hamiltonian formalism on which the Josephson equations
are based.
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I j

Figure 2. Basic phase qubit circuit

where I0[µA] and C[pF] are the critical current and junction capacitance in
microamperes and picofarads, respectively. In the regimes of interest to quantum
computation, EJ and Ec are assumed to be larger than the thermal energy kBT
but smaller than the superconducting energy gap ∆sc, which is about 180 µeV
in Al. The relative size of EJ and Ec vary, depending on the specific qubit
implementation.

2.1 PHASE QUBIT

The basic phase qubit consists of a JJ with an external current bias, and is shown
in Figure 2. The classical Lagrangian for this circuit is

LJJ =
1
2

Mϕ̇2 − U, M ≡ �
2

2Ec
. (6)

Here
U ≡ −EJ

(
cosϕ + sϕ

)
, with s ≡ I

I0
(7)

is the effective potential energy of the JJ, shown in Figure 3. Note that the “mass”
M in (6) actually has dimensions of mass × length2. The form (6) results from
equating the sum of the currents flowing through the capacitor and ideal Josephson
element to I. The phase qubit implementation uses EJ � Ec.

According to the Josephson equations, the classical canonical momentum
P = ∂L

∂ϕ̇ is proportional to the charge Q or to the number of Cooper pairs Q/2e
on the capacitor according to P = �Q/2e. The quantum Hamiltonian can then be
written as

HJJ = EcN2 + U, (8)

where ϕ and N are operators satisfying (1). Because U depends on s, which itself
depends on time, HJJ is generally time-dependent. The low lying stationary states
when s � 1 are shown in Figure 4. The two lowest eigenstates |0〉 and |1〉 are used
to make a qubit. ∆ε is the level spacing and ∆U is the height of the barrier.



QUANTUM COMPUTING WITH SUPERCONDUCTORS I 175

−10 0 10

ϕ (radians)

−3

−2

−1

0

1

2

3

U
/E

J

Figure 3. Effective potential for a current-biased JJ. The slope of the cosine potential is s. The
potential is harmonic for the qubit states unless s is very close to 1
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Figure 4. Effective potential in the anharmonic regime, with s very close to 1. State preparation
and readout are carried out in this regime

A useful “spin 1
2 ” form of the phase qubit Hamiltonian follows by projecting

(8) to the qubit subspace. There are two natural ways of doing this. The first is to
use the basis of the s-dependent eigenstates, in which case

H = −
�ωp

2
σz, (9)

where

ωp ≡ ωp0(1 − s2)
1
4 and ωp0 ≡

√
2EcEJ/�. (10)

The s-dependent eigenstates are called instantaneous eigenstates, because s is
usually changing with time. The time-dependent Schrödinger equation in this
basis contains additional terms coming from the time-dependence of the basis
states themselves, which can be calculated in closed form in the harmonic limit
(Geller and Cleland, 2005). These additional terms account for all nonadiabatic
effects.
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The second spin form uses a basis of eigenstates with a fixed value of bias, s0.
In this case

H = −
�ωp(s0)

2
σz − EJ�√

2
(s − s0)σx, (11)

where

� ≡ �0(1 − s0)−
1
8 and �0 ≡

(2Ec

EJ

) 1
4
. (12)

This form is restricted to |s− s0| � 1, but it is very useful for describing rf pulses.
The angle � characterizes the width of the eigenstates in ϕ. For example, in the

s0-eigenstate basis (and with s0 in the harmonic regime), we have4

ϕ = x01σ
x + arcsin(s0)σ0, with xmm′ ≡ 〈m|ϕ|m′〉. (13)

Here xmm′ is an effective dipole moment (with dimensions of angle, not length),
and x01 = �/

√
2.

2.2 CHARGE QUBIT

In the charge qubit, the JJ current is provided capacitively, by changing the voltage
Vg on a gate, as in Figure 5. In this case EJ � Ec, and the small capacitance is
achieved by using a Cooper-pair box, which is a nanoscale superconducting island
or quantum dot.

The Lagrangian and Hamiltonian for this system are

L =
1
2
α2(C + Cg)ϕ̇2 + EJ cosϕ − αCgVgϕ̇ (14)

Vg

Cg
j

Figure 5. Basic charge qubit circuit. The upper wire constitutes the superconducting box or island

4σ0 is the identity matrix.
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and

H = Ec(N − Ng)2 − EJ cosϕ, with Ec =
(2e)2

2(C+Cg)
. (15)

Here

Ng ≡ −
CgVg

2e
(16)

is the gate charge, the charge qubit’s control variable.
It is most convenient to use the charge representation here, defined by the

Cooper-pair number eigenstates |n〉 satisfying

N |n〉 = n|n〉. (17)

Because eiϕ|n〉 = |n + 1〉, the cosϕ term in (15) acts as a Cooper-pair tunneling
operator. In the qubit subspace,

N − Ng = −(Ng − 1
2 )σ0 − 1

2σ
z, (18)

(N − Ng)2 = (Ng − 1
2 )σz + const, (19)

cosϕ = 1
2σ

z. (20)

The charge qubit Hamiltonian can then be written in spin form in the {|0〉, |1〉}
charge basis as

H = Ec(Ng − 1
2 )σz − EJ

2
σx, (21)

or in the {|+〉, |−〉} basis of Ng = 1
2 eigenstates

|±〉 ≡ |0〉 ± |1〉
√

2
(22)

as

H = Ec

(
Ng −

1
2

)
σx − EJ

2
σz. (23)

2.3 FLUX QUBIT

The flux qubit uses states of quantized circulation, or magnetic flux, in a SQUID
ring. The geometry is illustrated in Figure 6. The current bias in this case is sup-
plied by the circulating supercurrent. The total magnetic flux Φ can be written as

Φ = Φx − cLI, (24)
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j

Φ I

I

Figure 6. Basic rf-SQUID flux qubit and circuit model. Φ is the total flux threading the ring.
The dashed curve in the upper figure indicates the integration contour Γ used to derive condition
(26). The coil in the lower figure has self-inductance L

where Φx is the external contribution and cLI is the self-induced component, with

I = αCϕ̈ + I0 sinϕ (25)

the circulating current and L the self-inductance.5 The relations (24) and (25)
determine Φ given ϕ, but there is a second condition relating these quantities,
namely

Φ

Φsc
=

ϕ

2π
mod 1, with Φsc ≡

hc
2e
. (26)

This second condition follows from the Meissner effect, which says that the
current density in the interior of the ring vanishes, requiring the total vector
potential A to be proportional to the gradient of the phase of the local order
parameter. It is obtained by integrating A around the contour Γ in Figure 6.

The relation (24) then becomes

α2Cϕ̈ + EJ sinϕ +
�

2ω2
LC

2Ec

(
ϕ − 2πΦx

Φsc

)
= 0, (27)

where

ωLC ≡
1

√
LC

. (28)

5L here is not to be confused with the Lagrangian.
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This leads to the Lagrangian and Hamiltonian

L =
1
2
α2Cϕ̇2 + EJ cosϕ −

�
2ω2

LC

4Ec

(
ϕ − 2πΦx

Φsc

)2

(29)

and

H = EcN2 − EJ cosϕ +
�

2ω2
LC

4Ec

(
ϕ − 2πΦx

Φsc

)2

. (30)

The ring’s self-inductance has added a quadratic contribution to the potential
energy, centered at 2πΦx/Φsc.

The control variable in the flux qubit is Φx. By choosing

Φx

Φsc
=

1
2

mod 1, (31)

one produces the double-well potential shown in Figure 7. The condition (31)
corresponds of the point of maximum frustration between the two directions of
circulating supercurrent. By deviating slightly from the point (31), the energies
of the |0〉 and |1〉 change, without changing the barrier height that controls the
tunneling between the wells.
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Figure 7. Double-well potential of the flux qubit. The dashed curve is the cosine potential of the JJ
alone; the solid curve shows the modification caused by the self-inductance of the ring. The states
|0〉 and |1〉 are that of circulating and counter-circulating supercurrent, which become degenerate at
the maximal frustration point (31)
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We can write the flux qubit Hamiltonian in spin form as

H = Bzσ
z + Bxσ

x, (32)

where Bz and Bx are parameters that depend on the SQUID geometry and Φx.
In the simplest rf SQUID flux qubit discussed here, Bz characterizes the well
asymmetry, and is tunable (via Φx), whereas Bx depends on the barrier height
and is fixed by the value of EJ. However, below we will describe a modification
that allows the barrier height to be tuned as well.

Hybrid charge-flux qubits have also been demonstrated, and have shown to be
successful in reducing decoherence caused by interactions with the environment
(Vion et al., 2002).

3 Fixed Linear Couplings

By fixed linear couplings we refer to coupling produced by electrically linear
elements such as capacitors or inductors that lead to interaction Hamiltonians with
fixed coupling strengths. In the cases usually considered, the coupling strengths
are also weak, much smaller than the qubit level spacing, and we will assume that
here as well. We discuss two prominent examples, capacitively coupled phase and
charge qubits. For discussions of the third prominent example, inductively coupled
flux qubits, we refer the reader to the literature (Mooij et al., 1999; Orlando et al.,
1999; Makhlin et al., 2001; Massen van den Brink, 2005).

3.1 CAPACITIVELY COUPLED PHASE QUBITS

Capacitively coupled phase qubits have been demonstrated by the University of
Maryland group of Fred Wellstood (Berkley et al., 2003) and by the UC Santa
Barbara group of John Martinis (McDermott et al., 2005). The architecture was
discussed theoretically by Johnson et al. (2003), Blais et al. (2003) and Strauch
et al. (2003).

Referring to Figure 8, the equations of motion for the two phase variables are6

α2(C1 + Cint)ϕ̈1 + EJ1(sinϕ1 − s1) − α2Cintϕ̈2 = 0, (33)

α2(C2 + Cint)ϕ̈2 + EJ2(sinϕ1 − s1) − α2Cintϕ̈1 = 0, (34)

and the Lagrangian is

L =
∑

i

[
α2

2 (Ci + Cint)ϕ̇2
i + EJi(cosϕi + siϕi)

]
− α2Cintϕ̇1ϕ̇2. (35)

6α ≡ �/2e.
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I1 I2

Cint

  j1 j2

Figure 8. Capacitively coupled phase qubit circuit

To find the Hamiltonian, invert the capacitance matrix in(
p1
p2

)
= α2

(
C1 + Cint −Cint
−Cint C2 + Cint

) (
ϕ̇1
ϕ̇2

)
, (36)

where the pi are the canonical momenta. This leads to

H =
∑

i

[ p2
i

2α2C̃i
− EJi(cosϕi + siϕi)

]
+

p1 p2

α2C̃int
, (37)

where

C̃1 ≡ C1 +
(
C−1

int + C−1
2

)−1
, (38)

C̃2 ≡ C2 +
(
C−1

int + C−1
1

)−1
, (39)

C̃int ≡ C1C2
(
C−1

1 + C−1
2 + C−1

int

)−1
. (40)

This can be written as

H =
∑

i

Hi + δH, δH ≡ g′N1N2, (41)

where

g′ ≡ (2e)2

C̃int
→ 2

(Cint

C

)
Ec. (42)

The arrow in (42) applies to the further simplified case of identical qubits and
weak coupling.

The coupling constant g′ defined in (42) is inconvenient, however, because the
energy scale Ec appearing in (42) is too small. A better definition is

g ≡ g′

2�1�2
→

(Cint

C

)
�ωp, (43)

where � is the scale introduced in (12).
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In the instantaneous basis, the spin form of the momentum operator is

N = p01

(
0 1
−1 0

)
, (44)

where

p01 ≡ 〈0|p|1〉 = − i
√

2�
. (45)

Then

H =
∑

i

Hi + δH, Hi = −
�ωp

2
σz

i , δH ≡ gσy
iσ

y
i . (46)

In the uncoupled qubit basis {|00〉, |01〉, |10〉, |11〉}, the qubit–qubit interaction in
terms of (43) is simply

δH = g

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (47)

Two-qubit quantum logic has not yet been demonstrated with this architec-
ture. Methods for performing a controlled-Z and a modified swap gate have been
proposed by Strauch et al. (2003), and four controlled-NOT implementations have
also been proposed recently (Geller et al., 2006).

3.2 CAPACITIVELY COUPLED CHARGE QUBITS

A circuit for capacitively coupled charge qubits is given in Figure 9. This architec-
ture has been demonstrated by Pashkin et al. (2003), and used to perform a CNOT
by Yamamoto et al. (2003). This work is currently the most advanced in the field

Cint

Cg1 Cg2

Vg1 Vg2

j1 j2

Figure 9. Capacitively coupled charge qubit circuit
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of solid-state quantum information processing. The equations of motion for the
two phases are7

α2(C1 + Cg1 + Cint)ϕ̈1 + EJ1 sinϕ1 − αCg1V̇g1 − α2Cintϕ̈2 = 0, (48)

α2(C2 + Cg1 + Cint)ϕ̈2 + EJ2 sinϕ2 − αCg2V̇g2 − α2Cintϕ̈1 = 0, (49)

and the Lagrangian is

L =
∑

i

[
α2

2 (Ci + Cgi + Cint)ϕ̇2
i + EJi cosϕi − αCgiVgiϕ̇i

]
− α2Cintϕ̇1ϕ̇2. (50)

Then the Hamiltonian is

H =
∑

i

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
(
pi + αCgiVgi

)2
2α2C̃i

− EJi cosϕi

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

(
p1 + αCg1Vg1

) (
p2 + αCg2Vg2

)
α2C̃int

, (51)

where

C̃1 ≡ C1 + Cg1 +
[
C−1

int +
(
C2 + Cg2

)−1
]−1

, (52)

C̃2 ≡ C2 + Cg2 +
[
C−1

int +
(
C1 + Cg1

)−1
]−1

, (53)

C̃int ≡ C1 + Cg1 + C2 + Cg2 + (C1 + Cg1)(C2 + Cg2)C−1
int . (54)

This can be written as

H =
∑

i

[
Eci(Ni − Ngi)2 − EJi cosϕi

]
+ δH, (55)

where

δH = g(N1 − Ng1)(N2 − Ng2), Eci ≡
(e2)2

2C̃i
, g ≡ (e2)2

2C̃int
. (56)

The spin form in the charge basis is

H =
∑

i

[
Eci(Ngi − 1

2 )σz
i −

EJi

2
σx

i

]
+ δH, (57)

with

δH =
g
2

[(
Ng1 − 1

2

)
σz

2 +
(
Ng2 − 1

2

)
σz

1

]
+

g
4
σz

1σ
z
2. (58)

When Ng1 = Ng2 = 1
2 , this is a pure Ising interaction.

7α ≡ �/2e.
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4 Tunable Couplings

By introducing more complicated coupling elements, we can introduce some
degree of tunability into the architectures discussed above.

4.1 TUNABLE EJ

A simple way to make the Josephson energy EJ effectively tunable in a circuit is
to use a well known quantum interference effect in that occurs in a dc SQUID; see
Figure 10. The tunability of EJ can be understood from two different viewpoints.

The first is to imagine introducing a hole in a current-biased JJ as in the
“physical” model of Figure 10. Tunneling occurs in the up and down direction in
each of the left and right arms of the interferometer. Recalling our interpretation
of cosϕ as a Cooper-pair tunneling operator, the two arms of the interferometer
result in

cosϕ→ ei
(
ϕ+π Φx

Φsc

)
+ e−i

(
ϕ+π Φx

Φsc

)

2
+

ei
(
ϕ−π Φx

Φsc

)
+ e−i

(
ϕ−π Φx

Φsc

)

2
. (59)

Here we have assumed a symmetric interferometer. The first pair of terms corres-
ponds to tunneling (in both the up and down directions) in the left arm, which
acquires half of the total Aharonov–Bohm phase 2πΦx/Φsc; the right arm has the
opposite Aharonov–Bohm phase shift. Then the cosϕ term in the potential energy
of (8) becomes

E0
J cosϕ→ EJ(Φx) cosϕ, with EJ(Φx) ≡ E0

J cos
(
πΦx

Φsc

)
. (60)

The effective Josephson energy in (60) can be tuned by varying Φx.
The second way to obtain (60) is to consider the circuit model in Figure 10,

and again assume symmetry (identical JJs). This leads to the coupled equations
of motion

I

I

I/2 + Icirc I/2 − Icirc 

physical model circuit model

ΦxΦx

Figure 10. Tuning EJ with a dc SQUID
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αCϕ̈1 + I0 sinϕ1 = I
2 + Icirc, (61)

αCϕ2 + I0 sinϕ2 = I
2 − Icirc. (62)

Defining

ϕ̄ ≡ ϕ1 + ϕ2

2
(63)

and using

ϕ1 − ϕ2 =
2πΦx

Φsc
(64)

then leads to

α2(2C) ¨̄ϕ + EJ(Φx) sin ϕ̄ − αI = 0, (65)

in agreement with (60).
The ability to tune EJ is especially useful for inductively coupled flux qubits

(Makhlin et al., 2001).

4.2 CHARGE QUBIT REGISTER OF MAKHLIN, SCHÖN, AND SHNIRMAN

Makhlin et al. (1999) have proposed coupling charge qubits by placing them in
parallel with an inductor, such that the resulting LC oscillator (the capacitance
provided by the JJs) has a frequency much higher than the qubit frequency. The
case of two qubits is illustrated in Figure 11, but the method applies to more than
two qubits as well.

The derivation of the circuit Hamiltonian follows methods similar to that used
above, and is

H =
∑

i

[
Eci(Ngi − 1

2 )σz
i −

EJi

2
σx

i

]
+

LC2
qbEJ1EJ2

4α2C2 σ
y
1σ

y
2. (66)

Cg

j1 j2

L

Vg1

Cg

Vg2

Figure 11. Circuit of Makhlin, Schön, and Shnirman
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The significant feature of the interaction in (66), compared to (58), is that the EJs
here can be tuned by using dc SQUIDs. This gives, in principle, a fully tunable
interaction between any pair of qubits attached to the same inductor.

4.3 ELECTROSTATIC TRANSFORMER OF AVERIN AND BRUDER

Averin and Bruder (2003) considered a related coupled charge qubit circuit, shown
in Figure 12, which we have reorganized to emphasize the similarity to Figure 11.
The Hamiltonian in this case is

H =
∑

i

[
Eci(Ni − Ngi)2 − EJi cosϕi

]
+ Htrans (67)

and

Htrans = Ec
(
N − Ng − q

)2
− EJ cosϕ, (68)

where

q ≡ qg −
(
N1 − Ng1 + N2 − Ng2

) Cm

CΣi
, (69)

qg ≡ 2Ng

(
1 − Cm

CΣi

)
. (70)

The operator q here is a function of the charge qubit variables, but commutes with
the transformer degrees of freedom.

As in the register of Makhlin, Schön, and Shnirman, we assume the trans-
former degrees of freedom are fast compared with the qubit variables, so that the
transformer remains in its instantaneous ground state manifold. Then

Htrans → ε0(q). (71)

This finally leads to an effective Hamiltonian

H =
∑

i

[
Eci

(
Ngi − 1

2

)
σz

i −
EJi

2
σx

i

]
+
∑

i

aσz
i + bσz

1σ
z
2, (72)

Cm Cm

Cg Cg

V1
Vg

V2

j1 j2
j

Figure 12. Electrostatic transformer
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involving charge qubit variables only, where

a ≡
ε0
(
q0 +

Cm
CΣi

)
− ε0

(
q0 − Cm

CΣi

)
4

, (73)

b ≡
ε0
(
q0 +

Cm
CΣi

)
+ ε0

(
q0 − Cm

CΣi

)
− 2ε0 (q0)

4
. (74)

The discrete second-order derivative b, which can be interpreted as a capacitance,
can be tuned to zero by varying q0, providing the desired tunability.

4.4 RF COUPLING

Finally, we briefly mention an interesting proposal by Rigetti et al. (2005) to use
rf pulses to effectively bring permanently detuned qubits into resonance. This is a
very promising approach, but has not yet been demonstrated experimentally.

5 Dynamic Couplings: Resonator Coupled Qubits

Several investigators have proposed the use of LC resonators (Shnirman et al.,
1997; Makhlin et al., 1999; Mooij et al., 1999; You et al., 2002; Yukon, 2002; Blais
et al., 2003; Plastina and Falci, 2003; Zhou et al., 2004), superconducting cavities
(Blais et al., 2004; Wallraff et al., 2004), or other types of oscillators (Marquardt
and Bruder, 2001; Zhu et al., 2003) to couple JJs together. Although harmonic
oscillators are ineffective as computational qubits, because the lowest pair of
levels cannot be frequency selected by an external driving field, they are quite
desirable as bus qubits or coupling elements. Resonators provide for additional
functionality in the coupling, and can be made to have very high Q factor. Here
we will focus on phase qubits coupled by nanomechanical resonators (Cleland
and Geller, 2004; Sornborger et al., 2004; Geller and Cleland, 2005; Pritchett and
Geller, 2005).

5.1 QUBIT-RESONATOR HAMILTONIAN

The Hamiltonian that describes the low-energy dynamics of a single large-
area, current-biased JJ, coupled to a piezoelectric nanoelectromechanical disk
resonator, can be written as (Cleland and Geller, 2004; Geller and Cleland, 2005)

H =
∑

m

εmc†mcm + �ω0a†a − ig
∑
mm′

xmm′c†mcm′(a − a†), (75)

where the {c†m} and {cm} denote particle creation and annihilation operators for
the Josephson junction states (m = 0, 1, 2, . . . ), a and a† denote ladder operators
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Nanomechanical
resonator

1 2

to bias and
measurement

electronics

to bias and
measurement
electronics

Figure 13. Two current-biased Josephson junctions (crossed boxes) coupled to a piezoelectric disk
resonator

for the phonon states of the resonator’s dilatational (thickness oscillation) mode
of frequency ω0, g is a coupling constant with dimensions of energy, and xmm′ ≡
〈m|ϕ|m′〉. The value of g depends on material properties and size of the resonator,
and can be designed to achieve a wide range of values. An illustration showing
two phase qubits coupled to the same resonator is given in Figure 13. Interactions
between the JJ and resonator may be controlled by changing the JJ current, giving
rise to changes in the JJ energy spacing, ∆ε. For instance, a state can be transferred
from the JJ to the resonator by bringing the JJ and resonator in resonance, ∆ε =

�ω0, and waiting for a specified period.

5.2 STRONG COUPLING AND THE RWA

For small couplings g � ∆ε, the JJ-resonator system may be approximated by
the Jaynes–Cummings model; this is usually referred to as the rotating wave
approximation (RWA). However, once the coupling becomes comparable to the
level spacing, g ≈ ∆ε, the RWA breaks down. When the JJ is weakly coupled to
the resonator, with g/∆ε below a few percent, gates such as a memory operation
(state transfer to and from the resonator) work well, and qubits are stored and
retrieved with high fidelity. However, such gates are intrinsically slow. As g/∆ε is
increased, making the gate faster, the fidelity becomes very poor, and it becomes
necessary to deviate from the RWA protocol. Below, we first discuss an analytical
approach to capture the leading corrections to the RWA at intermediate coupling
strengths (Sornborger et al., 2004). We then discuss a strong coupling information
processing example: a quantum memory register (Pritchett and Geller, 2005).

5.3 BEYOND THE RWA

For simplicity we will consider only two levels in a single junction. However,
all possible phonon-number states are included. The Hamiltonian may then be
written as the sum of two terms, H = HJC + V . The first term,

HJC ≡ ε0 c†0c0 + ε1 c†1c1 + �ω0 a†a − igx01
[
c†1c0a − c†0c1a†

]
(76)
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is the exactly solvable Jaynes–Cummings Hamiltonian, the eigenfunctions of
which are known as dressed states. We will consider the second term,

V ≡ −ig
[
x00c†0c0(a − a†) + x01c†0c1a − x01c†1c0a† + x11c†1c1(a − a†)

]
, (77)

as a perturbation. The RWA applied to the Hamiltonian H amounts to neglect-
ing V . Therefore, perturbatively including V is equivalent to perturbatively going
beyond the RWA.

5.3.1 Dressed states
The eigenstates of HJC, or the dressed states, are labeled by the nonnegative
integers j = 0, 1, 2, . . . and a sign σ = ±1. On resonance, these are

|ψσj 〉 ≡
|0, j + 1〉 − iσ|1, j〉

√
2

, (ωd = 0) (78)

and
Wσ

j ≡ ε0 + ( j + 1)�ω0 + σ
√

j + 1
�Ω0(0)

2
, (ωd = 0). (79)

Here, the vacuum ( j = 0) Rabi frequency on resonance is Ω0(0) = 2g|x01|/�.

5.3.2 Dressed-state propagator
In quantum computing applications one will often be interested in calculating
transition amplitudes of the form

〈f|e−iHt/�|i〉, (80)

where |i〉 and |f〉 are arbitrary initial and final states of the uncoupled qubit-
resonator system. Expanding |i〉 and |f〉 in the dressed-state basis reduces the
time-evolution problem to that of calculating the quantity

Gσσ′

j j′ (t) ≡ 〈ψσj |e
−iHt/�|ψσ′j′ 〉, (81)

as well as 〈ψσj |e
−iHt/�|00〉 and 〈00|e−iHt/�|00〉. Gσσ′

j j′ (t) is a propagator in the

dressed-state basis, and would be equal to δσσ′δ j j′e
−iWσ

j t/� if V were absent, that
is, in the RWA.

To be specific, we imagine preparing the system at t = 0 in the state |10〉,
which corresponds to the qubit in the excited state m = 1 and the resonator in the
ground state n = 0. We then calculate the interaction–representation probability
amplitude

cmn(t) ≡ eiEmnt/�〈mn|e−iHt/�|10〉 (82)

for the system at a later time t to be in the state |mn〉. Here Emn ≡ εm + n�ω0.
Inserting complete sets of the dressed states leads to

c00(t) =
∑
σ j

〈ψσj |10〉〈00|e−iHt/�|ψσj 〉, (83)
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and, for mn � 00,

cmn(t) = eiEmnt/�
∞∑
j=0

( 〈ψ+
j |mn〉

〈ψ−j |mn〉

)† ( G++
j0 G+−

j0
G−+

j0 G−−
j0

) (
〈ψ+

0 |10〉
〈ψ−0 |10〉

)
. (84)

So far everything is exact within the model defined in Eq. (75).
To proceed, we expand the dressed-state propagator in a basis of exact

eigenstates |Ψα〉 of H, leading to

Gσσ′

j j′ (t) =
∑
α

〈ψσj |Ψα〉 〈ψσ
′

j′ |Ψα〉∗ e−iEαt/�. (85)

Here Eα is the energy of stationary state |Ψα〉. The propagator is an infinite sum of
periodic functions of time. We approximate this quantity by evaluating the |Ψα〉
and Eα perturbatively in the dressed-state basis.

We test our perturbed dressed-state method for the case of a finite-dimensional
single-qubit, five-phonon system. The bias current is chosen to make the system
exactly in resonance. The Hamiltonian for this system is diagonalized numeri-
cally, and the probability amplitudes cmn(t) are calculated exactly, providing a test
of the accuracy of the analytic perturbative solutions. Setting the initial state to be
cmn(0) = δm1δn0, as assumed previously, we simulate the transfer of a qubit from
the Josephson junction to the resonator, by leaving the systems in resonance for
half a vacuum Rabi period π�/g|x01|.

In Figure 14, we plot the probabilities for a relatively strong coupling,
g/∆ε = 0.30. For this coupling strength, the RWA is observed to fail. For example,

0 2 4
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0.8

1

|c
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|2
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|2

exact
RWA
perturbative
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0.8

1
1 3

0 2 41 3

Figure 14. Probabilities |c10|2 and |c01|2 for the intermediate case of g/∆ε = 0.30. Here there are
large deviations from the RWA behavior, which are correctly accounted for by the dressed-state
perturbative method
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the RWA predicts a perfect state transfer between the junction and the resonator,
and does not exhibit the oscillations present in the exact solution. The dressed-
state perturbation theory does correctly capture these oscillations.

5.4 MEMORY OPERATION WITH STRONG COUPLING

Here we study a complete memory operation, where the qubit is stored in the
resonator and then transferred back to the JJ, for a large range of JJ-resonator
coupling strengths (Pritchett and Geller, 2005). Also, we show that a dramatic
improvement in memory performance can be obtained by a numerical optimiza-
tion procedure where the resonant interaction times and off-resonant detunings are
varied to maximize the overall gate fidelity. This allows larger JJ-resonator coup-
lings to be used, leading to faster gates and therefore more operations carried out
within the available coherence time. The results suggest that it should be possible
to demonstrate a fast quantum memory using existing superconducting circuits,
which would be a significant accomplishment in solid-state quantum computation.

In the upper panel of Figure 15 we plot the memory fidelity for the qubit state
2−

1
2 (|0〉 + |1〉) as a function of g/∆ε. We actually report the fidelity squared,

F2 =
∣∣∣α∗c00(tf) + β∗c10(tf)

∣∣∣2, (86)
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Figure 15. Upper panel: Memory fidelity for equator state 2−
1
2 (|0〉 + |1〉) as a function of g/∆ε,

using both the RWA (unfilled circles) and optimized (solid circles) pulse times. Lower panel: Time
needed to store and retrieve state, using both the RWA (dashed curve) and optimized (solid curve)
pulse times
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which is the probability that the memory device operates correctly. As expected,
the fidelity gradually decreases with increasing g. The lower panel of Figure 15
gives the gate time as a function of g/∆ε. These results suggest that memory
fidelities better than 90% can be achieved using phase qubits and resonators with
coherence times longer than a few tens of ns.
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1 Introduction

The transition from quantum to classical physics, now known as decoherence, has
intrigued physicists since the formulation of quantum mechanics (Feynman and
Vernon, 1963; Peres, 1993; Zurek, 1993; Giulini et al., 1996; Leggett, 2002). It
has been put into the poignant Schrödinger cat paradox (Schrödinger, 1935) and
was considered an open fundamental question for a long time.

In this chapter, we study the theory of decoherence as it is applied to super-
conducting qubits. The foundations of the methodology used are rather general
results of quantum statistical physics and resemble those applied to chemical
physics, nuclear magnetic resonance, optics, and other condensed matter systems
(Weiss, 1999). All these realizations introduce their subtleties—typical couplings,
temperatures, properties of the correlation functions. We will in the following
largely stick to effective spin notation in order to emphasize this universality, still
taking most of the examples from superconducting decoherence. This paper is
based on lectures 2 and 3 of the NATO-ASI on “Manipulating quantum coherence
in superconductors and semiconductors” in Cluj-Napoca, Romania, 2005. It is not
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intended to be a review summarizing the main papers in the field. Rather, it is an
(almost) self-contained introduction to some of the relevant techniques, aimed to
be accessible to researchers and graduate students with a knowledge of quantum
mechanics (Cohen-Tannoudji et al., 1992) and statistical physics (Landau and
Lifshitz, 1984) on the level of a first graduate course. So much of the material here
is not new and most certainly known to more experienced researchers, however,
we felt a lack of a single reference which allows newcomers to get started without
excessive overhead. References have largely been chosen for the aid they provide
in learning and teaching the subject, rather than importance and achievement.

1.1 BASIC NOTIONS OF DECOHERENCE

The mechanisms of decoherence are usually related to those of energy dissipa-
tion. In particular, decoherence is irreversible. If we take as an example a pure
superposition state

|ψ〉 = (|0〉 + |1〉)/
√

2 ρpure = |ψ〉〈ψ| = 1
2

(
1 1
1 1

)
(1)

and compare it to the corresponding classical mixture leading to the same expec-
tation value of σz

ρmix =
1
2

(
1 0
0 1

)
(2)

we can see that the von-Neumann entropy ρ = −kBTr
[
ρ log ρ

]
rises from S pure = 0

to S mix = kB ln 2. Hence, decoherence taking ρpure to ρmix creates entropy and is
irreversible.

Quantum mechanics, on the other hand, is always reversible. It can be shown,
that any isolated quantum system is described by the Liouville von-Neumann
equation

i�ρ̇ = [H, ρ], (3)

which conserves entropy. Indeed, also the CPT theorem of relativistic quantum
mechanics (Sakurai, 1967) states, that for each quantum system it is possible
to find a counterpart (with inversed parity and charge) whose time arrow runs
backwards. The apparent contradiction between microreversibility—reversibility
of the laws of quantum physics described by Schrödinger’s equation—and macro-
irreversibility is a problem at the foundation of statistical thermodynamics. We
also remark that the Lagrangian formalism (Landau and Lifshitz, 1982) which
was used as the starting point in the previous chapter of this book (Geller et al.,
2006) does not even accomodate friction on a classical level without artificial and
in general non-quantizable additions.
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1.2 HEAT BATHS AND QUANTUM BROWNIAN MOTION

The standard way out of this dilemma is to introduce a continuum of additional
degrees of freedom acting as a heat bath for the quantum system under consid-
eration (Feynman and Vernon, 1963; Caldeira and Leggett, 1981, 1983). The
complete system is fully quantum-coherent and can be described by Eq. (3).
However, the heat bath contains unobserved degrees of freedom which have to
be integrated out to obtain the reduced system; the reduced system is the original
quantum system which does not contain the bath explicitly, but whose dynamics
are influenced by the bath. The dynamics of the reduced system now show both
dissipation (energy exchange with the heat bath) and decoherence (loss of quan-
tum information to the heat bath). Another view on this is that any finite combined
quantum system shows dynamics which are periodic in time. The typical periods
are given by the inverse level splittings of the system. Thus, a continuous heat bath
shows periodicity and reversibility only on an infinite, physically unobservable
timescale.

A standard example, taken from Ingold (1998), of irreversibility in both
classical and quantum mechanics is (quantum) Brownian motion (QBM), which
we will now describe in the one-dimensional case. The underlying Hamiltonian
of a single particle in an oscillator bath has the general structure

H = Hs + Hsb + Hb + Hc. (4)

Here, the system Hamiltonian Hs describes an undamped particle of mass M in
a scalar potential, Hs = P2

2M + V(q). Hb describes a bath of harmonic oscillators,

Hi =
∑

i

(
p2

i
2mi

+ 1
2 miω

2
i x2

i

)
. The coupling between these two components is bilin-

ear, Hsb = −q
∑

i cixi. If this were all, the effective potential seen by the particle
would be altered even on the classical level, as will become more obvious later
on. Thus, we have to add a counter term which does not act on the bath, Hc =

q2 ∑
i

c2
i

2miω
2
i
. Adding this counterterm gives the Hamiltonian the following intuitive

form:

H =
P2

2M
+ V(q) +

∑
i

⎛⎜⎜⎜⎜⎜⎝ p2
i

2mi
+

1
2

miω
2
i

⎛⎜⎜⎜⎜⎝xi −
ci

miω
2
i

q
⎞⎟⎟⎟⎟⎠

2⎞⎟⎟⎟⎟⎟⎠ (5)

indicating that the bath oscillators can be viewed as attached to the particle by
springs. Here, we have introduced sets of new parameters, ci, ωi, and mi which
need to be adjusted to the system of interest. This aspect will be discussed later
on. We treat this system now using the Heisenberg equation of motion

i�Ȯ(t) = [O(t),H] (6)

for the operators q, P, xi, and pi, which (as a mathematical consequence of the
correspondence principle) coincide with the classical equations of motion.
The bath oscillators see the qubit acting as an external force
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ẍi + ω2
i xi =

ci

mi
q(t). (7)

This equation of motion can be solved by variation of constants, which can be
found in textbooks on differential equations such as (Zill, 2000)

xi(t) = xi(0) cosωit +
pi(0)
miωi

sinωit +
c2

i

miω
2
i

∫ t

0
dt′ sinωi(t − t′)q(t′). (8)

Analogously, we find the equation of motion for the particle

q̈ = −∂V
∂q

−
∑ ci

mi
xi − q

∑ c2
i

miω
2
i

. (9)

Substituting Eq. (8) into Eq. (9) eliminates the bath coordinates up to the initial
condition

Mq̈ = −∂V
∂q

−
∑

i

c2
i

miωi

∫ t

0
dt′ sinωi(t − t′)q(t′)

+
∑

i

ci

(
xi(0) cosωit +

pi(0)
miωi

sinωit
)
− q

∑
i

c2
i

miω
2
i

. (10)

We now integrate by parts and get a convolution of the velocity plus boundary
terms, one of which shifts the origin of the initial position, the other cancels the
counterterm (indicating, that without the counterterm we would obtain a potential
renormalization). The result has the compact form

Mq̈ +
∂V
∂q

+

∫ t

0
dt′γ(t − t′)q̇(t′) = ξ(t). (11)

This structure is identified as a Langevin equation with memory friction. If inter-
preted classically, this is the equation of motion of a Brownian particle—a light
particle in a fluctuating medium. In the quantum limit, we have to read q, xi and
the derived quantity ξ as operators. We see both sides of open system dynamics—
dissipation encoded in the damping kernel γ and decoherence encoded in the noise
term ξ. We can express γ as

γ(t) =
∑

i

c2
i

miω
2
i

cosωit =

∫ ∞

0

dω
ω

J(ω) cosωt (12)

where we have introduced the spectral density of bath modes

J(ω) =
∑

i

c2
i

miωi
δ(ω − ωi), (13)
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which is the only quantifier necessary to describe the information encoded in the
distribution of the mi, ωi, and ci. The right hand side of Eq. (11) is a noise term
and reads

ξ(t) =
∑

i

ci

⎡⎢⎢⎢⎢⎣
⎛⎜⎜⎜⎜⎝xi(0) − ci

miω
2
i

q(0)
⎞⎟⎟⎟⎟⎠ cosωit +

pi(0)
miωi

sinωit
⎤⎥⎥⎥⎥⎦ . (14)

This crucially depends on the initial condition of the bath. If we assume that the
bath is initially equilibrated around the initial position q(0) of the particle, we can
show, using the standard quantum-statistics of the simple harmonic oscillator, that
the noise is unbiased, 〈ξ(t)〉 = 0, and its correlation function is given by

K(t) = 〈ξ(t)ξ(0)〉 =

∫
dωJ(ω) [cosωt (2n(�ω) + 1) − i sinωt] , (15)

where n is the Bose function, n(�ω) = (e�ω/kT−1)−1, and 2n(�ω)+1 = coth
(

�ω
2kBT

)
.

Here and henceforth, angular brackets around an operator indicate the quantum-
statistical average, 〈O〉 = Tr(ρO) with ρ being the appropriate density matrix. We
will get back to the topic of the initial condition in section 3.1.2 of this chapter.

The noise described by ξ(t) is the quantum noise of the bath. In particular, the
correlation function is time-translation invariant,

K(t) = 〈ξ(t + τ)ξ(τ)〉 (16)

but not symmetric
K(−t) = 〈ξ(0)ξ(t)〉 = K∗(t) � K(t), (17)

which reflects the fact that ξ as defined in Eq. (14) is a time-dependent operator
which does generally not commute at two different times. Explicitly, the imagi-
nary part of K(t) changes its sign under time reversal. Indeed, if the derivation of
Eq. (15) is done explicitly, one directly sees that it originates from the finite com-
mutator. Moreover, we can observe that at T � ω we have 2n + 1 → 2kBT/�ω �
1, thus the integral in Eq, (15) is dominated by the symmetric real part now de-
scribing purely thermal noise. At any temperature, the symmetrized semiclassical
spectral noise power in frequency space reads

S (ω) =
1
2
〈ξ(t)ξ(0) + ξ(0)ξ(t)〉ω = S (−ω), (18)

where 〈. . . 〉ω means averaging and Fourier transforming. This quantity contains a
sign of the quantum nature of noise. Unlike classical noise, it does not disappear at
low temperatures T � �ω/kB, but saturates to a finite value set by the zero-point
fluctuations, whereas at high temperature we recover thermal noise. Note, that the
same crossover temperature dictates the asymmetry in Eq. (17). Both observations
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together can be identified with the fact, that zero-point fluctuations only allow for
emission of energy, not absorption, as will be detailed in a later section of this
chapter.

Our approach in this chapter is phenomenological. The main parameter of
our model is the spectral density J(ω). We will show in sections 1.3, 2.1.1, and
2.1.2 how J(ω) can be derived explicitly for Josephson junction circuits. Oscil-
lator baths accurately model numerous other situations. Decoherence induced
by phonons in quantum dot systems allows to directly identify the phonons as
the bath oscillators (Brandes and Kramer, 1999; Storcz et al., 2005a), whereas
in the case of electric noise from resistors or cotunneling in dots (Hartmann
and Wilhelm, 2004) it is less obvious—the Bosons are electron–hole excitations,
which turn out to have the commutation relation of hard-core Bosons (von Delft
and Schoeller, 1998) with the hard-core term being of little effect in the limits of
interest (Weiss, 1999).

Going back to our phenomenology, we introduce the most important case of
an Ohmic bath

J(ω) = γω f (ω/ωc). (19)

Here, γ is a constant of dimension frequency and f is a high-frequency cutoff

function providing f (x) � 1 at x < 1 and f → 0 at x > 1. Popular choices
include the hard cutoff, f (x) = θ(1 − x), exponential cutoff, f (x) = e−x, and the
Drude cutoff f (x) = 1

1+x2 . We will see in section 1.3 that the Drude cutoff plays
a significant role in finite electrical circuits, so we chose it here for illustration
purposes. In this case, the damping kernel reduces to

γ(τ) = γωce−ωcτ. (20)

For ωc → ∞, γ becomes a delta function and we recover the classical damping
with damping constant γ, γ(τ) = γδ(τ). Here, “classical damping” alludes to the
damping of particle motion in fluid or of charge transport in a resistor (thus the
name Ohmic, see also section 1.3). With finite ωc, the Ohmic models leads to
classical, linear friction proportional to the velocity, smeared out over a memory
time set by the inverse cutoff frequency defining a correlation time tc = ω−1

c .
On the other hand, as it turns out in the analysis of the model, e.g. in section
2.3.1, an infinite cutoff always leads to unphysical divergencies. Examples will
be given later on. All examples from the class of superconducting qubits have
a natural ultraviolet cutoff set by an appropriate 1/RC or R/L with R, L, and
C being characteristic resistances, inductances, and capacitances of the circuit,
respectively. Note, that parts of the open quantum systems literature do not make
this last observation.

We will not dwell on methods of solution of the quantum Langevin equation,
as the focus of this work is the decoherence of qubit systems. Methods include
the associated Fokker–Planck equation, path integrals, and quantum trajectory
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simulations. The quantum Langevin equation finds application in the theory of
quantum decay in chemical reactions, the dissipative harmonic oscillator, and the
decoherence of double-slit experiments.

1.2.1 How general are oscillator baths?
Even though the model introduced looks quite artificial and specific, it applies to
a broad range of systems. The model essentially applies as long as the heat bath
can be treated within linear response theory, meaning that it is essentially infinite
(i.e. cannot be exhausted), has a regular spectrum, and is in thermal equilibrium.
We outline the requirement of only weakly perturbing the system, i.e. of linear
response theory (Kubo et al., 1991). The derivation is rather sketchy and just
states the main results because this methodology will not be directly used later
on. Introductions can be found, e.g. in Kubo et al. (1991), Ingold (1998), and
Callen and Welton (1951).

In linear response theory, we start from a Hamiltonian H0 of the oscillator bath
which is perturbed by an external force F coupling to a bath operator Q,

H = H0 − FQ, (21)

where the perturbation must be weak enough to be treated to lowest order. It is a
result of linear response theory that the system responds by a shift of Q (taken in
the Heisenberg picture) according to

〈δQ(t)〉ω = χ(ω)F(ω), (22)

where the susceptibility χ can be computed to lowest order as the correlation
function

χ = 〈Q(0)Q(0)θ(t)〉ω (23)

computed in thermal equilibrium. We can split the correlation function into real
and imaginary parts χ = χ′ + iχ′′. The real part determines the fluctuations, i.e.

1
2
〈δQ(t)δQ(0) + δQ(0)δQ(t)〉ω = χ′, (24)

whereas the imaginary part determines the energy dissipation

〈E(t)〉ω = ωχ′′|F|2. (25)

Together with the Eqs. (12) and (18) tracing both damping and noise back to a
single function χ constitute the famous fluctuation–dissipation theorem (Callen
and Welton, 1951), a generalization of the Einstein relation in diffusion.

In this very successful approach we have characterized the distribution of the
observable Q close to thermal equilibrium by its two-point correlation function
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alone. This is a manifestation of the fact that its distribution, following the cen-
tral limit theorem is Gaussian, i.e. can be characterized by two numbers only:
mean and standard deviation. Oscillator baths provide exactly these ingredients:
by properly chosing J(ω) they can be fully adjusted to any χ(ω), and all higher
correlation functions—correlation functions involving more than two operators—
can also be expressed through J hence do not contain any independent piece of
information.

This underpins the initial statement that oscillator baths can describe a broad
range of environments, including those composed of Fermions and not Bosons,
such as a resistor. As explained in section 1.2, the oscillators are introduced
artifically—on purely statistical grounds as a tool to describe fluctuations and
response—and can only sometimes be directly identified with a physical entity.

There are still a number of environments where the mapping on an oscillator
bath is in general not correct. These include: i) baths of uncoupled spins (e.g.
nuclear spins), which are not too big and can easily saturate, i.e. explore the full
finite capacity of their bounded energy spectrum; ii) shot noise, which is not in
thermal equilibrium; iii) nonlinear electrical circuits such as many Josephson cir-
cuits; and iv) in most cases 1/ f noise, whose microscopic explanation either hints
at non-Gaussian (spin-like) or nonequilibrium sources as discussed in section 3.2.

1.3 OSCILLATOR BATH MODELS FOR JOSEPHSON JUNCTION DEVICES

We have now learned two approaches to characterize the oscillator bath: through
noise, and through friction. We will now apply the characterization by friction
to a simple Josephson circuit with Josephson energy EJ, junction capacitance
CJ, and arbitrary shunt admittance in parallel, all biased by an external current
IB. We are extending the method presented in the previous chapter (Geller et al.,
2006) to include the admittance. We start with the elementary case of a constant
conductance, Y(ω) = G. The total current splits up into the three elements as

IB = Ic sin φ + C
Φ0

2π
φ̈ + G

Φ0

2π
φ̇. (26)

Reordering terms, we can cast this into the shape of Newton’s equation for a
particle with coordinate φ.

C
(
Φ0

2π

)2

φ̈ + G
(
Φ0

2π

)2

φ̇ +
∂V
∂φ

= 0. (27)

Here, we have multiplied the equation by another Φ0/2π to ensure proper dimen-
sions of the potential energy

V(φ) = −IB
Φ0

2π
φ + EJ(1 − cos φ), (28)
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where we have introduced the Josephson energy EJ = I0Φ0/2π. This expression
can be readily compared to Eq. (11). We see that the friction term has no memory,
i.e. γ(t) ∝ δ(t), and using the results of section 1.2 we can infer that J(ω) =

G(Φ0/2π)ω, i.e. an Ohmic resistor leads naturally to an Ohmic spectral density as
mentioned before. Note that this has no cutoff, but any model of an Ohmic resistor
leads to reactive behavior at high frequencies.

We see that we missed the noise term on the right, which would represent
current noise originating in G and which would have to be included in a more
sophisticated circuit analysis which careful engineers would do. By applying the
fluctuation dissipation theorem to γ we can add on the proper noise term, whose
correlation function is given by Eq. (15)—or we can simply use this equation with
the J(ω) obtained.

We want to generalize this system now to an arbitrary shunt admittance Y(ω).
For that, it comes in handy to work in Fourier space and we denote the Fourier
transform by F . Analogous to Eq. (27), we can find the following expression:

− ω2C
(
Φ0

2π

)2

φ + iωY(ω)
(
Φ0

2π

)2

φ + F
(
∂V
∂φ

)
= 0. (29)

We have to remember that the damping Kernel γ is the Fourier cosine transform
of J(ω)/ω, which also implies that it is a real valued function. We can split Y
into real (dissipative) and imaginary (reactive) parts Y = Yd + iYr. For any finite
electrical circuit, Yd is always an even and Yr always an odd function of frequency.
All this allows us to rewrite Eq. (29)

− ω2C
(
Φ0

2π

)2

φ − ωYr(ω)
(
Φ0

2π

)2

φ + iωYd(ω)
(
Φ0

2π

)2

φ + F
(
∂V
∂φ

)
= 0. (30)

Thus, the general expression for the spectral density reads J(ω) = ωYd =

ωReY(ω), i.e. it is controlled by the dissipative component of Y(ω) alone.
There is a new term containing the reactive component Yr which modifies the
non-dissipative part of the dynamics and can lead, e.g. to mass or potential
renormalization, or something more complicated. Comparing this result to the
structure of the susceptibility χ in the discussion of section 1.2.1 it looks like the
real and imaginary part have changed their role and there is an extra factor of ω.
This is due to the fact that Y links I and V , whereas the energy-valued perturbation
term in the sense of section 1.2.1 is QV . This aspects adds a time-derivative Y = χ̇
which leads to a factor iω in Fourier space.

This last result can be illustrated by a few examples. If Y(ω) = GΦ0/2π, we
recover the previous Eq. (27). If the shunt is a capacitor Cs, we have Y(ω) = iωCs
and we get from Eq. (30) the equation of motion of a particle with larger mass,
parameterized by a total capacitance Ctot = CJ +Cs. On the other hand, if the shunt
is an inductance Ls, we obtain Y(ω) = (iωLs)−1, leading to a new contribution to
the potential originating from the inductive energy
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Vtot(φ) = V(φ) +
(Φ0)2

8π2L
φ2 (31)

and no damping term. Finally, let us consider the elementary mixed case of a
shunt consisting of a resistor Rs and a capacitor Cs in series. We find Y(ω) =

iωCs
1+iωRsCs

which can be broken into a damping part which is supressed below a
rolloff frequency ωr = (RC)−1, Yd

1
R

1
1+ω2/ω2

r
and a reactive part which responds

capacitively below that rolloff, Yr = iωC 1
1+ω2/ω2

r
. As the rolloffs are very soft,

there is no straightforward mapping onto a very simple model and we have to
accept that the dynamics get more complicated and contain a frequency-dependent
mass and friction as well as time-correlated noise, all of which gives rise to rich
physics (Robertson et al., 2005).

2 Single Qubit Decoherence

2.1 TWO-STATE OSCILLATOR BATH MODELS

In the previous section, we introduced the notion of an oscillator bath environment
for continuous systems including biased Josephson junctions. We derived quan-
tum Langevin equation demonstrating the analogy to classical dissipative motion,
but did not describe how to solve them. In fact, solving these equations in all
generality is extremely hard in the quantum limit, thus a restriction of generality
is sought. For our two-state systems (TSS) of interest, qubits, we are specifically
interested in the case where the potential in the Hamiltonian of Eq. (5) forms
a double well with exactly one bound state per minimum, tunnel-coupled to each
other and well separated from the higher excited levels, (Geller et al., 2006). When
we also concentrate on the low-energy dynamics, we can replace the particle
coordinate q by q0σz and the Hamiltonian reads

H =
ε

2
σz +

∆

2
σx +

σz

2

∑
i

λi(ai + a†i ) +
∑

i

ωi(a
†
i ai + 1/2), (32)

where ε is the energy bias and ∆ is the tunnel splitting. This is the famous Spin-
Boson Hamiltonian (Leggett et al., 1987; Weiss, 1999). We have dropped the
counterterm, which is ∝ q2 in the continuous limit and, due to q = ±q0 is constant
in the two-state case. The spectral density is constructed out of the J(ω) in the
continuous limit

JTSS =
∑

i

λ2
i δ(ω − ωi) =

q2
0

2π�
J(ω). (33)

The Spin-Boson Hamiltonian, Eq. (33) is more general than the truncation of
the energy spectrum in a double-well potential may suggest. In fact, it can be
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derived by an alternative procedure which performs the two-state approximation
first (or departs from a two-state Hamiltonian without asking for its origin) and
then characterizes the bath. The oscillator bath approximation holds under the
same conditions explained in section 1.2.1. The Spin-Boson model makes the
assumption, that each oscillator couples to the same observable of the TSS which
can always be labelled σz. This is a restrictive assumption which is not necessarily
true for all realizations of a dissipative two-state system.

As the two-state counterpart to classical friction used in the continuous case is
not straightforward to determine, the environmental spectrum is computed from
the semiclassical noise of the environment, following the prescription that, if we
rewrite Eq. (32) in the interaction picture with respect to the bath as

HI =
ε + δε(t)

2
σz +

∆

2
σx +

∑
i

ωi(a
†
i ai + 1/2) (34)

we can identify δε for any physical model mapping on the Spin-Boson model as

1
2
〈δε(t)δε(0) + δε(0)δε(t)〉ω = JTSS(ω) coth

(
�ω

2kBT

)
. (35)

An application of this procedure will be presented in the next subsection.

2.1.1 Characterization of qubit environments through noise
A standard application of the characterization of the environment is the descrip-
tion of control electronics of relatively modest complexity, attached to a flux qubit.
We look at the definite example shown in Figure 1. It shows a simplified model
of the microwave leads providing the control of a flux qubits. The microwaves
inductively couple to the sample by a mutual inductance M between the qubit and
a coil with self-inductance L. These leads are mounted in the cold part of the cryo-
stat, usually on the qubit chip, and are connected to the outside world by a coaxial
line which almost inevitably has an impedance of Z = 50 Ω. That impedance
provides—in light of the discussion in the previous section—a significant source
of damping and decoherence. As a design element, one can put two resistors of
size R close to the coil.

The environmental noise is easily described by the Nyquist noise (Callen and
Welton, 1951) of the voltage V between the arms of the circuit, see Figure 1. The
Johnson–Nyquist formula gives the voltage noise

S V =
1
2
〈V(t)V(0) + V(0)V(t)〉 = �ωReZeff coth

(
�ω

2kBT

)
, (36)

where Zeff is the effective impedance between the arms, here of a parallel setup of
a resistor and an inductor

Zeff =
iωLeffR

R + iωLeff

, (37)
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Z
=

50
Ω

V L

R

R

M

Figure 1. Typical on-chip electromagnetic environment of a superconducting flux qubit, consisting
of the flux control coil with self-inductance L, mutual inductance M to the qubit, shunt impedance
Z, and on-chip decoupling resistors R

and Leff is the total impedance of the coupled set of conductors as seen from
the circuit. For microwave leads, the total inductance is dominated by the self-
inductance of the coil, hence Leff ≈ L.

We need to convert the voltage noise into energy level noise of the qubit.
A voltage fluctuation δV leads to a current fluctuation in the coil following

δI = δV/iωL. (38)

The current noise produces flux noise through the qubit loop

δΦ = MδI =
M

iωL
δV, (39)

which converts into energy bias noise following

δε = IsδΦ =
MIs

iωL
δV, (40)

with Is being the circulating current in the potential minima of the qubit. Thus,
the energy level correlation function reads

S ε =

(MIs

iωL

)2
S V , (41)

which allows us to express the spectral density through the impedance as

J(ω) = �ω
(MIs

iωL

)2
ReZeff(ω). (42)

With the specific circuit shown in Figure 1, we find that the environment is Ohmic
with a Drude cutoff

J(ω) =
αω

1 + ω2/ω2
c
, (43)

with ωc = L/R and α =
4M2I2

s
h(Z+2R) . Thus, we find a simple method to engineer

the decoherence properties of thw circuit with our goal being to reduce J(ω) by
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decoupling the device from the shunt Z. The method of choice is to put large
resistors R on chip. Their size will ultimately be limited by the necessity of cooling
them to cryogenic temperatures. The friction method introduced earlier, section
1.3, leads to the same result.

2.1.2 Linearization of nonlinear environments
In general, nonlinear environments important for qubit devices can also be iden-
tified. In superconducting devices, these include electronic environments which
in addition to the linear circuit elements discussed in the previous section, also
contain Josephson junctions. In general, such environments cannot be described
by oscillator bath models, whose response would be strictly linear. Here, we want
to concentrate on the case of a nonlinear environment—a SQUID detector—in the
regime of small signal response, i.e. in a regime where it can be linearized. This
linearization can be illustrated by the concept of Josephson inductance. Let us
remind ourselves, that a linear inductor is defined through the following current–
flux relation

I(Φ) = Φ/L, (44)

whereas the small flux-signal response of a Josephson junction can be approxi-
mated as

I = sin
(
2π

Φ

Φ0

)
� Ic sin

(
2π

Φ̄

Φ0

)
+
δΦ

LJ
, (45)

where we have split the flux into its average Φ̄ and small deviations δΦ and have
introduced the Josephson inductance LJ = Φ0/2πIc cos φ̄. Thus, the small-signal
response is inductive.

We would now like to demonstrate this idea on the example of a DC-SQUID
detector inductively coupled to the qubit, see Figure 2.

In the first stage, we again need to find the voltage noise between the branches
of the circuit. This is given by Eq. (36) with the appropriate inductance calculated
from the cicruit shown in the lower panel of Figure 2, Z−1

eff
= R−1 + iωC+(iωLJ)−1.

This is the impedance of an LC resonator with damping. The conversion into
energy level noise goes along similar lines as before, incorporating the SQUID
equations as described here and in standard literature (Tinkham, 1996; Clarke and
Braginski, 2004).

The DC-SQUID is a parallel setup of two Josephson junctions 1 and 2, which
for simplicity are assumed to be identical. The total current flowing through the
device is

IB = Ic(sin φ1 + sin φ2) = 2Ic cos(δφ/2) sin φ̄, (46)

where we have introduced φ̄ = (φ1 + φ2)/2 and δφ = φ1 − φ2. Now we need to
remember that the phases φi are connected to the Schrödinger equation for the
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Icirc

C

R V Ibias

LJ C

R V Ibias

Figure 2. Upper panel: DC-SQUID readout circuit consisting of the actual SQUID, a shunt
capacitor, and a voltmeter with an unavoidable resistor. Lower panel: Linearized circuit used for
the noise calculation

superconducting condensate. Thus, an elementary calculation (Tinkham, 1996;
Clarke and Braginski, 2004) leads to

δφ = 2π
Φ

Φ0
mod2π, (47)

where Φ is the total magnetic flux through the loop. This is identical to the
flux applied externally using a biasing coil plus the qubit flux as we neglect
self-inductance. Thus, for the bias current IB the DC-SQUID acts like a tunable
Josephson junction with a critical current Ic,eff(Φ) = 2Ic| cos(πΦ/Φ0)|. Thus, we
can translate voltage fluctuations into phase fluctuations as

δφ̄ =

(
2π
Φ0

)
δV
iω
. (48)

The qubit is coupling to the magnetic flux which—assuming a symmetric SQUID
geometry—is coupled only to the circulating current

Icirc = Ic(sin φ1 − sin φ2)/2 = Ic cos(φ̄) sin
πΦ

Φ0
. (49)

We can now express its fluctuations through the fluctuations of φ̄

δIcirc = −Ic sin
πΦ

Φ0
sin(φ̄)δφ̄ =

IB

2
tan

πΦ

Φ0
δφ, (50)
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where in the last step we have used Eq. (46). With the remaining steps analogous
to the previous section, we obtain

J(ω) = �ω

(
MIs

IB

2
2π
Φ0

tan
πΦ

Φ0

)2

ReZeff . (51)

Here, Zeff is the impedance of the linearized circuit shown in the bottom panel
of Figure. 2. This result reveals a few remarkable features. Most prominently, it
shows that J(ω) can be tuned by shifting the working point of the linearization
through changing the bias current IB. In particular, J(ω) can be set to zero by
chosing IB = 0. The origin of this decoupling can be seen in Eq. (50), which con-
nects the bias current noise to the circulating current noise. The physical reason
for this is, that in the absence of a bias current the setup is fully symmetric—any
noise from the external circuitry splits into equal amounts on the branches of the
loop and thus does not lead to flux noise. For a detector, this is a highly desired
property. It allows to switch the detector off completely. When we do not bias, we
have (for the traditional switching current measurement) no senitivity and with it
no backaction. This means, that if the device is really highly symmetric, one can
push this device to the strong measurement regime while still being able to operate
in the “off” state of the detector. This effect has been predicted in van der Wal et al.
(2003) and Wilhelm et al. (2003). Experimentally, it was first observed that the
decoupled point was far from zero bias due to a fabrication issue (Burkard et al.,
2005), which was later solved such that our prediction has indeed been verified
(Bertet et al., 2005a).

2.2 THE BLOCH EQUATION

So far, we have discussed the characterization of the environment at length. We
did not specify how to describe the qubit dynamics under its influence. For a
continuous system, we have derived the quantum Langevin equation (11). Even
though this equation looks straightforward, solving it for potentials other than the
harmonic oscillator is difficult without further approximations. We will now show
first how to describe decoherence in a phenomenological way and then discuss
how to reconcile microscopic modelling with the Bloch equation.

For describing the decoherence of a qubit we have to use the density matrix
formalism. which can describe pure as well as mixed states. In the case of a
qubit with a two-dimensional Hilbert space, we can fully parameterize the density
matrix by its three spin projections S i = Tr(ρσi), i = x, y, z as

ρ =
1
2

⎛⎜⎜⎜⎜⎜⎝1 +
∑

i

S iσi

⎞⎟⎟⎟⎟⎟⎠ , (52)
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where the σi are Pauli matrices. This notation is inspired by spin resonance and
is applicable to any two-state system including those realized in superconduct-
ing qubits. We can take the analogy further and use the typical NMR notation
with a strong static magnetic field Bz(t) applied in one direction identified as the
z-direction and a small AC field, Bx(t) and By(t) in the xy-plane. In that case,
there is clearly a preferred-axis symmetry and two distinct relaxation rates, the
longitudinal rate 1/T1 and the transversal rate 1/T2 can be introduced phenom-
enologically to yield

Ṡ z = γ(�B × �S )z −
S z − S z,eq

T1
, (53)

Ṡ x/y = γ(�B × �S )x/y −
S x/y

T2
, (54)

where we have introduced the equilibrium spin projection S z,eq and the spin vector
�S = (S x, S y, S z)T . Note that the coherent part of the time evolution is still present.
It enters the Bloch equation via the Hamiltonian, decomposed into Pauli matrices
as H = −γ�B · �S . This spin notation is also useful for superconducting qubits,
even though the three components usually depend very distinct observables such
as charge, flux, and current. This parameterization leads to the practical visualiza-
tion of the state and the Hamiltonian as a point and an axis in three-dimensional
space, respectively. The free evolution of the qubit then corresponds to Larmor
precession around the magnetic field. The pure states of the spin have �S 2 = 1 and
are hence on a unit sphere, the Bloch sphere, whereas the mixed states are inside
the sphere—in the Bloch ball.

The rates are also readily interpreted in physical terms. As the large static field
points in the z-direction in our setting, the energy dissipation is given as

d〈E〉
dt

= −γBzṠ z (55)

and hence its irreversible part is given through 1/T1. On the other hand, the purity
(or linearized entropy) P = Trρ2 = 1/4 +

∑
i S 2

i decays as

Ṗ = 2
∑

i

Ṡ iS i = −
S 2

x + S 2
y

T2
−

S z(S z − S z,eq)
T1

, (56)

thus all rates contribute to decoherence. Note, that at low temperatures S z,eq → 1
so the T1-term in general augments the purity and reestablishes coherence. This
can be understood as the system approaches the ground state, which is a pure state.
In this light, it needs to be imposed that P ≤ 1 as otherwise the density matrix has
negative eigenvalues. This enforces T2 ≤ 2T1.
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2.2.1 Solutions of the Bloch equation and spectroscopy
The rates shown in the Bloch equation are also related to typical spectrocopic
parameters (Abragam, 1983; Goorden and Wilhelm, 2003). We chose a rotating
driving field

Bx = (ωR/γ) cosωt, (57)
By = (ωR/γ) sinωt. (58)

In spectroscopy, we are asking for the steady state population, i.e. for the long-
time limit of S z. Transforming the Bloch equation into the frame co-rotating with
the driving field and computing the steady-state solution, we obtain

S z(ω) =
ω2

R

(ω − γB)2 + γ2 (59)

with a linewidth γ2 = 1/T 2
2 + ω2

RT2/T1. This simple result allows spectroscopic
determination of all the parameters of the Bloch equation: At weak driving,
ωR

√
T1T2 � 1, the line width is 1/T2. This regime can be easily identified as

the spectral line not being saturated, i.e. the height grows with increasing drive.
In fact, the height of the resonance is S z(γB) = ω2

RT 2
2 , which (knowing 1/T2)

allows to determine ωR. Due to the heavy filtering between the room-temperature
driving and the cryogenic environment, this is not known a priori. To determine
T1, one goes to the high driving regime with a saturated line, i.e. a line which
does not grow any more with higher power, ωR

√
T1T2 � 1 and finds a line width

of ωR
√

T1/T2. With all other parameters known already, this allows to find T1.
Using this approach is helpful to debug an experiment which does not work yet.
Alternatively, real-time measurements of T1 are possible under a wide range of
conditions.

2.3 HOW TO DERIVE THE BLOCH EQUATION: THE BLOCH–REDFIELD
TECHNIQUE

We now show how to derive Bloch-like equations from the system-bath models
we studied before using a sequence of approximations. The Born approximation
works if the coupling between system and bath is weak. The Markov approxima-
tion works if the coupling between system and bath is the slowest process in the
system, in particular if it happens on a timescale longer than the correlation time
of the environment. Quantitatively, we can put this into the motional narrowing
condition

λτc

�
� 1, (60)

where λ is the coupling strength between the system and its environment and
τc the correlation time of the environment. In the case treated in Eq. (19) we
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would have τc = 1/ωc. If this is satisfied, an averaging process over a time scale
longer than τc but shorter than λ−1 can lead to simple evolution equations, the
so-called Bloch–Redfield equations (Argyres and Kelley, 1964). The derivation in
Cohen-Tannoudji et al. (1992) follows this inspiration. We will follow the very
elegant and rigorous derivation using projection operators as given in (Argyres
and Kelley, 1964; Weiss, 1999). We are going to look at a quantum subsystem
with an arbitrary finite dimensional Hilbert space, accomodating also qubit and
multiple-qubit systems.

As a starting point for the derivation of the Bloch–Redfield equations (70),
one usually (Weiss, 1999) takes the Liouville equation of motion for the density
matrix of the whole system W(t) (describing the time evolution of the system)

Ẇ(t) = − i
�

[Htotal,W(t)] = LtotalW(t) , (61)

where Htotal is the total Hamiltonian and Ltotal the total Liouvillian of the whole
system. This notation of the Liouvillian uses the concept of a superoperator.
Superoperator space treats density matrices as vectors. Simply arrange the matrix
elements in a column, and each linear operation on the density matrix can
be written as a (super)matrix multiplication. Thus, the right hand side of the
Liouville equation can be written as a single matrix products, not a commutator,
where a matrix acts from the left and the right at the same time. Hamiltonian
and Liouvillian consist of parts for the relevant subsystem, the reservoir and the
interaction between these

Htotal = Hsys + Hres + HI , (62)
Ltotal = Lsys +Lres +LI . (63)

Hsys is the Hamiltonian which describes the quantum system (in our case: the qubit
setup), Hres represents for the environment and HI is the interaction Hamiltonian
between system and bath.

Projecting the density matrix of the whole system W(t) on the relevant part of
the system (in our case the qubit), one finally gets the reduced density matrix ρ
acting on the quantum system alone

ρ(t) = TrBW(t) = PW(t) , (64)

so P projects out onto the quantum subsystem. As in the previous derivation in
section 1.2, we need to formally solve the irrelevant part of the Liouville equation
first. Applying (1 − P), the projector on the irrelevant part, to Eq. (61) and the
obvious W = PW + (1 − P)W we get

(1 − P)Ẇ = (1 − P)Ltotal(1 − P)W + (1 − P)Ltotalρ. (65)
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This is an inhomogenous linear equation of motion which can be solved with
variation of constants, yielding

(1−P)ρ(t) =

t∫
0

dt′e(1−P)Ltotal(t−t)′(1−P)Ltotalρ(t′) + e(1−P)Ltotalt(1−P)W(0). (66)

Putting this result into Eq. (61) one gets the Nakajima–Zwanzig equation
(Nakajima, 1958; Zwanzig, 1960)

ρ̇(t) = PLtotalρ(t) +

t∫
0

dt′PLtotale(1−P)Ltotal(t−t′)(1 − P)Ltotalρ(t′)

+PLtotale(1−P)Ltotalt(1 − P)W(0). (67)

So far, all we did was fully exact. The dependence on the initial value of the
irrelevant part of the density operator (1 − P)W(0) is dropped, if the projection
operator is chosen appropriately—using factorizing initial conditions, i.e. W =

ρ ⊗ (1 − P)W. A critical assesment of this assumption will be given in section
3.1.2. As P commutes with Lsys, one finds

ρ̇ = P(Lsys +LI)ρ(t) +

t∫
0

dt′PLIe(1−P)Ltotal(t−t)′(1 − P)LIρ(t′). (68)

The reversible motion of the relevant system is described by the first (instanta-
neous) term of Eq. (68), which contains the system Hamiltonian in Lsys and a
possible global energy shift originating from the environment in RLI. The lat-
ter term can be taken into account by the redefinition H′

S = HS + PHI and
H′

I = (1 − P)HI . The irreversibility is given by the second (time-retarded) term.
The integral kernel in Eq. (68) still consists of all powers in LI and the dynamics
of the reduced density operator ρ of the relevant system depends on its own whole
history. To overcome these difficulties in practically solving Eq. (68), one has to
make approximations. We begin by assuming that the system bath interaction is
weak and restrict ourselves to the Born approximation, second order in LI . This
allows us to replace Ltotal by Lsys +Lres in the exponent. The resulting equation is
still nonlocal in time. As it is convolutive, it can in principle be solved without
further approximations (Loss and DiVincenzo, 2003). To proceed to the more
convenient Bloch–Redfield limit, we remove the memory firstly by propagating
ρ(t′) forward to ρ(t). In principle, this would require solving the whole equation
first and not be helpful. In our case, however, we can observe that the other term in
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the integral—the kernel of the equation—is essentially a bath correlation function
which only contributes at t − t′ < τc. Using the motional narrowing condition
Eq. (60), we see that the system is unlikely to interact with the environment
in that period and we can replace the evolution of ρ with the free evolution,
ρ(t′) = eLsys(t−t′)ρ(t). After this step, the equation is local in time, but the coef-
ficients are still time-dependent. Now we flip the integration variable t′ → t − t′

and then use the motional narrowing condition again to send the upper limit of
the integral to infinity, realizing that at such large time differences the kernel will
hardly contribute anyway. We end up with the Bloch–Redfield equation

ρ̇(t) = P(Lsys +LI)ρ(t) +

∞∫
0

dt′PLIe(1−P)(Lsys+Lres)t′(1 − P)LIρ(t). (69)

The Bloch–Redfield equation is of Markovian form, however, by properly
using the free time evolution of the system (back-propagation), they take into
account all bath correlations which are relevant within the Born approximation
(Hartmann et al., 2000). In Hartmann et al. (2000), it has also been shown that
in the bosonic case the Bloch–Redfield theory is numerically equivalent to the
path-integral method.

The resulting Bloch–Redfield equations for the reduced density matrix ρ in
the eigenstate basis of Hsys then read (Weiss, 1999)

ρ̇nm(t) = −iωnmρnm(t) −
∑
k,�

Rnmk�ρk�(t) , (70)

where Rnmk� are the elements of the Redfield tensor and the ρnm are the elements
of the reduced density matrix.

The Redfield tensor has the form (Blum, 1996; Weiss, 1999)

Rnmk� = δ�m
∑

r

Γ
(+)
nrrk + δnk

∑
r

Γ
(−)
�rrm − Γ

(+)
�mnk − Γ

(−)
�mnk. (71)

The rates entering the Redfield tensor elements are given by the following
Golden-Rule expressions (Blum, 1996; Weiss, 1999)

Γ
(+)
�mnk = �

−2

∞∫
0

dt e−iωnkt〈H̃I,�m(t)H̃I,nk(0)〉, (72)

Γ
(−)
�mnk = �

−2

∞∫
0

dt e−iω�mt〈H̃I,�m(0)H̃I,nk(t)〉 , (73)

where HI appears in the interaction representation

H̃I(t) = exp(iHrest/�) HI exp(−iHrest/�). (74)
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ωnk is defined as ωnk = (En − Ek)/�. In a two-state system, the coefficients �, m,
n, and k stand for either + or − representing the upper and lower eigenstates. The
possible values of ωnk in a TSS are ω++ = ω−− = 0, ω+− = 2δ

�
, and ω−+ = −E

�
,

where E is the energy splitting between the two charge eigenstates with E =√
ε2 + ∆2. Now we apply the secular approximation, which again refers to weak

damping, to discard many rates in the Redfield tensor as irrelevant. The details
of this approximation are most transparent in the multi-level case and will be
discussed in more detail in section 4.1. In the TSS case, the secular approximation
holds whenever the Born approximation holds. After the secular approximation,
the Bloch–Redfield equation coincides with the Bloch equation with

1/T1 =
∑

n

Rnnnn = R++++ + R−−−− = Γ+−−+ + Γ−++−, (75)

1/T2 = Re(Rnmnm) = Re(R+−+−) = Re(R−+−+)
= Re(Γ+−−+ + Γ−++− + Γ−−−− + Γ++++ − Γ−−++ − Γ++−−)

=
1

2T1
+

1
Tφ
. (76)

Here, we have introduced the dephasing rate T−1
φ . The relaxation rate is given

by the time evolution of the diagonal elements, and the dephasing rate by the
off-diagonal elements of the reduced density matrix ρ.

The factor of two in the formula connecting 1/T2 and 1/T1 appears to be
counterintuitive, as we would expect that energy relaxation definitely also leads
to dephasing, without additional factors. This physical picture is also correct, but
one has to take into account that there are two channels for dephasing—clockwise
and counterclockwise precession—which need to be added. In fact, this is the
reason why the same factor of two appears in the positivity condition for the
density matrix, see section 2.2. Another view is to interpret the diagonal matrix
elements as classical probabilities, the absolute square of a eigenfunctions of the
Hamiltonian, |ψ1|2, whereas the off-diagonal terms constitute amplitudes, ψ∗2ψ1.
Being squares, probabilities decay twice as fast as amplitudes. This point will be
discussed further later on in the context of multi-level decoherence, Eq. (106).

The imaginary part of the Redfield tensor elements that are relevant for the
dephasing rate �(R+−+−) provides a renormalization of the coherent oscillation
frequency ω+−, δω+− = �(Γ+−−+ + Γ−++−). If the renormalization of the oscilla-
tion frequency gets larger than the oscillation frequency itself, the Bloch–Redfield
approach with its weak-coupling approximations does not work anymore. By this,
we have a direct criterion for the validity of the calculation.

Finally, the stationary population is given by

S z,eq =
Γ−++− − Γ+−−+

Γ−++− + Γ+−−+

= tanh
(
�ω+−
2kBT

)
, (77)
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where in the last step we have used the property of detailed balance

Γnmmn = Γmnnme−ωmn/kBT , (78)

which holds for any heat bath in thermal equilibrium and is derived, e.g. in Weiss
(1999), Ingold (1998), and Callen and Welton (1951).

A different kind of derivation with the help of Keldysh diagrams for the
specific case of an single-electron transistor (SET) can be found in the Appendix
of Makhlin et al. (2001).

Very recent results (Thorwart et al., 2005; Gutmann, 2005) confirm that
without the secular approximation, Bloch–Redfield theory preserves complete
positivity only in the pure dephasing case (with vanishing coupling ∆ = 0
between the qubit states). In all other cases, complete positivity is violated at
short timescales. Thus, only in the pure dephasing regime is the Markovian
master equation of Lindblad form (Lindblad, 1976) as typically postulated in
mathematical physics. In all other cases the Lindblad theorem does not apply.
This is not an argument against Bloch–Redfield—the Markovian shape has been
obtained as an approximation which coarse-grains time, i.e. it is not supposed to
be valid on short time intervals. Rather one has to question the generality of the
Markov approximation (Lidar et al., 2004) at low temperature. Note, that in some
cases the violation of positivity persists and one has to resort to more elaborate
tools for consistent results (Thorwart et al., 2005).

2.3.1 Rates for the Spin-Boson model and their physical meaning
This technique is readily applied to the Spin-Boson Hamiltonian Eq. (32). The
structure of the golden rule rates Eqs. (72) and (73) become rather transparent—
the matrix elements of the interaction taken in the energy eigenbasis measure sym-
metries and selection rules whereas the time integral essentially leads to energy
conservation.

In particular, we can identify the energy relaxation rate

1
T1

=
∆2

E2 S (E). (79)

The interpretation of this rate is straightforward—the system has to make a transi-
tion, exchanging energy E with the environment using a single Boson. The factor
S (E) = J(E)(n(E) + 1 + n(E)) captures the density of Boson states J(E) and the
sum of the rates for emission proportional to n(E) + 1 and absorption proportional
to n(E) of a Boson. Here, n(E) is the Bose function. The prefactor is the squared
cosine of the angle between the coupling to the noise and the qubit Hamiltonian,
i.e. it is maximum if—in the basis of qubit eigenstates—the bath couples to the
qubit in a fully off-diagonal way. This is reminiscent of the standard square of the
transition matrix element in Fermi’s golden rule.
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The flip-less contribution to T2 reads

1
Tφ

=
ε2

2E2 S (0). (80)

It accounts for the dephasing processes which do not involve a transition of the
qubit. Hence, they exchange zero energy with the environment and S (0) enters.
The prefactor measures which fraction of the total environmental noise leads to
fluctuations of the energy splitting, i.e. it is complemetary to the transition matrix
element in T1—the component of the noise diagonal in the basis of energy eigen-
states leads to pure dephasing. The zero frequency argument is a consequence of
the Markov approximation. More physically, it can be understood as a limiting
procedure involving the duration of the experiment, which converges to S (0)
under the motional narrowing condition. Details of this procedure and its limi-
tations will be discussed in the next section.

Finally, the energy shift

δE =
∆2

E2P
∫

dω
J(ω)

E2 − ω2 , (81)

where P denotes the Cauchy mean value, is analogous to the energy shift in
second order perturbation theory, which collects all processes in which a virtual
Boson is emitted and reabsorbed, i.e. no trace is left in the environment. Again, the
prefactor ensures that the qubit makes a virtual transition during these processes.
For the Ohmic case, we find

δE = αE
∆2

E2 log
(
ωc

E

)
(82)

provided that ωc � E. Thus, the energy shift explicitly depends on the ultraviolet
cutoff. In fact, δE � E would be an indicator for the breakdown of the Born
approximation. Thus, we can identify two criteria for the validity of this approx-
imation, α � 1 and α log(ωc/E) � 1. The latter is more confining, i.e. even if
the first one is satisfied, the latter one can be violated. Note that in some parts
of the open quantum systems literature, the justification and introduction of this
ultraviolet cutoff is discussed extensively. The spectral densities we have com-
puted so far in the previous sections have always had an intrinsic ultraviolet cutoff,
e.g. the pure reactive response of electromagnetic circuits at high frequencies.

2.4 ENGINEERING DECOHERENCE

The picture of decoherence we have at the moment apparently allows to engineer
the decoherence properties—which we initially percieved as something deep and
fundamental—using a limited set of formulae, Eqs. (79), (80) and (42), see van der
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Wal et al. (2003) and Makhlin et al. (2001); these equations have been applied
to designing the circuitry around quantum bits. This is, however, not the end of
the story. After this process had been mastered to sufficient degree, decoherence
turned out to be limited by more intrinsic phenomena, and by phenomena not
satisfactorily described by the Bloch–Redfield technique. This will be the topic of
the next section.

3 Beyond Bloch–Redfield

It is quite surprising that a theory such as Bloch–Redfield, which contains a
Markov approximation, works so well at the low temperatures at which supercon-
ducting qubits are operated, even though correlation functions at low temperatures
decay very slowly and can have significant power-law time tails. The main
reason for this is the motional narrowing condition mentioned above, which
essentially states that a very severe Born approximation, making the system–bath
interaction the lowest energy/longest time in the system, will also satisfy that
condition. This is analogous to the textbook derivation of Fermi’s golden rule
(Sakurai, 1967; Cohen-Tannoudji et al., 1992), where the perturbative interaction
is supposed to be the slowest process involved. In this section, we are going to
outline the limitations of this approach by comparing to practical alternatives.

Before proceeding we would also like to briefly comment on the general
problem of characterizing the environment in an open quantum system. The most
general environment is usually assumed to induce a completely positive linear
map (or “quantum operation”) on the reduced density matrix. The most general
form of such a map is known as the Krauss operator–sum representation, although
such a representation is not unique, even for a given microscopic system–bath
model like the one considered here. A continuous-time master equation equiva-
lent to a given Krauss map is provided by the Lindblad equation, but the form
of the Lindblad equation is again not unique. The Lindblad equation gives the
most general form of an equation of motion for the reduced density matrix that
assures complete positivity and conserves the trace; however, the Markov and
Born approximations are often needed to construct the specific Lindblad equa-
tion corresponding to a given microscopic model. The Markov approximation
is a further additional simplification, rendering the dynamics to that of a semi-
group. A semigroup lacks an inverse, in accordance with the underlying time-
irreversibility of an open system. However, like the unitary group dynamics of a
closed system, the semigroup elements can be generated by exponentials of non-
Hermitian “Hamiltonians”, greatly simplifying the analysis. The Bloch–Redfield
master equation also has a form similar to that of the Lindblad equation, but there
is one important difference: Bloch–Redfield equation does not satisfy complete
positivity for all values of the diagonal and off-diagonal relaxation parameters.
If these parameters are calculated microscopically (or are obtained empirically),
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then complete positivity will automatically be satisfied, and the Bloch–Redfield
equation will be equivalent to the Lindblad equation. Otherwise inequalities have
to be satisfied by the parameters in order to guarantee complete positivity.

3.1 PURE DEPHASING AND THE INDEPENDENT BOSON MODEL

We start from the special case ∆ = 0 of the Spin-Boson model, also known as the
independent Boson model (Mahan, 2000). We will discuss, how this special case
can be solved exactly for a variety of initial conditions. Restricting the analysis to
this case is a loss of generality. In particular, as the qubit part of the Hamiltonian
commutes with the system–bath coupling, it cannot induce transitions between
the qubit eigenstates. Thus, 1/T1 = 0 to all orders as confirmed by Eq. (79) and
1/T2 = S (0) following Eq. (80). Still, it allows to gain insight into a number
of phenomena and the validy of the standard approximations. Moreover, the re-
sults of this section have been confirmed based on a perturbative diagonalization
scheme valid for gap or super-Ohmic environmental spectra (Wilhelm, 2003).

3.1.1 Exact propagator
As the qubit and the qubit–bath coupling commute, we can construct the exact
propagator of the system. We go into the interaction picture. The system–bath
coupling Hamiltonian then reads

HS B(t) =
1
2
σz

∑
j

λ j(aie−iω jt + a†i eiω jt). (83)

The commutator of this Hamiltonian with itself taken at a different time is a
c-number. Consequently, up to an irrelevant global phase, we can drop the time-
ordering operator T in the propagator (Sakurai, 1967; Mahan, 2000) and find

U(t, t′) = T exp
(
− i

�

∫ t

t′
dt′HS B(t′)

)
(84)

= exp

⎛⎜⎜⎜⎜⎜⎝σz

∑
i

λi

2�ωi

(
a†i
(
eiωi(t−t′)−1

)
− ai

(
e−iωi(t−t′)−1

))⎞⎟⎟⎟⎟⎟⎠ .
In order to work with this propagator, it is helpful to reexpress it using displace-
ment operators Di(αi) = exp(αa† − α∗a) as

U(t, t′) =
∏

j

D j

(
σz

λ j

2�ω j

(
eiω j(t−t′) − 1

))
. (85)

This propagator can be readily used to compute observables. The main technical
step remains to trace over the bath using an appropriate initial state. The standard
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choice, also used for the derivation of the Bloch–Redfield equation, is the factor-
ized initial condition with the bath in thermal equilbrium, i.e. the initial density
matrix

ρ(0) = ρq ⊗ e−HB/kT , (86)

where we use the partition function Z (Landau and Lifshitz, 1984). The expecta-
tion value of the displacement operator between number states is 〈n|D(α) |n〉 =

e−(2n+1)|α|2/2. We start in an arbitrary pure initial state of the qubit

ρq = |ψ〉 〈ψ| , |ψ〉 = cos
θ

2
|0〉 + sin

θ

2
eiφ |1〉 . (87)

Using these two expressions, we can compute the exact reduced density matrix,
expressed through the three spin projections

〈σx〉 (t) = sin θ cos(Et + φ)e−K f (t), (88)

〈σy〉 (t) = sin θ sin(Et + φ)e−K f (t), (89)

〈σz〉 (t) = cos θ, (90)

where we have introduced the exponent of the envelope for factorized initial
conditions,

K f (t) =

∫
dω
ω2 S (ω)(1 − cosωt), (91)

which coincides with the second temporal integral of the semiclassical correlation
function S (t), see Eq. (18). What does this expression show to us? At short times,
we always have K f (t) ∝ t2

2

∫
dωS (ω), which is an integral dominated by large

frequencies and thus usually depends on the cutoff of S (ω). At long times, it is
instructive to rewrite this as

K f (t) = t
∫

dωδω(t)S (ω), (92)

where we have introduced δω(t) = 2 sin2 ωt/2
ω2t , which approaches δ(ω) as t −→ ∞.

Performing this limit more carefully, we can do an asymptotic long-time expan-
sion. Long refers to the internal time scales of the noise, i.e. the reciprocal of the
internal frequency scales of S (ω), including �/kT , ω−1

c . The expansion reads

K f (t) = −t/T2 + log vF + O(1/t), (93)

with 1/T2 = S (0) as in the Bloch–Redfield result and log vF = P
∫

dω
ω2 S (ω). Here,

P is the Cauchy mean value regularizing the singularity at ω = 0. To highlight
the meaning of vF , the visibility for factorized initial conditions, we plug this
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expansion into Eq. (88) and see that 〈σx〉 (t) = vF sin θ cos(Et + φ)e−t/T2+O(1/t).
Thus, a long-time observer of the full dynamics sees exponential decay on a
timescale T2 which coincides with the Bloch–Redfield result for the pure dephas-
ing situation, but with an overall reduction of amplitude by a factor v < 1. This
is an intrisic loss of visibility (Vion et al., 2002; Simmonds et al., 2004). Several
experiments have reported a loss of visibility, to which this may be a contribu-
tion. Note that by improving detection schemes, several other sources of reduced
visibility have been eliminated (Lupascu et al., 2004; Wallraff et al., 2005).

This result allows a critical assessment of the Born–Markov approximation
we used in the derivation of the Bloch–Redfield equation. It fails to predict the
short-time dynamics—which was to be expected as the Markov approximation is
essentially a long-time limit. In the long-time limit, the exponential shape of the
decay envelope and its time constant are predicted correctly, there are no higher-
order corrections to T2 at the pure dephasing point. The value of T2 changes at
finite ∆, see Leggett et al. (1987), Weiss (1999), and Wilhelm (2003). A further
description of those results would however be far beyond the scope of this chapter
and can be found in Wilhelm (2003). Finally, we can see how both short and
long-time dynamics are related: the short-time (non-Markovian) dynamics leaves
a trace in the long-time limit, namely a drop of visibility.

We now give examples for this result. In the Ohmic case J(ω) = αωe−ω/ωc at
T = 0. Hence, we can right away compute K̇ f (t) and obtain K f (t) = α

2 log(1 +

(ωct)2) by a single time integral. In agreement with the formula for T2, see Eqs.
(76) and (80), the resulting decay does not have an exponential component at long
time but keeps decaying as a power law, indicating vanishing visibility.

At finite temperature, the computation follows the same idea but leads to a
more complicated result. We give the expression from Görlich and Weiss (1988)
for a general power-law bath Jq(ω) = αqω

qω
1−q
c e−ω/ωc ,

K f (t) = 2Re
{
αqΓ(q − 1)

(
1 − (1 + iωct)1−s +

(
�ωc

kT

)
(94)

×
[
2ζ(s − 1,Ω) − ζ

(
s − 1,Ω +

ikT t
�

)
− ζ

(
q − 1,Ω − ikτkT

�

)])}
,

where we have introduced Ω = 1 + kBT/�ω0 and the generalized Riemann
zeta function, see (Abramowittz and Stegun, 1965) for the definition and the
mathematical properties used in this subsection. This exact result allows to
analyze and quantify the decay envelope by computing the main parameters of the
decay, vF and 1/T2. We will restrict ourselves to the scaling limit, ωc � 1/t, kT .
For the Ohmic case, q = 1, we obtain at finite temperature 1/T2 = 2αkT/� and
vF = (kT/ωc)α. This result is readily understood. The form of T2 accounts
for the fact that an Ohmic model has low-frequency noise which is purely
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thermal in nature. The visibility drops with growing ωc indicating that if we
keep adding high frequency modes they all contribute to lost visibility. It is less
intuitive that vF drops with lowering the temperature, as lowering the temperature
generally reduces the noise. This has to be discussed together with the 1/T2-term,
remembering that 1/T2 is the leading and vF only the sub-leading order of the
long-time expansing Eq. (93): At very low temperatures, the crossover to the
exponential long-time decay starts later and the contribution of non-exponential
short time dynamics gains in relative significance. Indeed, at any given time, the
total amplitude gets enhanced by lowering the temperature.

In order to emphasize these general observations, let us investigate the super-
Ohmic case with q ≥ 3. Such spectral functions can be realized in electronic
circuits by RC-series shunts (Robertson et al., 2005), they also play a signifi-
cant role in describing phonons. For q > 3, the exponential component vanishes,
1/T2 = 0 and vq = exp[−2αqΓ(q−1)]. Thus, we obtain a massive loss of visibility
but no exponential envelope at all. This highlights the fact that v and 1/T2 are to
be considered independent quantifiers of non-Markovian decoherence and that the
latter accounts for environmental modes of relatively low frequency whereas v is
mostly influenced by the fast modes between the qubit frequency and the cutoff.

Before outlining an actual microscopic scenario, we generalize the initial
conditions of our calculation.

3.1.2 Decoherence for non-factorizing initial conditions
Our propagator, Eq. (85), is exact and can be applied to any initial density matrix.
We start from an initial wave function

|ψ〉 = |0〉
∏

n
D(z0

i ) |0〉i + |1〉
∏

n
D(z1

i ) |0〉i , (95)

where we have introduced sets of dimensionless coefficients z0/1
i . It would be

straightforward to introduce θ and φ, which we will stay away from in order
to keep the notation transparent. The factorized initial condition corrsponds to
z0/1

i = 0.
This structure has been chosen in order to be able to obtain analytical results,

using the structure of the propagator expressed in displacement operators, Eq.
(85) and the multiplication rules for these operators (Walls and Milburn, 1994).
Note that the choice of coherent states to entangle the qubit with is not a severe
restriction. It has been shown in quantum optics in phase space, that essentially
each density matrix of an harmonic oscillator can be decomposed into coher-
ent states using the Wigner or Glauber P phase space representations, see, e.g.
Schleich (2001). Physically, the initial state Eq. (95) corresponds to the qubit
being in a superposition of two dressed states. Of specific significance is the
initial condition which minimizes the sytem–bath interaction in the Hamiltonian
Eq. (32), namely z0

i = −z−1
i = −1.
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We can again compute all three spin projections of the qubit. The essence of
the decoherence behavior is captured in the symmetric initial state, z0

i = −z1
i for

all i
〈σ〉x = cos Ete−K(t) (96)

very similar to Eq. (88) in the factorized case, but now with

K(t) = −1
2

∫ ∞

0

dω
ω2 J(ω)

[
(u(ω) + 1)2 + v2(ω) + 1

−2 (1 + u(ω) cosωt + v(ω) sinωt)]) ,

where we have taken a continuum limit replacing the complex numbers z0
i by the

real function u(ω) + iv(ω). This form connects to the factorized case by setting
u = v = 0. For any other choice of u and v, the initial conditions are entangled.

We can make a few basic observations using this formula: The initial ampli-
tude e−K(0) is controlled through

K(0) =

∫
dω
2ω2

[
u2(ω) + v2(ω)

]
, (97)

thus for any initial condition which is more than marginally entangled (meaning
that the integral is nonzero), the initial amplitude is smaller than unity. On the
other hand, the time-dependence of K(t) can be completely eliminated by chosing
an initial condition u = −1, v = 0. This condition minimizes the system–bath part
of the total energy in the sense of variation with respect to u and v. This choice
of initial state also minimizes the total energy if the oscillators are predominantly
at high frequency, whereas for the global minimum one would rather chose a
factorized state for the low-frequency oscillators. Physically, this corresponds to
an optimally dressed state of the qubit surrounded by an oscillator dressing cloud.
The overlap of these clouds reduces the amplitude from the very beginning but
stays constant, such that the long-time visibility

vg =

∫
dω
2ω2

[
(u(ω) − 1)2 + 1 + v2(ω)

]
(98)

is maximum. Note that this reduces to the result for vF for u = v = 0.
What can we learn from these results? We appreciate that initial conditions

have a significant and observable effect on the decoherence of a single qubit. The
choice of the physically appropriate initial condition is rather subtle and depends
on the experiment and environment under consideration. A free induction decay
experiment as described here does usually not start out of the blue. It is launched
using a sequence of preparation pulses taking the state from a low temperature
thermal equilibrium to the desired initial polarization of the qubit. Thus, from an
initial equilbrium state (for some convenient setting of the qubit Hamiltonian),
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the fast preparation sequence initiates nonequilibrium correlations thus shaping u
and v. Furthermore, if the interaction to the environment is tunable such as in the
case of the detectors discussed previously in section 2.1.2, the initial condition
interpolates between factorized (rapid switching of the qubit-detector coupling)
and equilibrium (adiabatic switching).

At this point, we can draw conclusions about the microscopic mechanism of
the loss of visibility and other short-time decoherence dynamics. The picture is
rooted on the observation that the ground state of the coupled system is a dressed
state. On the one hand, as described above, the overlap of the dressing clouds
reduces the final visibility. On the other hand, for nonequilibrium initial conditions
such as the factorized one, there is extra energy stored in the system compared to
the dressed ground state. This energy gets redistributed while the dressing cloud
is forming, making it possible for an excitation in the environment with an extra
energy δE to be created leading to a virtual intermediate state, followed by another
excitation relaxing, thus releasing the energy δE again. It is crucial that this is
another excitation as only processes which leave a trace in the environment lead
to qubit dephasing. Higher-order processes creating and relaxing the same virtual
excitation only lead to renormalization effects such as the Lamb shift, see Eq. (81).
This explains why the loss of visibility is minimal for dressed initial conditions,
where no surplus excitations are present.

The Bloch–Redfield technique is a simple and versatile tool which makes good
predictions of decoherence rates at low damping. At higher damping, these rates
are mostly joined by renormalization effects extending the Lamb shift in Eq. (81),
see Leggett et al. (1987), Weiss (1999), and Wilhelm (2003). However, there is
more to decoherence than a rate for accurate predictions of coherence amplitudes
as a function of time, one has to take the non-exponential effects into account and
go beyond Bloch–Redfield. Other approaches can be applied to this system such as
rigorous (Born but not Markov) perturbation theory (Loss and DiVincenzo, 2003),
path-integral techniques (Leggett et al., 1987; Weiss, 1999), and renormalization
schemes (Kehrein and Mielke, 1998).

Note, that these conclusions all address free induction decay. There is little
discussion in literature on the quality of the Bloch–Redfield theory in the presence
of pulsed driving.

3.2 1/F NOISE

In the previous sections we have explored options how to engineer decoherence
by influencing the spectral function J(ω), e.g. working with the electromagnetic
environment. This has helped to optimize supercondcuting qubit setups to a
great deal, down to the level where the noise intrinsic to the material plays
a role. In superconductors, electronic excitations are gapped (Tinkham, 1996)
and the electron phonon interaction is weak due to the inversion symmetry of



SUPERCONDUCTING QUBITS II: DECOHERENCE 225

the underlying crystal everywhere except close to the junctions (Ioffe et al.,
2004). The most prominent source of intrinsic decoherence is thus 1/ f noise.
1/ f noise—noise whose spectral function behaves following S (ω) ∝ 1/ω, is
ubiquitous in solid-state systems. This spectrum is very special as all the integrals
in our discussion up to now would diverge for that spectrum. 1/ f typically occurs
due to slowly moving defects in strongly disordered materials. In Josephson
devices, there is strong evidence for 1/ f noise of gate charge, magnetic flux, and
critical current, leading to a variety of noise coupling operators (see Harlingen
et al. (1988) for an overview). Even though there does not appear to be a fully
universal origin, a “standard” model of 1/ f noise has been identified (Dutta and
Horn, 1981; Weissman, 1988): the fundamental unit are two-state fluctuators,
i.e. two state systems which couple to the device under consideration and which
couple to an external heat bath making them jump between two positions. The
switching process consists of uncorrelated switching events, i.e. the distribution of
times between these switches is Poissoinian. If we label the mean time between
switches as τ, the spectral function of this process is S RT N = S 0

1/τ
1+τ2ω2 . This

phenomenon alone is called random telegraph noise (RTN). Superimposing
such fluctuators with a flat distribution of switching times leads to a total noise
spectrum proportional to 1/ f . Nevertheless, the model stays different from an
oscillator bath. The underlying thermodynamic limit is usually not reached as it
is approached more slowly: even a few fluctuators resemble 1/ f noise within the
accuracy of a direct noise measurement. Moreover, as we are interested in very
small devices such as qubits, only a few fluctuators are effective and experiments
can often resolve them directly (Wakai and van Harlingen, 1987). Another way
to see this is to realize that the RTN spectrum is highly non-Gaussian: a two-state
distribution can simply not be fitted by a single Gaussian, all its higher cumulants
of distribution are relevant. This non-Gaussian component only vanishes slowly
when we increase the system size and is significant for the case of qubits.

A number of studies of models taking this aspect into account have been
published (Paladino et al., 2002; Galperin et al., 2003; de Sousa et al., 2005; Faoro
et al., 2005; Grishin et al., 2005; Shnirman et al., 2005). A highly simplified
version is to still take the Gaussian assumption but realize that there is always
a slowest fluctuator, thus the integrals in K f (t) can be cut off at some frequency
ωIR at the infrared (low frequency) end of the spectrum, i.e. using the spectral
function

S (ω) =
E2

1/ f

ω
θ(ω − ωIR), (99)

with θ the Heaviside unit step function, we approximately find (Cottet, 2002;
Shnirman et al., 2002; Martinis et al., 2003)

e−K(t) � (ωIRt)−(E1/ f t/π�2)2
(100)
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so we find the Gaussian decay typical for short times—short on the scale of the
correlation time of the environment, which is long as the spectrum is dominated
by low frequencies—with a logarithmic correction.

At the moment, forefront research works at understanding more detailed
models of 1/ f noise and understand the connection between the strong dephasing
and a possible related relaxation mechanism at high frequencies. On the other
hand, experiments work with materials to avoid 1/ f noise at its source. Generally,
slow noise up to a certain level can be tolerated using refocusing techniques
such as simple echo or the Carr-Purcell-Gill-Meiboom pulse sequence (Carr and
Purcell, 1954; Falci et al., 2004; Faoro and Viola, 2004; Shiokawa and Lidar,
2004; Bertet et al., 2005b; Gutmann et al., 2005), the power and potential of
which has been demonstrated both experimentally and theoretically.

4 Decoherence in Coupled Qubits

To conclude, we want to outline how to go beyond a single to multiple qubits
and identifty the underlying challenges. On that level, much less is known both
theoretically and experimentally. The variety of physically relevant Hamiltonians
is larger. One extreme case is fully uncorrelated noise, e.g. originating from effects
in the junctions or qubit-specific Hamiltonians,

H = HQ1 + HQ2 + HQQ + HQ1B1 + HB1 + HQ2B2 + HB2, (101)

this is simply the sum of two single-qubit decoherence Hamiltonians in distinct
Hilbert spaces, consisting of qubit Hamiltonians HQi, i = 1, 2, baths HBi, qubit–
bath interaction HQiBi all interacting via a qubit–qubit interaction HQQ alone. The
other extreme case is collective noise, e.g. long-wavelength ambient fluctuations
or noise shared control lines. This is described by

H = HQ1 + HQ2 + HQQ + HQ1B + HQ2B + HB, (102)

where both qubits talk to a single bath. The distinction of baths may seem
artifical, as this is a special case of Hamiltonian (101): what we really mean
is that in the interaction picture there is a significant correlation between baths〈
HQ1B(t)HQ2B(t′)

〉
� 0. Note, that intermediate cases between these, e.g. a

partially correlated model (Storcz et al., 2005a), can be identified in the context
of quantum dots.

4.1 THE SECULAR APPROXIMATION

What does it take to study decoherence here or in other multilevel systems?
Basically we can follow all the steps through the derivation of the Bloch–Redfield
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equation given in section 2.3 up to Eq. (74) until we solve the equation. There, we
have already mentioned the secular approximation without explaining its details.

The essence of the secular approximation is the separation of timescales. We
go back to the interaction representation of Eq. (70), leading to

ρ̇I
nm =

∑
kl

Rnmklei(ωnm−ωkl)tρI
kl. (103)

As the Bloch–Redfield equation is based on a Born approximation, we can expect
|Ri jkl| � ωmn for all coefficients i, j, k, l,m, n with m � n.

In the secular limit, this also holds true for most frequency splittings

|ωnm − ωkl| � |Rnmkl| (104)

besides the inevitable exceptions of n = m, k = l, and n = k and m = l. Whenever
condition (104) is satisfied, the time evolution induced by Rnmkl is certainly slower
than the precession with ωnm − ωkl and averages out quickly, hence it can be
dropped. So the only remaining rates are the cases just mentioned.

For n = k,m = l, we have to keep Rnmnm. This rate is the dephasing rate for
the transition between levels nm, see Eq. (80). These rates depend on the pair of
levels we chose and in general they will all be different for different choices of n
and m, leading to N(N − 1)/2 different T2-rates for an N-level system.

For n = m and k = l. The set of these terms splits off from the rest of the
equation, i.e. the diagonal terms of the density matrix (in the eigenstate basis)
decay independent from the off-diagonal terms and obey the following set of
equations

Ṗn =
∑

n

(PmΓm→n − PnΓn→m), (105)

which is analogous to the Pauli master equation for classical probabilities. We
have identified Pn = ρnn, the classical probability and the transition rates Γn→m =

Rnmnm. Equation (79) can be solved by Laplace transform, where it reduced to a
matrix inversion. This leads to N different independent energy relaxation chan-
nels whose rates are the eigenvalues of the matrix form of the right hand side of
Eq. (105). One of these eigenvalues is always zero representing stable thermo-
dynamic equilbrium which does not decay. In the two-state case, this leads us
to one nonvanishing T1 rate representing the only nonzero eigenvalue, given by
Eq. (79). The rates generally obey the positivity constraint∑

n

Rnnnn ≤ 2
∑
n�m

Rnmnm, (106)

the left hand side being the trace of the relaxation matrix, i.e. the sum over all
T1-type rates and the right hand side being the sum over dephasing rates. This
reduces to T2 ≤ 2T1 in a two-state system.
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In the opposite case, the case of a approximate Liouvillian degeneracy, we
find a pair of frequencies |ωnm − ωkl| � |Rnmkl| which do not obey the conditions
mentioned in the previous paragraph, such that the secular approximation does not
apply to this set of levels and Ri jkl must be kept. In that case, the Bloch–Redfield
equation can still be diagonalized numerically, identifying the relvant modes of
decay (van Kampen, 1997). Note, that Liouvillian degeneracies can appear in
nondegenerate systems, promintently the single harmonic oscillator. One practical
example for this issue is intermediate-temperature cavity QED (Rau et al., 2004).

These concepts already found some application in the theoretical literature.
We just mention the main results here. After the pioneering work (Governale
et al., 2001), it was realized that the high number of rates makes the results
difficult to analyze and the performance of quantum gates should be analyzed
directly (Thorwart and Hänggi, 2002; Storcz and Wilhelm, 2003; Wilhelm et al.,
2003). A key result is that (only) the correlated noise model, Eq. (102) permits
to use symmetries and encoding into decoherence free subspaces to protect
coherence (Storcz and Wilhelm, 2003; Wilhelm et al., 2003; Storcz et al., 2005c),
where deviations from perfect symmetry are of relatively low impact (Storcz
et al., 2005b).

5 Summary

In summary, we have provided an introduction to standard methods in decoher-
ence theory as they are applied to superconducting qubits. Many of the tools and
results are more general and can be applied to other damped two-state systems
as well. We see that parts of the theory of decoherence—in particular the part
on electromagnetic environments and Bloch–Redfield-Theory—are really well
established by now, only opening the view on more subtle problems connected
to memory effects and the interplay of decoherence and control.

Acknowledgments

This work is based on numerous discussions, too many to list. It is based on
our own process of learning and explaining together with other group members,
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